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Abstract

Erasure Pure Type Systerae an extension to Pure Type Systems
with an erasure semantics. Erasure is guided by lightweight
notations that may be supplied by either a programmer ora pri
automatic program analysis phase. We present an algoraghauf
tomatic erasure annotation, generating annotations taatgimal

in the sense of marking as much of a program for erasure ak poss
ble.

We reduce our program analysis problem to a variation of the
well-studied boolean satisfiability problem (SAT), in whieve
want to maximize the number of propositional variables séfite.

We give a polynomial time algorithm for this problem in thesal
case that every clause in the CNF of the input formula costain
exactly one negative literal.

Our methodology of dividing program extraction into separa
analysis and erasure phases is analogous to the situatartial
evaluation of dividing partial evaluation into separateding-time
analysis and specialization phases.

Keywords Erasure Semantics, Pure Type Systems

1. Introduction

Statically typed programming languages have evolved ev@em
expressive type systems. The drive towards increased ssipee
ness inevitably leads to dependent types, a proven teayébo
verifying strong correctness properties of real progran8| 1, 2].
For this reason, researchers have long sought practical twap-
clude dependent types in programming languages.

Heavy use of the expressive power of dependent types irsolve
the embedding of proofs of program properties into the @nogr
text itself. Often, such proofs play no essential part iné¢kecu-
tion of the program. They are necessary only as evidence lmsed
the type-checker to establish that the properties holdaBszthese
proofs can be quite large, an erasure semantics is criicarécti-
cal implementation of a dependently typed programminguage.

However, proofs are not the only erasable parts of a program.
Any time a program exhibitparametric polymorphisriwhether it
be polymorphism over proofs, types, numbers, or any othpr tf
value) there are portions of the program that should be érdse
a companion paper [4] we introduce Erasure Pure Type Systems
an approach to combining dependent types with erasure siesan
that generalizes the notions of parametric polymorphisthtgpe

[Copyright notice will appear here once 'preprint’ optiGrémoved.]
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Figure 1. Two-phase approach to erasure semantics for Pure Type
Systems in terms of two variants supporting polymorphisoly-P
morphic terms are typed explicitly in EPTS and implicitlylRITS.

erasure in System F to more expressive type theories imgudi
dependent types.

That work showed how to extend the highly generic framework
of Pure Type Systems with an additional type-former likand
corresponding forms ol-abstraction and application. Just as in
System F, we provide an erasure semantics whereb¥-thinders
of the new\-abstractions and the arguments of the new applications
may be erased prior to program execution.

The erasure semantics is guided by source language erasure
annotations. However, manual program annotation is uraigsi
or infeasible in some situations (e.g. for large legacy m@ots).

For these reasons, we would like an automatic program gnatys
infer erasure annotations. This paper defines such an @alys

1.1 Methodology

Our study of erasure semantics for dependently typed layggua
takes place in the context of three different families ofetyp-
calculi, shown in Figure 1.

The first family is Pure Type System@TS), a well-known
formalism that encompasses and organizes a wide varietypef t
systems. Most dependently typed languages have a PTS at thei
core, so PTS is a good setting for studying features of depehd
types languages. Appendix A briefly reviews the basics of. PTS

The next two language families are Erasure Pure Type Systems
(EPTS) and Implicit Pure Type Systems (IPTS), each of which
support a type former indicating polymorphisii(in EPTS and
V in IPTS). Polymorphic terms in IPTS are implicitly typed,tbu
in EPTS they are explicitly typed and contain erasure anioois
marking certain portions of a program for erasure.

Two operations connect the three languages. First a program
analysis introduces erasure annotations into a prograntterd
an erasure phase obeys these annotations. Each operapectse
the type systems and operational semantics of its sourctasget
languages.

This paper covers the analysis half of Figure 1. A companion
paper [4] covers the erasure half. (Appendix B also brieflyeres
EPTS and the erasure translation).

