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This essay gives a self-contained introduction to quantamegtheory, and is primarily
oriented to economists with little or no acquaintance witlrifum mechanics. It assumes
little more than a basic knowledge of vector algebra. Quantiechanical notation and re-
sults are introduced as needed. It is also shown that sordaruental problems of quantum

mechanics can be formulated as games.
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Quantum game theory is an important development in quantumpatation, and has impli-
cations both for classical economic game theory and for uamechanics. Unfortunately, the
guantum mechanical and quantum computational knowledgeraed in the literature presents a
serious communication barrier for most economists. In tinerodirection, quantum game the-
ory does not always seem to be cognizant of many traditi@sallts in classical economic game
theory. This essay is an attempt to bridge the gap somewphatoliding economists with a self-
contained introduction to quantum games. The essay asstonéise most part, little more than
a knowledge of vector algebra as mathematical backgroumtirdroduces apparatus and results
from quantum mechanics and quantum computation as needeyg cdficepts such as Grover’s
search algorithm, Shor’s factoring algorithm, and the quiarteleportation and pseudo-telepathy
protocols based on entanglement are presented in detai alith 12 quantum games that illus-
trate the differences between quantum and classical gagneythAlong the way we will see that

many of the classical issues in quantum mechanics can be gigame theoretic formulation.

Some background history

Game theory traditionally began in 1944 withe Theory of Games and Economic Beha\bgr
John von NeumanandOscar MorgensternBut it had antecedents stemming from the Hungarian
mathematician von Neumann'’s earlier simultaneous intéremme theory and the foundations of
guantum mechanics. Since we are interested in quantum gamesdll describe the development

briefly as follows. In 190(0Max Planck attempting to get rid of the infinite energy implied in



the then current formula for black body radiation, propoaesblution in which electromagnetic
radiation energy was only emitted or absorbed in discregeggnunits orquantg multiples of a
fundamental unih: hv, 2hv,3hv---, wherev is the frequency of the radiating oscillator, ams
now known as Planck’s constant. In 19@bert Einsteirused Planck’s quantum as an explanation
for the photoelectric effect, whereby metals requireddeat light of a minimum frequency before
they would release electrons. Incident light of frequen@ppeared to behave as a collection of
particles (‘photons’), each with enerdy= hv. Niels Bohrthen developed a useful, if unsatis-
factory, model of the atom as a nucleus surrounded by planetectrons whose orbits assumed
only discrete values for the angular momentum, correspanii multiples of Planck’s quantum
of energy: -, 21 3 ... In 1924Louis de Broglienelped clarify the picture by associating with
matter a wave, and noting that waves in closed loops, sudhmeasliéctron ‘circling’ the nucleus,
were required to fit evenly around the loop—i.e. to hatwle numbecycles. The whole num-
bers 12,3, --- were thus associated with Planck’s quanta (times a conafatah, 2ah,3ah, - - -.
This was theold quantum theory.

The newquantum theory began in 1925 wh&verner Heisenbergonceived of representing
physcial quantities by sets of time-dependeminplexnumbers. Heisenbergfaatrix mechanics
essentially involvedN x N input-output matricedd, representing transitions between states of
matter. If we denote byy the state of the system we are interested in at tifi@e will for
the moment set to zero), wherey is aN x 1 vector, then Heisenberg was working with the

eigenvector-eigenvalue system
Hy=Ey 1)
whereE, a scalar, represents some quantized energy level. Asguh@rsystem oN equations is
nondegenerate, there afesolutions forg, sayE,, n=1,2,...,N. TheE, eigenvalues, or energy
levels, are associated with &heigenvector-basis for the state spaceyof
The following yearErwin Schidinger, looking for an electromagnetic interpretation of the
same phenomena, published his famous wave equation
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wherei = /-1, his Planck’s quantum of enerdy divided by 2t, andV is potential energy.
To Schrodinger’s delight, he discovered that his apprcauth Heisenberg’s matrix mechanics

were mathematically equivalent, one form of this equivedéebeing suggested by the equation



iR%Y = Hy. If we, for example, sely = Aexp~ " in Schrodinger’s equation (2), and ldt=
_2—512 (;—xzz + g—;z + 5—222> +V, then we obtaifE(y = H, which is Heisenberg's equation (1).

A few years latelJohn von Neumanrwhose interest in quantum mechanics was inspired by
Heisenberg, ‘showed that quantum mechanics can be foreaiadiz a calculus of Hermitian oper-
ators in Hilbert space and that the theories of HeisenbedgSmhrodinger are merely particular

representations of this calculusl’_[35, p.22] Recall thateamitian matrixis one that is its own

0 —i
complex-conjugate transpose. For example, consider thiexnmg = . The transpose
i O
: . 0 i : : : .
of this matrix |sayT = . Then if we take the complex conjugate, by changing the signs
—i 0
of the imaginary parts, — —i,—i — i, we again obtain the matrig,. So oy is Hermitian. A

Hermitian matrix may be considered aperatoron a vector in Hilbert space. Recall that Hilbert
space is simply a vector space defined over the complex nsi@heiith a definechormor length

or inner product For the vectony the norm is| ||| = /@Ty, wherey' is the complex conju-
gate transpose ap. Hilbert spaces may be infinite dimensional, but we will oobnsider finite
dimensional spaces in this essay.

It was during this heady period that game theory arose. Theerigame’ was introduced in
1921 by the French mathematician Emil Borel, who was pregecuwith bluffing in poker and
initiated ‘la théorie du jeu’. In his 1928 paper [49], weitt for Karl Menger’s Vienna Colloquium,
von Neumann defined, and completely solved, two-personsaam games. He speculated on
N-person games, which were more complicated due to the platysds coalitions: with three
people or more, some people could benefit from cooperatiaterLin a famous paper delivered
to the Princeton economics club in 1932, the same year hik dboahe foundations of quantum
mechanics was published, von Neuman laid out the whole apgaof linear programming and
the foundations of his later game theory book with Morgemst€This paper was not published
util 1937 [51].)

Central to many results was the linear programming problathits dual [24]. The linear
programming problem is this: given amx n matrix A, ann x 1-vectorb, and anm x 1-vectorc,

find a non-negativen x 1-vectorx such that

x' cis a maximum (3)



subject to
x'TA<bT. (4)

The dual problem is that of finding a non-negative 1-vectory such that
y'bis a minimum (5)

subject to
Ay>c. (6)

The only major game theoretic result missing from von Neumsilorgenstern (and indeed one
missing from the quantum game theory literature) is therthebthe corel[40, chapter 8]. Tloare
arises inN-person game theory. IN-person game theory players’ interests are not necessarily
opposed, Some players may improve their (expected) papgfforming coalitions with other
players. A maximum value can be determined for each subsglagérs, which gives rise to
the characteristic functiorof the game. LeS be a member of the set of subsetshf The
characteristic function(S) is a mapping from the set of subsets (i.e. coalitions) of gigyo an

(expected) payoff value in the set of real numkers
v(S):S—R (7)

The valuev(S) is determined as the maximum value obtainableSiyn the two-person game
between the coalitio® and the coalition of all remaining playels— S. An imputationis a set
of numbers (allocations or payoff§)z } assigned to each playem N. The coreCy is the set of

imputationCx = {{ 75 }x} such that
v(S) < 2571 for every subse®in N, and % 5 = V(N). (8)
i€ i€

The core (it may be empty) is critical to economic equililbniuThe core restricts the value of any
coalition to be not greater than the sum of the imputed payoffeach member of the coalition
individually. Debreu and Scalrf [12] showed that in a regkcimarket game the core shrinks down
to a set of imputations which can be interpreted in terms af@esystem emerging as its limit.
Meanwhile, in quantum mechanics, the reactionary forcegetérminism were at work. In a
1935 paperi[18Einstein-Podolsky-RosdEPR) attempted to prove thecompletenessf quan-
tum mechanics by considering entangled pairs of particleisiwgo off in different directions.

The particles may become separated by light-years. Nesledh a measurement of one particle



will instantly affect the state of the other particle, an rexde of quantum mechanics’ ‘spooky
action at a distance’. (We will discuss entanglement latehe body of this essay, but essentially
two particles are entangled if their wave functions canretitten as tensor products.) This
instantaneous effect is sometimes called the ‘EPR chartheligh properly speaking it should be
called theBohr channebecause Bohr argued for its existence, while EPR arguedstgaiJohn
Bell [1] formulated a set of inequalities that would distinguestperimentally whether quantum
mechanics was incomplete, or whether physicsis-local permitting instantaneous propagation
of some effects of some causes. Fortunately Bohr was righE&R were wrong, as experimental
evidence has decisively demonstraled.[25] The Bohr cHhasm®w the basis of quantum tele-
portation, and, indeed, every quantum computer is in somsesa demonstration of the Bohr
effect.

As it stands today, quantum game theory can probably be di@se subbranch of quantum
computation. With respect to the latter development, it agsarentlyRichard Feynmaiz] who
first foresaw the unusual power of quantum computers, nétiagsimulation of quantum evolu-
tion in a classical computer would invole an exponentialvslown in time. Once again there is a
direct line from von Neumanmn_[52] (with Stan Ulam [68]): ‘Ih& nineteen fifties, Ulam and von
Neumann began to discuss computational models known adaredlutomata, in which simple
rules of computation applied to systems with many degredeeetiom could produce complex
patterns of behavior. By the nineteen eighties, Friedkayrnman, Minsky and others were spec-
ulating on the possibility of describing the laws of physarsl the universe in terms of cellular
automata and computation. Underlying their ideas was atts$action with the conventional
description of physics based on continuous space and tjg«3.’

David Deutschl3] suggested that quantwsuperpositionmight allow the parallel performance
of many classical computations. Indeed, we shall see tipgrposition is the key new ingredient
that makes quantum games different from classical gamesthehor not the superposed states
areentangled For dynamic games, superposition suffices, though statieeg generally require
entanglement also. (Superposition is the ability of a quandbservable to be in a linear combi-
nation of two or more states at the same time.)

The ‘killer app’ that created a storm of interest in quantuwomputation came whelReter Shor
[62] showed that a quantum mechanical algorithm could famtionbers in polynomial time. This
was an exponential speed-up over factoring algorithmdatblaito classical computers. Shor’s

algorithm relies mainly on superposition and an ingenigoglieation of the quantum Fourier



transform. Another result was obtained byv Grover[2€], who showed a quantum mechanical
way to speed up the search for items inlitem database fro®(N) steps toO(y/N) steps.
Grover’s result is based upon the rotation of quantum s{agors) in Hilbert space.

Quantum game theory seems to have crystallized vireand Meyergave a talk on the subject
at Microsoft Corporation (see_[46] for an account). Of thelwe quantum games considered in
this essay, three are due to Meyer (the Spin Flip game, ands@udumber games | and II).

As von Neumann and Morgenstern noted [53], ‘In order to elatg the conceptions which we
are applying to economics, we have given and may give agae slhustrations from physics.
There are many social scientists who object to the drawirguoh parallels on various grounds,
among which is generally found the assertion that econohmory cannot be modeled after
physics since it is a science of social, of human phenomeasatditake psychology into account,
etc. Such statements are at least premature. One may sehyveote that some may similarly
object to mixing economic concepts with those of quantumiraeics, but such objections are at
least premature. Indeed, the human brain is arguably a gprecamputen [65][66][55] [14] [15],
though the mind may be more than that, so to ignore quanturhamécs in questions of psychol-
ogy, much less economics, is folly indeed. In the reversection, the role of the human mind in
the quantum measurement problem has been a subject of tiontf86] since it was first clearly
delineated by von Neumann. In any event, quantum games nvayléssons both for economics

and quantum mechanics.

Preliminary mathematical pieces

Before defining a game, we are going to give an example of ohies. éikample, the Spin Flip
Game in the next section, will highlight some of the differes between traditional game theory
and quantum game theory. In order to explain how the Spin&éme works, we will need some
modest mathematical preliminaries, involving 2 vectors and 2 matrices.

The following simple vectors will prove quite useful for qourposes:

1 0
u=  d= : (9)
0 1

These are, of coursbasisvectors for 2-dimensional (complex) space, as any pointbeaax-
pressed in the form adu+ bd (where, in general, it is assumed tlaedndb are complex scalars,

a,b € C). Butu andd can also represent many 'spaces’ or states outside geonyetsyor No



responses, Up or Down spin states of an electron (with spemsared in the direction), Heads

or Tails in a probability sequence, Success or Failure ofldibg process or an electronic device,
and so on. A choice afi or d can also represent player moves in a game, and we can represen
a sequence of such moves by thits in a binary number, or the quantum equivalgabits Bits

and qubits differ by the fact that a liitis a single numbeh € {0, 1}, while a qubitg is a vector in

a two-dimensional Hilbert spacg,c {au+ bd}. (Later we will introduce the Dirac notatidd),

1
|1), and in this essay there is the correspondenee|u) < ~ |0) < bit 0, and the similar
0

correspondence « |d) < — |1) < bit 1. For example, to foreshadow what is to come,
1

the 5-qubit register or sequenf#E011 could represent the tensor product of vectors as well as
the number 19= 2% 4 21 4 20):

0 1 1 0 0
110012 = ® ® ® ® (10)
1 0 0 1 1

= (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0). In the latter vector,
the 1 is in the 20th slot, not the 19th, because we start aogifitorn O, which occupies the first
slot. The same sequence could have also been wdtiedd)

Next we need some way to transform one state into another few-state system, it is useful

to do this with the Pauli spin matrices. The three 2 Pauli spin matricesre

01 0 —i 10
ax = ; ay - , az - . (11)
10 i O 0 -1
These three matrices, along with the following unit matrix

10
1= , (12)
01

span 2x 2 Hermitian matrix space (recall that a Hermitian matrix degjonal elements that are
real, and mirror-image off-diagonal elements that are derponjugates of each other). Each of

the spin matrices has a simple effect on the base statedd. In particular,

lu=u, 1d=d (13)

oxu=d, oxd=u (14)



ou=u, g,d = —d. (15)

Table 1 summarizes some matrix properties of the Pauli spinices:

oZ2=1
2 _
oy =1
o?2=1

Gxay — _Gyax — IO_Z

O-yaz - _Gzo-y - IO—X

O-Zo-x — —O-Xo-z — |Gy

TABLE I: Products of Pauli spin matrices

The spin flip game

Electrons have two spin states: spin up and spin down. Lebuosider a simple game of
electron spin flip played between Alice and Bob. Alice firggares the electron in spin up state
u. After this initial step, Bob applies either tlog or thel matrix tou, resulting in either

oxu=dorlu=u. (16)

Then Alice (not knowing Bob’s action or the state of the aleg) takes a turn, also applying either
ox or 1 to the electron spin. Then Bob (not knowing Alice’s actiontloe state of the electron)
takes another turn. Finally, the electron spin state is oveds If it is in theu state, Bob wins $1,
and Alice loses $1. Ifitis in thd state, Alice wins $1, while Bob loses the same amount.

The sequence of possible choices by Boflmng and Alice fows) are summarized in Table

Il. Note that Alice’s move is the middle one in each sequerfdbree, reading from right to left.

Alice\Bob 11| 1,0« o0x1| 0x0x

1| 1,11 11,04 oy,1,1| oy1,0x

GX 110X11 110X1GX O-XIO-XVJ' O-XvaX1GX

TABLE II: Sequence of player moves

For examplel, 1, ox means that Bob played, followed by Alice’s play ofl, followed by Bob’s



play of 1. The net result id41oxu = d. Thus Alice wins $1. The sequence of spin states after each
move, starting from the initial state are shown in Table Ill. Again, each sequence of threeldh

be read from right to left.

Alice\Bob 1,1| 1,04| 0yx,1|0x,0x

1|u,u,u|d,d,d|d,u,u|u,d,d

oy|d,d,u|u,u,d|u,d,uld,u,d

TABLE lll: Sequence of spin states

Finally, Table IV shows the payoff talice, positive if the final spin is in the state, negative

if itis in the u state.

Alice\Bob 1,1|1,0x| 0x,1| 0x,0x

1-1) +1] +1] -1
oy|+1| -1 -1} +1

TABLE IV: Payoffs to Alice

This is the basic Spin Flip Game, which we are going to extentivb directions: first, by
considering probabilistic moves, and, second, by consigeguantum superpositiofwithout
guantum entanglemenof states. But before doing this, let’s consider some bgaroe theory

terminology.

First game definitions and strategies

As is implicit in the previous section,gamel’ may be defined as a set= I'(players,moves
or actions,outcomes,payoffs). In the Spin Flip Game pllagerswere Alice and Bob, thenoves
were the application of the matricex or 1, the outcomeswvere the spin states or d, and the
payoffsto Alice were either +1 or -1, according to whether the finatestvasd or u, respectively.
Since this was &wvo-person, zero-suigame, the payoffs to Bob were the exact opposite of those
to Alice.

