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Abstract

New fastest linearly independent (LI) transforms for
ternary functions are introduced in this paper. The
transforms operate over Galois Field (3) (GF(3)) and
have smaller computational costs than ternary Reed-
Muller transform. The new transforms are built based on
the known fastest LI transforms over GF(3) and the
relations between them are shown. Several properties for
the new transforms are presented. Experimental results for
the new transforms are also listed and compared with the
known fastest LI transforms over GF(3).

1. Introduction

Ternary  switching  functions are  mappings

f :{0,1,2}n - {0,1,2} and can be considered in different

algebraic structures with various polynomial expansions or
spectral transforms. To develop the spectral transform
theory for switching ternary functions, one needs to refer
to abstract harmonic analysis that is a mathematical
approach derived from the classical Fourier analysis [1].
Developments in harmonic analysis on finite Abelian
groups resulted in various transforms such as Walsh,
Reed-Muller, and their possible modifications that have
many attractive features and are useful in applications
such as a new theory of nonlinear signal and image
processing [2—4] and many other areas of applied
mathematics [5].

Fastest linearly independent (LI) transforms over
Galois Field (3) (GF(3)) have the simplest butterfly
diagrams of all possible LI transforms over GF(3). In this
paper, new fastest LI transforms over GF(3) and their
properties are investigated and compared with the known
fastest LI transforms over GF(3) [6]. The presented
transforms and their properties shown here can be used as
bases for analysis, synthesis, and testing of ternary
functions as well as creating their spectral decision
diagrams in a similar manner as for other polynomial
expansions [1, 7, 8].
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2. Basic definitions

Definition 1. Let M, be an N x N (N = 3") matrix

with rows corresponding to minterms and columns
corresponding to some ternary switching functions of n
variables. If the sets of columns are linearly independent
over GF(3), then M, has only one inverse in GF(3) and is

said to be linearly independent.
Definition 2. Let M, be an LI matrix of order N = 3" as
specified in Definition 1 and F = [FO, Fi ... Fno ]T be
the truth column vector of an n-variable ternary switching
function f (X_r;) in a natural ternary ordering. Then,
A=M_'F (1)
and F=M,A, )
where A = [AO, AL A ]T represents the spectrum of

f(x_,;) based on M, , Mgl is the inverse of M, over

GF(3), T denotes transpose operator, and all the additions
and multiplications are performed over GF(3).

Definition 3. Let f(x_r;) be an n-variable ternary
switching function. Then by Definitions 1 and 2 the LI

expansion of f{x, | based on a ternary LI transform M,
can be written as

f(x—n): 3_ZIAJ'QJJ' ; Q)
i=0
where g (0 <j<3” —1) denotes the ternary switching
function whose truth vector is given by column j of M,
and A; denotes the j-th spectral coefficient in the
spectrum of f(x_n’) based on M, . The additions and

multiplications inside (3) are evaluated over GF(3).

Groups of ternary LI transforms with lower
computational cost than ternary Reed-Muller transform
have been presented in [6] where they are classified into
classes Y1, Y2, Z1, and Z2 based on their structure. There



are six ternary LI transforms inside each class, where four
of them have the same computational costs that are lower
than the computational cost of the other two transforms in
the class. In this paper, only those ternary fastest LI
transforms with the lowest computational cost are
discussed. Together, we refer to those transforms as
known ternary fastest LI transforms.