The division of labor in Figure 1 is reminiscent of off-line
partial evaluation, which consists of two tasks: a bindimget
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let f=A“"2:N.5 in

(A) let g = A°2y:N.9 in ) (o7 =) nlos =as) hlm = ar) A (ag = as) A (a2 = a7) A (Has)
= let h = \*32:(I1*2:N. N). 2@%47 in = (a7 = ) A (fizze - gsg Q EZ1 - 373 Q Efjlse:;cse) A (a2 = ar) : (c.y
(h@ag, f7 h@agg) 7 4 1 7 2 7
(C.2) let f=X2:N.5in let f=251in
as, as af; := false (D) let g = A°y:N. 9 in (B) let g =9 in
AT true = let h = \'z:(II°2:N. N). 2@°7 in == let h = Az.z in
am e (h@'f, ha'g) (h f,hg)

Figure 2. Sketch of erasability analysis and erasure for an exampigram. Erasability analysis consists of (A) annotatiorhvaitnotation
variables, (B) constraint generation, (C) optimal constrsolution, and (D) solution-determined erasure animmtaErasure consists of (E)
an annotation-guided erasure phase.

analysis phase that annotates a program for specializatidna o7 SN
program specialization phase that simply obeys these atioios. a RPN
This separation of concerns allows us to see the issuesvawol AL A2 e A3 let f = Alz.5 in
more clearly and allows the possibility of programming dihe / ) ) let _ )2 ’ in
in the annotated language. In partial evaluation, MetaMhd its ! )/ ! | %: )\Sy. y@47 .
successor MetaOCamébire each examples of such an annotated \ d ;e 5, % z n
intermediate language. \\@4 e .’\@5 @6// (h@°f,h@g)
1.2 Anexample \\\_,,/
Figure 2 refines Figure 1 by taking a single example progrdm al
the way from through analysis and erasure. Figure 3. The /@ graph induced by the “may-flow-to” relation of
(*inPTS*) (*in EPTS *) a simple program. The use gfin A\?’s body prevents erasure of
let f = Az:N.5 in let f=5in both the@*-argument and tha'-binder.
let g = Ay:N.9 in = letg=9in
let h = Az:(IIz:N.N). 2z 7 in let h = Az.z in
(h f,hg) (h f,hg)

The program analysis identifies syntactically constantctions

and the arguments to which they are applied as candidates for
erasure. In a more realistic program, these erasable psrtian

be quite large. Section 2 further discusses which parts cdgram

we consider erasable.

First we annotate a program wigmnotation variableshat will (Ae. M) N —4 M if « & FV (M)
later be assigned to concrete erasure annotations (A).Waegen- ' A
erate constraints in propositional logic whose soluticosaspond
to well-formed annotations of the underlying PTS term (B¢-Se
tion 3). Then we find an optimal solution to the generated con-
straints corresponding to erasure annotations that markuak of
the program for erasure as possible (C, Section 4). Firthlyop-
timal solution is applied to the original program, decargtit with
concrete erasure annotations (D) that guide the erasuse [jB3

(Aa:Type. Az:a. ) Nat 5. After erasing type annotations, we are
left with (Aa.. Az. ) Nat 5, in which the binden« is superfluous
becausex no longer appears anywhere in its scope. For any such
dummy binder\z, the resulting specialized rule

discards both the dummy binder and the argument which itavoul
otherwise bind tac. Therefore we may erase both the binding site
Az and any argumeniV at an application site to which this-
abstraction may flow during program execution. By this reaspn
we may erase the underlined portions of our previous exatapie
resulting in(Az. z) 5.
However, during the execution of a program otheabstractions
N may flow to some of those same application sites. We should not
2. Erasability erase the argumer¥ at an application sifeM/@N unless every
A-abstraction that may flow to be the value &f has a dummy
binder that ends up getting erased. Similarly, we shoulcraxe a
dummy binder unless we also erase every argument to whose ap-
Type annotations. The domain annotatiod in the 5 rule, plication site it may otherwise flow. In general, the “maywfto”
relation induces a bipartite graph (see Figure 3). In ordelecide
(Az:A.M) N —5 M[N/z] if a given A-binder or@-argument may be safely erased, we must
is simply discarded. For this reason, we may safely erasédhe  analyze all\-binders in its connected component (CC) in thi®
main annotations of all the--abstractions in a program without  graph.
changing its computational behavior.

This section investigates which parts of a progtanay be erased
in an erasure-semantics.

Dummy A-binders. The erasure of domain annotations may Cascading Erasure. Erasure of@-arguments may make othgf
cause some\-binders to become superfluous. Consider the term binders into dummies, thereby enabling erasure in otherd@ @e

Inttp://wwu.cse.ogi.edu/PacSoft/projects/metaml/

http://wiv.metaocaml.org/ 4We sometimes write @ for application in order to have a mongitde
3 For our purposes here, a program is a term in a typeadlculus. notation than mere juxtaposition.