Omitted thus far in the account of the game is any explanditam Alice and Bob determined
their moves—how they decided whether to playor 1. A strategyis a rule for determining a

move at any stage of a game. That is, in our exampeoeeis a member of the sétl, oy}, while
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a strategyis afunction f mapping the state of the game to the set of moves:.game state—

{1, 0x}. (There seems to be confusion on this point in the quanturregheory literature.) This

is not quite a good definition, since the ‘state of the gamey @t be known to a player; a player
may know little more than his or her move. So let’s revise thisastrategyfor Alice is a mapping
fa: { Alice’s information} — { Alice’s moves}. Similarly for Bob. In the Spin Flip Game Alice,
after initial preparation of the electron, has only one opjaty to choose a move, so she has a
single strategy at the second, or middle, step of the seguainfiree moves. Bob has strategies
for the first and last steps. Thus, associated with a sequdmeves is a sequence of strategies.
In economics, strategies are highly dependent on a playgdsmation Of particular interest

is asymmetridnformation, where one player has some information adegntaver another, or
where the information sets of the players are not the saniolifcan make quantum moves that
Alice cannot, then clearly Bob has an information advantage least that respect. Strategies are
endogenous to a game, given the game’s allowed moves antfgayostrategies are not properly
part of the game’s definition. Rather, solving a game essigntneans determining the optimal
strategies for the players.

The concept of information set is important. In the Spin Eigme we said that neither Bob
nor Alice could know the other person’s moves. Suppose vexeel this assumption. Then Alice
would know Bob’s first move, and could choose her move acogigi but it would make no
difference. Bob, seeing Alice’s move (and knowing his owstfmove), could always choose a
final move that would leave the electron in a spin up statéle would win 100 percent of the
time. It would not be a ‘game’, but rather a racket. So in tlasecwe must limit the information
sets of Alice and Bob in order to make it a game in the first place

Now, as an example let us consider the following strategigsand fg, for Alice and Bob,
respectively. These will be calladixedstrategies because they involve selection of a move with

some probability mechanism.

fa = play 1 with probabilityp = %, play oy with probabilityq = % (17)

fs = play 1 with probabilityp = %, play oy with probabilityq = % (18)

Then, looking at the columns of Table IV, we see that Ali@Xpected payoffia, no matter what
Bob does, is always

I_TA:%(-l-l)-l—%(—l):O (19)
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while, looking at the rows of Table 1V, Bob’s expected payisfalways

1 1 1 1
Tz = Z(+1)+Z(_1)+_(_1)+_(+1) =0. (20)
Of course, for the concept afixedstrategies andxpectegayoffs to make much sense, we should

consider a sequence Nfgames
NIN-1lN-2- - Talols. (21)

The actual payoff to Alice, lettingx stand for the number of wins iIN games, will be a member
of the payoff set
MN={f(x;N)} ={2x—N, forx=0,1,--- ,N} (22)

while the probability of these payoffs are
N N—
P(M) ={f(xN,p)} ={ pa” % forx=0,1,---,N}. (23)
X

For example, witiN = 3, the possible payoffs to Alice afe-3,—1,1,3}, and ifp= % these have
respective probabilitie§s, 3,3 1}, Alice’s expected payoffia is 0, but ifN is odd, her actual
payoff will never be 0.

Physicists will recognize equation (22) as giving the passoutcome states when a massive
particle of spin’\'7ﬁ is measured. The spin in this case definegMr- 1)-state quantum system,
with possible outcomes for the spin values (in terms of tmel&imental unig) given by equation
(22). Thus thaneasuredpin states of the massive particle may be thought of as loeitegmined
by N Spin Flip games between Alice and Bob.

In the matrix of payoffs analogous to Table 1V, for a genevay4person, zero-sum game, let
Alice’s moves be represented by the mixed strategy (the fsptobabilities over movesipa =
{a1,a,- -+ ,am}, while the mixed strategy of Bob is representeddgy= {b1,by,--- ,b,}. Let the

payoffs to Alice be represented by thex n matrix [75]. Then theexpected payoffo Alice is

TIA

n m
Thjaib;. (24)
j:li;J J

In this context, we should mention thminimax theorenwhich says that for every finite two-
person, zero-sum game

max,, (Min g, Ta) = Min g (Max,, 7ia). (25)

s
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That is, Alice chooses probable moves to maximize her erdguayoff, while Bob choses prob-
able moves to minimize Alice’s expected payoff. The mininfaaorem says the payoff to Alice’s
maximizing set of probabilities given Bob’s minimizing sdtprobabilites is equal to the payoff

to Bob’s minimizing set of probabilities given Alice’s mamizing set of probabilities.

Amplitudes and superpositions and his cheatin’ heart

Let's consider a quantum state (a vectgr)of the following form, wherea and b may be
complex scalars:
Y = au-+bd (26)

In quantum computation, this superimposed two-dimensistase is known as qubit, which we
will discuss in detail later. Hera andb areamplitudesand a (von Neumann) measurement of
 will obtain the base statewith probability|a|?, while the measurement will yield base stdte
with probability |b|?, where|a|? + |b|?> = 1. (Recall that for a complex numbayand its complex
conjugates’, we haveaa* = a*a= |a|?.)

This raises the possibility of games, including variantthef Spin Flip Game, for which there
1
\72.
%. Thus probability is built into measurements of the statdme irrespective of whether

is no classical analog. For example, set b = Then the probability of eithen or d is

5=
a mixed strategy is chosen by either Bob or Alice.
Hereu andd are orthonormal (that is, the inner productuofith d is 0, and the inner product

of eitheru or d with itself is 1), so we may obtaia as the inner product
(Y,u) = a(u,u) +b(d,u) =a(1)+b(0) = a. (27)

A similar computation will yieldb.

Alice Cheats Now let us consider a variation of the Spin Glip Game—Ilet'd @aAlice
Cheats—in which Alice has a way of cheating in the initial prepaoatiof the spin state of the
electron. First, suppose she initially prepares the edaatr spin statel, knowing that Bob thinks
it will be in spin statau. Otherwise the game is exactly as before: both Bob and Aleegitherl
or oyx. Itis easy to see that the arrangement of spin states changasle Ill, and the arrangemnt
of payoffs to Alice changes in Table IV, but the set of payd®ifss still the same, and the corre-

sponding payoff probabilitieB(M) to Alice are unchanged. Thus Alice has cheated to no avail.
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She simply changed the initial state frano d, and it had no impact on the outcome of the game.
Where she previously got +1, she now gets -1, and vice-versa.
So Alice tries something else. She choses the initial sdxalbetiz(u-l— d). Then whether Bob

s
playsl or gy, his move leaves the state of the game unchanged:

1 1 1
1[ﬁ(u+d)] = 72(1u+ 1d) = ﬁ(u-l—d), (28)
GX[%(U‘f‘d)] = %Z(GXU-% oyd) = \%(d+u). (29)

Sinceu+d = d + u, the state is unchanged by the play of either ox. However, when the final
measurement of the (unchanged) state of the electron is,téltiee discovers to her frustration
that she once more wins or loses a dollar with equal proltgbilecause a measurement of the
final superposed state yield®r d with equal probability. For a single game, the payoff[3eind

corresponding probabilitiel’(I1) are:

M={-1+1} (30)
P(T) = (5% (5 = {55 (31)

Bob Cheats Let’s return to our basic Spin Flip Game, where a repentdiceAprepares the
electron in an initiall state, with the added detail that she follows a mixed styatmgd chosed
or gy each with probabilityp = % But now we allow Bob to cheat. Since Bob does not prepare
the initial electron state, Bob’s method of cheating wiffeli from Alice’s. What dastardly things
can Bob do? Bob has some extra Pauli spin matrices up hisssleamelyoy and oy, as well as

linear combinations of these. In addition, Bob has the finaten Let’'s suppose that Bob plays

the so-called Hadamard operattr= %(O—x—i— 0y):
o L 11 32)
V2l )

After Bob’s first move, the spin state would be

Hu= = (11 ol I =L uta) (33)
v2\l1-1/\o) Vv2\1) V2 '
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As we saw in equations (28-29), Alice’s mixed strategy wit nphange this state. Then Bob plays

1 (11 1 (1 1( 2
H(Hu)\/é<1—1)\/§<1)2(o)u. (34)

Bob will always win. This results from Bob’s ability to creat superpositionof states (and

H again to obtain:

his having the final move). Like Schrodinger’s cat that isugitaneously both alive and dead,
the electron spin is simultaneously battandd after Bob applies the Hadamard matkixto u.
Alice cannot alter the outcome by playing a classical mixeatsgy that choses a play bfwith

probability p and oy with probability 1— p.

Guess a number games

To understand th&uess a Number Gamee will first need to introduce some more concepts,
includingqubits the Walsh-Hadamard transformatigihe n-bit analogue of the Hadamard trans-
formation) and some elements of tBeover search algorithnj2€]. The Grover search algorithm
is one of the fundamental techniques of quantum computamit is not surprising it shows up
in quantum game theory.

Dirac notation. For convenience, we are going to alter our designations&mdd into forms

that will denote each 2 1 vector and also its & 2 complex conjugatganspose:

1 0
U>( ),<U(1,0), d)( ),<d(0,1)- (35)
0 1

1
Note that if|x) = |, then(x| = (1,i). This is theDirac bracket notationwhere(x| is the
—i

bra and|x) is theket The bras are horizontal, and the kets are vertical. Notiaewe may then

use the formu)(d|:
1 01
u)(d| = ( )(0,1) ( ) (36)
0 00

where|u)(d| turns a|d) into an|u); namely,|u)(d|d) = |u); and an|u) into a 2x 1 zero vector,

0
namely|u) (d|u) =
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Qubits. Consider am-bit binary numbex:
X = bn_1bn_2- - - bob1by, (37)
where eacli; is either 0 or 1; € {0,1}. Note that the decimal equivalentxfs
X=bn 12" 4 by 22" 24 ... 4 522 + by 21 + bp2C. (38)

In a quantum computer, eadh may be represented Qy) or |d), respectively. We make the
correspondencpl) — |0), |d) — |1), and call{|0), |1)} the computational basisThe latter rep-
resentation, however, makes them quantum bitgulrits—vectors in a two-dimensional Hilbert
space. Each qubit can be any linear combinasi® + c|1), where|a|?> 4 |c|2 = 1. For example,

consider the 3-qubit state

@) = laz) ®|o1) @ |do) where (39)
1

|0|2>=72(|0>+|1>) (40)

1) = 11) (41)

|Go) = [1). (42)

Then the quantum register is the superpositio[8pand|7):
1

W) \[2(|0>+|1>)®|1>®|1> (43)
= iz(|011)+|111)) (44)

1
Zﬁ(|3>+|7>)- (45)

This calculation will be further clarified below.

A collection ofn qubits is called ajuantum registeof sizen. There areN = 2" such numbers
or quantum register statesn terms of the computational badis b; € {|0),|1)}; hencex € S=
{0,1,2,--- /N —1}. So our Hilbert space has dimensibn=2". That is, a classical computer
with n bits has a total of 2possible states. By contrast, a quantum computer wigbits can
be in any superposition of thes@ 8&tates, which results in an arbitrary state or vector'in 2
dimensional Hilbert space. A superpositigr) of all the computational basis states, lettade
the probability amplitude associated with the number destavould be designated

2n-1

Ws) = ; ax|X). (46)
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If all amplitudesay are equal, then this superposition is designated
1 2"-1
|Ws) = — Z) %) (47)
V2 £
Note that in the summation in equation (4[&), runs through all basis states or numbers, and all
the basis states are orthogonal to each other. Hence foea givmber or statg), we have that

the amplitude fotz) is the inner product

1
A measurement giils) will thus yield |z) with probability
1
(@)= 5. (49)

Now, when we have many-statesystem ofju)s and|d)s (i.e.,|0)s and|1)s) like this, each in
a Hilbert spacéH, of 2 dimensions, we simply place the states side by side. Twb states side
by side form a Hilbert space d¢i4 = H> ® H, dimensions. Basis vectors in a 2-qubit quantum

register could thus be represented

1

1 u 0
wmw®w< )w( ) (50)

0 0 0

0

0

1 d 1
wnw®w( )m( ) (51)

0 0 0

0

0
mmm®w(o)w(°) ° (52)

1 u 1

0

0

0 0 0
nnm®w()d>( ) (53)

1 d 0

1
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Physicists, who get bored with the excessive notation, llysaampress the tensor product of

qubits as
W) @) ©---@[u) = [u)u)---|u). (54)

And then often compress it again:
u)fu) -+ |u) — Juu---u). (55)

All these different ways of writing multiple states mean siaene thing. Thus, numbers represented
asn-qubit vectors lie in a space of dimensidh and may be written asxX2" column vectors (each
of the 2" slots in the column vector determined by the state-qtibits), as illustrated fad, @ H,
above. We now introduce a matrWén, that operates on these vectors.

The Walsh— Hadamard Transformation. TheWalsh-Hadamard transformatioWsn, is de-

fined recursively in the following way. Set

Wo— H — 1 11 (56)
v2\l1 -1 )’
l W2n—1 Wzn—l
Won = , forn> 1. (57)
\/? W2n—1 Wzn—l )

Note that\ is

11 1 1
1 W W, 1/1-11 -1
W4=VV2®VV2=§ =5 : (58)
W, —1W, 11 -1-1
1-1-11
Thus, for example
11 1 1 1 1
1/11-1 1 -1 0 111
Wjuu) = = == (59)
211 -1-1||0] 2|1
1-1-11 0 1
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We can rearrange the output, and see that it is a superposfttbe elements o= {0, 1,2, 3}:

| = [|OO>+|01>+|10>+|11>] (60)

N
T
I
NI =
O o o
O O r»r O
O r O O
B O O O

I\.)I

[|0>+|1>+|2>+|3 \/— Z) ) (61)

where heren = 2, and we have mapped the binary numbers to their decimaVaquis. Thus,

if |[¢) =Wy|uu) and we take a measurement|gf), we will find a given numbey, y € S, with
probability [%]2 = %1- We may take the vectorx) as basis vectors for our Hilbert spakl.
Applying Wen to n-bits, all in statel0), results in an equally weighted superposition of all states

(numbers) irS={0,1,--- ,2"—1}:

2"-1
Wn|00- - -000) = % ; IX). (62)

What happens if the qubits in the initial state of the quantegister are not all0) (not all
|u))? Define thebit-wise inner product, or dot product,-¥, for X = Xp_1Xn—2- - XoX1X0, Y =
Yn-1Yn-2"-Y2Y1Y0, aSX-Y = Xn-1Yn-1+Xn-2Yn-2+ - +Xa2y2 +X1y1+Xoyo mod 2. (In the present
example, taking the result mod 2 is redundant.) Then if tigester was initially in statey), the
transformation is 1

W) =Wanly) = %(—1)X'y\><>~ (63)
X=
For example, suppogg) is the 3-qubit staté110). Then the bit-wise dot products and signs

are shown in Table V. Thus we may write the output steteas

|Y) =Wonly) = (/000) +|001) —|010 —|011) — |100) —|102) + |110 + |11D)) (64)

S
w

1
:ﬁqoml)—\2)-\3)-\4)—\5>+\6>+\7>>- (65)

The transformation of qubits must lmitary. Recall that a matrixJ is unitary if its inverse
is equal to its complex conjugate transpoge:l =UT. ThusUTU = 1. (For a Hermitian matrix
M, MT = M, so a Hermitian matrix is unitary providéd? = 1.) The Pauli spin matrices, the

Hadamard matri¥d, and the Walsh matri¥bn are all unitary. A unitary transformation conserves
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V)| XXy |(=1)*
1110/||000)| © 1
1110/(|j00D)| © 1
1110(j010| 1| -1
1110(j01n| 1| -1
1110(1100| 1| -1
1110(110| 1| -1
1110 (|110| 2 1
1110 ||113)| 2 1

TABLE V: Walsh transform with intitial qubi{110

lengths of vectors. This can be seen if we compare the sqlength of| ) andU |):

(Wly) = |y[? (66)
(luTU|Y) = (P|L]yY) = |y|2 (67)

One more unitary transformation we will need is the folloguin

Ut[0ly) = ¥y +2 f(x)), (68)

wheref : {0,1} — {0,1}, and+, means addition modulo 2. Note thaj operates on two qubits
atonce|x)|y). In this case, thé&) qubit is considered theontrol qubit and does not change in the
operation;|y) is the data otargetqubit, and changes according to whetliex) = 0 or f(x) = 1.

