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Consider o simples Joadback ayelm it cnstank b

R (5\ Y (53
G(s)
+ | .
H
wrhare Y () G (s)
T(S) = =
R(s) 1+ HG ()
Ldlwg s = 327k
¥ . G (&)
T | + HG(E)

. G &)
mw T = b ——
QE:- ) Lo 1 +HG (£)

= o3

which mmb'ﬂ» o Pg{g, on the, _\-u.)-dm:a, o s= yiwf, . The
Wma Tromatomt wapomas wold e a Mﬂ-mﬁﬁ&mm.




The Bode plok & Sho Loy goin HE (L) n be wsed B ddfirmine T
dabldity, o ayilom . Fudk we akamine the Rode plob 4 the phase <hils
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Uo phoss margen . Phase morgin @ delieminad ok the Lieguincy Foy 4o
whick the dimp gain HG (£0,) & unity in mogrifide ((or Odb). The
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S S & SEREAEARR e | O i T T e S R e oot b e
Decibels - | Expressiné magnitudes in decibels
I G n =20 logm(l G ” Actual magnitude Magnitude in dB
: 172 - 6dB
Decibels of quantities having 1 0B

units (impedance example):

normalize before taking log 2 6 dB
|Z| 5=10/2 20dB-6dB =14 B
1Z]|,=20 loglo(m) 10 : 20dB
1000 = 10° 3 - 20dB = 60 dB

5Q) is equivalent to 14dB with respect to a base impedance of R, =
1Q, also known as 14dBQ.

60dBuA is a current 60dB greater than a base current of 1A, or TmA.

Bode plot of f*

IR TR e Y e A e R A L O R R

Bode plots are effectively log-log plots, which cause functions which
vary as f* to become linear plots. Given:

le]=(£] o«

Magnitude in dB is 40dB 1

| G I = =20 logw(-}%)n =20n logm(—j%) 20dB 1
odB

+ Slope is 20n dB/decade |

+ Magnitude is 1, or 0dB, at
frequency f=f,




Single pole response

T e R T M T A R A G N S

L e R A T R T e

Simple R-C example Transfer function is
1

R .
W ) __sC
+ ‘ s) V() i +R

sC

vi(s) C—-) C o= vAs) Express as rational fraction:

‘ 1
- G(s) =
) 1+sRC

This coincides with the normalized
form

G(jw) and || G(jw) ||

s SR R S R S A T

RRERRAL TP Al 0, LT

Lets = jor
_ | 1-j & Im(G(jo)) 4 .
G(Jm)"(1+jm£)_1+mg)2 G(J(D)
0 ¢} $\
Magnitude is (5@9
z ' 12 \\
| GG | =/ [Re GG +[1m GUw)] 7 Gljo) ‘
] : —»
= Re(G
1+ (am(;)z e(G(jw))
Magnitude in dB:

|G(im)|d8=—-2010g,0( 1+(€0‘*’;)2] dB




Asymptotic behavior: low frequency

For small frequency, -
o << 0 and f<<f, : |GG | = 1 (g)z
0
B 1
@ .
( ) I GGo) e 7
Then || G(joy) | o |0
becomes
L _ -20dB
|GG |~ =1
Or, in dB, Bl
—60dB 4 t 1
| 6Giw) |, ~ 0dB 0.1f, fo 10f, 7

This is the low-frequency
asymptote of || G(jw) ||

Asymptotlc behavior: hlgh frequency

TIIRREIRGE RIS TR AR DO ALY T S R T N R

For high frequency,
W >> oy and f >>f, .

(&)>>1 | Gioo) s 1

) e
Then || G(jo) | | (%)
becomes o | —20dB/decade

-—— AN ' . .
| GG | \/m (ﬁ,) ~60dB 0.1f, fa 10, f

The high-frequency asymptote of || G(jw) || varies as f.
Hence, » = -1, and a straight-line asymptote having a
slope of -20dB/decade is obtained. The asymptote has
avalueof 1 atf =f,.



Deviation of exact curve near f = f,

A R R T TR T -

Evaluate exact magnitude:

atf=f,:
G(joy) | = 1 ___ - L
R

. g )2
IG(](DO)IdB-—-—ZOIogw( 1+(aﬁ] )s—?,dB

atf= 0.5f, and 2f, :

Similar arguments show that the exact curve lies 1dB below
the asymptotes.

