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Abstract

A novel appmoadh for timing-drivenlogic decomposition
is presented.lt is basedon the combinationof two strate-
gies: logic bi-decompositiof Booleanfunctionsandtree-
heightreductionof Booleanexpressions.This technology-
independenappmoad allows to find tree-like expressions
with smallerdepthsthanthe onesobtainedby state-of-the-
art tedhniques Experimentatesultsshowan average delay
reductionof more than 20% with regard to speed_up in
SIS.

1 Intr oduction

Delay optimizationhasusually beenconsideredas the
stepprecedingtechnologymapping[13, 15]. Beforethat,
Booleametworksaremanipulatedy multi-level logic syn-
thesistechniqueshataimatreducingtheareaof thecircuit.
Typically, the extractionof commonsub-epressionss the
basicstepto reducethe complexity of a Booleannetwork.

Whendelayis the parameteunderoptimization,sharing
logic is not always a good approachfor logic decomposi-
tion. Thedegreeof sharingmaypreventa Booleannetwork
from reducingthe numberof levels. To illustratethis fact
let usanalyzethe DAGsG1landG2in Figurel. Let usas-
sumethatthe nodesrepresenarbitraryoperationsandthat
the expressiongannotbe simplified. T1 and T2 represent
thetreeversionsof G1 and G2, respectiely. The number
of pathsof a DAG G, II(G), correspondso the numberof
leavesof its treeversion. The DAG nodesdn thefigurehave
beenannotatedvith thenumberof pathsthatcanbesimply
calculatedby addingthe numberof pathsof the children.
A lower boundon the depthof a DAG G is [log, II(G)],
assuminghatit canbetransformedy rulesthatcannotre-
ducethe numberof noded5].

EventhoughG1andG2 have thesamenumberof nodes,
thelower boundontheir depthis differentdueto their shar
ing degree. Thetree T2’ shaws a possiblerestructuringof
T2 thatreduceghedepthto threelevels.
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Figure 1. DAGs and tree versions of the DAGs.

This paper proposesa novel technology-independent
methodfor timing-drivenlogic decompositionThemethod
combinegwo stratejies:

¢ Tree-basethi-decompositiornf Booleanfunctions

e Tree-heighteductionof Booleanexpressions

The approachaims at finding the minimum-depthtree
for a Booleanfunction. It builds the tree from root to
leaves by using bi-decompositiortechniquesand reduces
the depthby meansof rewriting rulesthat apply the asso-
ciative, commutatve and distributive laws of the Boolean
algebra. Unlike the existing approachedor timing opti-
mization,areareductionis performedasafinal stepwithout
sacrificingdelay

Section? illustratesthe impactof tree-heightreduction
with anexample. Section3 proposeslgorithmsfor an ef-
ficientexplorationof thetransformationgor tree-heighte-
duction. Section4 presentghe main algorithmfor logic
decompositionFinally, experimentalesultsarereportedn
Section5.



Figure 2. Equiv alent factored forms.

2 Tree-heightreduction: an example

Tree-heighteduction[7] wasoriginally proposedn the
scopeof optimizingcompilersfor thegeneratiorof codein
multiprocessosystems.The sametechniquesareapplica-
ble to the optimizationof combinationatircuits.

Figure?2 illustratesan example. Thetreein Figure2(a)
represents factoredform obtainedfrom the Booleanex-
pressiorub + acd + acef + acegh. If we assumezeroar
rival time for all inputsandunit area(a = 1) andunit delay
(d = 1) for eachnode,thetreeis characterizedby the pair
(@a=7,d=7).

The treein Figure 2(b) is the one obtainedby SIS af-
ter executingthe speed_up command[13]. This treeis
characterizedby thepair (a = 9,d = 5). A moreefficient
implementatiorcanbe found by applying simpletransfor
mations(associatie and distributive laws) to the original
tree.It is shovnin Figure2(c) with (a = 8,d = 5). Finally,
by furtherapplyingtransformationsthetreein Figure2(d)
can be obtained,with (e = 9,d = 4). It would not be
difficult to prove that the solutionsshavn in Figures2(a)
and 2(d) are optimal in areaand delay respectiely. The
treeobtainedby speed_up is sub-optimal sincethereare
otherequivalenttreeswith the sameareaandshorterdelay
(Fig. 2(d)) or the samedelayandsmallerarea(Fig. 2(c)).

3 ACD tree-rewrite system

Boolearnexpressionsvill berepresenteldy complement-
freefactoredforms. Eachfactoredform is representetly a
binarytreein which the leavesareliterals andthe internal
nodesaredisjunctiong(+) or conjunctiongx).