All the known ternary fastest LI transforms presented
in [6] are recursive and can be defined in terms of the
submatrices O,_;,l,_,J,_,Yno; of M, , where O,_,
denotes a 3" x3" submatrix with all its elements being
zero, |,_, denotes the identity submatrix of size
33t J,_; denotes the reverse identity matrix of
dimension 3" x3"" | and Y, , denotes a 3" x3"!

submatrix with all its elements being zero except for one
element located at one corner of each matrix, depending
on the location of Y,_;. Their recursive definitions have

the following general form:

1 2
MY, 0, Mg
M, = On—l Mr(15—)1 On—l > “4)
3 4
M Ony MY,

where each submatrix Mr(ll_)1 , J=1{123,45} , has a

dimension of 3"'x3"! and contains one recursive
equation which is either O,_;, X,_;,Y,_; or M, _,, where
Xnop =g or Iy

Definition 4. There are four ternary fastest LI transforms

with the lowest computational cost in class Y1 [6]. Their
forward transforms are defined recursively as

My On On gy
M(YlAl)n: On It Ongy (5)
Yn—l On—l Mn—l
_Mn—l On—l On—l_
M(Yl.z)n: Ont Jna Oy (6)
| Yoor Ont My
_Mn—l On—l Yn—l
M(Y1.4)n: Ont oo Oy (7
1 Ont Ot My
_Mn—l Ont Yoo
and Myisn =| Ont Jnt Ony |s (®)
Ot Oy My |
where O,_;, l,.;, Jnoo1» Yoo » and M, have been

defined before. Their inverse transforms can be obtained
by simply replacing Y,., and M, in the forward

transform with 2Y,_; and M ,;_11 , respectively as shown in

(9)-(12).

4 Mr:—ll Ony Ony
M(Yl.l)n: Ono In On—ll )

2Yn—l On—l Mr;—l

4 Mr:—ll Ony Ony
M(Y1.2)n: Onoi Jna On—ll (10)

_2Yn—l On—l Mr;—l_

4 Mr:—ll Ony 2Yn
M(Y1.4)n: Ono Iho On—ll (11)

_On—l On—l Mr;—l_

5 Mr?—ll Ont 2V
M(Yl,s)n: On_t Jna On—ll . (12)

On—l On—l Mr;—l

Definition 5. The operator R, ona 3" x3"matrix M is

defined as performing 9" counterclockwise rotations

twice involving (8-9”_H) submatrices each of order

3" (0<r<n-1).

101000000
010000000
100000000

Example 1.Let M, = {00000 1000/, Then,

000010000
000100000
100000101
000000010
000000100

0.0 000/000/101
0 000000010
0 0.001000110.0
0 0000011000
0| R;(My)=000{010000
0 000100000
0 1011000100
0 010000000
: 100i000i0 00

Definition 6. The operator R, on a 3" x3" matrix M, is
defined as recursively applying operator R, on M for r

=n-1,n-2, ..., 0. The square of operator R, is specified

2
as R, (Mn) = Rz(Rz(Mn))-
Definition 7. The forward and inverse ternary fastest LI
transforms My, g), and (M (Ylﬂ)nyl can be calculated by

fast transform by representing them in the following
factorized form

1
My1.0)n :HKr?,j (13)
j=n



1
and ('V'(Yl.@)J1 :H(Kr{jyl . (14)
j=n

0 o }! . .
where K ; and (Kn’ jy denote the j-th factorized

transform matrix of M(y; 4), and (M (Y1.o)n fl , respectively
(1£j<n,0€e{1,2,4,5} ). Property 1 gives the general
formulae for Kfj j and (Kr?, J-Tl .

Property 1. The factorized transform matrices of My, g),

and (Mg, )" (0 €{1,2.4,5)) can be derived by using
(15)—(22) as follows:
1 K; i Ona Oy
Kn,j =| On loot Ongy (15)
On—l On 1 Kn -1,j

(nl] Onl nl

(k.;)'=| 0 1 O 1 a9
On—l O (Kn IJT
Kr? 1j 0.1 Oy
Kr%,j =| Opy Xpo On 1 (17)
On—l O -1 Kn -1
o)
(k2,]" = k nl_J X 0:1 1w
On—l O (Kn 1J
Knj= RZZ(K;,J-) (19)
(K;‘,JI = Rzz((Ké,j Tl) (20)
Knj= Rzz(Kij) 1)

(Krsu,jT1 = Rzz((Kr%,Jl), (22)

where K i j represents the identity matrix of size 31 x3)