Summary: magnitude

RSSO ST T WM T LTI R R e e ST IR 5

| Gliw) llig ]

0dB

~10dB A

-20dB —20dB/decade

-30dB : 1 —




Phase of G(jw)

T AR o R e et R L e e e T I S T A

>

Im(G(jw)) 4
Gljw)

£LG(jw) .
Re(G(jw))

, o )
£LG(jo) = tan (%)

Phase of G(jw)

. _ w
0° - sz (° asymptote LG(JU‘)) =—tan™' (;)

0

® LG(jw)

0 0’

—90° asymptote




Phase asymptotes

S R R T

Low frequency: 0°
High frequency: —90°
Low- and high-frequency asymptotes do not intersect

Hence, need a midfrequency asymptote

- Try a midfrequency asymptote having slope identical to actual slope at
the corner frequency f,. One can show that the asymptotes then
intersect at the break frequencies -

f=fie™ = /481
f=fie"* =481 f

Phase asymptotes

A T A e T 20

f,=£,/ 481

r\‘

fi=fhe™*=f/481 [
f=fhe'*=~481f 45+

A
e
]

1

]




Phase asymptotes: a simpler choice

L=£710
h=104

Summary: Bode plot of real pole

RGLLATATREECA AL T T e e g e ST

0dB

oy TR




Single zero response

e —————————— v —— e T ST e T R R R R T

Normalized form:
G(s) = (1 + mio)
Magnitude:

Use arguments similar to those used for the simple pole, to derive
asympiotes:

0dB at low frequency, o << o,
+20dB/decade slope at high frequency, v >> o,

Phase:
[(3]
£LG(jw) =tan™" (—)

Wy

—with the exception of a missing minus sign, same as simple pole

Summary: Bode plot, real zero

SR g L SRR R R R e R vt TR

G(s)= (1 + mio) +20dB/decade

Gty 22 e 0

LGw) O




Suppose that we have constructed the Bode diagrams of two
complex-values functions of frequency, G(w) and G,(w). It is desired
to construct the Bode diagram of the product, Gy(w) = G (@) G w).

Express the complex-valued functioris in polar form:

G(w) = R(m) /1
G,(m) = Ry(w) e
G;(w) = Ry(w) &%)

The product G,(w) can then be written
Gy(w) = Gi(m) Gy(w) = Ry(w) e Ry(w) 77

Gi{w) = (Rl(w) Rz(m)) gJ@1@) + 80N

Combinations

it A . R T L T R S R R R

Gy(w) = (Rl((l)) Rz((l))) 2781w} +85(0))

The composite phase is
0:(m) = 0,(w) + 6(w)

The composite magnitude is
Ry(w) = R\(w) Ry(w)

|R3(m) |dB = IRI(OJ) Lﬂa + | Ry(w) |da

Composite phase is sum of individual phases.

Composite magnitude, when expressed in dB, is sum of individual
magnitudes.




Example 1: = G(s)= (

R SRR SR T T G

with G, =40 => 32 dB, f, = 0,/2% = 100 Hz, f, = 0,/2n = 2 kHz

G,=40=32dB
L

40 dB
iGll

204dB 1
0dB
0dB
—20d8 0

~40dB {

1Hz 10Hz 100 Hz 1kHz 10 kHz 100 XHz

Example 2

TR T R AR T T e e L A R R R S L R N

Deterrhine the transfer function Afs) corresponding to the following
asympfiotes:

Al

1A, g fi +20 dB/dec

10f, £,/10

LA

£,110 10f,




Example 2, continued

One solution: (1 + _§_1 )
A(S) = AO —I—"S—‘
(1+a)
Analytical expressions for asymptotes:
Forf<f (1 + a‘i—‘)
Ay P =4, % =4,
(1 + ﬂ%) |
5= jeo
Forfi< f<f,
$ 5
AO(J-F?D—I-) onum1]s=jw=A0£=Aoi
03]
-90 . L
5= jo
Example 2, continued
M R R L i < LD e PR A N S A
Forf>f,
S S
A0(1+m1) =A0|mlﬂs=ﬂn=Ao%=A0£
(l-"—miz) s=jm |—(_g;,|.r=_rw 1 ﬁ

So the high-frequency asympiote is

A L2
A=A




Quadratic pole response: resonance

AR o IR T e B T e cun B s S SO

Example 7
G(s) = Vi) _ Ll rEEE .
v 1+sL+sc
R +
. == R
Second-order denominator, of "ifs) (—) Co= R wm
the form
1
G{s) =
) 1+ a,s + a,s*

witha, =L/Rand a,=LC

How should we construct the Bode diagram?

