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Abstract

Design methodology of digital circuits is a rapidly changing �eld. In the last 20 years, the
number of transistors on a single chip has increased from thousands to tens of millions. This
sets new demands on the design tools involved, their ability to capture speci�cations on a high
level, and �nally synthesize them into hardware implementations. The introduction of Decision
Diagrams (DDs) has brought new means towards solving many of the problems raised by the
increasing complexity of todays designs. In this thesis, we study their use in VLSI CAD and
develop a number of novel applications.
Incomplete speci�cations are inherent to the functionality of almost all digital circuits. We

present a design methodology providing a common basis between design validation and logic syn-
thesis, namely the semantics of Kleenean Strong Ternary Logic. This is called upon as
commonly used design methodologies, based e.g. on VHDL, are shown to put design correctness
in jeopardy. By an extension of DDs, we can e�ciently represent and manipulate incompletely
speci�ed functions. The method presented, not only guarantees correctness of the �nal circuit, but
also o�ers potential towards expressing and utilizing incompleteness in ways other methodologies
are incapable of.
The increasing density and speed of todays target technologies also changes the conditions for

logic synthesis; e.g., traditional quality measures based on gate delays are becoming less accurate
as delays caused by interconnections are raising their heads. To address this problem we propose
methodologies allowing quality measures of the �nal circuit to be foreseen and considered throughout
the whole synthesis process. In general this is a very hard task. We approach the problem by
limiting our synthesis methodologies to those rendering regular layouts (such as computational
arrays and lattices). The regularity allows us to predict properties of the �nal circuit and at the
same time, ensure design criteria to be met, e.g., path delays and routability of the �nal circuit.
In this thesis, we develop new design methodologies and their algorithms. By our experimental
results, they are shown to o�er signi�cant improvements to both state of the art two-level and
multi-level based tools in the area of layout driven synthesis.
Our minimization methods are based on Pseudo Kronecker Decision Diagrams (PKDDs),

which are the most general type of ordered bit-level diagrams for switching functions. In the
thesis we elaborate on the properties of PKDDs and Ternary PKDDs (TPKDDs) and develop an
e�cient minimization method based on local variable exchange for TPKDDs. Furthermore, the
problem of PKDD minimization is discussed and a number of di�erent strategies are introduced
and evaluated; the potential compactness of PKDDs is con�rmed.
The thesis spans from validation and veri�cation of high-level speci�cations all the way down to

layout driven synthesis, combining logic minimization, mapping and routing to the target archi-
tecture at hand. We conclude our work to o�er new means towards solving many of the crucial
problems occurring along the design process of modern digital circuits.
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Chapter 1

Introduction

Design methodology of digital circuits is a rapidly changing �eld. In the last 20 years, the number
of transistors on a single chip has increased from thousands to tens of millions. This sets new
demands on the design tools involved, their ability to capture speci�cations on a high level, and
�nally synthesize them into hardware implementations. The introduction of Decision Diagrams
(DDs) has brought new means towards solving many of the problems raised by the increasing
complexity of todays designs. In this thesis, we study their use in VLSI CAD and develop a
number of novel applications.

Incomplete speci�cations are inherent to the functionality of almost all digital circuits. We
present a design methodology providing a common basis between design validation and logic syn-
thesis, namely the semantics of Kleenean Strong Ternary Logic. This is called upon as commonly
used design methodologies are shown to put design correctness in jeopardy. In particular, VHDL is
shown to produce both overly optimistic and pessimistic results during simulation in the presence
of incompletely speci�ed functions. That is, in the worst case a design validated by simulation
on the HDL level may render an erroneous implementation, even though synthesis was carried
out correctly. The underlying problems are identi�ed and addressed. By the means of Kleenean
Ternary Decision Diagrams (Kleene-TDDs) we can e�ciently represented and operate on incom-
pletely speci�ed functions under the Kleenean semantics. The methodology presented, not only
guarantees correctness of the �nal circuit, but also o�ers potential towards expressing and utiliz-
ing incompleteness in ways other methodologies are incapable of. The Kleenean semantics allow
the uni�cation of unknown values (during simulation) with don't cares (of the speci�cation), thus
solving the problem of overly optimistic simulation results. Furthermore, pessimisms during sim-
ulation is known to force the designer to give an over-speci�ed description, which in turn reduces
the degrees of freedom for synthesis. Also this problem can be solved under the Kleenean algebra,
using functional composition in reversed topological order on the RTL network. Furthermore, we
show the applicability of Kleene-TDDs to logic synthesis problems; an e�cient method for support
set minimization is presented. This part of the thesis was �rst presented June 1997 to meet the
requirements of a \licentiate" degree in computer engineering at Lule�a University of Technology,
and is available separately as a printed document \Dealing with Incompleteness in Circuit Design
under Kleenean Strong Ternary Logic", (1997:18. ISSN:1402-1757. ISRN:LTU-LIC{1997/18{SE).

Logic synthesis is commonly carried out in individual steps such as; logic minimization, 
oor-
planning, mapping and routing. Although each intermediate representation is optimized (under

7



local criteria) the overall result may be sub-optimal, e.g., a highly optimized netlist which �ts
badly onto the target architecture may cause violation of sought design criteria. Furthermore,
the increasing density and speed of todays target technologies sets new demands on the synthesis
tools. Traditional quality measures based on gate delays are becoming less accurate as delays
caused by interconnections are raising their heads [30].

In order to address these problems we propose methodologies allowing quality measures of the
�nal circuit to be foreseen and considered throughout the whole synthesis process. In general this
is a very hard task. We approach the problem by limiting our synthesis methodologies to those
rendering regular layouts (such as computational arrays and lattices). The regularity allows us
to predict properties of the �nal circuit, and at the same time ensure design criteria to be met,
e.g., path delays and routability of the implementation. In this thesis, we develop new design
methodologies and their algorithms.

AND/OR-based arrays (PLAs) [31] constitutes a classic example of layout driven synthesis. The
minimization problem involved is well understood and e�cient tools have been developed over the
years [7]. However, it is well known that certain functions are better represented as AND/EXOR
Expressions (ESOPs) [44, 37]. Unfortunately the general ESOP minimization problem has turned
out to be hard [42, 13]. A sub-class of ESOPs is obtained by 
attening a PKDD into a two-level
Pseudo Kronecker Expression (PSDKRO) [39]. In order to address the complexity problem of two-
level AND/EXOR minimization we develop state of the art PKDD-based, PSDKRO minimization
algorithms. Our results show that PKDD-based minimization o�er an interesting alternative to
general ESOP methods, as high quality results can be obtained within reasonable time bounds.
The number of products in the two-level expression can be used directly as a cost measure for the
�nal implementation. To emphasize the applicability, we show how the resulting AND/EXOR
expressions can be e�ciently mapped to both AND/EXOR PLAs and to �ne grain FPGAs or
ASICs.

Although an optimal or near optimal solution for the minimization problem can be obtained,
not all functions have a compact two-level representation (and are therefore not suitable for PLA
implementation). The general solution is to seek a multi-level (decomposed) representation for the
function at hand. Our approach is to utilize the decomposed form inherent to DDs. In the special
case of totally symmetric functions, DDs are known to form regular lattice structures, [4, 51].
The regularity of the structure is a key issue, allowing e.g., routing and delay properties of the
implementation to be estimated throughout the DD minimization process. Unfortunately, totally
symmetric functions are rare, therefore methods to make Pseudo Symmetric Decision Diagrams
have been developed [35, 6, 50, 5, 46]. The complexity of the representation is highly dependent
on the variable ordering and the choice of decompositions applied. We propose a number of
improvements to state of the art minimization methods and show the advantages on a set of
standard MCNC benchmarks. Furthermore, we introduce Lattice Circuits, an extension to lattice
diagrams allowing additional routing resources of the target architecture to be utilized. The strict
neighboring criterion of lattice diagrams is relaxed allowing the sharing of sub-functions between
non-neighboring nodes, thus further reducing the circuit complexity.

