EE415/515 Fundamentals
of Semiconductor Devices
Fall 2012

Lecture 3:
Density of States, Fermi Level
(Chapter 3.4-3.5/4.1)

Density of States

* Need to know the density of electrons, n, and
holes, p, per unit volume

* To do this, we need to find the density of
permitted energy states and then the
probability (given by the Fermi function) that
these states are occupied by an electron

* See Neamen Sections 3.4 and 3.5 for
derivations, and compare these with
alternative approaches given below

J.E. Morris ECE415/515 Fall 2012
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Density of States

*See figure in “k-space.” ?

* & 8 " 8 8 8w

fa) ihy
Figure 3.26 1 (a) A two-dimensional array of allowed quantum states in
k space. (b) The positive one-cighth ol the spherical k space.

*Also: p=h k=(h/2n)k, i.e.
*Direct linear relationship between (wave-vector) k-space and (momentum) p-space.

*The Neamen derivation (next slide) is based in k-space.

@3 also a slightly different approach based in p-space in following slide. /

J.E. Morris ECE415/515 Fall 2012 3
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Density of States

Consider electron confined to crystal (infinite potential well) of dimensions a
(volume V= a%)

It has been shown that k=nn/a, so Ak=k,, -k, =n/a
Each quantum state occupies volume (7/&’? in k-space.
Number of quantum states in range k to k+dk is 47k’.dk
and the number of electrons in this range k to k+dk is
gr(k)dk = 2(1/8).4xk’dl/ (w/a)’ = (Kdk/ ©°)a’
where “2” comes from spin degeneracy, and “1/8” because E=(hk)%/2m,
so negative k values do not add more energy states,
i.e.use k, ky, k, >0 quadrant only

\Converting k-space to energy ........... /

J.E. Morris ECE415/515 Fall 2012 4
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Density of States

E=E.+p’ / 2m. in the conduction band, where E > E,.
L pt=hk>=2m (E-E,)
2k.dk =2m, dE | h*

1 L
s k*dk =(2m )2 (E—E.)>m dE /W’
k) 1 1 1
So writing g (k)dk /V = g (E)dE = () dka’la® = —2(2m:)2 (E-E.)*m dE |}
V4 b4

4 o .2 : 2m, 2 :

= ?(Zm,,)Z(E—EC)ZdE = 4”(72")2(E_Ec)sz

is electron density of states/unit energy/unit vol in the conduction band
and electron density/unit energy/unit vol in the conduction band is

\_ M(EE = [y (E)gc(E)E J

J.E. Morris ECE415/515 Fall 2012 5
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Density of States (alternate)

Heisenberg says ApAx=h,
(but see 7 in Neamen section 2.1.3 p30, and 7/2 in Streetman)
and for crystal volume V=L*=L L L,
Ap Ax=h, Ap Ay=h, Ap Az=h,
and hence for a single electron
Ap, Ap, Ap.=h3/V for Ax=L,, etc
is the “volume” occupied in p-space by one electron.
Number of allowed conduction electron states g(p)dp from p to p+dp
[see Fig 3.26 (slide 3) in k-space with p = 7ik]
is the volume of the p-space “shell” containing all states from p to p+dp

[4mp*dp]
K divided by the p-space volume of each electron, i.c. ...... /
J.E. Morris ECE415/515 Fall 2012 6
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Density of states

~

(47[ pzdp) 4

g(p)dp=2 G = F2(47r p’dp) where the 2 is due to spin degeneracy

To convert to energy density : -

npt=2m(E-E.)
2p.dp =2m,.dE

1 1
s pldp=0Qm) (E-E.)>m,dE
2m,

1 1
e 4z(2m)2(E - E.)*dE

So writing g(p)dp/V = g.(E)dE =

4z N u 2m’ 2 !
= 7(2mn)Z (E-E.)*dE= 4zr(h—2”)2 (E-E.)*dE
is electron density of states/unit energy/unit vol in the conduction band

K and electron density/unit energy/unit vol in the conduction band is

n(E)dE = frp(E)gc(E)dE

E=E.+p’ / 2m, in the conduction band, where E > E.