If f(x) =x, thenU; here is called the-NOT or XORgate, often denoted by the negation symbol
—. It takes the control and target qubits as inputs, and repltdte target qubit with the sum of the

two inputs modulo 2:
—PAY) = Xy +2%). (69)

Note for future reference with respect to the Grover sealgbrithm the effect olJs when
ly) =10) —1):
Ut[x) @ (10) —[1)) = [x) @[(10) — [1)) +2 f (x)]. (70)

For f(x) = 0 we have

) ©[(10) = 1)) +2 ()] = [%) ®[10) = |1)] = [x) © (~1)"™(|0) - |1)). (71)
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For f(x) = 1 we have
%) ®[(10) — 1) +2 ()] = [x) ®[|2) ~ [0)] = ) @ (=1)'¥(|0) - |1)). (72)

So, in summary,
Utlx) @ (10) — 1) = ) @ (=1)T¥(j0) - |1)). (73)

Note that if we modify the definition of (x) so that it is defined on the whole domain $&
{0,1,2,---,2"— 1}, f(x): xe S— {0,1}, then we can usé(x) as anindicator or characteristic
function, by lettingf (a) = 1 for somea € Sandf(x) = 0 for all x # a. Denote this version of (x)
asfa(x), and the associated unitary transformatiolasx)|y) = |x)|y+2 fa(x)). Then, as before,
we have

Urlx) @ (10) - 1)) = [x) @ (1) ¥(|0) - |1)). (74)

The Grover Search Algorithm. In computer science asracleis a black box subroutine into
which we are not allowed to look. An example of an oracle is@haracteristic functiorfy(x) :
x € S— {0,1}. It setsfy(a) = 1 and otherwisefa(x) = 0, x # a. If fa(X) is able to operate
without our knowledge of whad is, thenf,(X) is an oracle. The values afmay be an unsorted
list—randomized telephone numbers for example (or oneswduie sorted alphabetically by the
owner’s names). The objective is to fiadoy relying on the output of4(x). If you hadN = 2"
items, the expected number of queriesf{6x) to find a with a probability of 50 percent would
be % Grover, however, showed a quantum computer could find tme si@m with a probability
close to 100 percent in abogt\/N searches.

Suppose we are looking for the numlaemwherea is n-bits. We will want to use our indicator
function f4(x) as an oracle to help fina

Initial Preparation. First we prepare a qubit register witht- 1 states, all of which ar®):
0)[0) ---]0)|0)|0) ®0), (75)

where the tensor product has been explicitly written outlierright-most qubit to set it off from
the rest. We apply the Walsh transfo¥kén to the leftn |0) qubits and the simple transforkhoy
to the last qubit. As we have seen before,

1 2"-1

|'~.Us>:VV2”|O>|O>"‘|O>|O>|O>:ﬁ ; X) (76)

HG5/0) = —=(10) ~ 1), (77)
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so that the state of the entire computer becomes

|ws>®Hax|o>:%Tgﬂxm%um—u». (78)
Step One.We then apply our unitary transformatioh,
Ur © (10) ~ 1)) = %) © (1) 9([0) - |1), (79)
to obtain
U (148) 0 Hox0) = s )& (=1*9(10) 1) (80)
- @<—1>fa<x> X;) )& —(10) = 1) 61)

The effect ofUy, is to change the sign oi) =

a) and to leave all the other superimposed states
unchanged. You may ask, how did the s(gﬂl) X) get transferred from the right-most qubit in
equation (80) to the superposition of qubits in equatior)¥8Ihe answer is that the right-most
qubit is allowed talecohereto interact with the environment and to ‘collapse’ if@or |1). This
forces the parameters that describe the bipartite staie¢hatleftn-qubit register.

Step Two.Apply Wen again to the left-mogt qubits. (Or apply\en ® 1, to n+ 1 qubits, where
1, is the 2x 2 identity matrix.)

Step Three. Let fo(x) be the indicator function for the stape) = |0). Apply —Uy, to the
current state of the qubit register (note the negation)s ®peration changes the sign on all states
[x) except for|x) = |0). That is,Us, maps|0) — —|0), and the negation d¥,, —Us, restores the
original sign on|0) , but changes the sign on all other states.

Step Four. Apply Won again to the left-most qubits.

Repeat Steps One to FoﬁK/N times. Then sample the final state (the left-nmogubits)| s ).
With close to probability 1|y;) = |a).

That'’s the Grover search algorithm, but what does it meanatwb Steps One, Two, Three,
and Four do? Short answer: they rotate the initial supetipagils) about the origin until it’s as
close as possible t@). Let’s see the details.

Another way to think otJs,, in Step One, is as the matrix- 2|a) (a| operating on the left-most
nqubits. Applying this operation te) yields|x) for all basis state) # |a) but—|x) for |x) = |a).
Similarly, another way to think a1, in Step Three, is as the matrlx- 2|0)(0|. Applying this
operation tgx) yields |x) for all basis states) # |0) but —|0) for |x) = |0).
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Step One is, geometrically, a reflecti® of |s) about the hyperplane orthogonal [&) to
a vector|yR). SinceW22n =1, Steps Two to Four correspond td/\/anfowzﬁl. The operation
\/\/anfOWzﬁ1 would correspond to a further reflection |gff) about the hyperplane orthogonal to
the original|s) = \/% 52t
vector perpendicular taJs). The Opel’atiOH—V\/gnUfOW{nl corresponds to a further reflecti&q of

X). However, this isn’'t what we want. Instead, |gt") be a unit

|WR) about the hyperplane orthogonal|tal). Call this furtherly reflected vectdry). The net
effect is a rotatiorRsRa = —\WonU 1, WanUs, Of |(s) — | o) in the plane spanned Hys) and|a).
(By the plane spanned bys) and|a) we mean all states of the forays) +d|a), wherec,d € C.)

To summarize: Le® be the angle betwegrys) and the unit vector orthogonal ta), the latter
designateda). For simplicity we assume a counter-clockwise ordetag, |s), |a). Then the
combinationRsR, is a counter-clockwise rotation ofis) by 20, so that the angle betweea’)
and|s) is now 3. That is,RsRa moves|ys) awayfrom |a'), the vector orthogonal t@), and
hence movegps) toward |a) itself by the angle 8.

The whole idea of the Grover search algorithm is to rotatesthge|ys) about the origin, in
the plane spanned Bys) and|a), until |s) is as close as possible f@). Then a measurement of
|Ws) will yield |a) with high probability.

How much do we rotate (how many times do we apRiiR,)? We don’t want to overshoot or
undershoot by rotating too much or too little. We want to t®tgss) around toa) and then stop.
Consider the vector or stafgs) lying initially in the plane formed bya') and|a), with the angle

between s) and|a) equal tof. That means we can writgss) as the initial superposition
|Ws) = cosBlat) +sinb|a). (82)
After k applications 0RsR, = —WanU W, Uy, the state is
(RsRa)¥|Ws) = cog2k+1)B|at) + sin(2k+ 1)6)a). (83)
Note that if(2k+1)6 = 7, thencog2k+1)8 = 0, sin(2k+1)6 = 1, so that
(ReRa) | s) = [2). (84)

Now this may not be achievable, becalsaust be a whole number, but let’s solve for the closest

integer, wheré-|nint denotes nearest integer:

T 1.
[@—é]mnt-

(85)
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Remember that the inner product of two unit vectors givestsne of the angle between them,

and that thenitial angle betweefe) and|ys) is 5 — 6. Therefore

1 T :
(alys) = Nei = cos(E —0) =sin(0). (86)
For N = 2" large, we can setin 8 ~ 6. Thus, substitutin% = 0 into our equation fok, we
obtain
m 1
k= [Z\/N— é]nint- (87)

This value ofk, then, obtaingRsRa)¥|Wws) = |a) with probability close to 1.

Grover search example Here is an example of Grover search foe 3 qubits, whereN =
2" =8. (We omit reference to quhit+ 1, which is in stat%(\O) —|1)) and does not change. The
dimension of the unitary operators for this example is this=B also.) Suppose the unknown

number isa) = |5). The matrix or black box oraclgs, is then

10000 00O
01000 0 0O
00100 0 0O
00010 O 0O
Us, = . (88)
00001 0 O0O
00000-100
00000 0 10

00000 0 O01

(Remember that numbering starts with 0 and ends with 7, gdtteal here is in the slot fdb).)

This matrix reverses the sign on stéig and leaves the other states unchanged. The Walsh matrix
W is

1 1 1 1 1 1 1
-11 -11-11 -1
1 -1-11 1 -1-1
-1-11 1 -1-11

(89)
1 1 1-1-1-1-1

-11-1-11-11
1 -1-1-1-11 1
-1-11-11 1 -1

Nis
w
N e
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The matrix—Uzy, is

10 0 0 0 0 O O
0-10 0 O O O O
0O00-10 0 O O O
00 0-10 0 OO
—Us, = (90)
00 0 0-10 O O
00 0 0 0-10 O
00 0 0 0 0-10

This matrix changes the sign on all states ex¢@pt Finally, we have the repeated stegR, in

the Grover algorithm:

31 1 1 1-11 1
1 -31 1 1-11 1
1 1 -31 1-11 1
= 111 1 1-31-11 1
A R Y P O
1 1 1 1 1 3 1 1
1 1 1 1 1-1-31
1 1 1 1 1-11 -3
Theinitial preparationis
1
1
1
w0)0)0) = | (92)
V8|1
1
1
1

SinceN = 22 = 8 we calculate the number of rotatiokss the nearest integer:

k= [F V8~ i = 2 (93)
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Thus, after the first rotation, the state becomes

1
1
1
RRAE(0)[0)]0) = - | (94)
4211
5
1
1
and, after the second rotation,
-1
-1
-1
(ReRs) MEI0)[0)[0) = = | | (5)
8v2| 1
11
-1
-1
Note that the amplitude fgb) is now%. A measurement ofRsRs)2W|0)|0)|0) will thus yield
|5) with probability(gl—\/lé)2 =.9453,

The guess a number game.1 Bob challenges Alice to the following game. Alice is to chase
numberafromS={0,1,--- /N—1}, and he is to attempt to guess it, with a certain number o trie
k. Alice acts as the oraclés, after each of Bob’s turns. They agreen= 2301 073741,824.
Alice knows that, classically, Bob will requiﬂ; = 229 = 536,870,912 tries to guess the number
with a probability of 50 percent, so she agrees with Bob tovalip tok = 100 000 000, believing
that the advantage is all hers. Bob, however, intends tohes&tover search algorithm, and never
intends to guess more than= [Fv/230 — 3], = 25,735 times.

Bob initially sets upN + 1 qubits as

2n—1
) ©Hax|0) = %2_ > |x>®%2<|o>—|1>>, (96)
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as in equation (78). He presents the left-mogubits, |(s), to Alice. This is followed by Alice’s
move ofRy, followed by Bob’s play ofRs, and so on, until aftek moves the state of the-qubit
system is:

(RsRa)¥|Ws) = cog2k+1)8]a’) +sin(2k+1)6|a). (97)

The system is then measured and Bob wins with a probabilitysiaf2k + 1)0|2. To Alice’s
surprise she finds that Bob wins repeatedly, despite playitga small number of his allowed
moves. (Bob’s probability of winning ip > 1 — ﬁ.) After a number of games she realizes Bob
always plays the same number of mokes 25,735. She becomes suspicious that there is some
conspiracy afoot.

The Bernstein— Vazirani oracle. Previously we defined the bitwise inner produey. Let’s
substitute foly a constant vectaa of Os and 1s, and l&fig, : {0,1}" — {0,1} be defined as

fo,(x,a) =x-a (98)
with an associated transform

TaIX) = (—1)'vx) = (~1)*¥x). (99)

This is the Bernstein-Vazirani oracle. How many measurgsneif? (x, a) would be required to
find a? Classically you would have to perform measurements fgraasible values of, and then
solve a set of linear equations far But quantum mechanically solving faronly takes one step.
To see why, refer back to equation (63) and the calculatidrabie V for the Walsh transform
of an initial statgy) # |0). Now compare the effect of the transfofifi, on an equal superposition

of all states:
1 2n_1 1 2n_1

TS| Ws) V4|X). (100)
bV| S \/7 % bv| \/7 % |
This is just the Walsh transform of an initial stgt! Therefore we can finda) with another

application of the Walsh transform (which is its own invgrse

Won T | W) = [a). (101)

The guess a number game I Alice says to Bob, you are getting too many guesses. Either
change the game or | won'’t play anymore. Bob says: | don’t kmtnwy you are complaining. I'm
only making a tiny fraction of the number of guesses we agogedut I'll tell you what. 1 will

make onlytwo guesses—a preliminary guess, you will give me some feedindakmnation, and
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then | will make a second and final guess of the number. Théotedl need i3, applied as an
oracle to my initial guess. (Of course Bob plans to subgi} as his initial guess.)

Alice agrees, and the game proceeds as follows:

Bob: prepares|(s) = Wn|0- --00) = \/% 52" LX)

Alice: T |ys) = = 35 o' (—1)*3X)

Bob: Won T3 |Ys) = |a) .

Bob wins. Again, the key feature was the ability to presenigegposition of states to Alice’s

oracle.

Shor’s factoring algorithm

Shor’s algorithm is a key result in quantum computation, sowant to look at it in some
modest detail. It will form the basis of the RSA game. We wiled as preliminaries Euler's
theorem and the quantum Fourier transfdfm

Euler’s theorem Let N be an integer, and letbe an integer less thas and relatively prime

to N. Euler's theorem [54, chap. 12] says that
a? =1mod N (102)

Hereg@ s Euler’s totient function, and is the total number of irdegless thall that are relatively
prime toN. Example: Let N = 77. In this case= 60, s0 28° =1 mod 77, 38°= 1 mod 77, etc.

Euler’'s theorem implies that the powers of any number nedgtiprime toN cycle modN:

aasa’, --,a?ta?=1aa’as . (103)

Thus @ is the maximum length of a cycle or period. Of course, for agia, there may be a
smallers < ¢ such thag® = 1 modN. But in that case it is cleadivides@. The smallest value
of ssuch that® = 1 mod N is called therder of a, which in the Shor algorithm below we denote
by r. Given knowledge o, or anysorr for a givena, we can factoN. Sincea? = 1 modN, we
have, for everp, (a% + 1)(a% —1) =0 modN. Letgcd(x,y) denote the greatest common divisor
of x andy. We then checkycd(N, az+ 1) andgcd(N, at — 1) for a factor. If we don'’t get a factor,
we divide@ again by two (if the previous division left an even expongotlelse try another value
for a. Example: LetN = 77, anda = 2. We find that ° = 1 mod 77, and upon division @ by

2, also 29 = 1 mod 77. Hence we look at2modN = 43. We find thagcd(77,44) = 11 and
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gcd(77,42) = 7. These are the two factors of 77. Obviously, this is not th&t lvay to factor a
number, normally, but it is ideally suited for a quantum aityon.
Quantum Fourier transform . The quantum Fourier transform looks a lot like the discrete

Fourier transform. For a given stdte the quantum Fourier transform is the unitary transfornmatio

1 2"-1

F\y>=@ )

In this definition, the ternxy denotes ordinary multiplication. It isot the bitwise dot product

TXY/2" |y (104)

x-y. Rather, if[x) = 7 and|y) = 6, thenxy = 42. (By contrast, the dot product¥sy = 7-6 mod
2=111-110 mod 2= 2 mod 2= 0.) Fy) is periodic inxy with period 2'. The Hadamard matrix
H we saw previously is simply the Fourier transform foe 1. To see this, let X, y each be O or 1

in the term
1

ﬁez’“'xy/ 2" (105)

wheren = 1. We obtain the matrix
1 [ € 1 (1 1
— | =—= , (106)
V2| 0 e v2\1 -1

remembering tha™ = cog ) +i sin(mm) = —1+0= —1.

The inverse quantum Fourier transfoRmn! simply reverses the sign on

B 1 2n—1 . N
Fhy) = —= > e 22 (107)
X=

V2N

Shor's factoring algorithm. We want to find a factor of a numbBk, where 2"2 < N2 < 22",
Shor’s factoring algorithm on a quantum computer run®(flog N)3) steps. We need a quantum
computer with two registers (which we shall refer to simpdyleft and right). The left register
contains & qubits, and the right register contailog),N qubits. The values of the qubits in both
registers are initialized t{®):

|00---0) ® |00- - -0). (108)

Step 1: Chosem, 2<m< N-—2. If gcdim,N) > 2, we have found a proper factor bf.
Otherwise proceed as follows, in Steps 2-5.

Step 2:Do a Walsh transforri\,zn of the qubits in the left register to create a superpositfon o
all states in the left register:

2201
(w22n®1|ogzN>(|oo---o>®|oo---o>>:|ws>®|oo---o>:¢% > X©00--0.  (109)
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Step 3:Apply the transformfm(|x) ©|00---0)) — |x) ® |m* modN):
1 21
fm(|(s) @ [00---0)) = N X;) X) ® |m* modN). (110)
Note that at this point, if we measured the right registeallowed it to decohere, it would collapse
into a given value o modN, such as&Z = n¥ modN. Hence, in the left register, all amplitudes
of states would go to zero, except for those stategch tham* modN = Z. If, for example, the

order ofmwas 5, then the amplitudes of states would read somethiag lik
-,0,0,0,c,0,0,0,0,c,0,0,0,0,c,0,0,0,0,c,0,0- - (1112)

The amplitude would be non-zero on evemh ¥alue. The states were previously in an equal

superposition with amplitude\/%, but the surviving values would now have amplitude approxi-

matelyc =

5
register at this point. Instead we proceed to Step 4.
Step 4:Do a quantum Fourier transforfon the qubits in the left register:

1 22n 122n 1

(F®1)(fm(|Ws) ® |00---0)) = on % %ezmxy/zzn\y)@nf‘modN) (112)

Step 5:0bserve the system registers. This will give some conciateofw for y andm? mod
N for m* modN:

(F®1)(fm(|@s) ®100---0)) — |w,m* modN) (113)
with probability equal to the square of the associated aomge:
1 oy /92N
‘ﬁ Z eZT[IXW/Z |2. (114)

x:mX=n? MOdN
Thus with high probability, the observedwill be near an integer multiple (ﬁf—n This ends the
guantum part of the calculation. We now use the result tordete the period.