Our minimization methods are based on Pseudo Kronecker Decision Diagrams (PKDDs) [45,
34], which are the most general type of ordered bit-level diagrams for switching functions [2] (under
the condition that the negation of cofactors is utilized). In the thesis we elaborate on the properties
of PKDDs and Ternary PKDDs (TPKDDs). We give the conditions under which TPKDDs having
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complemented edges o�er a canonical representation and show that local variable exchange on
the diagram can be e�ciently conducted while preserving canonicity. These properties enable us
to devise mechanisms for their minimization, similar to those known for other DDs, [15, 38, 11].
Furthermore, we show how to utilize the redundancy of TPKDDs to derive PKDDs. By our
experiments, the potential compactness of PKDDs is con�rmed.
The thesis spans from validation and veri�cation of high-level speci�cations all the way down

to layout driven synthesis, combining logic minimization, mapping and routing to the target
architecture at hand. We conclude our work to o�er new means towards solving many of the
crucial problems occurring along the design process of modern digital circuits.
The thesis is outlined as follows; Chapter 2 �rst gives a background on representation of switch-

ing functions using decision diagrams. Methods for minimization of both Ternary-PKDDs and
PKDDs are developed and analyzed. We evaluate their performance on a set of MCNC bench-
marks. Furthermore, a number of PKDD-based applications are presented. State of the art
methodologies for layout driven synthesis are discussed in Chapter 3. Chapter 4 gives a short
introduction and some comments to each paper included in the thesis. The papers are reprinted
in Chapter 6, together with a reprint of the licentiate thesis in Chapter 7. Finally, the thesis is
concluded in Chapter 5, where we also outline some interesting topics for future research.
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Chapter 2

Pseudo Kronecker Decision Diagrams

Decision diagrams have brought new means towards solving many interesting problems (not only
in VLSI CAD). Their e�ciency of representation and manipulation of discrete functions is the
key to their success. Many operations on e.g., Binary Decision Diagrams (BDDs) can be carried
out in time roughly proportional to the size of the diagram(s). Also their ability to implicitly
represent sets of functions have been successfully applied to many combinatorial problems in
computer science. We can classify decision diagrams into to major domains; bit-level diagrams
and word-level diagrams, the latter capable of representing integer valued functions, while the
former essentially applies to switching functions. In this thesis we focus on bit-level diagrams and
their use in the design process of digital circuits.
In this section we review the essentials of decision diagrams and highlight some important

features, for an excellent overview see [27]. We investigate the properties of Ternary-PKDDs
and develop an e�cient minimization method based on local variable exchange. Furthermore the
problem of PKDD minimization is discussed and a number of di�erent strategies are introduced
an evaluated. The section is concluded by an elaboration of the use of PKDDs in logic synthesis
applications.

2.1 Decision Diagrams

Let f0 (f1) denote the cofactor of f with respect to x (x) and f2 is de�ned as f2 = f0 � f1,
� being the Exclusive OR (EXOR) operation. A Boolean function f : Bn ! B can then be
represented by one of the following formulae:

f = xf0 � xf1 Shannon (Sh) (2.1)

f = f0 � xf2 positive Davio (pD) (2.2)

f = f1 � xf2 negative Davio (nD) (2.3)

Consider a rooted, Directed Acyclic Graph (DAG) having terminals 0 and 1 and non-terminals
(internal nodes) G. Each node in G is marked with a decomposition variable x, a decomposition
type fSh; pD; nDg and edges to cofactors f(f0; f1); (f0; f2); (f1; f2)g according to decomposition
type. In the following we assume each variable to occur only once on each path and in the same
order for all paths (i.e., the DAG is \ordered"). Nodes having the same decomposition variable are
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considered to be at the same level in the diagram. Diagram levels are enumerated from root (top
level) towards terminals (bottom level). Furthermore, we apply the following rules of \reduction":

� There exist no two nodes expressing the same function (i.e., no two nodes are graph-
isomorphic).

� There exist no Shannon (Sh) node having f0 = f1, and no Davio nodes (pD and nD) having
f2 = 0.

This de�nes a Ordered Pseudo Kronecker Decision Diagram (OPKDD) [45]. By applying restric-
tions other DDs can be de�ned, e.g., Ordered Binary Decision Diagrams (OBDDs) [4] (hav-
ing Shannon (Sh) nodes exclusively), and Ordered Kronecker Functional Decision Diagrams
(OKFDDs) [12, 9] (where the decomposition type fSh; pD; nDg is �xed for each variable). A
single node is used to represent both f and f , the latter identi�ed by a complement attribute on
the incoming edge (or more speci�c an odd number of complement attributes along the incoming
path) [28, 3]. For a given ordering a reduced BDD o�ers a canonical representation of the function,
under some restrictions for the use of complemented edges. Only one terminal is to be used (e.g.,
the 0-terminal), and complementation is only allowed to occur on one of the outgoing edges (e.g.,
the 1-edge). Canonicity also holds for reduced OKFDDs given an ordering and a Decomposition
Type List (DTL) together with some restrictions on the use of complemented edges. However,
PKDDs in their generalized form does not provide such a canonical representation. The DDs
described above can be used also to represent multiple-output functions, e.g., by allowing each
output function to be rooted arbitrarily in the shared-DD. This can be implemented by inferring
bit-selection nodes at the top of the diagram. If the bit-selection nodes are placed at the bottom
of the diagram, we obtain a representation sometimes referred to as Multiple-Terminal Decision
Diagrams, (MTDDs). (As being able to represent integer valued functions, MTDDs can be clas-
si�ed as word level diagrams.) In the following we assume all DDs to be ordered and reduced if
not else stated.

The following applies to Figure 2.1. Each node is marked with its respective node function,
its decomposition type fSh; pD; nDg and its decomposition variable xi. The line type of an
edge fdashed, whole, dottedg indicates a connection to a cofactor ff0, f1, f2g, (f2 = f0 � f1)
respectively. For the sake of clarity, edges are sometimes also marked with its corresponding
literal. Furthermore, the diagrams are left unreduced, and complemented edges are not applied.
Figure 2.1 together with the examples below highlights some important features.

Example 1 Figure 2.1 (a) shows a BDD for the parity function f(x1; x2; x3) = x1x2x3�x1x2x3�
x1x2x3 � x1x2x3.

Example 2 The DD in Figure 2.1 (b) (representing the same function as (a)), has a (pD) de-
composition for node f , (Sh) decompositions for nodes f0 and f00 and a (nD) decomposition for
f01. As the decomposition types are mixed fSh; pD; nDg and not �xed for each variable (e.g., x2)
it is a PKDD.
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2.2 Ternary Pseudo Kronecker Decision Diagrams

A Ternary Pseudo Kronecker Decision Diagram (TPKDD) (also known as canonical Exor
Ternary Decision Diagram (ETDD) [43]) is a DD according to Section 2.1, with the following
exceptions; each node in G has three outgoing edges to cofactors f0, f1 and f2 = f0 � f1. The
same reduction rules as for BDDs apply. In the following we assume diagrams to be ordered and
reduced. Although a TPKDD o�ers a canonical representation (under a given variable order) it
is a redundant representation. Given two out of the three outgoing edges, we can always derive
the third one by a simple EXOR operation, see Section 2.1. However, in Section 2.7 we will show
how this redundancy can be utilized towards �nding a good PKDD representation.