ST LT L R e AR el

— 1
Gls) = 1+ a5+ a,s?

We might factor the denominator using the quadratic formula, then
construct Bode diagram as the combination of two real poles:

- 1 : N PO . )
G(S)_( _i)( __;S'_) with 'Sl_ 2(12 1 1 a%
Sl SZ - -
—_ _a _4a,
§p,= — 2a2 1+ 1 af

* I 4a, < a2, then the roots s, and s, are real. We can construct Bode
dlagram as the combination of two real poles.

* If 4a, > a2 then the roots are complex. I Prénios section, the
assumption was made that w, is real; hence, the resulis of that
section cannot be applied and we need to do some additional work. .



Approach 2: Define a standard normalized form
| for the quadratlc case

S e T e = S R | T R R R S T s A

— 1 _ 1
G(S)_1+2CE§;+(%O)2 or G(s) = +QL%+(%O):

* When the coefficients of s are real and positive, then the parémeters g,
w,, and Q are also real and positive

+ The parameters €, m,, and Q are found by equating the coefficients of s

+ The parameter w, is the angular corner frequency, and we can define f,
= Wy2R

+ ‘The parameter ¢ is called the damping factor. T controls the shape of the
exact curve in the vicinity of f= f;. The roots are complex when T < 1.

* In the alternative form, the parameter Q is called the guality factor. O
also controls the shape of the exact curve in the vicinity of f= f0 The
roots are complex when Q >0.5.

The Q factor

TR E R R T AR

In a second-order system, T and Q are related according to
=1
Q - 2@

Q is a measure of the dissipation in the system. A more general
definition of Q, for sinusoidal excitation of a passive element or system

is
. (peak stored energy)
Q= (energy dissipated per cycle)

For a second-order passive system, the two equations above are
equivalent. We will see that Q has a simple interpretation in the Bode
diagrams of second-order transfer functions.



Analytical expressions for f, and Q

Two-pole low-pass filter il
example: we found that G(s) = 28) _ 1

V() B 1+ s% + $2L.C

Equate coefficients of like G(s) = 1
powers of s with the - 145 4[5V
standard form Qw, (wo)
Result: f= W, 1
" 2n 2a/LC

Magnitude asymptotes, quadratic form

R R AT i L L T R I e, e e R T R T N R 2 SO R I YR
— 1
Inthe form  G(s) = P (_.9_)2
Qu, Do
let s = jo and find magnitude: ﬂ G(jw) I = 1 =
(& g (e
Cy Q2 Wq
Asymptotes are Gl e 1
0 dB
|G]=1 for w<<w, 048
. ] f )'2
-2 -20dB (—
IGH—n-(-f-) for o >> o, o
b _s0a8 |
—40 dB/decade
-60 dB

0.1f, % 10f, f




Deviation of exact curve from magnitude asymptotes

| G| = 5
V-] (e
W, Q7 9
At o = o, the exact magnitude is
| Glwp |=0 or, in dB: | 6Gw ] =12

The exact curve has magnitude G|l
Q at f=f,. The deviation of the
exact curve from the
asymptotes is | Q |

—40 dB/decade

Two-pole response: exact curves

: O g
A SN
0=5" T F='g=10
10d '7/ \ N §\\\ \\\ 2=
Q:=2 Y \ NN e
Q==1></-'\ \\ _45° \\\ L =1
P ZERIN} NN 2
= S SENR\ SN
0dB "—--..._____ "‘--.___\ \\ Q=Q=-2( ]/ ~~"\:\\
[ ] 3 \\:
NGl < 0=051" \§§\ LG -90°*
o ™.
o LY AN NN
N \£=°2\\ \\\ HHHHHH W\ NN
\\ 135 \
Q=:l\\‘ \\ \\ ] \\\ N, )\
N \ \\ \\\\
2008 : | Q\\\“?I:::
03 05 07 1 2 3 1500 ::Eﬂ:l:iii
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Even though the original open-loop system is stabie, the closed-loop
transfer functions can be unstable and contain right hali-plane poles. Even
when the closed-loop system is stable, the transient response can exhibit
undesirable ringing and overshoot, due to the high Q -factor of the closed-
loop poles in the vicinity of the crossover frequency.