/

J.E. Morris ECE415/515 Fall 2012 7

3

" g(k)dk = 2(1J4nk2dk/(”] in 3D - 2
| &, 2
Do ¢ =2G)2nfc dk/ Ej in 2D
=2[l) dk/(f) in1D
&, o 2 a 2D
f ® &, D () il — F°

Figure (V-2
? Density of states: 1D
@ f—— " fe) in 3D or bulk;
! [b} in 2.0 electren  ©) N(E)
or hole gases; E-12
[c)in 1D
Volume in k-space: (a) 3-D systems; (b) 2-D systems; (c) 1-D systems. quantum “wires.”

IS}

IS}

Figure App V.1

From Solid State Electronic Devices, Sixth Edition, by Ben G. Streetman and Sanjay Kumar Banerjee. 8
ISBN 0-13-149726-X. © 2006 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.

(Compare 1D, 2D systems with 3D)\
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And similarly for holes:-

For electrons in the conduction band, where E > E . :

g (B) =22 (om BB,

For holes in the valence band, where E < E, :

4 o\
gV(E):h—f(Zmp)Z,/EV—E N

and g(E)=0 forE, <E<E_.

. BE) —p
Now that we have the densities of states, we
need the probabilities that these are filled. Figure 3.27 | The densily of energy
states in the conduction band and the
density of energy states in the valence
band as a function of energy.
J.E. Morris ECE415/515 Fall 2012 9

Ex 3.3 Calculate the density of quantum states (/cm3) for
a free electron over the energy range of (a) 0 <E<2eV &
(b) 1<E<2eV

» 2el

3/2
(@) N:@ IJE-dE
1
(1]

_ 47(2m)"? 2
B n 3

2e17
0
3 \B/2
- 4”([2(2'21::11[?_:))3] x % [2(1 6x1077 )]3 N

—128x10% m 2 =128x10%cm?

ax(2m)? 2 5. P
N= 2 g
®) n 3

1el”

(22 713’2X1.6><10—‘9)3"2]

2
=1.06286x10% x =

ol
\ =829x107 m~* =829x10* em /

J.E. Morris ECE415/515 Fall 2012 10
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Ex 3.3 Calculate the density of quantum states (/cm?3)
in Si from (E,-kT) to E, at T=300 K

£, L B2
N= f M,REU —E-dE
E,—kT h
_ 4?{(2;1;; )3':2 (__QJ(EU —E)‘?’";z E,
h 3 E,—kT

_ 4xp(056fo11x102 7 ><(%2J(—1)[(0.0259)(1.6><10‘19 I

(6.625x10) 3
—792x10%m = =7.92%x10"%cm 3

.

J.E. Morris ECE415/515 Fall 2012 1"
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Fe rm |'D| rac StatIStI CS (see also text “derivation”)

First, let’s find the Maxwell-Boltzmann distribution
Consider a system of identical particles with random collisions

Assume 2 particles of initial energies E, & E, collide with energy transfer 3 to
give final energies E; & E,

Conservation of Energy requires that: E, +E, =E,+E, =(E,+6)+(E,—9)
If p(E)=probability that particle has energy E, then:
Probability of collision = C.p(E,).p(E,)
Equilibrium: equal numbers of forward & reverse collisions for constant
energy distribution, i.e. C.p(E).p(E,) =C.p(E,).p(E,)
P(E).p(E,) = p(E, +0).p(E, = 6)
(o PE+S) _ p(E,—9)

.€. = A (constant)
P(E) P(Ey)
ie. p(E +0)=A.p(E))
J.E. Morris ECE415/515 Fall 2012 12
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MB continued & FD intro

Result p(E, +5)=A.p(E,) suggests an exponential distribution,
ie. Pus(E) = A.exp—aE
= A.exp— E/kT
Check: Aexp-a(E;+6)=\. Aexp-aE; if A=exp-ad

For Fermi-Dirac statistics, repeat as for MB, but with the
Pauli Exclusion Principle included, i.e.