As for other DDs, the complexity of the representation depends heavily on the variable order.
Therefore, it is crucial to �nd a good ordering for the function at hand. Heuristic methods have
proven successful solving this problem for both BDDs and OKFDDs. The most e�cient methods
for BDD minimization are based on local variable exchange, \sifting" two neighboring levels in the
diagram [15, 38, 11]. The key to their success is the property that such a level exchange is indeed
a local operation. I.e., nodes belonging to levels above and below the sifted levels are una�ected
by the operation. Furthermore, the number of nodes on a �xed level is una�ected by the ordering
of the nodes above and below this level. This property has also shown to improve the e�ciency
of exact BDD minimization methods [14, 17, 10].

Let us consider the TPKDDs shown in Figure 2.2. (a) shows the initial representation while (b)
shows the representation after exchanging the neighboring levels, i.e., (a) has variable order (x1,
x2) and (b) has (x2, x1). We observe that no new cofactors needs to be computed, and that a level
exchange can be performed solely by the redirection of edges. The arrows in the �gures show the
interchange between cofactors applied. The correctness of this may not be obvious, but by simple
calculations we prove that this is the case: Consider the three leftmost cofactors of �gure (b). The
cofactor f00 is obviously left unchanged (f jx1=0;x2=0 = f jx2=0;x1=0). The next cofactor f10 is to be
found in (a) by tracing the 1-edge of the top node and the 0-edge of the successor. Now, to the
interesting part, cofactor f20 (as found in (a) by tracing the 2-edge and 0-edge respectively). We
now need to show that f20 = f00 � f10. This becomes obvious as f2 = f0 � f1 (by the de�nition
in Section 2.1). Applying further co-factorization w.r.t., x2 = 0 preserves the equality (as the
functions are the same). Verifying the remaining cofactors can be done accordingly. The above
TPKDD properties lead us to believe that e�cient algorithms for dynamic reordering of TPKDDs
can be devised.

2.3 Complemented Edges

Complemented edges applied to DDs, have shown not only to reduce diagram sizes but also to
improve computational e�ciency, [28, 3]. However, as canonicity of the representation is crucial
to many DD applications, we must �rst make certain that the required conditions are met.
In Figure 2.3 an edge marked by a �lled dot indicates the complementation of the corresponding

cofactor, (negative polarity). Each row represents the same function, interpreted as TPKDDs,
(shown in the leftmost column), and PKDDs (shown in the three rightmost columns). To obtain
a canonical TPKDD we have to consistently choose one of the two possible representations for each
class of functions (i.e., row). In our case we have chosen the representations marked Canonical.
In the following we will prove that evaluation of the diagram is consistent under the proposed
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transformations:
Consider the top row in Figure 2.3. The function interpreted as a (non-canonical) Shannon

decomposition (c), is f = xf0 � xf1 = xf0 �xf1+xf0 �xf1 = (x+ f0)(x+ f1) = xf0+xf1+ f0f1 =
xf0+xf1 , which is obviously correct w.r.t. the canonical representation shown (d). Now consider

the (non-canonical) positive Davio representation (e) f = f0 � xf2 = f0 � xf2, which is the
function de�ned by the canonical representation (f). From the de�nition in Section 2.1 this is
equivalent to the Shannon decomposition shown in (d). For clarity we carry out the computation,
f = f0�xf2 = f0�x(f0�f1) = (f0�xf0)�xf1 = (f0xf0+f0(x+f0))�xf1 = xf0�xf1. To complete
the proof for the top row, let us consider the (non-canonical) negative Davio decomposition (g),

f = f1 � xf2 = f1�xf2, corresponding to the canonical representation (h). From the de�nition in
Section 2.1 this corresponds to the Shannon decomposition shown in (d). Verifying the remaining
cases (rows 2,3 and 4) can be done accordingly.
By this we have given the necessary conditions under which TPKDDs o�er a canonical repre-

sentation. The rules applied are essentially the same as those used for BDDs, as the third edge
(f2) neither is used in the canonicity criteria nor is a�ected by the transformations. The rules
can be summarized into a single statement; allow only a single terminal (e.g., the 0-terminal),
and never allow complementation of the 0-edge. Note that the third edge (f2) may or may not be
complemented, as determined from its corresponding canonical representation.

Example 3 Consider the TPKDD representation of function f = x1, shown in Figure 2.4 (a).
By the 3rd-row transformation from Figure 2.3 we obtain the canonical representation (b). Now
consider the function f = x1, shown in Figure 2.4 (c). The 2nd-row transformation applies and
we obtain the canonical representation (d). We observe that the graphs are isomorphic, only the
complementation on the incoming edge di�ers between f and f .

Note, for the example above, without applying the transformations, all combinations (a,c), (a,d),
(b,c), and (b,d) could occur. Only two out of four express isomorphism. Hence, complemented
edges together with the canonicity criteria reduce the diagram size.
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Figure 2.5. TPKDD sifting, reducing the number of cross-point nodes.
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Figure 2.6. TPKDD sifting, increasing the number of cross-point nodes.

2.4 Sifting Operations on TPKDDs

As shown above, sifting levels in a TPKDD can be done solely by local operations on the
diagram. This however is true only in the case where edges occur exclusively between neighboring
levels. This is not really a problem (the number of nodes a�ected by the sifting is still bounded
by the number of incoming edges). However, (for the sake of simplicity), we ensure to have edges
exclusively between neighboring levels. That is, the diagram is quasi reduced, having cross-point
nodes f , i� f0 = f1. Furthermore we assume all functions are rooted at the top level. In order to
device a sifting-based dynamic reordering algorithm for PKDDs, let us �rst consider a number of
special cases, exempli�ed below.

Example 4 Consider the TPKDDs shown in Figure 2.5, (under the assumption that the diagram
quasi reduced). The lower nodes in (a) have a dashed outline, and represent cross-point nodes,
i.e., mere connections to the next level in the diagram. After sifting levels, we obtain the PKDD
(b), having a single cross-point node. Although it might look like we have done a reduction of the
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TPKDD this is not really the case. A fully reduced TPKDD will have exactly the same number of
nodes. The complementary situation is shown in Figure 2.6, where the number of nodes seems to
be increased.

From the above example it is obvious that we will have to keep track of the number of \real"
nodes (i.e., non cross-point nodes) in the TPKDD. Before going into details with the dynamic
reordering algorithm, let us �rst take a look at another slightly larger example.

Example 5 Figure 2.7 shows two levels in a TPKDD. (In order to avoid cluttering of the �gure,
only one edge for cross-point nodes is show.) Consider the initial representation (a) in �gure. (1)
shows a connection from upper nodes to lower nodes and is una�ected by the sifting. Node (2)
corresponds to Figure 2.6 increasing the number of connecting nodes, while node (3) shows the
opposite, as described by Figure 2.5. Node (4) represents the general case, having a full TPKDD
as shown in 2.2. After sifting the number of real TPKDD nodes is reduced for the lower level
(from 4 to 2). Note, that the number of real nodes is the upper level may also be changed. This
occurs in the case that the number of (2) and (3)-like nodes are unequal (in the upper level). The
key property of local operation holds, nodes above and below the sifted levels are left unchanged.

2.5 Sifting of TPKDDs having complemented edges

From Section 2.3, we have the necessary conditions under which TPKDDs using complemented
edges o�ers a canonical representation. To be able to utilize complemented edges we need to
ensure that canonicity is preserved by the local variable exchange operation. Let us start by
making the following observations:

� Nodes below the levels sifted are una�ected by the level exchange operation, i.e., the cofac-
tors below remains intact, see Figure 2.8. That is, edges connecting to those cofactors will
preserve their polarity.

� The nodes above the upper level from Figure 2.7, are una�ected (under the condition that
the diagram is quasi reduced).