GivenabinarytreeT', we will refertoT" astherootnode
or thetreeitself. Thefollowing nomenclaturavill be used
for binarytrees:

CLUSTER(T)
{ Pre-condT.op # L. Returnsasetof subtreeg
I f T.op=T.left.opt hen Cr := CLUSTER(Tleft);
el se Cr :=T.left;
I f T.op=T.rightopt hen Cg := CLUSTER(Tright);
el se Cr :=T.right;
returnCr U Cg;

MIN_DELAY_CLUSTERS(T)
{ Returnsatreewith min-delayclusters}
{ @ is alist orderedby treeheight}
if Top=_LlthenreturnT;
C := CLUSTER(T); Q :=0;
for eachce Cdo
INSERT (Q, MIN_DELAY_CLUSTERS(c));
endf or;
whi | e |Q| > 1do
X := EXTRACT_MIN_HEIGHT(Q);
Y := EXTRACT_-MIN_HEIGHT(Q);
INSERT(Q, (T.0op X Y));
endwhi | e;
return EXTRACT(Q);

Figure 3. Algorithm for minim um-delay clus-
ters.

T.left, T.right: Left andright children
CHILDREN(T) = {T.left, T.right}

T.op:. Typeof node:+, = or L (literal)
|T|: Numberof nodesof thetree
HEIGHT(T): Heightof thetree

We canalsorepresentreesastriples:
T = (T.op T.left T.right)

Treeswill betransformedy usingtheassociatie,com-
mutative and distributive laws (ACD rules)of Booleanal-
gebra.

3.1 Minimal-delay clusters(AC-rules)

This sectionpresentsalgorithmsfor optimal tree-height
reductionby applyingonly theassociatieandcommutatve
laws (AC-rules).

GivenatreeT', thetopmostclusteris the setof sub-trees
closerto the root that have an operationdifferentfrom T'.
Formally, the topmostclusterof a treeis obtainedby the
algorithmCLUSTER in Figure3.

Given a cluster a minimum-delaytree can be built by
combiningtheelement®f theclusterin anappropriatevay,
trying the tallest sub-treego be closerto the root. Baer
andBoven[1] proposedan algorithmto build suchatree.
It is an iterative algorithm that maintainsall elementsof
the clusterin a priority queueorderedby the heightof the
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Figure 5. Distrib utive law.

elements.At eachiteration, the two shortestelementsare
extractedanda new treeis built andinsertedin the queue.
The algorithmterminatesvhenonly oneelementis left in

thequeuewhichis thereturnedree. Thissimplealgorithm
wasprovedto beoptimalin [2]. It is alsothealgorithmused
in SISfor minimum-delaydecompositiorof AND andOR

gateq13], althoughno proof of optimality wasgiven.

The algorithm MIN_DELAY_CLUSTERS to obtain a
minimum-delaytreeby only usingtheassociatie andcom-
mutative laws is shawvn in Figure 3. The algorithm was
proposedn [2] andwas proved to minimize delay It is
a recursve algorithm that invokes the algorithm by Baer
andBovento build minimumdelayclusters(the “whi | e”
loop).

Figure4 depictsan exampleon the solutionderived by
thealgorithm. The shadoved areascorrespondo the clus-
tersvisitedwhentraversingthetree.Notethatthealgorithm
produceanothettreewith the samesize,sincetheassocia-
tive and commutatve laws do not changethe size of the
tree.

3.2 Distributive law (D-rule)

Thedistributive law canonly be appliedto two nodesof
thetree,n, andn., for whichthefollowing conditionholds:

Ny € CHILDREN(n1) A n1.0p# n2.0p A n2.0p# L.

The transformatioris shovn in Figure5. By itself, the
distributive law cannotprovide ary performancemprove-
ment, sincethe height of the resultingtree is not shorter
than the height of the original tree. It caneven produce

Figure 6. Application of ACD rules to optimiz e
performance .

someperformancealegradationif
HEIGHT(T}) > max(HEIGHT(T?), HEIGHT(T3))

However, the distributive law changeghe structureof the
clustersand enablesthe applicationof AC-rulesthat can
potentiallyresultin shortereights.The combinationof D-
andAC-rulesisillustratedin theexampleof Figure6. After
the applicationof a D-rule, a minimum-delaytree is ob-
tainedby runningthe MIN_DELAY_CLUSTERS algorithm
(AC-rules).

3.3 ACD_Speed

The solutionin Figure6(e) canonly be obtainedby ap-
plying the D-rule to certainnodesof thetree. Onecanim-
mediatelyseethat this solution cannotbe obtainedif the
D-ruleis appliedto therootnodeof Figure6(a). Therefore,
theorderin whichrulesareappliedis relevantfor searching
optimalsolutions.