-1
with bottom left element replaced by °I°, (KJ—HJ)

represents the identity matrix of size 31 %3 with bottom
left element replaced by 2° ( f6e{,2} ), and

JIp,ifn = j+1
X _{In—la otherwise. Note that O,_;, I, , and
no1 1n (15)—(18) are the same as in (5)—(12).
Fig. 1 shows the forward and inverse butterfly
diagrams for fast computation of the ternary fastest LI

transforms My, ), based on Definition 7 and Property 1.
The same butterfly diagrams for the LI transform My, ;)

are shown in Fig. 2. In both figures, the solid and dashed
line represents the values 1 and 2, respectively.

(a) (b)

Figure 1. Butterfly diagrams of MYll : (a) Forward
transform; (b) Inverse transform

E><EE

\

(a) (b)

Figure 2. Butterfly diagrams of My, : (a) Forward
transform; (b) Inverse transform.

Property 2[6]. The number of additions required to
compute the spectra of ternary fastest LI transforms

Mgy (0 € {1245 )is 2" -1.

3. Ternary fastest LI transforms with

permutation

In this paper, we want to identify new ternary fastest
LI transforms that have the same computational cost as the
known ternary fastest LI transforms and can also be
calculated efficiently by fast transforms while offering the
possibility of more compact polynomial representations,
1.e., have the smaller number of nonzero terms. One of the
simplest ways to do that is by permuting the known
ternary fastest LI transforms. Such class of ternary fastest
LI transforms is defined in this Section. It should be noted
that due to the relations between the known ternary fastest
LI transforms, the LI expansions based on all the ternary
fastest LI transforms with permutation cover the LI
expansions based on all the known ternary fastest LI
transforms. As such, the minimum number of nonzero
spectral coefficients in the spectra of ternary fastest LI
transforms with permutation is always smaller than or
equal to the minimum nonzero spectral coefficient number
in the spectra of all the known ternary fastest LI
transforms.



Permutation matrices are matrices that contain
exactly one ‘1’ in each row and column. As such there are

six possible permutation matrices of size 3x3 and 6"

permutation matrices of size 3" x3" that can be derived
from the Kronecker product of the 3x3 permutation
matrices.

Definition 8. Let the six 3x3 permutation matrices be
denoted by py, o1, P2, P3, Pa, and ps, where

100 100 010
2 =010 ., p=[001| , p,=[100] |,
001 010 001

010
=001}, py=
100

P, is defined as the permutation matrix of size 3" x3"

with permutation number p (0 <p<6" —l) that is
calculated by

1
R =®p, (23)
j=n

where < P>¢=<Pp, Pnojs---» P1 >
valued representation of p and ® denotes Kronecker
product [1, 2,4, 5, 7].

Due to the property of Kronecker product, the inverse of

is the n-digit six-

PP denoted by (P,? ", is simply

B)' = oy, ). 24

where p; and p, are inverses of each other and p,, o,

Py, and ps are self inverse.

Definition 9. Let M,(p) denote ternary fastest LI
transform matrix of size 3" x3" with permutation number

p (OS pS6”—1). Then M,(p) and its inverse

transform matrix (M n( p))_l

are defined as

M4m=WlﬁMJ (25)
and M, (p))™ [ﬁ( TJ (I (26)
j=n

respectively.
Property 3. There are altogether 3" +2" —1 nonzero
elements inside both M, (p) and (Mn(p))f1 . All the

nonzero elements in M, (p) are ‘1’s whereas inside

(M n(p))_1 3" of the nonzero elements are ‘1’s and the
rest are ‘2’s.