Therefore, we need only to consider the canonicity criteria for the two levels about to be sifted.
Assume that the TPKDD shown in Figure 2.8 (a) is canonical. After the level exchange, node
(2) is still canonical, as canonicity is de�ned from the polarity of the 0-edge. The edge to f00
is un-complemented (positive), since the initial TPKDD (a) is canonical, thus node (2) is also
canonical. Now consider nodes (3) and (4). In these cases we have to apply the canonicity criteria,
as their 0-edge polarities might change (edges pointing to f01 and f02 respectively. For node (1)
this implies possible polarity changes only on the 1-edge and the 2-edge, thus also node (1) will
remain canonical.
By this we have shown that sifting levels in a TPKDD having completed edges is a truly local

operation. It can be performed solely by the redirection of edges together with some possible edge
polarity changes. Using common BDD techniques, the TPKDD nodes can be kept in a unique
table (UT). Before creating a new node, the reduction and canonicity criteria are applied and a
look-up in the UT is performed. By this, we ensure the diagram to be reduced (or quasi reduced
as in our case) and canonical at all times. The UT look-up can be performed almost in constant
time, using e.g., hashing techniques known from e�cient BDD packages.
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Figure 2.9. Dynamic reordering of TPKDDs.
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2.6 Dynamic Reordering of TPKDDs

The best known algorithms for �nding the optimal order for non-symmetric DDs all have
exponential worst-case behavior in the number of input variables, see e.g. [14, 10, 16]. Therefore,
we have to settle for heuristic approaches. Utilizing the properties shown in Sections 2.2, 2.4
and 2.5, we have developed a dynamic reordering algorithm similar to [15, 38]. The algorithm is
simple, iteratively sifting each variable to the position where the number of real TPKDD nodes
is minimized. The iteration is aborted when no further improvement is obtained. Our algorithm
is outlined in Figure 2.9.

We have also tried a slightly di�erent strategy. By greedily choosing the variable (to sift)
corresponding to the level having largest number of real nodes. However, our experimental results
have shown the above simple algorithm to produce the best results. Based on the property of
local variable exchange more sophisticated reordering techniques known for BDDs can be directly
transferred, [33, 29, 32, 47]. We have evaluated our prototype implementation on a number of
MCNC benchmarks. The experimental results can be found in Section 2.9.
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2.7 Heuristic Minimization of PKDDs

Diagram size (compactness) is a sought after property, crucial to many CAD applications. As
shown in [2] three decomposition types fSh; pD; nDg together with complemented edges, cover
all bit-level decompositions. Therefore, PKDDs are the most general bit-level DD representation
of switching functions, as we can for each node chose decomposition type arbitrarily. In that, we
give up the property of canonicity in order to reduce the diagram size.
The complexity of the PKDD representation is dependent on both the ordering variables and

the decomposition type applied to each node. The number of possible PKDDs for a function of
n variables is n!32

n�1 [43]. Having this huge search space leave us in despair �nding an exact
solution. But, if we settle for a good solution we may approach the problem by heuristic methods.
Let us take a step back and consider the following:

� Firstly, there exists e�cient algorithms for BDD minimization.

� Secondly, BDDs (as being a very special case of PKDDs) can be used as an upper bound
estimate for PKDD complexity.

Based on those facts, let us �rst device a naive algorithm for PKDD generation, to see if we
are on the right track.

A Store the functions (as BDDs) to implement in a list F . Take the �rst function f 1, and
compute the cofactors f 1

0
, f 1

1
and f 1

2
w.r.t, f 1v (f 1v , being the decomposition variable for the

top node in f 1). From the de�nition in Section 2.1, only two out of the three cofactors are
needed to represent the function. We greedily chose the combination of two (i.e., decompo-
sition type) from the sharing cost with the remaining functions in F 0. Note, this is not a
measure merely based on the cofactors at hand, but rather an estimate of the complexity
to implement all remaining functions (including the selected cofactors). (As being based on
BDD size, it is clearly an overestimate of the PKDD cost.) We can now remove f 1 from the
list. According to the decomposition type selected we search the list for functions matching
(equal to or complement of) the chosen cofactors. Finally, the unmatched cofactors are
appended to the list F 0. Now, we attend the next element (f 2) from F 0 in the same manner.
E.g., Figure 2.11, (a) shows the initial list F , and (b) the resulting list F 0 after assigning a
pD decomposition for f 1. Repeat the procedure until the list is empty. Convergence of the
algorithm is guaranteed, as the cofactors selected depend on one less variable until eventu-
ally being constants f0; 1g. This method is somewhat similar to the heuristic minimization
method for Free-BDDs presented in [16].

Our experimental results (presented in Section 2.9) show signi�cant reductions of the number
of nodes required compared to the initial BDDs. However, the approach is greedy and
provides no backtracking. This tremendously simpli�es the minimization procedure at the
cost of quality. The method is indeed very fast having worst case complexity O(jF j3), jF j
being the number of nodes in the initial BDD representation F . That is, for each node in
F we have in the worst case to try out three di�erent decompositions. If a Davio node is
chosen, that is due to a reduction of the number of nodes remaining in F 0, and therefore
also a reduction of the complexity. In each step an EXOR computation is performed,
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which is worst case order O(jF j2), giving us the overall complexity O(jF j3), (assuming that
accounting the BDD cost is done in constant time). The quality gain obtained by the
simple and fast algorithm, con�rms our expectations and encourage us to develop a method
incorporating backtracking facilities.

B Based on the minimization approach presented above, we store the top nodes in a list F .
According to the BDD order we choose a decomposition variable v. For each of the functions
in the list we seek the best decomposition type w.r.t. v. The method di�ers in that we apply
the cost measure after decomposing all functions in F . This allows us to either exhaustively
or greedily explore the decomposition search space for the variable under consideration. For
exhaustive exploration of decompositions for a variable v, the complexity is O(3jFvj), jFvj
being the number of functions in F having v in their support set (f jv=0 6= f jv=1). Obviously
this becomes intractable for larger jFvj. Therefore, we propose a greedy heuristic consisting
of the following steps:

Initiate Decompose all nodes w.r.t. each single (�xed) decomposition type fSh; pD; nDg.
Choose the best decomposition (reducing the shared BDD cost) as a starting point
for Iterate. (This corresponds to the �xed decomposition type for each variable in an
OKFDD.)

Iterate Now we visit each function (node) having v in its support and greedily choose the best
decomposition type for the function under consideration. We now repeat Iterate until
no further improvement is obtained.

This iteration obviously terminates. The decomposed functions are now removed from F and
replaced by their cofactors corresponding to decomposition types chosen. Now proceed with
the next decomposition variable according to the BDD order. Figure 2.12, shows an example
of the algorithm. The least BDD cost is given by the decompositions fnD;�; : : : ; pDg,
(w.r.t. to the chosen decomposition variable v), (a) in �gure. The resulting F 0 is shown in
Figure 2.12 (b).

Experimental results, (presented in Section 2.9), show the bene�ts from this second ap-
proach. The exhaustive search for decomposition types is applied when jFvj < jFvjlimit,
jFvjlimit set to 12, keeps run-times practical, i.e., within CPU seconds. Our experiments
show that the greedy approach performs rather well compared to the exhaustive method,
while being signi�cantly faster. We were also tempted to apply a simple reordering strategy.
Instead of choosing decomposition variable according to BDD order, we tried all (remaining)
support variables as the decomposition variable v. For each v we sought the best decomposi-
tion types using the above described method while keeping track of the best result obtained.
Finally, the best variable and decomposition types were selected and we could proceed with
the remaining variables. This method however, did not produce consistent results. We
assume the problem to stem from the fact that the BDD forms an upper bound on the
PKDD only under the condition that they share the same variable order. I.e., if we derive
a PKDD having a di�erent variable order (greedily chosen top-down) we may or may not
obtain a smaller diagram. Therefore we disregard the simple reordering method. Both our
�rst method and the second method described above lacks two important features; they
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sport no stable way of improving on the initial variable order, and they both use the upper
bound BDD size as a cost measure for selecting decomposition type.