2 2007/10/30



ANz
This occurrence of: gives rise
to the constraint

(m=rA---ATn=r1)=>
T=r,

@7'1 . .
which, given our boolean

interpretation of annotations,

N equals
QTN (AN ADTN) = T,
./ \. and also
\ 1V -VinV-T.
X

Figure 4. How a typical constraint arises. If each= r, then this
occurrence of will not be erased, and, therefore, neither canthe
binder. In this case must therefore be

M@ graph. Consider the following family of identity functians

let ido = Aa:s. Az:a.x in

let id1 = Aa:s. Ax:a.idg a x in

let ido = Aa:s. Ax:a.id1 a x in
ids a x in

let ids = Aa:s. Ax:a.

After the initial erasure of domain annotations, a casaadie-
quence of\/Q erasure steps is possible in this program. (Consider
the Aa binders).

3. Constraint Generation

In this section, we augment the syntax and typing rules of €EPT
(explained in Appendix B) to generate a constraint statimg t
phase-correctness of a program in terms of its annotaticablas.
The result is a variant of EPTS called EF'TSVe then prove that
solutions to the generated constraint correspond to legasiuee
annotations of the original program.

The generated constraints are formulas of propositiorgitlo
with annotation variables doubling as propositional valga. In
order to identify erasure annotations and boolean valuesnter-
pret the annotation astrue andr asfalse. Figure 4 shows how a
typical constraint arises.

3.1 Rationale

This section explains the design decisions behind the %yantd
type system of EPTS

In order to find annotations for an arbitrary PTS teih we
first annotate each, @, andII in M with fresh annotatiovari-
ables The constraint generation phase then generates a comstrai
in terms of these annotation variables. Therefore the gyofa
EPTS terms is as follows:

M,N,A,B:=x | \*x:A. M | MQ*N |I1°z:A.B | s

Where the metavariable denotes an annotatiorariable rather
than a concrete annotatiene {r,c}.

Because applications are annotated with variables, thetreont-
generating version ofI-ELIM will have a premise of the form
T' - N :* A where the judgment form is indexed by an annota-
tion variablea. In order to properly handle this case, we need to
generalize the RseTrule as follows:

kM A
'EM:=“A

@ e A
THM:*A

whereI*(®) is some generalization &°. In order to handle both

instantiations ofx properly,['°*) must equal’ whena = r and
I'° whena = c. Therefore we define

(T, z:7 A)°) el gree 4

where

yoa if a = rthen~ elser

Under our boolean interpretation of erasure annotatioestrans-
form the definition ofy o « as follows:

if =« then~ elsefalse
—a Ny

Yo«

Each context entry starts out marked with eitherflom all or a
« from a . For these reasons, context entry annotations are of the
following form:

(context ann). yu=al|r|opAy
(judgmentmode p:=alr|c
(contexy Pu=e|T,27A

When typing occurrences of a variahldin the VAR rule), we
require its context annotationto ber (false). Therefore, one form
of atomic constraint is-~. The other form of atomic constraint
arising from various rules isc = «'. The overall constraint is a
conjunction of atomic constraints.

(constrainy C,D,E i=true |CAD |~y |a=d
We identify both constraints and context annotations umgichl
equivalence.
3.2 Constraint-generating typing rules

Figures 5 and 6 contain the constraint-generating typitesrior
our variable-annotated version of EPTS. The judgment fares
C;T'F M > AandC - M =g N. The constraint-generating
REsETrule makes use of the generalized context reset operation.

DEFINITION 3.1 (Generalized Reset Operatio
o) — ¢ (T, z:WA)O(P) _ FO(p)7 27PN A

3.3 Proof of correctness

We now prove that the typing rules for EPT&re both sound and
complete with respect to those of EPTS. In this section, titation
o E C means that the variable assignmergatisfies the formulg
(i.e.C evaluates tarue undero).

The following four lemmas concern the operation of applying
an annotation variable assignmento a term or context and how it
interacts with other operations and relations such as xbrdeet,
substitution, and reduction.

LEMMA 3.2 (Correctness of Generalized Context Reset).
o (1°) :{ ol

(oT)°
Proof Sketch: By an easy induction tn

ifo(p)=r
if o(p) =c

LEMMA 3.3.0(M[N/z]) = o M[oN/z]
Proof Sketch: Straightforward induction ad.
LEMMA 3.4.If o P = ]/\Z[UN/JZ], thenM = oM for somel/.