Can only get transfer of energy E,, E, — E;, E,
if E; & E, are occupied AND if E; & E, are unoccupied

J.E. Morris ECE415/515 Fall 2012 13

Fermi function

So the collision probability is  C.p(E,).p(E,).[1- p(E;)].[1- p(E,)]
and applying Equilibrium and Energy Conservation again:

C.p(E).p(E,).[1- p(E, +8)).[1- p(E, - 6)]=C.p(E, +6).p(E, = 6).[1- p(E)].[1- p(E,)]
e LoP(E) pE+S) _1-p(E,—0) p(E,)
p(E) 1-p(E +6) p(E,-96) 1-p(E,)
LpE) plE )
p(E) 1= p(E, +0)

= A (constant) — an exponential solution again,

1-p(E,
ie. 1=p(E) = A.exp+ SE (where A = 4° exp 2 fE)
P(E)
ie (E)*;alex — PE for [ large
“r 1+ Aexp+ BE 4 P ge
1
> pf=—,
p kT
1 E 1
d writing — = exp——, .
an wr11ngA exka Jo E-E,
l+exp———
kT
J.E. Morris ECE415/515 Fall 2012 14
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MB/FD/(BE) comparisons

.

~

Particles Particles indistinguishable (wave functions
distinguishable overlap — cannot find individual particle)
Any number of particles can be in the same Only one particle in
energy state any energy state
(Pauli) but note spin
degeneracy
Ny Particles are statistically independent
M
> N,=N Y NE=E
i=1 =
Atoms, molecules, etc Bosons Fermions
Photons, phonons, Electrons, protons,
4He nuclei neutrons, 3He nuclei
(integral spins) (2-odd-integral spins)
J.E. Morris ECE415/515 Fall 2012 15

Fermi distributions

Electrons in solids obey Fermi-Dirac statistics due to
the Pauli exclusion principle (each state can have
only one electron — but remember spin!)
Probability density function gives the ratio of filled to
total allowed states at a given energy.
Using statistical mechanics to count states we find
the Fermi-Dirac distribution function:

f(E) = {1 + exp[(E-E;/KkT]}"

k is Boltzmann’s constant = 8.62x10° eV/K

=1.38x10-33J/K

Egis the Fermi level, [where f(E;)="%]

J.E. Morris ECE415/515 Fall 2012 16
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The Fermi-Dirac distribution function.

T=0%K: E>EF—>71 ! =0
AE) +ei<p+oo
A I=0K E<E, »>——=1
1 / 1+exp—oo

Forall T f(EF):%

1/2

J.E. Morris ECE415/515 Fall 2012 17

Lr E‘ /
~—

~

AtT=0K

AV Y

Es

o'e'e \o'e\e
_—

e w\e E,

@ e/ E,

o/ E
Figure 3.30 | Discrete energy states
and quantum states for a particular
& systemat T = 0 K.

F— E,

F—

Figure 3.29 | The Fermi probability

X i i Figure 3.31 | Density of quantum states and electrons in a
function versus energy for 7= 0 K.

continuous energy system at 7= 0 K.

J.E. Morris ECE415/515 Fall 2012 18
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At T>0K

e eSS

Eﬁ
o\ \e\e\e

- "

we e E,
o e E,
o/ E,

Figure 3.32 | Discrete energy states
and quantum states for the same system

K shown in Figure 3.30 for T = 0 K.

J.E. Morris

ECE415/515 Fall 2012 19

Fermi levels

The Fermi distribution gives the probability that an available state will
be occupied.

Within the band gap there are no available states.

Even with non-zero f(E) there is no occupancy in the gap. (An

energy state at the Fermi level would have a probability of ¥z of
being occupied, if there was one.)

At OK every available state up to the Fermi level is occupied and every
state above the Fermi level is empty.

Fermi function is “symmetric” about the Fermi level
For holes:

- fE) =l AT !

-FE E-E
I+exp kTF 1+exp £

J.E. Morris ECE415/515 Fall 2012 20
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/Fermi function symmetry: \
electrons and holes

fr(E) — fr(E)

F—

Figure 3.34 | The probability of a state being occupied,
J¥(E), and the probability of a state being empty. 1 — fr(E).

o /

J.E. Morris ECE415/515 Fall 2012 21
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Approximate FD — MB for (E-E()>>kT

See Example 3.6:
f(Es+3kT) = 5% for 300K
So f(E) varies quickly

Fermi-Dirac function

1

Boltzmann approximation
\/’ Pr
1 Example 3.8:

(fusfep)/Frp=5%
at E-E=kT In(1/0.05) = 3kT

|
|
|
I
|
|
*F

Figure 3.35 | The Fermi—Dirac probability function and the = a -1
Maxwell-Boltzmann approximation. ’ Note f(E) = gj(; j;(é)[g%/f%kr]}

for
“(E-Ep)>>kT” condition
where
K exp[(E-EfykT] >> 1 /
J.E. Morris ECE415/515 Fall 2012 22
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Ex 3.6 Assume E=E.-0.3eV and T=300 K.
Determine probability of state occupied at
(a) EEEc+KT/4 & (b) E=E+KT