C Let us start out from a TPKDD representation. This data structure implicitly holds all
possible PKDD representations under a given variable order (including both the worst and
best representation). We will now try to exploit the redundancy of the TPKDD repre-
sentation observed in Section 2.2. Finding the best representation (under this order) is
O(3jGj), jGj being the number of nodes in a reduced TPKDD, once again an intractable
problem. Choosing decomposition type for a node activates two out of three outgoing edges
(cross-point nodes used for connecting levels can be considered to have only one outgoing
edge). Only nodes on active paths are part of the PKDD encoded in the TPKDD. Figure
2.13 show examples of TPKDDs encoding PKDDs. Active edges are marked with fat lines.
Keeping track of active nodes are done by the use of reference counters (shown as circled
numbers in the �gure), accounting the number of active incoming edges for each node. By
this, we can change the decomposition type of any node in the TPKDD while updating the
number of PKDD nodes required. If the reference counter for a node g is decreased to 0,
visit the active successors (according to decomposition type) of g and decrease their values
by 1. The complementary situation occurs if a counter value is increased from 0 to 1, in
which case we have to visit the corresponding active successors increasing their value by 1.
(Both increasing and decreasing reference counters might cause a recursive traversal of the
TPKDD.) Note, only the decomposition type of active nodes will directly a�ect the number
of PKDD nodes.

We have developed a minimization method featuring a parameterized look-ahead technique.
A window can be set de�ning the scope (upper, and lower diagram level limits) in which we
explore di�erent decomposition types. Furthermore, we can set the recursion depth of the
look-ahead. E.g., a depth of d will consider the decomposition types of any combination of
d nodes (within the scope) simultaneously. The method is greedy in that once a reduction
is obtained we apply the corresponding decomposition. We repeat the procedure until no
further improvements are obtained. In order to reduce the complexity our method considers
only the decomposition types for currently active nodes in the scope.

Figure 2.13 (a) shows an initial solution (encoding a BDD), having 7 active nodes (i.e.,
nodes having, non-0 reference counters). After applying the minimization we obtain a
PKDD having only 5 nodes. Note, by a simple approach without look-ahead, the reduction
obtained by assigning a pD decomposition to the top node could not be foreseen. Our
method is somewhat similar to the one presented in [45] , but to the best of our knowledge,
both the the scoping and look-ahead technique is novel. However, the method in [45] uses
some sort of simulated-annealing method to derive a suitable variable order under which the
PKDD is minimized.

As a starting point we can choose any initial DD representation, e.g., BDD, OKFDD or
PKDD. In Section 2.9, experimental results starting from minimized BDDs and OKFDDs
con�rm our expectations. Furthermore, we give a comparison of the proposed algorithms
to other state of the art DD minimization methods.

24



2.8 Applications of PKDDs

In the previous sections we have shown methods to manage and minimize both PKDDs and
TPKDDs but we have mentioned little or nothing why we have an interest in doing so. From Sec-
tion 2.7 we conclude that PKDDs may o�er more compact representation of switching functions
than any other ordered bit-level decision diagram. This, at the expense of sacri�cing diagram
canonicity. On the other hand, TPKDDs have been shown to o�er a redundant, canonical rep-
resentation. Their ability to implicitly hold all possible PKDD representations can be used e.g.,
to e�ciently derive PKDDs and Pseudo Kronecker expressions. In the following we will brie
y
review a number of applications based on TPKDDs and PKDDs.
The compactness of PKDDs (compared to other DDs) has proven useful. In [45] , a method

for FPGA synthesis has been proposed. Each DD node is shown to map directly onto a Look-Up
Table (LUT) cell, and the edges in the DD maps to interconnections between cells. Another
feature of DDs, is their ability to provide two-level expressions by 
attening the diagram. This
is done by tracing all paths leading to a true evaluation of the diagram. This method has been
successfully applied e.g., in [40, 41] (using an ETDD representation) and in [8] (proposing a BDD-
based approach). Three of the included papers, are devoted to further improvements to these
approaches, [22, 23, 20]. Furthermore, from a PKDD, a factored form can be derived, as each
node actually represents a factor in the expression. In [19] , this property is used to derive so called
Maitra terms. The resulting expressions are shown to e�ciently map onto �ne-grain FPGAs. We
generalize this approach and apply multi-valued PSDKRO minimization to derive the factored
expression. In that our method applies to LUT FPGAs. In Chapter 3, we will further elaborate
on applications of PKDD-based minimization methods in layout driven synthesis.

2.9 Experimental results

Our algorithms are programmed in a prototype package, utilizing the CUDD 2.3.0 [48] package
for BDD operations. Custom data types are used to represent TPKDD and PKDD nodes. Com-
plemented edges are used for both BDDs and TPKDDs. The max number of nodes at one level
is set to 1000. The size of DDs is measured by the number of non-terminal nodes.
The �rst experiment, Table 2.1, shows the e�ect of dynamic reordering on TPKDDs. Left

columns show number of nodes starting from a naive variable ordering (as given by the initial PLA
benchmarks), while right columns show the number of nodes starting out from a minimized BDD.
For the BDD minimization we have applied the \group sifting with convergence", as implemented
in the CUDD package. Numbers in \( )", show the size of minimized PKDDs starting from the
corresponding TPKDD, as further discussed in the �nal experiment below.
Our experimental results show great improvement to the naive ordering, e.g., almost 15 times

node reduction for \add6". We observe that a minimized BDD (having a suitable BDD variable
order), often provides a plausible starting point for dynamic TPKDD reordering.
The second experiment (shown in Table 2.2), gives a comparison of the heuristic minimization

methods for PKDDs proposed in Section 2.7. Column BDD gives the number of minimized
BDD nodes using CUDD \group sifting with convergence". Columns PKDD (A), PKDD (B)
and PKDD (C) show the results from our minimization methods. Numbers shown to the left in
column PKDD (B), are derived by setting jFvjlimit to 1, i.e., the greedy approach is always applied.
Setting jFvjlimit to 12, (enabling exhaustive search if jFvj < 12), gives the results shown to the
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Naive Ordering Minimized BDD
name in/out BDD TPKDD org TPKDD dyn BDD TPKDD org TPKDD dyn

5xp1 7/10 74 146 48 (31) 42 49 48 (31)
add6 12/ 7 309 1440 103 (62) 29 28 28 (23)
exp 8/18 210 571 422 (177) 170 454 370 (134)
in2 19/10 2361 - - 235 1015 760 (176)
in7 26/10 235 701 177 (84) 80 265 144 (71)
inc 7/ 9 77 158 136 (63) 71 167 144 (62)
sao2 10/ 4 155 428 185 (69) 81 186 185 (69)

Table 2.1. TPKDD dynamic reordering.

right. In column PKDD (C), we show the results obtained by the TPKDD-based minimization
method. For the experiment, we have applied two di�erent parameter settings. To the left, both
the scope size and recursion depth are set to 1. I.e., for each iteration, nodes belonging to a
single level is considered individually. To the right, scope size and recursion depth are set to 2.
I.e., for each iteration two neighboring levels are considered, (scope set to 2). Nodes belonging
two those levels are pairwise decomposed, (recursion depth set to 2). Columns OKFDD [36] and
PKDD [45], give comparison to state of the art results. (The OKFDD results were obtained on
the PLA benchmarks suite, and di�er in cases from the results presented in [36] based on the
BLIF benchmarks; the discrepancies are under investigation.) Numbers in \( )" show the initial
BDD size. As the approach from [45] does not utilize complemented edges, the number of nodes
should be at least as large as in column BDD. This is not always the case. However, if don't care
information of the functions is utilized to minimize the initial BDDs, the numbers presented may
prove to be correct. In any case, we cannot claim to make a fair comparison to the results from
[45].
This experiment con�rms our expectations of PKDD compactness, compared to the initial