Property 4. From Definition 9 and the relations between
the ternary fastest LI transform matrices of classes Y1 and
Z1 presented in [6], it can be established that

My1.1yn =M, (0) 27)

My 140 =My(6" =1)- F’n6n_1 (28)
M z1.pn = Mp (6" = 1) (29)
M 214y = Mp(5-6")- P (30)

Property 5. Let f( ) be an n-variable ternary switching
function with the truth vector F . Then there are 3" —2"~!

spectral coefficients in the spectrum of f( )based on
M, (p) whose values are equal to the values of the truth
vector elements, i.e., their values can be directly obtained
from F without any additions or multiplications.
Furthermore, if E{ is defined as the subset of the truth
vector elements whose values affect the values of the
2" —1 spectral coefficients that need to be calculated, E{

has 2" elements.

Property 6. All possible ternary fastest LI matrix with
permutation can be divided into 3" groups of size 2"
such that if S(p) is defined as the set of truth vector

elements that are directly forwarded to the spectral
coefficients of M,(p), then all M ,(p) in the same

group have identical set S(p). Therefore, the number of
elements inside S(p) that have nonzero values gives the

minimum number of nonzero elements for the

corresponding group of M, (p).

012
021
Let the matrix Z be defined as Z = %8% , where
120
210

the row and column index numbers start from zero. Then
any two fastest LI matrices with permutation M ,(p,)

and M, (p,) belong to the same group if

Zpaj,l :Zpbj,l for j=23,...,n
and Zpﬁj’2 = Zpbj ,2 for J =1, 31
where < Pa >6=<Pa,>Pa, > Pa > and



< pb >6=< pbna pbn—l""’ pbl >

4. Generalized ternary fastest LI transforms

The ternary fastest LI transforms with permutation
defined in Section 3 can be further extended into a wider
set of ternary fastest LI transforms by allowing the
permutation to be located either in one side of the butterfly
diagrams or between the butterfly diagram stages and by
allowing the butterfly diagram stages to be reordered such
as it has been done for binary fastest LI transforms [9].
The resulting ternary LI transforms are called generalized
ternary fastest LI transforms. As reordering and
permutation do not incur any additional cost, the
computational cost of the generalized ternary fastest LI
transforms are the same as the known ternary fastest LI
transforms.

Definition 10. Let Mr?((p,a, p) denote a generalized

ternary fastest LI transform of dimension 3" x3" with
ordering ¢ , permutation position o (1 <o<n +1) , and

permutation number p (0 <p<6” —1) Then

M ?(p, o, p) is defined as

o 1
[HKz%].PﬂP.[.HKf’%} ifo=n+l
ME(p..p =1

1

12} .

PP H Kio, > otherwise,
j=n

(32)
where @ € {1,2,4,5} and Kr‘i j and P have been defined
in Property 1 and Definition 8, respectively.

Property 7. The ordering ¢ is an n-digit string in which

every digit takes values from 1 to n and no two different
digits in it are allowed to have the same values,

P =<PnsPn-1>-->P1 > » (33)
where ; e{l,2,...,n}andgoi =p;iffi= j(l <i,j< n).

Property 8. Clearly, the inverse of M r‘f (go, o, p) is simply
[ﬁ(Ké’ﬂ% Tl]'(PinI '[IEI(K,?#,j F] ifo#n+l

M (g0, p) = [‘“ 1=

I, ')’

j=1

otherwise.

(34)
Property 9. Any two generalized ternary fastest LI
matrices Mr?'(gal,crl,pl) and M,?Z(goz,az,pz) are

identical when 6, =6, , o,=0, , p;=p, , and

31:{¢1j [I<j<o -1} = 52:{¢’2j 1< j<o, ~1}.