(@) f-(E)= exp_ﬁ]

| AT

[ —(E, +AT/4—E)

| kT

e —(0.30+0.0259/4)
0.0259

=exp

=726x107°

(b) fF(E)Eexp_(i;F”]

[—(0.30+ 0.0259)}
=exp| —M8M8M8M8 =
0.0259

=343%x107°

J.E. Morris ECE415/515 Fall 2012 23

Ex 3.7 Assume E=E--0.3eV. Determine T at
which the probability of state at
E=E.+0.025eV is occupied is 8x10°.

-

fe1-ea] 5]

§x107 = exp —(0.30+0.025)
kT
3
e\;p[JrO 25]:1.25><105
325
0323 _1(1.25%10°)=11.736
325 '
=932 =0.02769=(0.0259{L
11.736 300
50
T=321K
J.E. Morris ECE415/515 Fall 2012 24
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/ Ex.3.8 Calculate the energy, in terms of kKT and Eg, at \
which the difference between the FD and MB
distributions is 2% of the FD value.

exp[ (E-E, }

e
1+exp{ }
6\p|: (H F)]{1+6\p|: Af ]}1:0.02

Then

K E—E.=kT h{ﬁ)z&%f /

J.E. Morris ECE415/515 Fall 2012 25

Electron & hole densities

g |

1.

. —— g AEMHE) = E)
\ g AE) v
\
= Ared

(a)

S/
.

\.
&
W b n(E) = gc(E).f(E)
______ ‘.-.,:.__._.._.._.._. {hy
™ p(E) = 9y(E).1-E)]
\ g AEWL = fFAEY) = plE) | -
.\ A—11-1HEN

Figure 4.1 | (a) Density of states functions, Fermi-Dirac probability function, and areas representing electron and hole
concentrations for the case when £y is near the midgap energy; (h) expanded view near the conduction-band energy;
and () expanded view near the valence-band energy.

J.E. Morris

ECE415/515 Fall 2012

26
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Effective density of states & Fermi integral

Electron density in the conduction band

ny = [, “n(EYAE = [ * £, (E)g (E)dE where E, is the top of the conduction band

3 1
o (2m > (E-E_.):
~ 47{ m”] @dﬁ” for B[, — o

Ec h? .

l+exp———

Il
N
N
N
S S
=,
N———
|
)
=
o
_
Y
&./
Fermi-Ihrac o

= npidp E-fe
here F, - T
where 1/2(’7F) L 1+exp(77—77f) 7 kr

This is the (tabulated) Fermi Integral

4 &

Figure 4.10 1 The Fermi=Dirac imegral Fzas a function
of the Fermi energy.
ronn Sze [14].)

iF
A similar treatment gives a similar result for g, (£) and p, for holes in the valence band

J.E. Morris ECE415/515 Fall 2012 27

Effective density of states

For conduction electrons with £ — E . >> kT (usually so)

_EF

kT

E
fip (E) = f1s (E) = exp—

1

3 3
son, ~ I24n[2m” T (E-E. )% exp— E ;fF dE = 47[(2:;” jz exp— Ec—E; J‘:(kT)%er’”dex

h? kT

i)
2

1
E-E E-E E.-F E-E © 5
writing x = C . dE = kTdx, exp— F = exp— —“—E exp— € andusing [ x?edx=
[writing x == - P e — ef

3 1 3
* 2 _ 2 * 2 — —
an 2mnsz exp Be e w2 _f2nkTV: | EeEp o Ee~E
h kT 2 kT kT
3
27m kT \?
h 2
N¢ is the effective density of states as if all electrons at conduction band edge E... Only
limiting assumption is that E.-E;>>kT; if so, result holds for intrinsic and extrinsic.
(Note: Ez—E. for N-type, but approx usually still OK.)

where N = 2[

J.E. Morris ECE415/515 Fall 2012 28
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Electron Concentrations

Simplify: represent states throughout the conduction band by
an effective density of states N, located at E..

ny,= N(E,)
If E,— Ex > 3KT then
f(E,) ~ e (Ec-ERAT (Maxwell-Boltzmann)
kT =0.026 eV at 300K, so usually OK
ny = N, e Ec-ERAT N = 2[21tm "k T/h?]¥?
Termed non-degenerate.