BDDs. The TPKDD-based approach PKDD (C) obtains the best results of our proposed heuris-
tics. (As mentioned, it is unclear if comparison to PKDD results from [45] is fair.) The experiment
show that the greedy approach in PKDD (B) perform (almost) as well as the exhaustive method.
The OKFDDs, [36], are derived by a genetic algorithm, simultaneously seeking suitable ordering
and decomposition types. The quality of the results are excellent, see e.g. \apex7" and \duke2",
at the expense of CPU resources. However, even though our approach PKDD (C) does not con-
sider variable reordering, the 
exibility of PKDD representation allows better solutions in some
cases, e.g., \bw", \clip" and \tial".
In the third set of experiments (shown in Table 2.3), we show the e�ect of starting point for

PKDD minimization. Once again, column BDD gives the number of minimized BDD nodes using
CUDD \group sifting with convergence". Column OKFDD [9] gives the number of nodes after
sifting-based reordering, [9]. For the PKDD minimization we have applied method C from Section
2.7 with scope and recursion depth set to 2. The derived PKDDs show signi�cant improvements
to their initial representations. In Table 2.1 we derive PKDDs starting from minimized TPKDDs.
Also in this case we can improve on the initial DD sizes. We conclude that �nding a good starting
point for PKDD minimization is crucial to the quality of the �nal result.
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Proposed Heuristics Other results
name in/out BDD PKDD (A) PKDD (B) PKDD (C) OKFDD [36] PKDD [45]

5xp1 7/10 41 34 29/28 32/28 28 33 (68)
9sym 9/1 24 25 24/24 24/24 24 26 (33)
add6 12/ 7 28 28 23/23 23/23 23 23 (47)
alu2 10/ 6 86 84 80/79 81/75 68 59 (61)
apla 10/12 105 100 97/97 96/94 105 -
apex7 48/37 289 280 268/268 271/268 186 -
bc0 26/11 522 495 469/469 474/469 424 -
bw 5/28 97 95 85/85 86/83 91 90 (108)
chkn 29/7 267 258 256/256 255/255 242 -
clip 9/5 74 71 66/66 66/64 72 69 (97)
co14 14/1 26 27 26/26 26/26 26 26 (27)
con1 7/2 17 15 14/14 14/14 13 14 (15)
dc2 8/7 61 57 56/55 56/55 61 54 (64)
dist 8/5 120 117 113/113 112/109 120 127 (152)
dk17 10/11 92 91 89/89 89/85 84 62 (63)
dk27 8/9 61 57 56/56 56/56 54 25 (22)
duke2 22/29 355 347 341/341 341/338 286 269 (373)
exp 8/18 169 154 148/148 149/144 158 -
f51m 8/8 38 31 26/26 30/26 25 28 (67)
in2 19/10 234 208 190/190 191/187 171 -
in7 26/10 79 80 77/77 77/77 67 -
inc 7/9 70 69 66/66 66/65 67 58 (70)
intb 15/7 537 424 398/398 411/386 385 -
misex1 8/7 35 35 33/33 33/32 32 31 (36)
misex3 14/14 520 501 483/483 481/467 484 -
misj 35/14 39 40 39/39 39/39 40 43 (43)
mlp4 8/8 134 108 107/107 107/103 107 99 (141)
rd53 5/3 16 16 13/13 13/13 13 13 (23)
rd73 7/3 30 28 26/26 26/25 21 21 (43)
rd84 8/4 41 37 36/36 36/46 29 29 (59)
risc 8/31 65 62 60/60 60/57 56 57 (67)
pdc 16/40 602 561 544/544 542/538 564 -
sao2 10/ 4 80 74 69/69 69/66 79 69 (85)
sex 9/14 41 40 38/38 38/38 37 38 (47)
spla 16/46 590 537 526/526 526/525 562 -
t481 16/1 20 21 18/18 18/18 16 17 (32)
tial 14/8 579 431 360/360 362/357 474 381 (690)
ts10 22/16 165 166 165/165 165/165 123 132 (142)
vg2 25/8 80 81 80/80 80/77 83 -
x6dn 39/5 240 221 214/214 215/213 210 -
xor5 7/10 5 6 5/5 5/5 5 5 (9)

Table 2.2. PKDD minimization.
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BDD Order OKFDD Order
name in/out BDD PKDD (C) OKFDD [9] PKDD (C)

5xp1 7/10 41 31 28 28
add6 12/ 7 28 23 23 23
bc0 26/11 523 469 431 412
duke2 22/29 355 338 300 274
exp 8/18 170 147 158 134
in2 19/10 234 187 164 147
in7 26/10 79 77 64 64
inc 7/ 9 70 65 66 62
intb 15/ 7 538 386 480 366
misex3 14/14 520 426 583 491
sao2 10/ 4 80 68 80 73
tial 14/ 8 580 359 550 359
vg2 25/ 8 80 80 175 164
x6dn 39/ 5 241 213 215 202

Table 2.3. PKDD minimization from different orderings.
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Chapter 3

Layout Driven Synthesis based on

PKDDs

In VLSI CAD, predictability of properties (e.g., path delays) for the �nal implementation is a key
issue. Breaking down the design process into individual steps like, logic minimization, mapping
and routing makes this a tremendously hard task. One solution is to over-estimate the cost
measure at each step, trying to keep on the \safe side". Clearly, this is sub-optimal, e.g., the tools
might mislead us to choose faster and more expensive target technologies than actually needed.
To improve on the accuracy of the cost measures, the synthesis process has to be iterated using
back annotated information from downstream tools. As an alternative, di�erent methodologies
for layout driven synthesis has been proposed in to overcome the problems stated.
The idea behind these approaches is to enforce restrictions on the synthesis tools such that some

form of regularity of the implementation is ensured. In the following we will outline a number of
layout driven synthesis methodologies where PKDDs have been successfully applied.

3.1 Two-Level Synthesis

Synthesis for AND/OR-based arrays (PLAs) [31] constitutes a classic example in the area of
layout driven synthesis. The minimization problem involved is well understood and e�cient tools
have been developed over the years [7]. However, it is well known that certain functions are bet-
ter represented as AND/EXOR Expressions (ESOPs) [44, 37]. Unfortunately the general ESOP
minimization problem has turned out to be hard [42, 13]. A sub-class of ESOPs is obtained by

attening a PKDD into a two-level Pseudo Kronecker Expression (PSDKRO) [39]. In [22, 23, 20]
we have developed state of the art PKDD-based, PSDKRO minimization algorithms. By pruning
techniques, a good estimate of the PSDKRO cost can be e�ciently derived. This allows us to
investigate di�erent variable orderings for the PSDKRO expression, [20]. After a good ordering
is obtained, we can further minimize the PSDKRO expression using an exact method similar
to the one presented in [40]. This method is exact for Single Output (SO) functions. In the
case of Multiple-Output (MO) functions the method derives the exact minimalMulti-Valued PSD-
KRO (MV-PSDKRO). However, if we are interested in implementing the function at the bit-level,
product sharing allows further reduction of the number of required products. In [20], we devise
a BDD-based representation of AND/EXOR cube covers. (The representation is similar to the
AND/OR cube cover from [26], but the manipulation is di�erent.) The representation allows us
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to correctly account for product sharing. Utilizing the AND/EXOR cover representation, greedy
algorithm for the grouping of output functions is developed. Starting from a MV-PSDKRO inter-
pretation, we can in many cases obtain signi�cant improvements. Furthermore, if the optimization
goal is to reduce the number of products in a general AND/EXOR expression, we can relax the
strict ordering criteria of PSDKROs. In [20] a minimization method based on Free-BDDs is de-
veloped. The experimental results obtained, can in cases challenge those of best known ESOPs,
while the minimization is magnitudes faster.
Our results show that PKDD-based minimization o�er an interesting alternative to general

ESOP methods, as high quality results can be obtained within reasonable time bounds. The
number of products in the two-level expression can be used directly as a cost measure for the �nal
two-level implementation.
To emphasize the applicability, we have shown how the resulting AND/EXOR expressions can

be e�ciently mapped to both AND/EXOR PLAs and to �ne grain FPGAs or ASICs [23].