First find the fraction that best approxima%with denominator’ < N < 2™

o~ < ey (115)
This may be done using continued fractions (sek [29, chagigr

Second tryr’ in the role ofr. If M’ =1 modN, we have, for evem’, (m% - 1)(m% +1) =
0 modN. We then checlgcd(N,mLz/ —1) andgcd(N, m> + 1) for a factor of N. In the event is
odd, or ifr’ is even and we don’t obtain a factor, we repeat the st¥fsg log N) times using the

same value fom. If that doesn’t work, we chang® and start over.
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The RSA game

RSA is an encryption system widely used in banking and elsesvh Consider the ring of
integersZy, whereN = pqfor two distinct large primeg andq. For encryption, RSA allows only
the units of Zy (i.e., eliminate all multiples op or g from Zy). The remaining set of integers,
called Zy, is an abelian group under multiplication, with order (Eisl¢otient function)p =
(p—1)(q—1) =(n+1)—(p+0q). The RSA crypto system choses a relatively small odd integer
and calculated = e~ mod@. A messagé in Z; is then encrypted ag® modN, and decrypted
asM® = M?+1 = M modN. The numberg andN are publicly known, while the decryption key
d is known only to the message recipient.

Alice challenges Bob to the following game. She will creapeiblic keyN ande, and encrypt a
messag®. The three componen(sl, e, M®) will be sent to Bob. If Bob can decrypt the message,
M€ — M, within (log N)? steps, Bob wins $1,000. Else he loses $1,000.

Now RSA uses very large numbéxs But we are going to use an extremely simple example
in order to illustrate the steps in Shor’s algorithm. We assuhat Alice sends Bob the triplet
(77,11,67). We first note that 77= 5929, and $? < 5929< 24, The left quantum register will
need 14 qubits, while the right register will require 7 qabit

Step 1: Bob randomly chooses = 39, where 2< 39 < 75. Thegcd(39,77) = 1, so Bob
proceeds to Step 2.

Step 2:In the left qubit register, Bob creates a superpositionlai@inbers from 0 to 16383
214 1.

Step 3: Bob applies the transfornf,, which associates to each in the superposition,
the value 39 mod 77. Since 3% mod 77= 1, we havem* = 1 mod 77, forx € S=
{30,60,90,120 150, ---,16380,. That ism= 39 has period = 30. But Bob doesn’t know this
yet.

Step 4:Bob does a quantum Fourier transform on the left registeiciwtontains the values of
X. He then observes both registers and gets 14, 770 for the left register state, a@d= 53 for
the value of 39mod 77 in the right register.

Bob now wants to find the fraction that best approxima}%%ﬂwith denominator less than 77.
This fraction is very close t%, so Bob trieg’ = 30, orr—zl =15. He gets 3% — 1 mod 77= 42,
39'° 4+ 1 mod 77= 44, andgcd(77,42) = 7, gcd(77,44) = 11. With these two factors in hand,
Bob calculatesp = (7 —1)(11— 1) = 60. Therefore for the decryption kel he wantsd = e~*
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mod 60, which givesl = 11-! mod 60= 11. The decryption key is the same as the encryption
key. (This is only a result of the trivially small moduldé= 77 we used.) Bob now decrypts
Alice’s encrypted messad®®)? = 6711 mod 77= 23. Bob tells Alice the messadé = 23 and
collects his $1,000.

Nash equilibrium and prisoner’s dilemma

We want to look at % 2 games that are not zero sum, and the traditional game ticecoacept
of Nash equilibrium, and to extend it to quantum games. Bdtbefand Bob may gain from a
game, but may or may not do as well as some obtainable maximiWm.assume both try to
maximize utility, orexpected utilitywith mixed strategies or uncertain outcomes, and thatytili
can be assigned a cardinal number [23].

Non-zero sum games are traditionally presented in static.fé matrix of payoffs correspond-
ing to moves is given, and some notionegfuilibriumis presented, without explaining how the
players got to that point. But once they get there, they apeebed to stay. That's because they
have adominant strategyhat indicates they are better off playing the correspapdiove.

Let §A € Sa be moves (including convex combinations of simple movespjiropriate) available
to Alice, andsé; € S be moves available to Bob. Therdaminant strategfyor Alice is a movesy

such that the payoffi, to Alice has the property
(A, S5) > Ta(Sh, Sb) (116)

for all s, € S, sg € Sg, provided such a move exists. For an example, consider YdbAdice and
Bob each have two possible moves, labeled C (cooperate) @efledt). The values in parenthesis
represent the payoffs; the first number is the payoff to Alice, the second numbehésgayoff

to Bob. Clearly for Alicesy = D, because if Bob play8, m(D,C) =5 > 3, while if Bob plays

Bob C{Bob D

Alice C| (3,3) (0,5)
Alice D| (5,0) (1,1)

TABLE VI: Prisoner’s Dilemma

D, ma(D,D) = 1> 0. For similar reasonsg = D also, so the game will be iequilibriumwith

{sa,s8} ={D,D} and{m(sa), 11(ss) } = {1,1}. This outcome is referred to &sisoner’s Dilemma
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because clearly Bob and Alice would each be better off if q@#dyed C, which would yield
Th=Tg = 3.
A Nash equilibriumis a combination of movegsa, sz} such that neither party can increase his

or her payoff by unilaterally departing from the given edurium point:

7Ta(SA, S8) > TTA(Sh, SB), (117)

(S, S8) > TB(Sa, Sb)- (118)
In Table VI,{D, D}, yielding payoffs{1,1} is a Nash equilibrium, because if Alice switches to C,
her payoff goes from 1 to 0, and similarly for Bob.

A payoff point {rm, g} is jointly dominatedby a different point{ i, 15} if iy > M and
g > 1, and one of the inequalities is strict. In Table VI, the pdifit1} is jointly dominated
by {3,3}. A pair of payoffs{m, 1z} is Pareto optimalif it is not jointly dominated by another
point, and if neither party can increase his or her payoffiait decreasing the payoff to the other
party. In Table VI, the poin{3, 3} is Pareto optimal, because unilateral departure from ititnee
Alice or Bob decreases the payoff to the other party. Whatuaph 1}? Here, too, neither party
can increase their payoff without decreasing the payofht dther party (indeed, neither can
unilaterally increase his payoff at all). Howevét, 1} is jointly dominated by{3,3}, so it is not
Pareto optimal.

An evolutionarily stable strategyESS) is a more restrictive notion than Nash equilibrium.
(That is, strategies that are evolutionarily stable fornulaset of Nash equilibria.) Strategyis
evolutionarily stableagainsts; if 5 performs better thas; againsts + (1 — n)s;j for sufficiently
smalln. The notion is that of a population playirggthat is invaded by mutants playirsy. An
ESS is then defined as a strategy that is evolutionarily stadphinst all other strategies. Note that
an ESS holds fon sufficiently small, say; € [0, o). The valueny is called thenvasion barrier
For values of] > o, s no longer performs better thanagainst the combination, so members of
the population will switch tsj. We will return to this concept in thevolutionarily stable strategy

gameconsidered later.

Escaping prisoner’s dilemma in a quantum game

We now have enough background to tentatively define a quagaime. Aquantum gameé is
an interaction between two or more players with the follapgétementsl” =T (H, A, {s }, {75 };).
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H is a Hilbert space/\ represents the initial state of the ganfs,}j is the set of moves of player
j, while {r5}; is a set of payoffs to playej. The object of the game is that of endogenously
determining the strategies that maximize the payoffs tggslg. In the course of doing so, we
may or may not determine an equilibrium to the game, and thevg of the game to playey.

We want, at this point, to give an introduction to tipgantumversion of Prisoner’s Dilemma,
even though final details will be deferred until later. In theantum version of prisoner’s dilemma
[20], each of Alice and Bob possesses a qubit and is able forpemanipulations on his/her own
qubit. Each qubit lies i, which has as basis vectdfs) and|D), and the game lies iH, @ H»
with basis vector4CC), |CD),
while Bob’s is the right-most. The game is a simple quantutwak.

DC), and|DD). Alice’s qubit is the left-most qubit in each pair,

The initial state/\ of the game is
N =U|CC), (119)

whereU is a unitary operator, known both to Alice and Bob, that ofr@n both qubits. Alice

and Bob have as strategic mogassg,

sa=Ua (120)
ss=Us (121)

whereUp andUg are unitary matrices that operate only on the respectiwepkqubit. After

Alice and Bob have made their moves, the state of the game is
(Ua®Up)U|CC). (122)

Alice and Bob forward their qubits for final measurement. Twerse of the unitary operattf

is now applied, to bring the game to the state:
UT(Ua®Ug)U|CC). (123)

The measurement is then taken, and yields one of the fous bastiors oH, ® H,. The associated
payoff values to Alice and Bob are those previously givenabl& VI.

How Alice and Bob escape prisoner’s dilemma in this quantame by selection of their re-
spective unitary matricdda, Ug depends on their playingntanglementelated strategies. There-
fore we will defer further discussion of the quantum prisésdilemma game until we have con-
sidered entanglement in the next section. However, we atatenake the point thaa pure

guantum strategy is a unitary operator acting on the playejibit
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Entanglement

We have been considering vectogs in a Hilbert spacéi. The vector or statgp) is entangled
if it does not factor relative to a given tensor product deposition of the Hilbert spacd{ =

H1®H2. For example, the statg);) = a|00) + b|01) can be decomposed into a tensor product
Y1) = a00) +b|01) = |0) @ (a]0) +b|1)), (124)

so it is not entangled. On the other hand, the st@e = a|00) + b|11) cannot be decomposed
into a tensor product, and is therefore entangled. Entdrgjkges act as a single whole without
reference to space or time. Any operation performed on otengled qubit instantly affects
the states of the qubits with which it is entangled. Entamglet generates ‘spooky action at a
distance’.

Instead of the orthonormal computational basis we have hegry for Hilbert space, some-
times a different orthonormal basis, called tBell basis is used. The Bell basis is a set of

maximally entangled states. For two-qubitdHp, we can denote this entangled basis as

o) = —=(100) + 111) (125)
or) = —=(103) +110) (126)
oz} = —=(100) - 111) (127)
bs) = (103 [10). (128)

It is easy to transform the computational basis into the Baflis by using a combination of a
Hadamard transformatiod and a c-NOT gate. First apply the Hadamard transform to tie le
most qubit. Then apply c-NOT (review equation 69) with thié dibit as the source and the right
qubit as the target. Shorthand for this transformation(id ® 1):

~(H@D[00) = ~—(10) +|1)[0) — oo (129)
~(HED[0B — = (10) +|1)I) — oo (130
~(H@ (10— ~—(10) - |1)[0) — bz (131)
~HODID = +—(10) = |1)[) — [bs). (132

We will now show how gquantum entanglement can get playersiprtisoner’s dilemma.
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Return to the quantum Prisoner’s Dilemma

Let’s return to the quantum version of Prisoner’s Dilemmar €onsistency of notation, we
map|C) — |0) and|D) — |1). When we left the final state of the game, equation (123),dttha
form

W) =U'(Ua®Ug)U|00). (133)
When a measurement of the system is taken, it is projectedime of the four basis vecto30),
|01),
VI):

10), |11), with associated probability, yielding as expected paygfto Alice (refer to Table

Tin = 3|(P¢|00) |+ Of (Wr|01) >+ 5/ (s |10)| >+ 1| (|11 |°. (134)

The payoff probabilities depend on the final state of the gavhéch in turn depends on the unitary
matrixU and the player movdss andUg. Let’s consider each of these in turn.

The purpose of the unitary matrla is to entangle Alice’s and Bob’s qubits. Without this
entanglement the payoffs to Bob and Alice remain the same theiclassical game (namely, the
Nash equilibrium of (1,1)).

Let’s let our unitary matrixJ be (wherexn simply means the tensor productimes):

U= %(1®2+ia§2). (135)
The inverse is
1 .
ut= ﬁ(1®2 —iod?). (136)

Then, after the first application &f, the system state becomes:
1
V2

Now let’s first consider some traditional moves of Alice anobBeither cooperate (apply matrix

U|00) = —(|00) +i|11)). (137)

Ua = Ug = 1) or defect (apply the spin-flip Pauli matiy = Ug = 0y):

both cooperate(1® 1)U |00) = iz(|00> +i[11)) (138)
. _ 1 .

Alice defects:(ox® 1)U |00) = \/§(|10> +i|01)) (139)

Bob defects(1® ox)U |00) = iz(|01> +i|10)) (140)

both defect:(ox ® ox)U|00) = —(|11) +i|00)). (141)

Nis
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Then when we apply the inverse of the unitary transformdtipnamelyU —1 = U™, we get

both cooperateUT\f(\OO) i|11)) = |00) with probability 1 (142)
Alice defectsU" f(|1o> i01)) = |10) with probability 1 (143)
Bob defectsU T7(|01> +i[10)) = |01) with probability 1 (144)
both defectU f(|11> i00)) = |11) with probability 1 (145)

These correspond to the four classical outcomes in Tablderhonstrating that the classical game
is encompassed by the quantum prisoner’s dilemma.
Now let's consider some less traditional quantum moves hgeAdnd Bob. For example,

suppose Alice play$ and Bob plays the Hadamard matkix
1 [ 1 . .
(1®H)U|00) = 5[0)(|0) + 1)) +5[1)(|0) — [1)) = 5[|00) +|0D) +i[10) —i|1D]. ~ (146)

Then applyingJ T to the last equation we get the final state as

1 .
UT(1eH)U|00) = 72(|01> —i[11)). (147)
Since| f|2 3 and| |2 3, a measurement of the latter state will give Alice a payou of

a payout of 1 with equal probability, §gn = 0.5, 713 = 3.
Conversely, suppose Bob playsind Alice plays the Hadamard matiik

1 : :
(H®1)U|00) = é[\00)+\10)+|\01)—|\11)]. (148)
Then applyingJ T to the last equation we get the final state of the reversedgslay
2 10 i), (149)

V2

A measurement of the latter state will give Alice a payout of & payout of 1 with equal proba-

UT(H®1)U|00) =

bility, so 7ia = 3, Tig = 0.5.
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We will summarize the remaining cases we want to consider:

(H ® 0,)U|00) = %[|01> +]11) +i]00) —i|10)]  (150)

(ox®H)U|00) = %[|1o> +]11) +i00) —i|01)]  (151)

(H®H)U|00) = \/%HOOH—|10>-|-|01>-|—|11>—|—i|00> _i10)—iloD +i[11)],  (152)
Ut(H ® 6,)U|00) = i2[|11> Ci10)], =35 =05  (153)
Ut (ox@H)U|00) = %2[|11> Li|0L], =055 =3  (154)

UT(H®H)U|00) = %[|oo> +[11) —i[01) —i[10)], la =Tlg =2.25.  (155)

Let ‘>’ denote ‘is preferred to’. Alice no longer has a preferrecitgelgy. Whileoy >4 1, if

Bob playsoy or H, thenH = ox. This is shown in Table VII. In addition, The payoff state

Bob 1|Bob oy| BobH

Alice 1| (3,3) (0.5) (3.3
Alice gy (5,0) (1.1)| (3.3

Alice H| (33) (3.1)|(L.2h)

TABLE VII: Prisoner’s Dilemma with allowed quantum movesaf, H.

(1,1) corresponding tdoy, oy) is no longer a Nash equilibrium. However, the outco(mk,z%l)
corresponding tdH, H ) is now a Nash equilibrium, although it is not Pareto optin@early the
addition of quantum moves changes the game outcome.

To induce Pareto optimality, let's expand the set of allowealves to be members &=
{1,04,H,0;}. The result is shown in Table VIIIl. The outcon{@z,23) is no longer a Nash
equilibrium, but we have a new Nash equilibrium(at3) corresponding tdo,, g,). The payoffs
are equal to those of the non-equilibrium strategy p@lnl), so it is not jointly dominated. This
Nash equilibrium is Pareto optimal. End of Prisoner’s Dilean

What is the meaning of the unitary mattix that is applied at the beginning and end of the
game? That remains to be determined. Sometimes it is addiobe third player, a referee or a
co-ordinator. But there are other interpretations. Pesltihp best is that ‘it acts as a collaborator
to the players and serves to maximize the payoff at the Nasttlatp’ [LO]. An Invisible Hand

in prisoner’s dilemma? More work is needed.
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Bob1|Bob oy| BobH|Bob o,

Alice 1| (3,3) (05) (3.3 (1.1)
Alice gy| (5,0) (1,1)| (3.3)| (0,5)
Alice H| (33)| (3.3)|(23.23)| (13,9)
Alice o, (1,1) (5,0) (4,.13)| (3.3)

TABLE VIII: Prisoner’'s Dilemma with allowed quantum move$ gy, H, 0,. The outcome&3,3) corre-

sponding to movesoy, g;) is not only a Nash equilibrium, it is also Pareto optimal.
Battle of the sexes game: a quantum game with entanglement

The so-called ‘battle of the sexes’ game is not really a &attls a love fest with conflicting
values. Alice and Bob want to spend an evening together faneli spend it apart, their respective
payoffs are{y, y}. As usual, Alice’s payoff is listed first and Bob’s payoff sed. Alice prefers
to spend the evening at the Opera (O), while Bob prefers todsgee evening watching TV (T).
The payoffs for both at the Opera afe, 3}, while for both watching TV, the payoffs afg8, o }.