Proof Sketch: By straightforward induction od.
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C;I'EM:* A

AXIOM VAR WEAK
(s1,82) € A C;THA s C;THA:" s D;I'-M:"B
true; e - s1 " 82 CA-v;,z"Arx:" A CAD;Tz"A+-M: B
II-FORM
(s1,52,83) ER TI-INTRO
C;THA! s, D:;T,2:'AF B sy C;THII"x:A.B s D;T,z:**A+-M " B

CAD;TFII%:A.B " s3

II-ELIM

C;I'M " II*z:A. B

CADAar =az; TF A2 A M " 11*?2:A. B

D;TFN:*A

CAD; T+ MQ*N :" B[N/x]

CONV RESET
C;TFM:A D;TFBs E+A=3B C;I°@W M A
CADANE;THFM:B C;THFM: A
Figure 5. Constraint generating typing rules for EPTS
CFM=3 N
REFL SYMM TRANS BETA
CFM=5 N CFM=sM" DFM"=5M
truet M =3 M CEN=sM CADFM =M true}—(/\ax:A.M)@a,N:ﬁ M[N/x]
CoONGPI CoNGLAM
CFA=3A" DFB=3B CFA=3A" DFM=zM

a=ad ACADFIIs:A. B =5 1* 2:A". B’

CONGAPP
CHM =g M’

a=a NCADF Az:A. M =5 \* z:A'. M’

DHN =5 N’

a=d ACADF M@*N =5 M'@* N’

Figure 6. Constraint generating conversion rules for EBTS

LEMMA 3.5.
UP—>5@
3Q) sQ=Q A P—3Q

Proof Sketch: By straigjtforward induction on the struetaf the
derivation ofc P — 45 Q. All the congruence cases are easy. In
the case where the reduction step is a sifigteduction, the proof
makes use of Lemma 3.3

The following two lemmas state that the EFT8onversion
judgment subsumes the single-step reduction relation laiditt
is complete for terms with the same underlying structure.

LEMMA 3.6.1f M — 5 N, thentrue- M =5 N.

Proof Sketch: By induction over the structure of the deirabf

M — 4 N. Inthe case of a simplé-reduction, use the rule &rA.

In any of the congruence cases for the reduction, use the-corr
sponding congruence rule @8IGPI, CONGLAM, or CONGAPP).

LEMMA 3.7 (Pre-Completeness of EPT8onversion rules).
oM =oN
CFM=3N A

(3C)
Proof Sketch: By straightforward induction et/ .

cEC

Now we prove soundness and completeness of the ERDS
version rules. The next two theorems say that two EPEEMsM
and N are provably convertible in EPFSinder some conditiod
satisfied byo if and only if o instantiates them tg@-convertible
terms in EPTS.

THEOREM3.8 (Soundness of EPTSonversion rules).

CFM =N ockFC
oM =g oN

Proof Sketch: Straightforward induction on the derivatarC +

M =g N. The Interesting cases areEBs, in which we use
Lemma 3.3, and the congruence cases, in which we make use of
the fact thatr F o = o’ impliesca = od’. (In fact, the two are
logically equivalent).

THEOREM3.9 (Completeness of EPf8onversion rules).
oM =g oN
CFM=3N A

30) cFC

Proof: Sinces M =3 o N, there exists aterr® such that M —5

P andoN -7 P (by the Church-Rosser Theorem). By repeated
applications of Lemma 3.5, there exigtsand P, such that P, =
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oP, = PandM —}% P, andN — P,. By Lemma 3.7, there

is some constrain€ such thatC - P, =g P ando F C. By
repeated applications of Lemma 3.6, we hanee - M =3 P,
andtrue H N =g P». Therefore, by some applications of @m

and TRANS, we can derive - M =g N, and we already know
thato F C. O

Finally we prove soundness and completeness of the EPTS

typing rules. The next two theorems say that an EP%8m M

is typable in EPTS under some conditiof satisfied byo if and
only if o instantiates\/ to a well-typed EPTS term.

THEOREM3.10 (Soundness of EPf$yping rules).

C;THFM:P A cEC
ol'+-oM :°? c A

Proof Sketch: By straightforward induction on typing datiens.
The interesting cases areaN, which makes use of our boolean
interpretation of formulas; 6GNv, which makes use of Lemma 3.8;
and ReseT, which makes use of Lemma 3.2.