Figure7 present@nalgorithmfor speeding-u@treeby
using ACD-rules. It assumeshat F' is aninitial treewith
minimumnumbetrof nodesg.g.obtainedby areaminimiza-
tion transformation®n a Booleannetwork. The required
time, in termsof numberof logic levels,is alsoanotherpa-
rameter The algorithm implementsa dynamic program-
ming approachwith memoizatiorthatalternatvely applies
theD-ruleto oneof thenodesandM IN_DELAY _CLUSTERS
to the tree. The setexpl or ed collectsall the solutions
generatedh thealgorithm.

In orderto control the explosionof solutions,a frontier
with limited width is selectedat eachlayer of the search.
The width of the frontier, &, is a factorthat canbe tuned
accordingo theexhaustivenes®f thesearch.Theselection
of “best” solutionsis doneby giving priority first to delay
(heightof thetree)andsecondo area(sizeof thetree).



ACD_SPEED (F, ReqTime)
{ F isatree.Returnsatree}
{ ReqTimeis therequiredtime (in logic levels) }
Best:= MIN_DELAY_CLUSTERS (F);
frontier := {Best; explored:= {Bes#;
whi | e depth(Best)> ReqTime A “improving” do
new :={;
for each F, e frontierdo
f or each noden € F,
suchthatD-ruleis applicabledo
F' := APPLY_DISTRIBUTIVE (F}, n);
F" := MIN_DELAY_CLUSTERS (F");
i f F” ¢ exploredt hen
explored:= exploredU {F"'};
new :=nev U {F"};
Best:= BestDelay Area(Best,F");
frontier:= SelectBestk_Circuits (new, k);
ret ur n Best;

Figure 7. Algorithm for speed-up with ACD
rules.

The algorithm stopswhen a solution with the required
time is found or whenno improvementhasbeenobtained
during few iterations. The “improvement”criterion is an-
othertunningparameteof the algorithm.

3.4 DAG representationand arri val times

Eventhoughthetheorypresentedh this paperusedrees
asthebasicobjectfor Booleanmanipulationjt canbeeas-
ily extendedto DAGs. By having a commonmanagerto
representll trees,a singleinstanceof eachsubtreein the
managercanbe guaranteed The way to do thatis similar
to theapproachusedin BDD managersin which a unique
tablestoresall nodesn themanager

By using this approach, the memoization of the
ACD_SPEeD algorithm can be simply implementedby
comparingpointersin the table of exploredsolutions. For
the sale of brevity, the detailsof the implementationwill
not be describedn this paper giventhatthey do not differ
significantlyfrom theimplementatiorof aBDD manager

Additionally, the algorithmsfor speeding-uppAGs can
be easily extendedto inputs with differentarrival times.
Eacharrival time can be consideredas an attacheddepth
to the input that cannotbe modified by the transformation
rules.

4 Logic decomposition

The decompositionof a Booleanfunction F' is per
formedrecursvely from rootto leavesby finding anopera-
tionop andtwo functions,A andB, suchthatF" = A op B.

ACD_DEecompPosE (ON, DC, ReqTime)
{ ON andDC arecovers.Returnsatree}
T1 :=Bi1-DeEcomMpP (ON, DC, ReqTime, method);

T, := BI-DEcomMP (ON, DC, ReqTime, method,);

T := ChooseBestTree(T1, ..., Tn);

F; := collapse(T.left); {cover of theleft subtred

F, := collapsg(T.right); {cover of theright subtreé

i f depth(Tright) > depth(Tleft) t hen swap(#;, F;);

{Decompos¢hefastesthild of thetree(left)}
D, := ACD_DECOMPOSE (F;, DC, ReqTime -1);

{UpdateDC for the slowestchild of thetree}
F; := collapse(D;); {cover of theleft subtreé
i f Top=AND t hen
F,:=F,-F; DC=DC + F};
el se {T.op=0OR}
F,:=F,-F;;DC=DC + Fj;

{Decompos¢heslowestchild of thetree}
D, := ACD_DECOMPOSE (F,, DC, ReqTime-1);
return (T.op,D;, D,);

Bi-Decomp (ON, DC, ReqTime, method)
{ ONandDC arecovers.Returnsatree}
{ “method” determineshedecompositiorstrateyy }
Fy := Decompos&inputgateg ON, DC, method);
F, := ACD_Speed F;, ReqTime);
return Fg;

Figure 8. Algorithm for logic decomposition.

This type of decompositions called bi-decompositiori3,
16, 10].