When feedback destabilizes the system, the denominator (1+7(s)) terms in
the closed-loop transfer functions contain roots in the right half-plane (i.e.,
with positive real parts). If 7(s) is a rational fraction of the form N(s) / D(s),
where N(s) and D(s) are polynomials, then we can write

N(s
T(s) _ D—Es% __ NE + Could evaluate stability by
1+7T(s) 14+ N N(s) ~ N(s)+ D(s) evaluating N(s} + D(s), then
D(s) factoring to evaluate roots.
11 D(s) This is a lot of work, and is
1+76) %E% = NG+ D(s) not very illuminating.

Determination of stablhty dlrectly from T(s)

LG i AR A B S M R

= Nyquist stability theorem: general result.
+ A special case of the Nyquist stability theorem: the phase margin test

Allows determination of closed-lcop stability (i.e., whether 1/(1+7(s))
contains RHP poles) directly from the magnitude and phase of 7(s).

A good design tool: yields insight into how T{(s) should be shaped, to
obtain good performance in transfer functions containing 1/(1+T(s))
terms.




The phase margin test

O A A 55 B0 7% T PR an e S e SR AR TR T A AT TR

A test on T{(s), to determine whether 1/(1+7(s)) contains RHP poles.
The crossover frequency f, is defined as the frequency where
I T(2nf,) =1 = 0dB
The phase margin ¢, is determined from the phase of 7(s) at f, , as
foliows:
@,, = 180" + LT(j2nf )

If there is exactly one crossover frequency, and if 7(s) contains no
RHP poles, then

the quantities T(s)/(1+T(s)) and 1/(1+7(s)) contain no RHP poles
whenever the phase margin ¢, is positive.

Example: a loop gain leading to
a stable closed-loop system

i e B L AT K i TR
60dB T -
“ T” ” Ti[ LT
40 dB } 1
f‘;l Crossover
206B t f;. JSrequency
£
0dB £T -y . O
-20dB t o -90°
1 P, \
~40 dB y.Im <t ~180°
1 270
1Hz 10 Hz 100 Hz 1 kHz 10kHz 100 kHz
LT(2nf) = —112° f

@, =180"-112°=+68"




Example: a loop gain leading to

OO L it o4 T ST B TR T L R R

an unstable closed-loop system

I

7 T
40 dB 1
fa
Crossover
20dB 1 frequency
Je
oap 2T U -
=204dB + \ L —90°
-40dB -180"
e, <0)
\ -270°
1Hz 10'Hz lﬂ(]le lk‘Hz lﬂid-lz 100 kHz
LT(j2nf.) = - 230°

@, = 180° = 230" = - 50°
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) Problem:

|
: Given the following transmittance:

T(s)=

; where _
| A =40
‘ we = 15
Q=3
oWy =02

| ' Using an approach that uses asymptotic approximations,

a). Sketch !T(s)' ', the magnitude characteristic of T(s). Be sure to label the break

frequencies, the slopes of sloping lines and gains of constant gain lines.

'b). Determine the maximum gain of T(s) (expressed as an absolute value). At what

frequency, w, does this maximum occur?

c). Determine the range of frequencies, w,,, <w <w,,, for which

T (W) <2< iT( jwh,.gh)| . That is, find the range of frequencies where the gain is

greater than or equal to 2.




Table 3-1 Operational-Amplifier Circuits That May Be Used as Compensators

Control = L) Operational Amplifier Circuits
Action G = Efs) P P
Ry Ry
i P 2 R
Ry ]
2 1 R3 R|C2s
3 PD R4 By
R3 R] (R]C|S+ l)
Ry RyCos+ 1
4 Pl By Ry RyCost 1 _ R —o
Ry Ry RyCss & ? e,
o O
C Ry Ry
R4 R2 (R]C[S + 1) (RzCzS + l)
5 1 =
‘ PID R3 RI . RZCZS
™
Ry By RiCis+]
6 Lead or lag Ry Rl RyCu 1
) Re Rs [(Ry+Rs) Cis + 11 (RoCas + 1) oL |
7| TLeg-lead Rs By (RyCys+ D [(Rs+ Ra) Cos + 1]

Section 3-8 / Electrical and Electronic Systems