3.2 Lattice Diagrams

Although an optimal or near optimal solution for the minimization problem can be obtained,
not all functions have a compact two-level representation (and therefore not suitable for PLA
implementation). The general solution is to seek a multi-level (decomposed) representation for
the function at hand. Even though a compact multi-level representation can be obtained, it is
di�cult (during minimization) to foresee the quality of the �nal implementation. This leads to
quality loss for example in cases where highly optimized netlists �t badly onto target architectures
and/or cases where interconnecting delay violates the given timing constraints.
The introduction of BDDs has brought new means to multi-level synthesis. In its simplest form

a BDD maps to a MUX based multilevel circuit. Also, more general DDs such as Functional
DDs (FDDs) [18] and PKDDs can be mapped accordingly. The size of the circuit is related to
the number of diagram nodes, thus heuristic methods for diagram minimization can be applied
(as discussed earlier in this thesis). However, the number of nodes at one level is worst case
exponential (to the number of levels). This makes the routing of such circuits often cumbersome,
resulting in large area and delay overhead.
As one alternative Lattice Diagrams have been proposed, utilizing the inherent multi-level rep-

resentation of DDs. In a lattice diagram the number of nodes at each level is worst case linear
(to the level) which makes the diagram �t onto a two dimensional structure, such overcoming
the routing di�culties. In the case of totally symmetric functions it is known that e.g., BDDs
form lattice structures [4, 51]. Unfortunately, totally symmetric functions are rare, and we need
a way to make functions \pseudo-symmetric" in order to derive lattice structures. This can be
done by re-introducing support variables in similar fashion to the variable repetition of Universal
Akers Arrays [1]. Akers' method, always considering worst case functions, was shown to render
exponential lattice depth and was therefore considered infeasible.
Nevertheless, lattice structures have gained renewed interest as they o�er properties (e.g., easily

routable layout and predictable path length) sought for a number of current technologies, e.g.,
[30]. Synthesis methods have been revisited and a number of improvements presented. In [6],
Pseudo-Symmetric DDs (PSDDs) were �rst introduced. The use of multiple-symmetries for PS-
BDD synthesis was exploited in [50]. By the use of external encoders diagram depth could be
reduced. However, the strict lattice structure was lost by their approach. The concept of lat-
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tice diagrams was generalized in [35] to Pseudo-Symmetric Pseudo Kronecker DDs (PSPKDDs)
and basic mechanisms for their minimization was outlined. In [50] the special case of Pseudo-
Symmetric FDDs (PSFDDs) was further studied. However, the approaches from [35, 6, 50, 5],
sport no facility to �nd suitable orderings for the lattice diagram. Therefore, practical results
could only be obtained for relatively small benchmark circuits.
Our approach based on PSPKDDs, features not only dynamic reordering methods (to �nd

suitable orderings), but also powerful synthesis heuristics for the choice of decomposition types.
The lattice diagram maps e.g., directly onto ASICs or �ne grain FPGAs having 3 inputs per cell
as shown in [24, 25]. All interconnections are local except for input variables which are routed to
all cells in a level as folding is not considered by our synthesis method. The optimization goal
is to minimize the number of levels in the lattice representation of the function. In general this
is a complex task only manageable to tackle using heuristic methods as e.g., in [35] considering
only certain combination of decomposition types. Our method is di�erent in that we consider all
types of decompositions but only in such a way that the choice of decomposition type has only a
local e�ect on the lattice. For each node we consider choice of decomposition type, input variable
polarity and negation of the interconnections. For the selection of decomposition variables we use
two strategies: pre-processed and dynamic orderings. The latter often is able to produce better
results at the cost of run time, while the pre-processing (although very fast) often leads to better
results than a naive ordering. In many cases, our synthesis method is able to obtain optimal (or
near optimal) depth implementations [24, 25] for single output functions.
Our latest contribution is a generalization of lattice diagrams into Lattice Circuits by relaxing

the strict neighboring criterion [21]. The additional (but still limited) routing allows sharing
of sub-functions between non neighboring nodes. This is done level by level in the synthesis
procedure reducing the number of sub-functions to be synthesized and therefore the circuit size.
The routing is performed such to ensure design criteria (e.g., path delay and limitation of routing
resources) to be met. The power of sharing is best observed when synthesizing multiple-output
functions, as optimal or near optimal (w.r.t., depth) results have already been reported for single
output functions in [24, 25]. Results on multiple-output functions from [24, 25] show that lattice
depth is strongly dependent on the initial layout of the output function nodes. By introducing
lattice circuits the sensitivity to initial layout tends to be reduced. The advantages are manifested
by experiments on a set of MCNC benchmarks, showing up to 50% win in lattice depth while the
number of required complex gates is reduced by nearly 80%, [21].
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Chapter 4

Introduction to the Included

Publications

In this section we give a brief resume on each paper, highlighting signi�cant research contributions.
A major part of the underlying work on papers [22, 23, 20, 24, 25] was conducted at Albert Ludwigs
University, Freiburg Germany, under the supervision of Prof. Dr. Bernd Becker and Dr. Rolf
Drechsler.

4.1 Paper 1: Improved Minimization Methods of Pseudo Kronecker

Expressions for Multiple Output Functions

Published in IEEE International Symposium on Circuits and Systems 1998, (ISCAS'98), [22].
Reprinted in Section 6.

This paper is focused on the minimization of two-valued PSDKRO expressions using pruning
techniques, allowing to trade-o� quality for CPU resources. For the �rst time a method to �nd
good orderings for PSDKRO expressions is presented. Furthermore, we observe and thoroughly
analyze the e�ect of sharing of products between output functions.

4.2 Paper 2: Look-up Table FPGA Synthesis from Minimized Multi-

Valued Pseudo Kronecker Expressions

Published in IEEE International Symposium on Multiple-Valued Logic 1998, (ISMVL'98), [23].
Reprinted in Section 6.

We generalize the minimization method for 4-valued PSDKRO expressions presented in [40] to
m-valued logic. Furthermore, our proposed minimization method considers both variable ordering
and the sharing of products between output functions. By this, we obtain signi�cant quality
improvements on the number of required products. We also show that further improvements on
the number of products can be obtained if we relax the ordering restriction. A minimization
method based on Free-PKDDs is devised. In order to show its applicability, we generalize the
method for FPGA synthesis [19] (based on two-valued PSDKRO expressions) to multiple-valued
logic.
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4.3 Paper 3: Decision Diagram Based Minimization of Pseudo Kro-

necker Expressions

A journal version of 4.1, submitted to IEEE Transactions on Computer Aided Design of Inte-
grated Circuits and Systems, [20]. Reprinted in Section 6.
We elaborate on the minimization methods from 4.1, and give in depth descriptions on the

proposed heuristics. A new representation for AND/EXOR cube covers is devised, allowing the
sharing of products between output functions to be correctly accounted. Based on the cube cover
representation a grouping algorithm is proposed. Our experiments show signi�cant improvements
to previously presented results.