THEOREM3.11 (Completeness of EP¥$/ping rules).

ol'+-oM :°? c A
C;THFM:A A

(3C) cEC

Proof Sketch: By straightforward induction on typing datiens.
The interesting cases areal, which makes use of our boolean
interpretation of formulas; 6GNv, which makes use of Lemma 3.8;
II-ELiM, which makes use of Lemma 3.4; ancE&ET, which
makes use of Lemma 3.2.

3.4 Logical structure of generated constraints

Now we investigate the logical structure of context anniotest and
atomic constraints. Each context annotatipis a conjunction of
a base annotation or r and the negations of zero or maps. If
the base annotation is(false) then~ = false. Similarly, if any p
is c (true) then~ = false. In either case, the atomic constraitty

equalstrue. The remaining case is when the base annotation and

eachp are all variables. Thef has the form
o AN ANan Ao,
and, by DeMorgan’s laws, the atomic constraint equals
arV---VanVa.

In other words, non-trivial atomic constraints generatgthie VAR
rule are logically equivalent to a disjunction of one nedatariable
and zero or more other variables.

Interestingly, annotation variable equations can also widrp
this form:

(a=ad)A(d = a)
(maVvad)A(=a Va)

a =«

The final conclusion is that the constraints generated by the

EPTS typing rules are logically equivalent to a conjunction cf-di
junctions of one negated variable with zero or more othdalstes.

3.5 Implementation

Type checking is not decidable for all Pure Type Systems. For

strongly normalizing functional Pure Types Systems, thedst
algorithmic presentations of the typing rules amenableitect
implementation [8].

the behavior of a type-checker. We believe the rules for traimg
generation should fit easily into such a type-checker.

4. Constraint Solving

The boolean satisfiability problem (SAT) is to find a satisfyi
assignment for a formulag in propositional logic.

4.1 Terminology

Modern SAT solvers typically take their input formula@onjunc-
tive Normal Form(CNF) — as a conjunction aflausesvhere each
clause is a disjunction diterals. A literal is either a propositional
variable (apositiveliteral) or the negation of a propositional vari-
able (anegativeliteral). The negation—L of a literal L has the
same underlying variable but oppostign (positive or negative).
An occurrence of a literall in a formula is called gositive oc-
currenceof L and anegative occurrencef — L. A unit clauseis a
clause consisting of a single literal.

4.2 The TOP-SAT problem

For certain applications some solutions are better thaerstiWe
consider the booleans to be totally ordered by setting > false.
This ordering has a minimum elemefatse and extends pointwise
to boolean-valued functions (e.g. variable assignments).

& VX.0(X)>o'(X)

TheVariable Maximizing SAT Problethereafter TOP-SAT) is
as follows: Given a formula in propositional logic, find a solution
o that is maximal in the pointwise ordering, that is

Vo'. od'E¢p =

A program solving the TOP-SAT problem f@rshould first indicate
whether a maximal solution faf exists and, if so, give the solution.

In terms of erasure annotations, a maximal solution set® mor
annotations t@ than any other, and therefore marks as much of a
program for erasure as possible.

/
o>0

/
o>0.

4.3 An algorithm for our special case

The constraints generated by EFT&re in CNF with the special
property that each clause contains exactly one negateelitin
this case, there is an efficient algorithm for TOP-SAT.

Let ¢ be a propositional logic formula in CNF with the property
that each clause it contains exactly one negative literal.

p=0XiVer)AN(=Xa V) Ao A (= XNV on)

(eachy; is a (possibly empty) disjunction of positive literals).
Notice that assigning all variables false in this situation satisfies
¢, though this assignment is likely not maximal.

DEFINITION 4.1 (The Algorithm).

1. Unit Clause Propagation. While ¢ contains a unit clause, say,
L, assignL = true and simplify¢ — Remove frony all
clauses with positive occurrencesiofand remove all negative
occurrences oL in other clauses.

2. Completion. When no unit clauses are left, assign all remaining
unassigned variables torue.

LEMMA 4.2 (Invariant).Each step of Unit Clause Propagation
preserves the invariant that all clauses ¢ncontain exactly one

We believe a parallel situation holds for Erasure Pure Type negative literal.