It is assumedr > 3 > y. Alice and Bob are both at work at their respective jobs, aechat able
to communicate (no cellphones). Each plans to show up edtihiéie Opera or at Bob’s house for
TV, in hopes of meeting the other at that place. The movesdoh are thus members of the set
{O,T}. The game is shown in Table IX.

Inspection of the Table shows two Nash equilibria in mov&3:0) and (T, T). A unilateral
departure of either player from one of these equilibria lteso a smaller payoff. However -,
there is a Nash equilibrium in each row for Alice, and in eaglumn for Bob. So how does either

player decide what to do? In addition, there is a third hiddash equilibrium in mixed strategies

Bob O|Bob T

Alice O| (a,B)| (v,y)
Alice T| (v, |(B,q)

TABLE IX: Battle of the Sexesa > 3 > y)

resulting from Alice playingO with probability p and T with probability 1— p, while Bob plays
O with probabilityq andT with probability 1- g, wherep andq are neither O nor 1. Calculation

showsp = whileq= ; +B 2 . These probabilities give the expected payoffs to Alice and

CH—B 2y
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Bob as

_ aB-y
a+B-2y
In the corner Nash equilibria shown in Table 1X, one of AliaeBmb receives a payoff o and

TIa(p, Q) = T8(p, Q) (156)

the other a payoff off. Buta > 8 > Tia(p,q). So both Alice and Bob are worse off in the third
Nash equilibrium.
To find this third Nash equilibrium, we first write Alice’s egpted payoff given the assumed

probabilities of each move of Alice and Bob:

Tia=paa +p(l-q)y+(1-p)ay+(1—p)(1—0q)B. (157)

Then, maximizing ovep,

z—?zqaﬂl—qw—qv—(l—qw:O (158)

Solving the latter equation fag results inq = % A similar calculation maximizing Bob’s
expected payoff yieldp.
How do quantum strategies change things? Let’s f@ap- |0) and|T) — |1),and then entan-

gle states by applying our unitary mattik

1
U=—"—(1%2+iay?), 159
to an initial statg00). Then, after the first application bf, the system state becomes:
1 .
U|00) = —(]00) +i|11)), 160
00) \@(‘ ) +i[11)) (160)

as before. Both Alice and Bob knaw and the initial stat¢00).

We again allow Alice and Bob to make moves from the strategySse {1,0x,H,0;} on
their individual qubits. And then we apply™ to the result. The final states are those calculated
previously in Prisoner’s Dilemma, but the expected payafésdifferent, as shown in the following
Table X.

The upper left-hand entries show the classical game is itmttan the quantum game. The
only Nash equilibrium in the Table i3, a) corresponding tdoy, ox). Alice and Bob spend an
evening watching television together, with Alice havingayff of B less than Bob’s payoff of
a. At (oy, ox) neither Alice nor Bob can unilaterally increase his or hergfa and since this set
of payoffs is not jointly dominated by another set of paypitf$s also Pareto optimal. Television

rules!
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Bob1 Bob oy BobH Bob o,
Alicell  (a.B)] (.Y G e (B.a)
Aicea,|  (v,)| (B.a) EXEh ()
Alice H|(BLY, avy|(Bty atvy|atBray atBi2y)|aty piyy
Alice ;| (B.a)]  (v,¥) (ED (a.p)

TABLE X: Battle of the Sexes Game with quantum moves. The Naglilibrium is(S, o) corresponding

to (0x, 0x). Alice and Bob spend the evening watching TV.

It remains to consider mixed strategies. It is clear the tmuner payoffs in the Table are the
extreme points of a convex set. So we only need consideradensonvex combinations dfand

gz. Alice’s expected payoff takes the form

Tia=pga +p(1-aq)B+(1-p)aB+(1-p)(1-0a)a. (161)
Maximizing overp, B
%—?zqaﬂl—qw—qﬁ—(l—qm:o- (162)

Solving for g givesq = 3. Similarly, p= 3. The mixed strategie§i1 + 0, 31+ 30,) yield

payoffs of(‘”B ‘”B) At last equality between Bob and Alice! This Nash equiliioni is also

Pareto optimal, as it is not jointly dominated by eitliet 3) or (B, a).

Newcomb’s Game: a game against a Superior Being

Alice plays the following game against a Superior Being (SB)e SB may be thought of
as God, a superior intelligence from another planet, or agparsomputer that is very good at
predicting Alice’s thought processes [4]. There are twodsd; andB,. B; contains $1000.
B, contains either $1,000,000 or $0, depending on which am8Bnput in the box. Alice may
choose to take either both boxes or oBly If the SB has predicted that Alice will choose both
boxes, then SB puts $0 By, while if the SB has predicted Alice will take only bdg¢, then SB
puts $1,000,000 iB,. The game is depicted in Table XI. Alice clearly has a domirsarategy,
which is to take both boxes, as each payoff in the second rayeiater than the corresponding
payoff in the first row. On the other hand, the dominant sgpateonflicts with expected utility

theory (here utility is taken to be linear in the payoffs).pBase the predictive accuracy of SB is
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SB predicts Alice will take only boB,|SB predicts Alice will take both box¢

D
(9]

Alice takes only box8; $1,000,000 $0
Alice takes both boxes $1,001,000 $100Q

TABLE XI: Newcomb’s Game.

p. Then according to expected ultility theory, Alice will hadifferent between taking both boxes
or only By if

p $1,000,000+ (1 — p) $0= (1— p) $1,001, 000+ p $100Q (163)

Forp > .5005 Alice would prefer the strategy of only taking Bx conflicting with the dominant
strategy. There are various ways to resolve this dileminaifé} example, if SB is omniscient
(p=1), then the Table has only two entries, $1000 and $10000,So automaton Alice will choose
whichever SB has predicted, and the paradox is resolved.

But here we are interested in the quantum game [58]. SB surelws the universe is based
on quantum physics, not on classical physics, which is dmyltiased view of beings who are
approximately two meters high. The quantum Newcomb'’s gakest place in the Hilbert space
H1®H», which we will take to be a 2-qubit space, with the left qulgihdting Alice’s actions, and
the right qubit denoting the actions of the SB. For 8B,represents the placement of $1,000,000
in box By, while |1) represents the placement of $xn For Alice, |0) represents takinB, only,

while |1) represents taking both boxes. The basis vectotdiab H, are |00), |01), |10), |11),

corresponding to the payoff states in Table XI.

The initial state of the game 8 = |00) if SB puts $1,000,000 in boB,, or A = |11) if SB
puts nothing irB,. The course of the game is as follow.

Step 1:SB makes its choice0) or |1). Once made this choice cannot be altered.

Step 2:SB applies the Hadamard matiikto Alice’s qubit; that is, the operatdt ® 1 to the
initial stateA\.

Step 3:Alice applies the spin flip operatax ® 1 with probabilityw or the identity matrixL ® 1
with probability 1— w to the current state of the game. (These operate only on hegatiit.)

Step 4: The SB applieH ® 1 to the current state of the game, and the payoff to Alice is

determined.
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If the SB has chosel), then the sequence of steps in the game is as follow:

(H®1)[00) — i2(|oo>+|1o>) (164)
w
w(o & 1)(H @ 1)]00) — (100 +10) (165)
= (W(Ox®1) + (1—w)(12 1)) (H ©1)|00) — \ifz(|oo> +110)) (166)
(H® ) W(ox®1) + (1—w) (12 1)) (H ® 1)|00) — 00). (167)

Thus Alice takes only boBy and receives $1,000,000. The SB has correctly predictezkAli
move.

If the SB has chosefi), then the sequence of steps in the game is as follow:

(Ho1)[11) — %(\OD 1) (168)
w
w(ox®1)(H®1)[11) — 72(\11) —101)) (169)
= (Wox® 1)+ (1—wW) (18 1)) (H © 1)|11) — %"’(\01) _ 1) (170)
(HeD)W(ox@1) + (1—w)(1e1)(He1)|11) — (1—2w)[11). (171)

The final value is maximized whem= 0. Thus Alice takes both boxes and receives $1,000. The
SB has again perfectly predicted Alice’s move. The SB didraqtiire omiscience to achieve this
result, only a knowledge of quantum mechanics. By applylregHadamard matrix (the quantum
Fourier transform) to the initial state of the game, the S@uced Alice to behave in a way so as

to confirm the SB’s prediction.

Evolutionarily stable strategy game

It seems that quantum games are played about us every dayadé¢eutar level. Gogonea and
Merz |26] indicate games are being played at the quantum amecél level in protein folding.
Turner and Chaca [67] studied the evolution of competititeriactions among viruses in an RNA
phage, and found the fitness of the phage generates a payaff oanforming to the two-person
prisoner’s dilemma game. We want to briefly touch on some ghewry aspects of biology.

The concept oevolutionarily stable strategfESS), which we previously defined in connec-
tion with the concept of Nash equilibrium, was introducetbigame theory! [64] to deal with

some problems in population biology and with the fact theeg tme multiple Nash equilibria. In
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Evolution and the Theory of Gamp®!] Maynard Smith noted that ‘game theory is more readily
applied to biology than to the field of economic behavioundtich it was originally designed’.

Consider a population dff members who are randomly matched in pairs to play a symmetric
bimatrix (i.e., 2x 2) game. Bysymmetrids meant the following. LeSbe the set of player moves,
and lets, s; be moves that are available to both Alice and Bob. Then Adiexpected payoff
when she plays and Bob plays; is the same as Bob’s expected payoff if he playand Alice
playss;:

TiA(Si,Sj) = TiB(S),S)- (172)

That is, Alice’s payoff matriX, is the transpose of Bob’s payoff matrika = I'IE. This defines
the symmetry of the game. The game becomnasutionaryif over time movess with higher
payoffs gradually replace thosgwith lower payoffs. In such a game, Maynard Smith and Price
[43] showed that a population which adopts an ESS can witdsaassmall invading group.

But what if the current population, in equilibrium while glag classical moves, is invaded by
a population playing quantum moves? This is the problemidensd by Igbal and Toor [33].

Suppose the proportion of the population playing the m®ve a symmetric bimatrix game
is pi, while the proportion playing the mosg is p;. Define thefitness wof movess ands;j as

follows:

W(s) = piTi(s,S) + PjT(s;,sj) (173)
W(sj) = piTI(s}, ) + PTI(S}, Sj)- (174)

The first equation says the fithess of mayés a weighted average of the payoff to playigg
against an opponent also playiggand of the payoff to playing against an opponent playing
sj. The respective weights are the proportions of the pomrigtiayings ands;. The second
equation is really the same as the first with indexes switched

For ourquantum evolutionarily stable strategy game will assume that the symmetric bima-
trix game played between the two population groups is theoRg&r’s Dilemma game. The payoff
matrix for this game is that previously given in Table VI. Mabat the payoff matrix of one player
is the transpose of the payoff matrix of the other player,clvhs required for symmetry. Note
also that the unitary matriy = %(1®2+ia§2) used in the quantum Prisoner’s Dilemma game is
also symmetric between the two players. For classical makesayoff statgsa, s} = {D,D}
and{r(sa), 1(ss) } = {1,1}, which is a Nash equilibrium, is also an evolutionarily $edirategy.

Consider, however, the effect of an invading force of muggdaying quantum moves. For ease
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of reference, we will reproduce Table VIII here as Table Xlle will label {1, oy} as classical

moves, and H, o;} as mutant moves.

Classicall|Classicaloy |MutantH |Mutant o,

Classicall (3,3) (0,5) (3.3) (1,2)
Classicaloy (5,0) (1,1) (3.3) (0,5)
MutantH (3.3) B3| @32hH| €9
Mutant o, (1,1 (5,0) (4.13) (3,3)

TABLE XIlI: Population playing classical moves &f gy, is invaded by mutants play the quantum maéle

a later invasion of mutants plays and wipes out the previous mutants.

We see thaty is not evolutionarily stable against. Members playingiy will die out and the
population will soon be comprised of mutants playithigThe new ESS will yield the payoﬁ?to
either mutant party. If this new population is now invadedifferent mutants playingy, thenH
is no longer an ESS. Members playiHgwill die out, and the population will soon be comprised
of mutants playingr;. These mutants will enjoy a payoff of 3, and will appear fad aappy when

contrasted with the original population.

Card game: a quantum game without entanglement

The following game doesn’t use entanglement, but is heafatits mathematical setup, and is
good preparation for more complicated games that followb &ad Alice play the following card
game [1)7]. There are three cards, otherwise identical,poe the following markings: the first
card has a circle on each side; the second card has a dot oridarthe third card has a circle on
one side and a dot on the other. Alice puts the three cardslatk box and shakes it to randomize
the three cards. Bob is allowed to blindly draw one card fromhox. If it has the same mark on
each side, Alice wins-1 from Bob. If the card has different marks on each side, Bamswil
from Alice. Of course, two of the cards having the same markach side, Alice has expected
payoff7ia = 2(1) + 3(—1) = 1, while Bob has expected paydis = (1) + 2(~1) = —1. The
game is unfair to Bob.

One way to make the game fair, in a classical sense, would &léote Bob to look in the black
box and see the upper faces of the three cards before drawengfahem. Then if Bob saw two

circles facing up among the three cards, he would randonaly dine of those two cards, while if
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he saw two dots facing up, he would radomly draw one of thedatto cards. Since one of the
two cards with identical upside marks must have differentkings on each side, this would give
Bob an expected payofig = 0. The game would now be fair. However, we are not going to let
Bob do this. In fact, it's a black box so that han't look inside, but he can stick his hand in and
pull one card out.

Instead, to create the quantum equivalent of looking at hpeufaces of all three cards, we
are going to 1) allow Bob to make a singleeryto the black box or qubit databage; and 2),
allow Bob to withdraw from the game once he sees the uppefabe card he draws. This setup
is highly artificial, and it is doubtful we are even descripithe same game, but this quantized
version of the Card Game will allow us to make several heansiints.

To describe the quantum game setup, let the card sta@® Biehe card has a circle up, antl)

if a card has a dot up. The three-card state can be written as
r) = [rorarz) (175)

wherery € {0,1}.

As part of Bob’s query, we will require the following unitanyatrix Uy:

Uy = (1 _0 ) (176)
0 ™k

Note that ifr, = 0, thenUy = 1, while if r, = 1, thenUy = g;. Now we apply the Hadamard matrix
H to Uy to form HUH and obtain:

1({1 1 1 0 11 1 [ 1+€™ 1—dmk
HUH = = _ == . . . (177)
2\ 11 0 dmk 1 -1 2\ 1_dm 14 dmx

Thus, applying this transformation to the stfg we get

1 1+€&m 1M 1 1 1+€m 14 €™ 1—em
HUKH|0) = = _ | =3 )= o 1)
2\1-ém™ 14d™ ]\ 0/ 2\ 1-€&m™ 2 2

(178)

Note that ifry = 0, HUgH|0) = |0), while if ry = 1, HUgH|0) = |1). Thus,
HUH|0) = |rk). (179)

So now let’s assume that Bob has a query machine that deparsiatgr) in the black box. The

machine has three inputs and gives three outputs. To detetim upside marks of the three cards,
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Bob inputs|000) to obtain:
(HUH @ HUKH @ HURH )|000) = |rorir2). (180)

So after Bob’s query, he knows the upside marks of the thredscaeither some ele-
ment of the se§ = { 3-qubit permuations of|0),|0),|1)}} or some element of the s& =

{ 3-qubit permuations of|0),|1), |1)}}. If S descibes the state of the black box, then Bob knows
the winning card has a circle on the upside faceS,Itlescribes the state of the black box, then
Bob know the winning card has a dot on the upwise face. So ndwdBaws his card, and gets to
look at the upside face only. If the drawn card has a circlehenupside face, and the black box
€ S, then Bob has an equal chance of winning. But if the black &4, then Bob refuses to
play because he knows the drawn card is a losing card. A siamiysis applies when the drawn
card has a dot on the upside face.

So a query to the database shows Bob whether there are tMesairctwo dots showing face
up in the black box, and thus when he draws his card he knowsf thanatches the two upside
marks, then he has a 50-50 chance of winning, while if the dreard doesn’t matched the two
upside marks, the card is definitely a loser and he shouldseshis option to withdraw from the
game.

With respect to entanglement, the operatdrsand Uy form simple linear combinations of
gubits, while the quantum query machine is a tensor produittese operations. Hence there is
no entanglement of states in this game. ddual. note that that the general rule appears to be that
entanglement is required in static quantum games to mak#eaedice from classical outcomes,
but not in dynamic games. The key is the ability of the plageaftect the state of others’ qubits.
This can be done through entanglement or through the tinps stiea dynamic game.