4.4 Paper 4: Synthesis of Pseudo Kronecker Lattice Diagrams

Published at the International Workshop on Reed-Muller Applications of the Reed-Muller Ex-
pansion in Circuit Design 1999, (Reed-Muller'99), [25]. Reprinted in Section 6.
Layout driven synthesis based on lattice diagrams has shown to be an interesting alternative to

commonly used methods. They o�er not only predictable delay of the �nal implementation, but
also to be easily mapped onto two dimensional structures, such as FPGAs or ASICs. However,
previous approaches have shown to produce practical results only for small functions. In this
paper we develop a heuristic method for Pseudo Symmetric PKDD minimization, taking both
variable ordering and decomposition types in consideration. Furthermore, our method elegantly
handles incompletely speci�ed multiple-output functions. Experimental results show our method
to outperform previous approaches.

4.5 Paper 5: Synthesis of Pseudo Kronecker Lattice Diagrams

Published in IEEE International Conference on Computer Design 1999, (ICCD'99), [24]. Reprinted
in Section 6.
Essentially a short version of the paper published at the Reed-Muller workshop. (Included for

completeness of the author's publications.)

4.6 Paper 6: Layout Driven Synthesis of Lattice Circuits

Sent for review to the ACM Design Automation Conference, fall 1999, [21]. Reprinted in Section
6.
We generalize lattice diagrams into Lattice Circuits. The strict neighboring criterion for node

sharing in lattice diagrams is relaxed. By this, additional routing resources of the target archi-
tecture can be utilized in order to minimize the circuit complexity. The additional delay caused
by the routing can be easily predicted, thus violation of design criteria can be avoided already
during diagram minimization. Experimental results show substantial reduction in circuit depth
(by up to 50 %) and the number of complex gates (by up to 80 %) compared to previously best
known results.
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Chapter 5

Conclusions

In this thesis we have investigated a number of important properties of Ternary-PKDDs and
PKDDs. The conditions under which TPKDDs having complemented edges o�er a canonical
representation are given. Furthermore, we have shown that sifting operations on TPKDDs (with
or without complemented edges) are truly local and can be pursued solely by the redirection of
edges. These properties are utilized into a number of new heuristic minimization methods, both
for TPKDD and PKDDs. Applied to the problem of two-level AND/EXOR minimization, PKDD
methods have been shown to o�er an interesting alternative to general ESOP methods. Our
methods are particularly plausible when the initial problem holds an extensive number of prod-
ucts, making cube-based representation intractable. Furthermore, (for the �rst time) a heuristic
minimization method for general m-valued PSDKRO expressions is presented. By developing a
method for FPGA mapping, their applicability to layout driven synthesis have been manifested.
Moreover, we have presented superior minimization methods for PKDD-based lattice diagrams,
showing optimal or near optimal solutions for a number of practical problems. Finally, we have
proposed a synthesis method for lattice circuits, allowing additional routing resources to be uti-
lized, while meeting sought after design criteria.

5.1 Hot Topics

Based on our experiences gained, we outline a number of promising research topics and open
problems in the following:

� In this thesis we have given the basic mechanisms allowing e�cient minimization for TP-
KDDs. The optimization goal is to minimize the number of nodes in the diagram. Fur-
thermore, we have shown how a minimized PKDD can be derived from a TPKDD. For the
problem of PKDD minimization, we expect combining TPKDD sifting together with PKDD
cost measures to further reduce diagram size. Note that sifting on the TPKDD is still a local
operation, but the decomposition types of the nodes belonging to the interchanged levels
needs to be re-optimized during each sifting operation. This is exempli�ed in Figure 2.10,
showing that sifting of a PKDD might cause illegal decomposition types. Furthermore, to
keep reference counters consistent, we must �rst de-reference the nodes of the sifted levels,
(before sifting is applied), and then (after sifting) re-reference them again according to the
decomposition types selected.
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� The ability to implicitly represent and manipulate large cube-sets o�ers new means towards
developing e�cient minimization methods, [20]. E.g., applied to the problem of general
ESOP minimization, if allows sets of cubes to be manipulated simultaneously using DD
techniques (as opposed to cube-based methods considering single cubes only). One inter-
esting approach in this direction was presented in [52]. Starting from an OBDD, OFDD
or OKFDD, transformations were applied such to reduce the number of 1-paths in a XOR-
based DD. As PKDDs may o�er a more compact representation (i.e., having fewer 1-paths),
the starting point can be improved.

� We expect the potential compactness of PKDDs to be applicable to many minimization
problems emerging in VLSI CAD. The implicit multi-level representation of the DD may
be utilized directly [45], or as a starting point for �nding decomposition trees. In [49] a
novel method to derive a multi-level network is devised. From an initial minimized FDD
representation decompositions and transformations are iteratively applied. As PKDDs may
o�er a more compact representation we expect them to be a better starting point for such
operations (if the method proves to be applicable). Furthermore, other classical decompo-
sition methods applicable to DDs can be investigated. In particular, one promising method
based on (k-feasible) bi-decomposition can be directly applied. A cut between two diagram
levels, divides the diagram into functions having disjoint support. By �nding the cut-level
minimizing the number of edges crossing the cut-line, the complexity of the multi-level rep-
resentation is reduced. This is recursively applied until the each network node depends on
at most k variables. As the number of nodes (and edges) in a PKDD is potentially less than
any other ordered bit-level DD, a PKDD-based approach might prove to be prosperous.
Therefore, a future research direction is to study the role of DDs based on EXOR decom-
positions. It has to be investigated whether the size reduction also corresponds to an area
reduction in multi-level synthesis.

� Our method synthesizing lattice diagrams from PKDDs has been shown superior to other
methods, [24, 25]. The latest extension into lattice circuits [21] can be taken another step
further, combining general decompositions fAND, OR, EXORg with the strict DD decom-
positions fSh; pD; nDg currently applied. I.e., under the condition that the lattice structure
is preserved any bit-level decomposition can be applied. In this, we expect to combine the
bene�ts known from multi-level synthesis (i.e., circuit compactness) with the sought after
properties of lattice structures.

5.2 Bottom Line

This thesis spans from validation and veri�cation of high-level speci�cations, as discussed in
Chapter 7, all the way down to layout driven synthesis, combining logic minimization, mapping
and routing to the target architecture at hand. We conclude our work to o�er new means towards
solving many of the crucial problems occurring along the design process of modern digital circuits.
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pressions for Multiple Output Functions

Published in IEEE International Symposium on Circuits and Systems 1998, (ISCAS'98), [22].



Paper 2: Look-up Table FPGA Synthesis fromMinimized Multi-Valued

Pseudo Kronecker Expressions

Published in IEEE International Symposium on Multiple-Valued Logic 1998, (ISMVL'98), [23].



Paper 3: Decision Diagram Based Minimization of Pseudo Kronecker

Expressions

A journal version of 4.1, submitted to IEEE Transactions on Computer Aided Design of Inte-
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Paper 4: Synthesis of Pseudo Kronecker Lattice Diagrams

Published at the International Workshop on Reed-Muller Applications of the Reed-Muller Ex-
pansion in Circuit Design 1999, (Reed-Muller'99), [25].



Paper 5: Synthesis of Pseudo Kronecker Lattice Diagrams

Published in IEEE International Conference on Computer Design 1999, (ICCD'99), [24].



Paper 6: Layout Driven Synthesis of Lattice Circuits

Sent for review to the ACM Design Automation Conference, fall 1999, [21].
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with Incompleteness in Circuit Design

under Kleenean Strong Ternary Logic
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Errata

� Page 5, row 4 from bottom; for a 6= 1, should read, for a = 1.

� Page 7, Figure 1.2, Table N3, column d, row 1; 0 should read 1. Row 2; 1 should read 0.

� Page 19, Figure 2.3, Table NOT , row 1; 0 should read 1. Row 2; 1 should read 0.
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