Systems. For strongly normalizing functional Pure Typet&ys,
it should not be too difficult to derive algorithmic versioasthe
typing rules for the corresponding EPTS that abstractlyciépe

5 A more obvious name choice would be “MAX-SAT”, but it alreadfers
to the problem of maximizing the number of satisfied clauses.
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Proof: Assuming every clause gncontains a single negative literal,
the unit clause that we propagate must consist of a singlativeg
literal = X. We assign this literal torue (by settingX to false) and
simplify. Every clause containing X will be removed and every
occurrence ofX will be removed from its clause. Each remaining
clause still contains its sole negative literal becausg pokitive
literals were removed from any (surviving) clause.

LEMMA 4.3 (Correctness of Step 1. a Unit Clause Propaga-
tion step take® to ¢’, then any TOP-SAT solution ¢f is uniquely
extensible to a TOP-SAT solution for

Proof: Becauseb is a conjunction containing a unit clauseX,
any assignment satisfyinggmust setX to false. Leto’ be some as-
signment satisfying’. Theno’ satisfies every clause inthat was
not removed, because each such clause is logically weakeiitt
corresponding clause . The extended assignmenf{false/X]
also satisfies the clauses that were removed frorBecauser’
maximizes the number of noR- variables set torue in an assign-
ment satisfyingp’, so doesr’[false/ X] for ¢, because we may not
chooseX = true and still satisfye. O

LEMMA 4.4 (Correctness of Step 2f. ¢ contains no unit clauses
and each clause i contains exactly one negative literal, then
AX. trueis the maximal satisfying assignment far

Proof: In this casey is of the form
XiVe)A(=Xa V) A A (= XN Vpn)

where eachy; is a disjunction of positive literals. Becaugecon-
tains no unit clauses, eagh is non-empty. Letr be the assignment
AX.true. Theno(y;) = true becausep; is non-empty and con-
tains only positive literals. Thereforesatisfiesp

o(¢) = U(/_\ﬂX’i\/%) /_\U(ﬁX’i)VU(%)
/\false\/true

(3

true

and is clearly the maximum solution. O

THEOREM4.5 (Correctness)f each clause in contains exactly
one negative literal, then this algorithm returns the maadiras-
signment satisfying.

Proof: By Lemma 4.2, each step of Unit Clause Propagation pre
serving the invariant that each clause contains exactlynega-
tive literal. When the Unit Clause Propagation loop finisteas/
remaining clauses are of size 2 and the invariant holds, so, by
Lemma 4.4, setting all as-yet-undetermined variablegit® maxi-
mally satisfies the remaining formula. By Lemma 4.3, thisisoh
extends to a maximal solution of the original O

Discussion Unit clause propagation can be explained in terms of
erasure annotations, Recall from Figure 4 the cause of aalypi
phase-ordering constraiat V - - - V anx V = a. A unit clause- «
corresponds to a variable occurrence for which every eimgjaes;
in its scope has been determined to equaind thereforex must
ber. The process is initiated by occurrences\abound variables
that do not appear inside am+arguments (or domain annotations)
in their scope (i.eN = 0).

The algorithm deduces in this way which annotations must be
r. When no more annotations can be deduced to equa set all
remaining variables to. The algorithm discussed here calculates a
sort of greatest fixed-point. Contrast this to the inforneakt fixed-
point algorithm outlined in Section 2.

4.4 Implementation

Modern SAT solvers rely heavily on unit clause propagatiod a
use clever data structures to implement it efficiently. \We ase
these same techniques to implement our constraint solver.

In a naive implementation of unit propagation, we maintain f
each literalL a listing of clauses in which it appears. Any time a
literal L is set tofalse, we visit each clause it appears in to check if
that clause has become a unit clause.

The designers of the Chaff SAT solver [5] pioneered a teakmiq
calledtwo watched literalsTheir insight was that we need not visit
a clause of original length to check if it has become unit until
it changes from size. — 2 ton — 1 and this can never happen as
long as there are at least two unassigned literals in theseldthis
insight leads to an implementation where we pick two unagsig
literals in each clause to watch. Then we need visit thatselda
check if it has become unit only if one of its two watched kitsr
becomes false (as opposed to whenever any of its literatnies
false). This greatly speeds up unit clause propagationnegéd

5. Future Work

One piece missing from the formal development of EP&Sa co-
herence theorem. There may be several ways to prove that a par
ticular term M is well-formed in a particular context. Different
derivations will, in general, generate different consttsi If these
different constraints have different optimal solutiomgn different
portions of M will be marked for erasure in each case.