Property 10. By (19), (21), and (32), it can be derived
that

Mi(p.0.p) = R,2(M(p.0 p)) (35)

and Mi(p,0.p) = R,2(M2(p 0, ), (36)
where < P >¢=< P, Pp_ir---> P1 > p'j =021, 4,3,

and 5 if p; =0, 1,2 3, 4, and 5, respectively, and

<P >e=<Ph,Phgses P>

5. Experimental results

The calculation of the spectra based on all M, (p)

and generalized ternary fastest LI transforms M ,? ((p, o, p)

have been implemented in MATLAB and run for several
binary benchmark functions that have been modified to
represent ternary functions. The translation from binary to
ternary cases has been done by changing every two input
(output) bits in binary files to an input (output) symbol in
ternary files. If the number of input and/or output
variables is odd, then a zero bit is first added behind the
binary cubes to make it even. For input (output), — is
converted to —, 00 is converted to 0, 01 is converted to 1,
10 is converted to 2, and 11 is ignored (converted to 0).
The resulting numbers of nonzero spectral coefficients
inside the spectra of each ternary input function based on

M, (0), M, (6" -1), M,(6"" -1), and M (5-6"") are
listed in Table 1. Recall that those ternary fastest LI
transforms with permutation correspond to the known
ternary fastest LI transforms. In addition, the number of
nonzero spectral coefficients for each input function based
on all M,(p) are compared and the minimum number is
shown in the rightmost column of Table 1. Based on the
numbers in Table 1, it can be seen that for some ternary
functions M, (p) reduces the number of terms required to
represent them, which leads to faster calculation of the
output value, for example for conl, rd84, 9sym, and alu4.
In Table 2, the resulting minimum numbers of

nonzero spectral coefficients that can be obtained by each
type of M f (¢, o, p) are shown. Comparing the numbers
in Tables 1 and 2, it can be observed that for some ternary
functions M/ ((p, o, p) can give more compact
representations than M (p) in terms of smaller number

of nonzero spectral coefficients. Since M ,(p) is a special



case of M ng ((p, o, p) , the minimum number of spectral

coefficients based on all M ? (¢, o, p) is never larger that

that based on M,(p). This can be clearly seen from

Table 2.

Table 1. Number of nonzero spectral coefficients

for M, (p)
Input Number of nonzero spectral coefficients
filename M, (0) M, (6"=1) | M, (6" =1) | M,(5-6"") Optimum
M, (p)
xor5S 10 10 10 10 9
conl 45 46 45 47 42
squar5 16 17 17 16 16
z5xpl 53 53 53 53 53
inc 52 51 51 52 51
rd84 49 50 49 50 43
misex] |52 53 53 52 51
ex5 81 81 81 81 77
9sym 116 123 125 116 107
clip 153 157 156 153 150
apex4 162 161 161 162 157
ex1010 | 178 179 179 178 174
alu4 2179 2179 2179 2179 2153
misex3 | 2156 2161 2161 2156 2150

Table 2. Minimum number of nonzero spectral
coefficients for M’(p,0, p)

Input Miy(@.0.p) | Mi@.o.p) | Mi(p,0,p) | Mi(p.o.p)
filename

xor5 8 8 8 8
conl 41 41 38 39
squar5 15 15 16 15
z5xpl 52 52 51 51
inc 47 47 45 46
rd84 42 43 41 43
misex | 47 46 47 45
ex5 76 77 75 75
9sym 103 103 107 107
clip 144 144 145 145
apex4 155 155 153 153
ex1010 174 174 174 174

6. Conclusion

Extension of the known ternary fastest LI transforms
[6] to generate new classes of ternary fastest LI transforms
with the same lowest computational cost have been
presented. Several properties and relations for the
transforms have also been given. The presented properties
and relations can be used to reduce the time and
computing resources required to obtain the most compact

polynomial representation for a ternary function based on
all the ternary fastest LI transforms.

The theory presented in this paper may be of interest
not only to researchers working in the area of ternary
functions but also in other areas where mathematical
models of ternary expansions and functions are used. The
corresponding polynomial expansions over GF(3) can be
used not only as bases for bio-orthogonal systems but also
as the mathematical apparatus to analyze the stability of
finite automata giving more flexibility than the known
results for binary dynamic systems [5]. A unified approach
to the generation of butterfly structures presented here can
also be of interest for researchers developing multi-
resolution digital signal processing systems using
unconventional applications of butterfly decomposition
techniques [10].
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