If E¢ within 3kT of either band edge or inside band >
degenerate and we need to use the full Fermi function.

J.E. Morris ECE415/515 Fall 2012 29

Hole Concentrations

Concentration of holes in valence band

Po= Nv[1 - f(Ev)]

If Ez— E, > 3kT then Fermi function reduces to
Maxwell Boltzmann and

po =N, exp[ -(Er— E)/KT]
N, = [211 m KT/h?32
po = Igu(E)[1-f(E)JdE
1-f(E)=1-[1+exp((E-E)/KT)J-!
=[exp (E-Ex)/KT)J[1+exp((E-E-)/KT)]
=1/[1+exp((E-E)/KT)] = exp-(E-E)/KT

J.E. Morris ECE415/515 Fall 2012 30
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/ Ex 4.1 Determine the probability that a quantum \
state at E=E.+kT is occupied by an electron, and

calculate the electron concentration in GaAs at
T=300 K if E.=E~-0.25eV.

PR

_ eXp{—(Ec +kT —E, )}
kT

{—(0.25 +0.0259)}
=exXp| —mM8MMMM =
0.0259

fr=236x10"

—(EC—EF)}

KT

n,=N, exp[

- (4.7 %10Y )exp —0.25 (N, from Table 4.1)
0.0259

K n, =3.02x10% cm /

J.E. Morris ECE415/515 Fall 2012 31

Ex 4.2 (a) Calculate the equilibrium hole concentration in
Si at T=250K if E.=E,+0.27eV. [N(300K)=1.04x10%/cm?]
(b) What is py(250K)/py(400K)? (See Example 4.2)

3/2
250
@ N, =(1.04><1019{—J
300

=79115%10%cm

250
KT =(0.0259) = |=0.021583¢eV
300

—(£- Eu)}

=N ex
2, v P{ T

:(7.9115><1018)e‘xp[ 027 }

0.021583
p, =2919x10%cm ™

- 2919x10" S
K () Ratio =~—=—— 55— =4.54x10 /

J.E. Morris ECE415/515 Fall 2012 32
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Intrinsic Concentrations

Er = E; for intrinsic material
ny=n; = Ncexp['(Ec'EF/)/kT] p; = Nvexp['(EFi'Ev)/kT]

n,p, = constant.
Plug in above => n,p, = n? = [N,N Jexp[-(E--E\)/kT]
n; = [N,N,J"2 exp[-E /2KT]
= 2[2mkT/h?[¥2(m,m,)%? exp[-E /2kT]
Remember nyp, = n? and n;= 1.5x10'° cm-3 for Si

You'll use both often!

Also for Si: 6 different conduction band valleys (2 each x,y,z)
3

3 1
(mn)z = 6(”’![”’[,)2
Note: ™, varies in different sources

See Appendix F for more detail (complications) on effective mass
33

J.E. Morris ECE415/515 Fall 2012

\

Ex 4.3 (a) Calculate the intrinsic carrier
concentration in GaAs at T=400 K and T=250 K,
assuming E;=1.42eV. (b) What is n;(400K)/n;(250K)?

(a) For I'=400K,
3
n? =(4.7x107 f7x10 (ﬂ | — 142
1300 (0.0259)400/300)
=1.081x10"
n, =3.29x10°cm =
For T =250K.
o 3
" :(4.7><10”I7><10”‘{@} cexp| ——— 02
300 (0.0259)250/300)

=5.09x107
n,=713x10°cm™

(b)
/ 9
n,(400) _3.288x10 — 161x10°
7,(250)  7.135x10°

J.E. Morris ECE415/515 Fall 2012 34
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Intrinsic concentrations

In general, if E¢ # E;, then re-write these as
no=n; exp[(Er— Eg)/kT]
Po = P; expl(Eg — Eg)/KT]

Also used frequently and helpful for visualization

With each problem consider what information you have and
what you are looking for.