We don't want the (erasure) semantics of a program to depend
on the particular way in which it was type-checked. To swtisf
ourselves that this cannot happen, we hope to prove sorgdikén
the following coherence result.

CONJECTURES.1 (Coherence).
Cl;FFMIpAl 01':C1
Co; ' M P Ay o2 F Ca

o'=0" A

(Vall.o{ E¢=o01 > 0'1)
(Voy.05 E ¢ = 02 > 03)
O’lM:UzM

We have not yet fully investigated whether we can prove such a
coherence result for EP¥Sso for now it is left as future work.

Another way around this problem is to give an algorithmic-pre
sentation of the EPTStyping rules for a particular PTS specifica-
tion such that there is at moshetyping derivation for any given
term and typing context.

6. Conclusions

We have developed a two-phase constraint generation amd sol
ing strategy for determining optimal erasure annotatiarsPTS
terms. The constraint-generation scheme is sound and etenpl
with respect to the EPTS type system that checks (among other
things) correctness of erasure annotations. Though oseptation

of EPTS is not algorithmic, it should be straightforward to adapt
to any type-checker for a particular PTS. The constraintesole
describe exploits state of the art data structures anditiigts from
modern SAT solvers.

Because the erasure annotations resulting from our agproac
are provably optimal, programmers need not bother with raknu
annotation in order to achieve efficient execution of depetig
typed programs.
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Appendices

These appendices briefly review Pure Type Systems (Ap-
pendix A) and Erasure Pure Type Systems (Appendix B). A com-
panion paper [4] covers EPTS in more detail.

A. Pure Type Systems

The framework of Pure Type Systems organizes type theojiby i
minating the common structure in several previously uteel@o-
tions: functional abstraction, parametric polymorphisype con-
structors, and dependent types. Pure Type Systems fornuitice f
tional core of most dependently typed languages, so thexyqea
good setting for studying new features of such languages.

A.1 Specifications

The definition of a PTS is parameterized bgpeecificatiorconsist-
ing of a setS of universega.k.a.sortg, a setd C S? of axioms
and a seR C S® of rules The syntax of a PTS depends Srand
the typing rules depend oA andR. We assume a fixed specifica-
tion throughout the development.

A.2 Syntax
The syntax of PTS terms and contexts is as follows:

M,N,A,B | Ax:A.M | M N |lIx:A.B | s
T A e| T z:A

The metavariable: indicates an arbitrary variable, arsdan arbi-
trary sort inS. Note that there are no distinct syntactic categories
for types and terms. This is because certain constructiasha
replicated at many levels in the type hierarchy with simiiguing
rules.

The termIlz:A. B is a function type with domairA and
codomainB(x) wherex stands for the value to which the function
is ultimately applied. In this way, the return type of a fuantmay
depend on thealueof the function parameter. When¢ FV (B)
the typellz: A. B indicates a regular (non-dependent) function and
may be abbreviated at — B.

A.3 Type System

The typing rules for a PTS are shown in Figure 7. Thand R
components of the specification determine the typing @iatip
between sorts (rule om) and the permitted forms of depen-
dency in the language (rulg-FoRrRM). The notationM [N/z] in-
dicates the capture-free substitutionMéffor x in M. The premise
A =g B in the CONV rule denotegs-convertibility.

B. Erasure Pure Type Systems

Erasure Pure Type Systems (EPTS) extend Pure Type Systems
(PTS) with annotations indicating erasable parts of a EnogiThe
EPTS type system checks the erasability of the parts so atiedot

B.1 Syntax
The syntax of EPTS is that of PTS with erasure annotationscdd

M,N,A,B:=xz | Nx:A M| MQ™N |II"z:A.B | s
NAuw=¢e¢|T,z:"A

Tu=r|c

The metavariable ranges over erasure annotations. The annotation
r means “run-time”. Syntax with this annotation behaves asst
it would in PTS without any annotation. The annotatiomeans
“compile-time” and indicates erasable portions of the prog

All TIs, As, and@s are annotated. Annotations ®Fs distin-
guish between computational dependeri@dd énd polymorphism
(IT9). In concrete syntax, we would simply wriié for IT" andV
for II¢, but this choice of abstract syntax affords us economy of
presentation in the typing rules.

B.2 Type system

Figure 8 contains typing rules for EPTS. There are two judgme
forms,I' - M :© AandT' = M :" A. The judgmeni" - M " A
says thatM is a well-formed run-time entity, whil€ - M :© A
says that\/ is a well-formed compile-time (erasable) entity.