Quantum teleportation and pseudo-telepathy

Alice and Bob are seven light-years apart and share an dathpgir of qubits, saybg) =
%(|OO} +1]11)). If Alice measures her qubit and finds it is in the stille then Bob’s qubit is
guaranteed to be in the std® also. If Alice finds by measurement her qubit is in the state
then Bob’s qubit will also be found in the stdtie. That is,Alice’s measurement affects the state
of Bob’s qubit As far as we know, this transmission of influence throughBbbr channel takes

place instantaneously. It is not affected by distance oitdichby the speed of light. It is spooky
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action at a distance. It is also the basis for quantum tetapon.

Teleportation . The quantum teleportation protocal [2], by contrast, dustake place instan-
taneously, since it uses a classical channel as well as a(Bétt) channel. On the other hand, a
guantum state disappears in one place and reappears ireanoghce it is teleported. The tradi-
tional teleportation protocol works like this. Alice has amknown quantum statey) she wants
to transmit to Bob. She will do this in two pieces: she will iseentangled Bohr channel, and
an additional classical channel to transmit some clasbitsal Alice and Bob have made previous
arrangement to share an entangled pair of particles, thesgay in the Bell statis):

1
V2
The unknown state Alice is trying to transmit may be writtarierms of unknown amplitudes
b, |a|*+|b]? =1, as

|bs) = —=(]01) - [10)). (181)

|@) = a|0) + b|1). (182)
We may write the initial state of the 3-qubit system as:

1

@) @ |bg) = (a|0>+b|1>)®(ﬁ(|01>—|10>)> (183)
a a b b
:72‘001)_72‘010>+ﬁ|101>_ﬁ|110>' (184)

We want to rewrite this state in terms of the Bell basis, fasans that will become apparent. To
do this, we take the inner product af) ® |bs) with each of the Bell vectors in order to find the
multiplier on each Bell state. Note that we take the innedpod with thetwo left-mosiqubits in

equation (184). These qubits are under the control of Alice.

(Bol(1) @ bs)) = +3 /1)~ 2[0) (185)
(o1l(1) @ bs)) = —10) + 211 (186)
(Bol(1) @ bs))) = +2 1) + 2/0) (187)
(B3l(1) @ [b3))) = ~o10) — 1), (188)

Using these residual state multipliers, we can then wrigestiatel /) ® |bz) in terms of the Bell

—b —-a +b —-a
[( ) |bo) + ( ) |b1) + ( ) bo) + ( ) |b3)]. (189)
+a +b +a —b

basis:

@) ®b3) =

NI =
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Now let’s rewrite the last equation in terms ok2 matrices:

0 -1 a -10 a
[ |bo) + lby) + (190)
10 b 0 1 b
01 a -1 0 a
|b2) + |b3)]. (191)
10 b 0 -1 b

We can rewrite this again in terms of the Pauli spin matrices:

be) = S—iay [ 2| |b b NVioy—1( )b (192)
|W>®|3>—§[—Uy o bo) — o ] b1) + 0% o |b2) — o b3)].

Now, to teleport her qubit to Bob, Alice must couple the unkncstate|() with her member of

|¥) @ [bg) =

NI =

the entangled qubit pair. To do this she makes a joint (vonniNewn) measurement of these two
qubits, which comprise the two left-most qubits|gf) ® |bs). Alice’s measurement projects her
two qubits into one of the four Bell states. This destroystthienown statéy). But not to worry.

Alice’s measurement also leaves Bob’s qubit in one of thiefohg four states:

a

|¢) ® |b3) — |bg) = Bob’s qubit = —ioy o (193)
|W) @ |bs) — |b;) = Bob’s qubit=—0; Z (194)
|Y) ®@|bg) — |bp) = Bob’s qubit = oy Z (195)
@) @ |bs) — |bs) —> Bob's qubit = —1 ( Z) . (196)

Alice then, through a classical channel, transmits to Babrt#sults of her measurement: i.e.,

the Bell state she obtained. Then Bob applies the correspgi@in operator (which is its own
a

inverse) to his qubit to recover the stafie = . ioy for |bg), — 0 for |by), oy for |by), or —1
b

for |bs). (Actually, the overall signs [signs that multiply batrandb equally] don’t matter, since
—|y) is the same state &). So, for example, multiplication by or by 1 is sufficient.)
To summarize, Alice and Bob share an entangled s@iteof two qubits. Alice wishes to

teleport an unknown state) to Bob. To do this, she first performs a measurementofz |6)
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in the Bell basis on her two qubits (the unknown state, andjbbit in the entangled state). She
transmits the information of which Bell state she obtaireBob. Bob applies the corresponding
Pauli spin operator to his qubit and recovers the unknowte gf5.

Pseudo- telepathy. ‘Entanglement is perhaps the most non-classical maatfestof quan-
tum mechanics. Among its many interesting applicationsformation processing, it can be
harnessed teeducethe amount of communication required to proces a varietystfiduted com-
putational tasks. Can it be useddbminatecommunication altogether? Even though it cannot
serve to signal information between remote parties, thexedestributed tasks that can be per-
formed without any need for communication, provided thdiparshare prior entanglement: this
is the realm opseudo-telepathy|5]

Consider the followind®seudo-Telepathy Ganfig; betweenN players. Since there are more
than two players, we can't call them Alice and Bob, so we'tltleem all be subscript Alices:
A1,Az,---,An. There are also two functions andg, each of which takeN-qubit inputs. The
game has the following steps.

Step 1 The players mingle, discuss strategy, share random Vesigin the classical setting)
or entanglement (in the quantum setting).

Step 2 The players separate and are not allowed to engage in amydbcommunication.
Each playe® is given a single qubit inpug and requested to produce the single qubit ouyput
The playerswin +1 if

f(x1,%2, -, Xn) = 9(Y1, Y2, IN)- (197)

else they lose this amount. The functidnandg are defined as followings. Players are guaranteed
that the sum of the qubits they are given is an even numpex;: is even. (Think of what this
means. Ify;x is even, then it is divisible by 2. Th@zi X is a whole number that is either odd
or even. If odd, thel% Yix mod 2= 1. If even, therr'zl YiX mod 2= 0. But the latter case means

% YiX mod 2 is also divisible by two, so that the original s was divisible by 4.) The players
are asked to produce an even sum of output¥jtg if and only if the sum of the input bit§; x;

is divisible by 4. Thus the criterion for tHe-players to win is:
1
IZyi mod 2= > Iin mod 2 (198)

The left-hand side of this equation gsand the right-hand sidé. A win depends solely on the
global state of thé&l qubits, even though each player controls only 1 qubit, ambisallowed to

communicate with the other players. Note that the expectgdfpto the players if any player
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randomizes the submission ypfis 0, as mod 2 produces only two outcomes. This is a very nice
game, because it highlights the issue of cooperation betwksers, and because the game is
scalable to any numbét of players.

Now, the amazing thing is that if the players are allowed &rslprior entanglement, as in Step
1, then they always wiliy. To see how they do this, we need as components the Bell #tigies
and |by), the Hadamard transforid, and the unitary or rotation matrix introduced in the Card

Game, except here we will define it as:

10 10
Un = = , (199)

remembering thatog 7) +isin(3) = i. Note thalUz|0) = |0) butUx|1) =i |1).
SinceN players share the entangled Bell states, the latter wilk hawbeN-qubit Bell states.

Let's write ourN-qubit Bell states in the following simplified form:

BY) = %<|0N>+|1N>> (200)
b = %<|0N> ), (201)

The firstN-qubit statelb’a‘) is the entangled state that all players agree to share. Toadstate
may evolve in the course of play.

Consider now the effect of the unitary matrix operating omgle qubit oﬂb’(}‘):

Uglb) = (10 +i 1) (202)

The powers of arei, i=—1,i3=—i,i*=1. So ifUr is applied to two qubits, the sign on
11N) becomes-1, and thusbl)) — |b)). If applied to four qubits, the sign is unchanged, so
IbY) — |bY). So if mplayers applyJr to their individual qubits, the initial statd))) will remain
unchanged ifm= 0 mod 4. Ifm= 2 mod 4, therjb})) — |b}).

If each player applies the Hadamard matrix to his qubit winenentangled state |b§>, the

result is a superposition of all state#th an even number of 1 bits
1 2N_1

(HaM)lbg) = =N y|y>. (203)

Note that this doesiot mean the stately) in the summation are even numbers. For example,

|102) = |5) is an odd number, but has an even number of 1 bits, whd€) = |4) is an even
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number, but has an odd number of 1 bits. To see thaNtf@ld Hadamard transform (the Walsh
transform) turns Bell staqé)w into a superposition of even-bit numbers (meaning an evarbeu

of 1 bits), consider Table XllI, which is an analog of TableNo¢te that the minus signs appear on

0)|  [y)[b-y|(=1)"Y
1113 [|000)| © 1
n1nfjooy| 1| -1
1111 (j0o10| 1| -1
111 [j011| o0 1
n1nfj00| 1| -1
1111 [j209| o© 1
1111 []120| © 1
iyl 1| -1

TABLE XIII: Walsh transform with intitial qubit|111)

the numbers with an odd number of 1 bits. So if we afplyx H @ H) to %(|OOO> +111), we

get27(10) + |1) +[2) +[3) +[4) +15) +16) +[7) +10) — 1) = [2) +[3) — |4) + [5) +|6) — |7)) =
\/%(|O> +|3) +|5) + |6)), a superposition of numbers all of which have an even numbgbits.

If the state has evolved to the statl’g‘> due to player action, and each player applies the
Hadamard matrix to his qubit, then the result is a supenoposif all odd bit states (meaning

states with an odd number of 1 bits):
1 N_1

(HaM)lby) = NI y|y>. (204)

So here, then, are the steps each player takes with resgastdoher qubit in the gamiey:

Player Step 2alf a player receives qubk = 1, the player applie@g to his or her qubit in the
entangled Bell statfb’a‘). Otherwise the player does nothinQonsequenceBecause the sum of
bits ;X is even, an even number of players will perform this stegy; ¥; is divisible by 4, then
the Bell statebl)) is left unchanged. But i§; x = 2 mod 4 therjb}) — |b}).

Player Step 2bEach player applies the Hadamard matiixo his or her qubitConsequence:

If the entangled state is still in the stdt®)) from Step 2a, then this present step transforms the

entangled state into a superposition of élenbit states. But if the entangled state has been
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transformed intdb’g'>, then this step transforms the entangled state into a sogiégn of allodd
bit states.

Player Step 2cEach player now measures his qubit in the computationas fi@sivs. |1)) to
producey;.

If ¥ix was divisible by 4, the entangled qubit is in a superpositibeven bit states, so will be
projected under the measurement into a number with an evaberof 1 bits. The players win,
becausg;yi mod 2= 0. If 3;x = 2 mod 4, then the entangled qubit is in a superposition of odd
bit states, so will be projected under the measurement intoreber with an odd number of 1 bits.
The players win again, becausey; mod 2= 1.

The players have demonstrated pseudo-telepathy by actithgagh each knew what the other
was doing, even though there was no communication betwegens. This was made possible by
the shared entangled st¢ll%') acting as a quantum invisible hand.

We may characterize this pseudo-telepathy game in ternmadifionalN-person game theory
as follows. No player can secure any value by himself, so #heevof a one-person coalitigh}
is 0: v{i} = 0. The value of the coalition of all players is\N) = 1. Such a game is said to be
in (0,1)-normalization Let Sbe a subset of the set of playé\s If for all SC N eitherv(S) =0
orv(S) =1, a game is said to bl@mple Thus the pseudo-telepathy game is also simple; indeed
v(S) =0 for all SsaveS= N. Finally, a game is said to be constant sum(8) + v(N—S) = v(N).
The pseudo-telepathy gamenist constant sum, ag'S) +Vv(N — S) = 0 for S# N, butv(N) = 1.

The set of imputations for this game is the set of probabif#gtorsP = {p1, p2,---, pn}. This
fulfills the requirement thay -y pi = V(N) =1, and also the requirement th@t> v({i}) = 0, for
all i € N. None of these allocation vectors is dominated by anotbeS € N. Thus thecore of

this game is the convex set of probability vectBrs

Quantum secret sharing

The IRA has some secret information they want to preservengntleeir members, but are
fearful that some of them may be MI5 informants, and thatistheay be arrested and reveal what
they know under interrogation. So they need a secure way beditihe secret among themselves.
A (k,n) thresholdschemel[11] is one in which arky< n members can reconstruct a secret, but
k—1 members cannot fingnyinformation about the secret at all.

Let’s first, however, consider a simple example where twdigmamust cooperate to discover



53

a secret quantum stale [31]. Alice, Bob, and Gerald sharéotlmsving entangled state (the left
qubit is Alice’s, the right qubit is Gerald’s):

1

W) \fz(|00®+|111>)~ (205)
First note we can rewrite this in terms of a different basist L
) = 10+ 1) (206)
) = (10— 1) (207)
This implies the reciprocal relations
I TR
|0) = ﬁ(\x )+ X)) (208)
_ Lo e
|1>—ﬁ(\><> X)) (209)
So the original state in terms of the new basis would be
_i +y ot —y— +y— —yF _
\w>—2\@[(\x XT) 4+ Xx))(10) +[1)) + (IX™X7) + [X7x7))(10) = [1))]. (210)

Alice wishes to send a secret quhjtecrey = a|0) + b|1) to Bob and Gerald in such a way that
Bob and Gerald must cooperate in order to learn the secreteS$entially does this through the
teleportation protocol, but we will also need the definisaf(|x"),|x)) for part of the procedure.

Alice combines the secret qubdilsecrey With the shared stat@)) to form the overall state
1
| @secrep @ |@) = 72(a|oooq +b|1000 +a|0111) + b[1111)). (211)

Alice now rewrites this in terms of the Bell basis. The muigps on the Bell states are:

(0ol(| recrd © 1)) = 2100) + 2111 (212)
(01| recred © ) = S112) + 2100 (219
(0ol el © [9))) = 5100) — 2[11 (214)
(03](| recied © |9))) = 2111~ 2/00). (215)

Alice now measures her two qubits in the Bell basis, sendsasat to Gerald, and tells Bob to

measure his qubit in th@x™), |x™)) basis. After Alice’s Bell measurement, the qubits of Bob and
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Gerald will be in one of the following states:

|bg) — a]00) + b|11) (216)
Iby) — a]11) + b|00) (217)
|bz) — a]00) — b|11) (218)
lbs) — a|11) — b|00). (219)

If Bob gets|x") upon his measurement, then Gerald’s qubit becomes

a|00) +b|11) — a|0) + b|1) (220)

a|11) + b|00) — a|1) + b|0) (221)

a|00) — b|11) — a0) —b|1) (222)

a|11) —b|00) — a|1) — b|0) (223)

while if Bob gets|x ™), Gerard’s qubit becomes

a/00) 4 b|11) — a|0) —b|1) (224)

a|11) +b|00) — —a|1) + b|0O) (225)

al00) — b|11) — a|0) + b|1) (226)

a|11) — b|00) — —a|1) — b|0). (227)

To reconstruct Alice’s qubit, Gerald needs to know what mearsent Bob obtained, so that Ger-
ald can apply the appropriate Paul spin matrix to his finaltepiate. Thus Gerald and Bob together
can reconstruct Alice’s qubit, but neither can do so alortee dppropriate Pauli spin matrices to

be applied to Gerald's final state are:

Bell\ Bob| |x*)| |x™)
|

g

1 oy

o

1 Ox| 0x07

o

2 07 1

)
)
)
)

o

TABLE XIV: Pauli spin matrix to be applied to Gerald’s final lojt1 state

3) | Oz0x| —Ox

Now that we have seen the close relation of quantum secrehgha teleportation, at least

in one example, let's return to thd, n) threshold notion, and consider an example dRz3)
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threshold scheme. This scheme works by splitting up a stateng three parties in such a way
that any two can reconstruct the original state. We begih ait unknown secret state that is not
a qubit, but rather gutrit. A qutrit is a ternary ‘trit’ that can take values in the thhdienensional
Hilbert space spanned [§}0), |1), |2)). We've simply added one more dimension to a qubit. Note
that for this example, tensor products expand by powers sb 3, qutrits occupy a Hilbert space
of dimension 27H,7 = H3®@ H3® Hs.