Law of Mass Action:
NoPe=n;?
Independent of Eg, (i.e. of doping)
So applies to both intrinsic and extrinsic at equilibrium

J.E. Morris ECE415/515 Fall 2012 35
500 TTC)
o [1000s00 200 100 27 0
R — — ——
o
femperature 555
10 A W Y \
=\
Dependence A
1017 WA W
Y=
/2 - G
n; OC T32 exp[-E/2kT] N \Ce
10 YN
T(K) AR
500 250 1o LV Y \
T T T T T T S ‘\
1016 T T T g 14 \ ‘\ a
2 10 e L -
E Y N
= I\ 1
1 7 10" \ \
: VN
\ AN
1014 4 o' \ AN AN
25 % 10 em? '-‘ N N
4 11 A\
! A
A\ LY
1012 i 1010 LY
— —
Ea . Ga \\\ \‘
) ) N £Y A
= - \ \
10w 15 x i0 i 1of \
\
i 107 \
\
N 106 L]
10 05 1.0 15 20 25 30 35 4
1000/T(K
2% 106 ) Figure 4.2 | The intrinsic carrier
concentration of Ge, Si, and GaAs as a
1052 I J.i:. M'orri'a’ : ' '

+ECE415/515 Fall 2012
1000/ T (K)

function of temperature.

(From Sze [14])

10/1/2012
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Physical constants
(@300 K unless noted)
Boltzmann’s 1.38 # 10 J/K | Planck’s constant (h) | 6.63*10°" J-s
const (k) 8.62 % 107 ev/K 4.14%10"° eV-s
Room temp 0.0259 eV Electron rest mass 9.11 *10° kg
value of kT (my)
Electronic 1.60 * 107 C Permittivity of free 8.85%10™* F/em
charge (q) space (€9)
Density of states Relative permittivity | 11.9
Nc 2.8%10" cm? of silicon (&)
Nv 1.04¥10" cm™
Speed of light (c) | 3*10™ cm/s Electron volt (eV) 1.6¥107 ]
Band Gap SiE, | l.1lev Band gap Ge E, 0.67 eV
J.E. Morris ECE415/515 Fall 2012 37

Effective density of states & masses

Table 4.1 | Effective density of states function and density of states effective mass values

N, (em™) N, (em ™) méfm, m/my
Silicon 2.8 x 10V 1.04 > 10" 1.08 0.56
Gallium arsenide 4.7 x 107 7.0 > 10" 0.067 0.48
Germanium 1.04 > 10" 6.0 x 10 0.55 0.37

See Appendix B for m* values

Table 4.2 | Commonly accepted values of

matT =300K
Silicon n=15x10"cm™?
Gallium arsenide n=1.8x10°cm*
\ Germanium m=24x 10%¢cm™? /
J.E. Morris ECE415/515 Fall 2012 38
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Intrinsic E position

o

ng=py=n,=p,
—(E.—E, —(E, —F
NC eXp|: ( C]'CT Ft)i|:NV eXp|: ( I;;T V)i|
EV_EFi
kT

E.-E
Sln(N)+—E =€ — (N, +
n(N¢) T n(N,)

C

1 1 N
E, = E(EC +E,)+ 2kT.£n[NVj

1 3 m,
= E(EC +E,))+ 4kT.€n{mf ]

n

, 3 m, e
ie. Ep =E, o +ZkT.€n . DE ey I M, =m, /

J.E. Morris ECE415/515 Fall 2012 39

\

Ex 4.4 Find the position of E; at T=300 K wrt the
band-gap center for (a) GaAs, and (b) Ge.

(a) GaAs
3 m’
Ep —E gy =K 1n| —£
-4 m,
_ 3 (0.0259)1] 222
4 0.067
= +38.25meV
(b) Ge

Egi—Epin = i (0.0259)11{%}

— —7.70meV /

J.E. Morris ECE415/515 Fall 2012 40

10/1/2012

20



Summary: Fermi function

Fermi function describes probability of a given state being
occupied at temperature T.

f(E) = {1 + exp[(E-Ep)/kT]}"
For intrinsic semiconductors E is mid-gap.

If E— EL > 3kT (non-degenerate, with E¢ in the forbidden gap)
then

f(E,)~e (EEAAKT

Use effective density of states N, located at E_ or N, located at
E,. (still non-degenerate)

n,= N, e(EcERAT; N_= 2[2mim, 'kT/h2J?/2
po =N, eE-EPAT, N, =2 m "kT/hZ"2
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