Recalling the discussion of erasability in Section 2, thegety
system needs to check that every CC marikiexkrasable. The flow
analysis implicit in the typing rules ensures that evergnd@ in
the same CC are annotated with the samd&herefore, if every
A¢-binder is erasable, then so is eve®y-argument. So we need
only verify that each\® is erasable — for each®z:A. M in the
program, all free occurrences ofin M must appear inside either
a type annotation or inside & argument.

The typing rules enforce this invariant using the followtegh-
nique, due to Pfenning [7]. Eackf-bound variabler is marked
with ¢ when it is added to the typing context. This mark is then
locally “switched off” whenever we check a type annotatioras
argument. We then require that the markas been switched off
by the time we reach any occurrencexofFor economy of presen-
tation, an “off” mark in the typing context is represented dyyr
mark. Passing this mark/reset/check test guaranteesabtlafeis
actually erasable.

DEFINITION B.1 (Context Reset
e’ =¢ (T,2:"A)° =T°,z:"A

The key points of the mark/reset/check strategy discusbeudea
are found in thdI-INTRO (mark),II-ELIM and RESET(reset), and
VAR (check) rules. In particular, notice how rul& INTRO marks
context entries andI-ELiMm checks function arguments for both
T=randr =c.

TheII-FORM rule may seem counter-intuitive at first. Because
1T is a type former, one might expect this rule to usrdgments
rather thamr ones. However, in a dependently typed language, terms
may compute (at run-time) to types, so ttie appropriate. Another
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AXIOM VAR WEAK
(s1,82) € A T'HFA:s T'HFA:s I'M:B
F sy 89 Tx:AFz: A I'z2:A-M:B
II-FORM
(s1,82,83) €R II-INTRO MI-ELIM
I'FA:s I'xo:AF B: s I'FIIz:A.B:s I'x:A-M: B I'-M:1lz:A.B I'EN:A
I'FIlz:A. B : s3 I'FAz:A M :1lz:A.B ' M N : B[N/z]
CoNv
'EM:A T'FB:s A=3B
I'~M:B
Figure 7. Typing rules for PTS
T'EM:™A
AXIOM VAR WEAK
(s1,82) € A A s A s r-M:"B
F s ose Nz:'AFz:" A Iz"A-M:"B
II-FORM
(s1,82,83) €R II-INTRO M-ELIM

THA: s I,z"AF B: s TFII'z:A.B s

Ix2"A+-M: B

'FM:II"x:A.B TFN: A

THIz:A.B: s3

TFXNx:AM: ' II"'z:A. B

TF M@ N B[N/x]

CoNv RESET
r-M:"A '-B:s A=3B rrM:"A
'-M:'B THFM:“A
Figure 8. Typing rules for EPTS
possible surprise is that is marked withr rather thanr in the and reflects
typing context of 5. This is because the binding site of the TEM:™ A M®* =4 N

will never be erased: The only purpose of the context maik
to enforce erasability of &°.

Finally note that rules ¥R, WEAK, IT-INTRO, and GNV each
have a premise of the forin - A :© s. The purpose of these rules
is to check thatA is a well-formed type. Because these rules deal
explicitly with types they use the compile-time typing judgment.

B.3 Erasure semantics

The erasure semantics for EPTS consists of an erasure paase t
lating EPTS terms into IPTS followed by execution in IPTSeTh
erasure operation is defined as follows:

DEFINITION B.2 (Erasure)

r =X S =S

(II'z:A. B)® =Tlx:A®. B® (II°z:A. B)® =Vz:A°. B®

(Nz:A.M)® =Xz. M* (XNz:A. M)* =M"*
(M@Q'N)*=M* N* (M@°N)*=M"*

The relationship between pre- and post-erasure reducisons
captured in the following two theorems. Erasure both preser

'EM:™A M —z M’
M®* —; M'* v M*=M"

@AM') M*=N AN M-—jM

evaluation steps. Each pre-erasure reduction correspoatisost
one post-erasure reduction and each post-erasure redectice-
sponds taat leastone pre-erasure reduction. The fact that certain
pre-erasure steps do not happen post-erasure is the evititeop
the erasure phase — getting rid of unnecessary work.

Erasure also respects types.

T'FM:™ A
r*rFM*:A°
In other words, a term evaluates to more or less the same fype o

value after the erasure phase as it would have without unieyg
any erasure.
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