We have an secret stdigecrey = a|0) + B|1) + y|2). We have an encoding transformation that

maps this 1-qutrit state into a mixed 3-quitrit state:

| @secre) — a(|000 +|111) +[222)) + B(|012) +[120) +|201)) + y(|021) +-|102) + |210)).
(228)
Now we can split this mixed 3-quitrit state between Alice, Bad Gerald. The left qutrit belongs
to Alice, and the right qutrit to Gerald. Given their qutrit® one has any idea about the original
state, because the state they posses has an equal mixiOre |@f, and|2). However, any two
people can reconstruct the secret statecep. For example, Alice and Bob get together. Alice
adds her qutrit to Bob’s modulo 3, then Bob adds his (new)ifotAlice’s. The result is the state

(al0) +B[1) +v12))(|00) +[12) +[21)). (229)

To see this, let’s consider just the multipliers@nWhen Alice and Bob get together, they have
a(]000 + 111 + |222) +---. (230)
Adding Alice’s qutrit to Bob’s modulo 3 we get
a(]000) + |111) +|222)) +--- — a(]000 + [121) + |212)) + - - - . (231)
Then adding Bob’s (new) qutrit to Alice’s we get

a(|000) + (121 +|212) +--- — a(|000) + |021) +|012)) +- - - (232)
= (a]0) +---)(|00) +]12) + |21)). (233)
Alice’s quitrit is now identical with the secret statgecrey, Which has been disentangled from the

other qutrits. By a similar process Gerald and Bob couldvecthe secret state, or Alice and
Gerald.
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The density matrix and quantum state estimation

The ‘No Cloning Theorem’ forbids a quantum copier of thedualing sort: the copier takes
one quantum state as input and outputs two systems of the lsatheThe no cloning theorem
got its name after Nick Herbert proposed a faster-thart-lgfmmunication device, published
in Foundations of Physice 1982 [30]. This generated widespread attention and a fhathe
argument was soon found: the device required quantum gprind there were problems with
producing identical copies of a quantum state. (Furthekdpazind is found inl[56].)

However, that is not the whole story. Preparing virtuallgntdcal copies is no problem, if
we don’t try to do it in a single measurement. By statisticalgedures the input state can be

determined to any degree of accuracy. For example, for tkeawn statdy),
@) =a|0) +Db|1) (234)

repeated measurementro$uch prepared states in the computational basis will y®ld, times

and|1) n, times, wheren, + ny = n. Then clearly

= Jaf2 = (o) (235)
™ |bf2 = [{g[1) (236)

That is, then measurements will yiel@xs, X2, - - - ,Xn), Where eaclx; is either 0 or 1. This corre-

sponds to a set of Bernoulli trials whose Likelihood Funti®
n
L(p) = |‘l|o’“'ql‘xi = p2Ngh 2. (237)
i=

where p is the probability of 1 angl= 1 — p is the probability of 0. Maximizind.(p) yields the

estimate fomp as

sl M
p=-2%=—" (238)

This leads to the statistically-basddnsity matrixo:

%O M 10 +% 00
0 nN\oo n\oi1

n

Na Np
p= =~ 10){0[+ [ 1)(L]. (239)

From the statistical point of view, the quantum state is aheiatical encoding of all data that

can be collected this way.
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Before proceeding further we need to explain the differermetweerpure states ananixed
states. If a quantum statg¥) is a convex combination of other quantum states, it is salzktm
amixedstate. Note that mixture involves classical probabilibegsombinations, not amplitudes.
But if a state|(/) cannot be expressed as a convex combination of other stagesaid to be in a
purestate. Pure states are the extreme points of a convex settes st

For a pure statgp), the ket-brd @) (¢| is called gprojection operator It projects|) onto itself
(lo)(@|p) = |@)), and any statéd) orthogonal to|@) is projected onto 0|f{)(¢@|8) = 0). For a
pure statep, the density matrix is simplp = |@) (@|. For a mixed state, where the system will be
found in one of the extreme poinfig;) with probability pj, thedensity matrixp is defined as the

sum of the projectors weighted with the respective proliast
p=> pilo) @l (240)
]

Since the probabilities are non-negative and sum to ong nkeiang is a positive semidefinite
Hermitian operator (the eigenvalues are non-negativejtamttace op (the sum of the diagonal
elements of the matrix, i.e. the sum of its eigenvalues) imktp one.

For example, let the pure statg) be |) = a|0) + b|1), wherea andb are complex numbers

with respective complex conjugatasandb®. Then the density matrig for |¢) is

aax abx
p=|Y)Y|l= ( ) : (241)
bax bbx

Fora—= \ﬁ b= /3, this becomes
) . (242)

A measurement ofy) in the computational basis will yielfD) with probability% or |1) with

PW)(W(

ik w|§‘

oo|§ wIin

probability%. These probabilities are found in the tracgpofWe may rewritep asp = %|O><O| +
%\1)(1\, losing any information in the off-diagonal elements. @t what happens, as we shall
see, during cloning.) Note thafter the measurement, then eithgr) = |0) with probability 1, or
|@) = |1) with probability 1.

As another example, suppo%e)f the states in an ensemble of states are prepared in tiee stat
|Wr) = .8|0) +.6/1), while %1 are prepared in the statg,) = .6/0) — .8i|1). Then the density matrix
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for this mixed ensemble, using equation (240), is

(243)

57 36412
36-12 .43 '

p = .75/4n) (Yn| +.25/4r) (Y| = (

A particle drawn from this ensemble and measured in(tBg |1)) basis will be found in state

|0) with probability .57 or in statel) with probability .43. But if we wanted to use to find

the probabilities for aifferent basis, we would need the off diagonal elements as well as the
trace. To see this, suppose we draw a particle from the saseendite and take a measurement in
the orthonormal basi§@ ), |@)), where|@) = .6|0) + .8|1) and|¢@) = .8|0) — .6|1). Note that
(@|@) =0 and|(@|@)|> = |(®|@)|? = 1. Thenp gives as the probabilitied of observing ¢ )
and|@) as

P(l@) = (-6, .8)p ( 'Z) = .826 (244)

P(l@)) = (.8, —.6)p ( '86) =.174 (245)

Suppose we choose an observablesuch as the spin state of an electron. Then in the von
Neumann formulation of quantum measurement, each obdenghssociated with a Hermitian
operatorA, with A|(j) = aj|;), where|;) are the eigenvectors &, anda; are the eigenvalues.

Thus, using the same basis fmandA, namely the eigenvectors 8f we have
Ap:ijA|L[Jj><L[Jj|:ijaj\w]')(l.[,lj\. (246)
Now the expected value &, A, is simply
ﬂzzpj aj. (247)

Thus the latter may be represented as

A= trace(Ap). (248)

There are many approachegjieantum state estimationa the density matriy. The problem
of state estimation is closely related to the problem of icignand is connected to issues of
entanglement. Thmaximum likelihoodpproach considered earlier is probably the best. For the

heuristic purposes of this essapayesianframework [63] is revealing. We might start with the
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principle of indifference, or insufficient reason, and make initial assumption that the density

matrix has the fully mixed form (for a system li):

1 ;0
:—1:
pP=5 01

(249)

This corresponds to an ensemble, half of which are in an ue atad half of which are in a down

state:
1 1 1(1 1(0 1[(10 1[{00 1
P:§|U><U|+§|d><d|:§ 0 (10)+§ 1 (01>:§ 00 T3 01] 2
(250)

Or we may start with the general form of the density matrixjohltan be written in terms of

the Pauli spin matrices and real numbeggsy, andr; as follows:

1
p= é(1+r~a) (251)
1

_ % 1—|-.rZ rx—iry . (253)
rx+iry 1—r;

Here we require that the determinantgmbe non-negativejet p > 0, which implies%[l— (r2+
ré+r2)] >0, or thatr? = rf +rZ +rZ < 1, so that each density matrix may be associated with a
ball of radius 1, called 8loch spherePoints on the surface of the ball correspond to pure states,
while interior points correspond to mixed states.

If we assume this form of the density matpxand then measure spin in thdirection, obtain-
ing a series oh resultsu andd with frequencies, andng, then the likelihood is

L) = ) VG- "™) (254

Now consider the followingstate Discrimination GamEgy. There areN states, members of
the setS= {|¢;), j =0,1,--- ,N—1}. Each of these states is represented by a density matrix
pj = Nj|Y;)(Y;|. Alice prepares a staig, unknown to Bob, and forwards it to Bob, along with
the information that the associatgfk) is a member o6 She also tells him the probabilitieg
of each state i1%.

Then; are calledprior probabilities This, of course, immediately suggests a Bayesian frame-

work, so let’'s consider a Bayesian strategy catiedntum hypothesis testifig]. Because there
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areN states, Bob will follow a procedure that gives hinoutcomes, which we will labed;. If
Bob obtains outcomay, he will assume that the state he was sent gyasThere is error probabil-
ity pe thatpm # px and probability - pg = pp thatpm = p«.

To complete the game description, we need to definectianel matrix[h(am|pk)] which
expresses the probabilities that Bob will fiagl given thatp, was sent, and theost matrix[Cny]
which assigns a cost to making the hypothegjsvhenp, was sent. No matter whai, was sent,

Bob’s measurement will yield one of tlag,. This gives rise to the completeness condition that

N
S h(amlp) = 1. (255)
m=1

Then the total error probability is

N
pe =1- % nkh(a/px)- (256)
K=1

The average amoug Bob will pay Alice is given by the Bayesian cost matrix
Cg = Eknkcmkh(amlpk)- (257)
m

Bob’s goal is to minimizecg. The only thing Bob controls are the elements in the chanmtir
h. Thus Bob’s problem is

miny, Eknkcmkh(am|pk)~ (258)

This puts quantum statdiscrimination(finding a state in a given set of states) in the context of
game theory. If we set the diagonal elements of the cost xnatyual to 0 (Bob pays nothing
for being correct) and the other elements equal to a constéalt errors cost the same) then,

comparing equations (256) and (257), Bob’s problem redteces
minn Pe. (259)

The number of states here is finite. By contrast, in quantatesstimationthe set of states is
infinite. Since a quantum state itself is not observablentiuma state estimation means estimating
the density matrip of the quantum state, as we have already seen. This, too,ecpatbn the
context of game theory.

In the State Estimation Gam{8€&] Alice chooses an arbitrary pure state) € Hy and sends
|@)®N to Bob and|y) to a referee. After receiving the states from Alice, Bob performs a

measurement on them and then sends a pure|gtate the referee. After receiving the two states
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from Bob and Alice, the referee compares them accordingneeswriterion (see cloning, below),
then awards a payoff to Alice if the two states are not suffityeclose, or to Bob if they are. Of
course Bob’s task is to construct the best quantum stateureasnt he can given th¢ states

received from Alice.

Quantum cloning

In econometrics one tries, by some procedure, to producstanatea’of some unknown pa-
rametera. This can be considered an attempt, by our estimation ptweetbclonethe parameter
a. We don’t expect to achieve a perfect clone, but only a béshate that lies within an interval
of uncertainty. Which brings us to the cloning of quantuntegaThe object of aagptimal cloning
device[69] is to prepare near copies as close to the original aslgess

Optimal cloning can be formulated in terms of a quantum gameCloning Game played
between Alice and Clare, the cloning queen. This game wileiNinput systems ant¥l output
systems. We start with Alice, who has a pure state descripadibnsity matriy in 2-dimensional
Hilbert spaceH,. She is going to run her state preparing proceduirgmes, giving rise to a

composite system in Hilbert spateaN:
LeoNp=paN. (260)

Alice then shipso@N off to Clare. Clare uses a cloning devigg of her choice to produce
M output system3mp®N. Next, Alice producesvl copies of her original systerm®M. The
outcome of the game depends on

Tmp &N vs. p @M. (261)

Since Ty, maps density matrices to density matrices, it is restribbelleing a linear completely
positive trace preserving map.

One way of assigning payoffs to this game would be to base tihethe norm difference
Tmp &N - p ™. (262)

Another way would be to use tHielity, based orirace(p @™ To@N). This would be 1 if the
cloning machine were perfect. The fidelity could depend @nitiput density matrixp. Define
F(T) by

F(T) = inf, trace(p @ Tmpa") < 1. (263)
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Then Clare’s job is to maximizE(T). This makes the Cloning Game a maximin problem. A
cloner is called ‘universal’ if the fidelity of the output c¢les is independent of the input state. The
maximal fidelity of cloning for a universal cIoner% which can be achieved by unitary evolution
or by a teleportation scheme [8].

A universal quantum clonesf 1 qubit— 2 qubits is a quantum machine that takes as input an
unknown quantum statg/) and generates as output two qubits in a state that may beluks by
a density matrix of the fornp = n|yY) (Y| + (1— n)%l. The parameten describes the shrinking
of the original Bloch vector corresponding to the density operatgr)(@|. For example, if
[y (Y| = %(1+r -0), thenp = %(l—i— nr-o). Then the optimal cloner involves maximizing the

fidelity by maximizingn < 1:

(1+n). (264)

NI =

max, F = (y|ply) =

A Bloch vector shrinkage aff = % corresponds to the maximal fidelity éf

The cloning process goes like this. B denote the initial state of blank copies (the destina-
tion of the clones) plus any auxillary qubits (‘ancilla’)eded in the process. The quhijt) to be
cloned is encoded in the bagi®),|1)). Then the universal quantum cloning machine (UQCM)

transformationly gcm performs the following transformations on the basis vecctorstates:

Tuqewm/0)[B) — \EIOHOHAD + \/%(I(’l) +110))|A) (265)
Tuqgem|1)[B) — \E|1>|1>|A> + \/%(IOD +110)|AL). (266)

HereA andA, represent two possible orthogonal final states for the largilbits. Note that this

implies for the input statay), the output

Tuqem|¢)[B) — (267)

2 1 2 1 a
(\[5|0>|0>|A¢>+\£(|01>+|10>)IA>, \£I1>I1>IA>+\[5(|01>+|10>)IAL>) (b) - (268)

The next step is torace over the ancilla qubits, which yields a two-qubit mixed stathen
another trace is performed with respect to each individuaitggiving two copies of the same

mixed one-qubit state, which has a fidelityg)When compared to the original state.
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Conclusion

At this point the reader has enough background to start dpuagitum game thory. Of course,
there is much more to be said, as the references will indiddte reader is referred especially to
the notes on quantum computation|[21]/[45] [61].

This essay has demonstrated that traditional game theargudset of quantum game theory,
and the latter has a much richer structure and a broader setafmes. That is all the justification
required for doingjuantunrgame theory. Nothing is given up, and more is obtained bycéivig to
the latter. Therefore the study of traditional game thesmngither an evolutionarily stable strategy
nor a Nash equilibrium, and will be relegated to the dustdbiextinct species and nonequilibrium
payoffs. That being said, can the current state of quantumegéeory survive an invasion of
mutants? | hope those invading mutants will be mathemagicahomists coming to fix what'’s
wrong with quantum mechanics. Indeed, Lambertin! [37] aggthat mathematical economics
and quantum mechanics are isomorphic.

A quantum gamé& =T (H,A,U,{s}j,{m};), whereH is a Hilbert space/ is the initial state
of the gamey is a unitary matrix applied to all the player’s qubits at thegimning and end of
the game{s }; are the set of moves of playgrincluding convex combinations; adds } j are the
set of payoffs to playej. The purpose of the game is to endogenously determine thiegies
that maximize playej’s expected payoff. Generally, a pure quantum mgue a unitary matrix
applied to the player’s individual qubit.

In the course of this essay, we have seen the Spin Flip gamé;tless a Number games |
and Il, the RSA game, Prisoner’s dilemma, Battle of the sedesvcomb’s game, Evolutionar-
ily stable strategy game, Coin flip game, Pseudo-telepadinyeg and game theoretic aspects of
Teleportation, Secret sharing, State estimation, and tQuaaoloning. In the Spin Flip game, Bob
was able to exploit quantum superposition via the HadamargformH to always win the game,
though to be sure this outcome was also dependent on thersmgokplayer moves. The key to
Guess a Number Game | was use of the Grover search algorittotate a state vector in Hilbert
space to the approximate location of the unknown numbers $&arch was speeded up fréin
moves toy/N moves by the use of superposition and calls toftheracle. In the Guess a Number
game I, the Bernstein-Vazirani oracle was used to cre&&\lsh transforri\bn of the unknown
number after a single call to the oracle. In the RSA game, 'Sactoring algorithm was used

to project a superimposed state of integers into, with higibability, a number that is near an
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integer multiple oszzn for the given composite RSA primlé = pq, wherer is the order of the
tested element. The probability was controlled by use ofjtrentum Fourier transform.

In the Prisoner’s dilemma game, we saw that the addition ahtjum movedd and o, to 1
and oy added to the traditional game outcomes, and indeed attaif®&teto optimal point as a
Nash equilibrium. In the Battle of the sexes game, the samaatgm moves produced a unique
Nash and Pareto optimal equilibrium in pure strategies;eanality between Alice and Bob, also
a Nash equilibrium and Pareto optimal, in mixed strategidewcomb’s paradox was resolved
by the Superior Being’s ability to perfectly predict (caljrAlice’s choice through the use of
superposition, which replaced omniscience on the part®fShperior Being, and the incentive
to cheat on the part of Alice. These games also show, thrduglluge of the unitary matrix U,
the partial irrelevance of the categories ‘cooperativel amoncooperative’. If players’ qubits are
entangled in the game, there are hidden channels of comatigriqan invisible hand) when a
player simply focuses on maximizing his or her own expectdiyu In the Evolutionarily stable
strategy game, invading mutants playing quantum moves aldeeto wipe out existing species
playing only classical moves. The Coin flip game demondirtite use of a quantum oracle, in a
game without entanglement, to turn an unfair game into aofas.

In the Pseudo-telepathy game, communication among playa@sanot necessary in order for
them to conspire to win the game, as long as they shared awgnaenitangled state. The game
could be won with certainty with an implied coalition of &l players, while any proper subset
of N had expected payoff of 0. We also saw thatimensional probability spacsas thecore
of the pseudo-telepathy game. Does this mean quantum éenagft gives rise to quantum prob-
ability? We saw that qubit states are unobservable, andrundasurement are projected onto
the measurement basis, typically O or 1, and hence destrdyesl creates opportunity as well as
difficulties. Measurement in the Bell basis is at the heathefteleportation protocol. And while
guantum states can only be cloned with a certain fidelityy tt@a be used for secret sharing and
secure communication. The problems of quantum state digaation using maximum likelihood
in a Bayesian framework, or quantum state estimation usi@game in connection with the Bloch
sphere representation of the density matrix, are not casadepdamentally foreign to economists.

Piotrowski and Sladkowski [59] have stated what they cateduantum anthropic principte
Even if at earlier stages of civilization markets were goeer by classical laws, the incompara-
ble efficiency of quantum algorithms in conveying compartidvantage should result in market

evolution such that quantum behaviors will prevail ovesslaal ones. Since nature already plays
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guantum games, it would appear that humans do so also usirgpirsonal quantum comput-

ers (human brains). Thus, while speculative, Gottfried &f&ycomment inComplexity Digest

is not so far fetched: ‘It might be that while observing theedieremonial of everyday market

transactions we are in fact observing capital flows resyiftiom quantum games eluding classical

description. If human decisions can be traced to microsgyantum events one would expect that

nature would have taken advantage of quantum computatiendlving complex brains. In that

sense one could indeed say that quantum computers are gtagin market games according to

guantum rules.’[[42]

[1]
2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

Email:[quantum@orlingrabbe.com

Bell J.S., ‘On the Einstein Podolsky ParadoRhysics 1(3), 1964, 195-200.

Bennett Charles H., Gilles Brassard, Claude Crépeaighd®Rd Jozsa, Asher Peres, William
K. Wootters, ‘Teleporting an unknown quantum state via dolassical and EPR channels’,
http://www.enricozimuel.net/documenti/BBC+93.ps .

Bernstein E. and U. Vazirani, ‘Quantum complexity thgpm Proceedings of the 25th Annual ACM
Symposium on the Theory of ComputiSgn Diego, Calif., 16-18 May 1993, New York:ACM, 1993,
11-20, http://www.cs.berkeley.eduwazirani/pubs/bv.ps

Brams Steven JSuperior Beings: If they exist, how would we know? Game #tieomplications of
omniscence, omnipotence, immortality, and incompreb@itgj New York:Springer-Verlag, 1983.
Brassard Gilles, Anne Broadbent, Alain Tapp, ‘Recagiermin’s multi-player game into the frame-
work of pseudo-telepathy’, arXiv: quant-ph/0408052 v1 &A004.

Braunstein Samual L., ‘Quantum Computation’, httpwaw-users.cs.york.ac.ukischmuel/comp
/compbest.pdf .

Braunstein Samuel L. and H. J. Kimble, ‘Teleportationcohtinuous quantum variable®®hysical
Review Letter80, 4, 26 January 1998, http://www-users.cs.york.as.s&khmuel/papers/bk98.pdf
BruR Dagmar, David P. DiVincenzo, Artur Kert, ChristaghA. Fuchs, Chiara Macchiavello, John
A. Smolin, ‘Optimal universal and state-dependent quantloning’, arXiv: /quant-ph/9705038 v3 6
Dec 1997.

Chefles Anthony, ‘Quantum state discrimination’, arXgquant-ph/0010114 v1 31 Oct 2000.

[10] Cheon Taksu and lzumi Tsutsui, ‘Classical and quantantents of solvable game theory on Hilbert


mailto:quantum@orlingrabbe.com
http://www.enricozimuel.net/documenti/BBC+93.ps
http://www.cs.berkeley.edu/~vazirani/pubs/bv.ps
http://arxiv.org/abs/quant-ph/0408052
http://www-users.cs.york.ac.uk/~schmuel/comp
http://www-users.cs.york.ac.uk/~schmuel/papers/bk98.pdf
http://arxiv.org/abs/quant-ph/9705038
http://arxiv.org/abs/quant-ph/0010114

[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]
[26]

66

space,’ arXiv| quant-ph/0503233 v1 31 Mar 2005

Cleve Richard, Daniel Gottesman, Hoi-Kwong Lo, ‘Howstzare a quantum secret’, December 1998,
http://www.hpl.hp.com/techreports/98/HPL-98-205| pdf

Debreu G. and H. E. Scarf, ‘A limit theorem on the core nfeconomy’,International Economic
Review 4, 1963, 235-246.

Deutsch D., ‘Quantum Theory, the Church-Turing pnteiand the universal quantum computer’,
Proc. Roy. LondA400, 1985, 97-117.

Deutsch, D., ‘Quantum computational networks,” Pestiags of the Royal Society of London, A425,
1989, 73-90.

Deutsch, D., ‘It from Qubit’, Sept. 2002, http://wwwibjit.org/people/david/Articles/ItFromQubit. pdf
Deutsch D. and R. Jozsa, ‘Rapid solution of problems tgngum computationProceedings Royal
Society LondonpA400, 1992, 73-90.

Du Jianfeng, Xiaodong Xu, Hui Li, Mingjun Shi, Xianyi 2, Rongdian Han, ‘Quantum strategy
without entanglement’, arXiv: quant-ph/0011078 v1 19 NOOQ.

Einstein A., B. Podolsky, N. Rosen, ‘Can quantum medawsndescription of physical reality be
considered complete®hys. Rew7, 1935, 777-780.

Eisert Jens and Martin Wilkens, ‘Quantum Games, aigisant-ph/0004076 v1 19 Apr 2000.

Eisert Jens, Martin Wilkens, and Maciej Lewensteinud@tum games and quantum strategies’,
arXiv: lquant-ph/98060&8 v3 29 Sept 1999.

Ekert Artur, Patrick Hayden and Hitoshi InamoBasic concepts in quantum computati@mXiv:
guant-ph/0011013 v1 2 Nov 2000,

Feynman Richard P., ‘Simulating Physics with Compsiteinternational Journal of Theoretical
Physcis 21, 1982, 467.

Fishburn Peter C., ‘Expected utility theories: a rawirote’, in R. Henn and O. Moeschlin, eds.,
Mathematical Economics and Game Theory: Essays in honorskOMorgensternLecture Notes
in Economics and Mathematical Systems, 141, Berlin:Serivgriag, 1977.

Gale David,The Theory of Linear Economic Modglsew York: McGraw-Hill, 1960.

Gisin Nicolas, ‘How come the correlations?’ http:¥arorg/ftp/quant-ph/papers/0503/0503007|pdf
Gogonea V. and K. M. Merz, ‘Fully qguantum mechanicalaggion of proteins in solution combin-
ing linear scaling quantum mechanical methodologies wighRoisson-Boltzmann equatiod:,Phys.

Chem. A103 (1999) 51715188.


http://arxiv.org/abs/quant-ph/0503233
http://www.hpl.hp.com/techreports/98/HPL-98-205.pdf
http://www.qubit.org/people/david/Articles/ItFromQubit.pdf
http://arxiv.org/abs/quant-ph/0011078
http://arxiv.org/abs/quant-ph/0004076
http://arxiv.org/abs/quant-ph/9806088
http://arxiv.org/abs/quant-ph/0011013
http://arxiv.org/ftp/quant-ph/papers/0503/0503007.pdf

[27]

(28]
[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]
[41]

[42]
[43]

[44]

[45]

67

Gottesman Daniel, ‘The Heisenberg representatioruahtym computers’, arXiv. quant-ph/9807006
vl 1 July 1998.

Grover Lov K., ‘A fast quantum mechanical algorithm ftatabase search’, arXiv: quant-ph/9605043.
Hardy G. H. and E. M. WrightAn Introduction to the Theory of NumberEifth edition, Ox-
ford:Clarendon Press 1979.

Herbert, N. ‘FLASH—-a superluminal communicator bagpdn a new type of quantum measurement”,
Found. Phys12, 1982, 1171.

Hillary Mark, Vladimir Buzek, and Andre Berthiaume, @ntum secret sharing?hysical Review A
vol 59, no 3, March 1999, 1829-1834, http://www.quniveskhuzek/mypapers/99pral829.pdf
Hunziker Markus and David A. Meyer, ‘Quantum algorithfior highly structured search problems,’
http://www3.baylor.edutMarkus Hunziker/HunzikerMeyer2002.pdf .

Ighal A. and A.H. Toor, ‘Evolutionary stable strategig quantum games’, arXiv. quant-ph/0007100
v3 11 Dec 2000.

Jaroszkiewicz George and Jason Ridgway-Taylor, ‘QuanComputational Representation of the
Bosonic Oscillator’, arXiv:quant-ph/0502166 vl 25 Feb 200

Jammer MaxThe Philosophy of Quantum Mechanidiew York: Wiley, 1974.

Johnson Joseph F., ‘The problem of quantum measuréraeXiv quant-ph/0502124 v1 21 Feb 2005.
Lambertini, Luca, ‘Quantum mechaics and mathemagcalnomics are isomorphic,” 29 Feb 2000,
http://www.dse.unibo.it/wp/370.pdf

Lee Chiu Fan and Neil F. Johnston, ‘Game theoretic disicun of quantum state estimation and
cloning’, arXiv:|quant-ph/0207139 v2 29 Nov 2002.

Lomonaco, Jr. Samuel J., ‘A lecture on Grover’s quang@arch algorithm’, arXiv:quant-ph/0010040
v2 18 Oct 2000.

Luce R. Duncan and Howard Raiff@ames and Decisiondlew York: Wiley, 1957.

Marinatto Luca and Tullio Weber, ‘A quantum approachstatic games of complete information’,
arXiv: lquant-ph/00040&1 v2 27 June 2000 .

Mayer, Gottfried J., Editor's Note t@omplexity Digest27, 2 July 2001.

Maynard Smith J. and G.R. Price, ‘The logic of animal ftioti, Nature 246, 1973, 15-18.

Maynard Smith J.Evolution and the Theory of GameSambridge: Cambridge University Press,
1982.

Meglicki, Zdzislaw, ‘Introduction to quantum compng’, February 5, 2002,


http://arxiv.org/abs/quant-ph/9807006
http://arxiv.org/abs/quant-ph/9605043
http://www.quniverse.sk/buzek/mypapers/99pra1829.pdf
http://www3.baylor.edu/~Markus_Hunziker/HunzikerMeyer2002.pdf
http://arxiv.org/abs/quant-ph/0007100
http://arxiv.org/abs/quant-ph/0502166
http://arxiv.org/abs/quant-ph/0502124
http://www.dse.unibo.it/wp/370.pdf
http://arxiv.org/abs/quant-ph/0207139
http://arxiv.org/abs/quant-ph/0010040
http://arxiv.org/abs/quant-ph/0004081

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]
[56]

[57]

[58]

[59]

[60]
[61]

68

http://beige.ucs.indiana.edu/M743/M743.pdf .

Meyer David A., ‘Quantum Games and Quantum AlgorithnaXiviquant-ph/0004092 v2, 3 May
2000.

Milman P. H. Ollivier, and J. M. Raimond, ‘Universal quam cloning in cavity QED’,
http://www.imperial.ac.uk/physics/qgates/papers/ERIS04.pdf, 23 Jan 2003.

Nawaz Ahmad and A. H. Toor, ‘Dilemma and Quantum Battld the Sexes’,
arXchiviquant-ph/0110096 v3, 26 Mar 2004.

Neumann John von, ‘Zur Theorie der Gesellschaftspiblathematische Annaleri928. 100:295-
320.

Neumann John vonMathematische Grundlagen der Quantenmechaikrlin: Springer-Verlag,
1932.

Neumann John von, ‘A Model of General Economic Equilior’ (* Uber ein 6konomisches Gle-
ichungssystem und eine Verallgemeinerung des Brouwernsebgunktsatzes’) in K. Menger, ed.,
Ergebnisse eines mathematischen Kolloquiums, 1933:%%7.

Neumann, John von, ‘Probabilistic logics and the sgsih of reliable organisms from unreliable
components’ Automata Studied’rinceton University Press, 1956, 329-378.

Neumann John von and Oscar Morgenstdrhe Theory of Games and Economic Behavidew
York: Wiley, 1944,

Ore OysteinNumber Theory and Its HistoryNew York: Dover (reprint of New York: McGraw-Hill,
1948), 1988.

Penrose, Roget,he Emperor's New MindOxford: Oxford University Press, 1989.

Peres Asher, ‘How the no-cloning theorem got its naraeXiv: quantum-ph/0205076 v1 14 May
2002.

Piotrowski Edward W. and Jan Sladkowski, ‘An invitatido quantum game theory’, arXiv:
quant-ph/0211191 v1 28 Nov 2002.

Piotrowski Edward W. and Jan Sladkowski, ‘Quantum soluto the Newcomb’s paradox’, arXiv:
qguant-ph/0202074 v1 13 Feb 2002.

Piotrowski Edward W. and Jan Sladkowski, ‘Trading byagtum rules—quantum anthropic principle’,
http:/7alpha.uwb.edu.pl/ep/RePEc/sla/eakjki/9.pdf .

Pirandola Stefano, ‘A quantum teleportation gameXiar quant-ph/0407248 v3 17 Nov 2004.

Preskill John, ‘Lecture notes for Physics 229: quantofarmation and computation’, California In-


http://beige.ucs.indiana.edu/M743/M743.pdf
http://arxiv.org/abs/quant-ph/0004092
http://www.imperial.ac.uk/physics/qgates/papers/ENS_QG04.pdf
http://arxiv.org/abs/quant-ph/0110096
http://arxiv.org/abs/quantum-ph/0205076
http://arxiv.org/abs/quant-ph/0211191
http://arxiv.org/abs/quant-ph/0202074
http://alpha.uwb.edu.pl/ep/RePEc/sla/eakjkl/9.pdf
http://arxiv.org/abs/quant-ph/0407248

[62]

[63]

[64]

[65]

[66]
[67]

[68]
[69]
[70]

69

stitute of Technology, September 1938, http://www.themaiyech.edu/people/preskill/ph229/#leciure
Shor P. W., ‘Algorithms for quantum computation: diser logarithms and factor-
ing’, in Proc. 35th Annual Symposium on the Foundations of Computéen& edited
by S. Goldwasser, Los Alamitos, Calif..I[EEE Computer Stycid’ress, 1994, 124-134,
http://www.ennul.netquantum/papers/9508027.pdf .

Srednick Mark, ‘Subjective and objective probabd#i in quantum mechanics, arXiv:
guant-ph/0501009 v2 14 Jan 2005.

Stanford Encyclopedia of Philsophy, ‘Evolutionary ngaL theory’,
http://plato.stanford.edu/entries/game-evolutiofiary

Stapp Henry, ‘Why classical mechanics cannot natyraticomodate consciousness, but quantum
meachanics car),” http://psyche.cs.monash.edu.aupctip2-05-stapp.htrnl .

Stapp HenryThe Mindful Universghttp://www-physics.Ibl.gowstapp/MUA.pdf

Turner P.E. and L. Chao, ‘Prisoner’s dilemma in an RNAIg|' Nature 398(6726), April 1, 1999,
441-3.

Ulam, S.M.,Adventures of a MathematiciaNew York:Charles Scribner’s Sons, 1976.

Werner R. F., ‘Optimal cloning of pure states’, arXiuant-ph/98040C1 v1 1 April 1998.

Zalka Chris, ‘Grover’s quantum searching algorithmoimal’, arXiviquant-ph/9711070 v2, 2 Dec

1999.


http://www.theory.caltech.edu/people/preskill/ph229/#lecture
http://www.ennui.net~quantum/papers/9508027.pdf
http://arxiv.org/abs/quant-ph/0501009
http://plato.stanford.edu/entries/game-evolutionary/
http://psyche.cs.monash.edu.au/v2/psyche-2-05-stapp.html
http://www-physics.lbl.gov~stapp/MUA.pdf
http://arxiv.org/abs/quant-ph/9804001
http://arxiv.org/abs/quant-ph/9711070

	Some background history
	Preliminary mathematical pieces
	The spin flip game
	First game definitions and strategies
	Amplitudes and superpositions and his cheatin' heart
	Guess a number games
	Shor's factoring algorithm
	The RSA game
	Nash equilibrium and prisoner's dilemma
	Escaping prisoner's dilemma in a quantum game
	Entanglement
	Return to the quantum Prisoner's Dilemma
	Battle of the sexes game: a quantum game with entanglement
	Newcomb's Game: a game against a Superior Being
	Evolutionarily stable strategy game
	Card game: a quantum game without entanglement
	Quantum teleportation and pseudo-telepathy
	Quantum secret sharing
	The density matrix and quantum state estimation
	Quantum cloning
	Conclusion
	References