The main algorithmis shavn in Figure 8. Sincethe
approachattemptsto explore different solutions, differ-
ent bi-decompositiormethodsmay fit in the sameframe-
work. Theactualimplementatiorusestwo methoddgor bi-
decomposition(function Deconpose_2i nput _gat es)
thatwill beexplainedbelow.

The recursve paradigmbehindthe ACD_DeCoMPOSE
algorithm is as follows: (1) find bi-decompositionsof
an incompletelyspecifiedfunction, (2) optimize eachbi-
decompositiotior delay(ACD _SPEED), (3) chooseahebest
bi-decompositiorandcollapsethe children,(4) recursvely
decompos¢hechildren.Notethattherecursve call is done
in sucha way that the simplestchild is decomposedirst,
whereaghe secondchild is decomposetby enhancingts
DC-setaccordingto the functionimplementedy the other
child.



remapping

(b’ +d +ac”

(ac + bc")

abc’ + ab’c + acd’ + bc'd’

Figure 9. Bi-decomposition by approximation.

4.1 Bi-decompositionmethods

Two bi-decompositiomethodsareusedn theactualim-
plementatiorof thedecompositioralgorithm.

The first oneis a factorizationbasedon the searchof
kernelsandalgebraiddivision [4]. Thisfactorizationis im-
plementedy thefunctionf act or _good in SIS[12].

Thesecondpproachs computationallynoreexpensve
and basedon BDD decompositions. Several approaches
have beenproposedn thisdirection. Theonewe have cho-
senhasbeeninspiredon the calculationof functionapprox-
imations[11]. Fig. 9 illustratesa simpleexampleonhow a
conjunctive decompositiorior a functioncanbe calculated
by approximationsGiventhe BDD F', we wantto find F
and F»> suchthat F' = Fy * F5. For that,we needF; and
F, be overapproximationof F. The approachconsists
of remappingsomenodesof F' in suchaway thattheBDD
sizeis reducedut thenumberof mintermsof thenew BDD
is notincreasedoo much(a denseover-approximation)in
the figure, the approximationis calculatedby remapping
thenoded into the constantl. F' is reducedoy two nodes
(F1) andthenumberof mintermsis increasedy two. Once
F; is known, F; canbe calculatedoy BDD minimization:
F C F, C F + F,. The approximationdor disjunctive
decompositiorare similar (underapproximationsnustbe
usedinstead).

The actual BDD-basedapproachusedin this paperis
similarto theonein [11], but consideringnary morenodes
as candidatedor replacemenisamelevel, children and
grand-children).

It is important to notice that the approximationap-
proach subsumesthe conjunctve and disjunctive bi-
decompositionproposedy otherauthorg9, 16], in which
the BDD transformationscan be reducedto re-mapping
somenodesdnto constant®r othernodesof thesameBDD.
Only the particularheuristicsusedin eachapproachmay
leadto differentdecompositiomesultsin practice.

| bided10] | acd |
collapse
algebraic*4| rugged*4| bidecomp| acddecompose
speedup-d3 - | resub
map-n1-AFG  (library mcnc.genlib)

| alg | rug acdr |

Table 1. Scripts used for the experimental re-
sults.

alg acd
circuit | delay area levels | delay area levels
9sym 18.3 378 12| 11.8 178 9
ape6 | 23.7 1289 11| 125 1960 8
count 16.7 403 7 111 537 7
frgl 16.7 213 11| 100 101 7
lal 13.6 202 6 88 273 5
sct 13.1 140 6 85 195 5
vda 21.8 1456 9 159 2102 8

Table 2. Some salient examples.

5 Experimental results

The stratgy presentedn this paperhas beenimple-
mentedin SIS using DAG representationby meansof
a circuit manager as explainedin Section3.4. The re-
sultshave beencomparedwith SIS andthe methodfor bi-
decompositionpresentedn [10]. The experimentshave
beenrun on 57 combinationalkircuits from the IWLS’93
benchmarlset[6] usingthescriptssketchedn Tablel. The
suffix *4 indicatesthat the script hasbeenrun four times
(experimentallywe foundthis numberto beadequatéo ob-
tain good-qualityresults).

All the benchmarksvere multi-level netlists. Initially,
thecircuitswerecollapsedndconvertedinto 2-level forms.
After that,thealgebraicscriptal g wastheonederiving the
bestresultsfor SIS.Thescriptsacd andacdr aretheones
implementingthe stratgy of this paper The scriptacd
derivesa tree decomposition(no sharing),whereasacdr
attemptdo shareasmuchlogic aspossibleafterdecompo-
sition, by meansof algebraice-substitution.

Table2 reportsthemostremarkableesultsof the exper
iments. For somecaseq9symandfrgl) areais drastically
reducediueto thepowerof Boolearbi-decompositionThe
column “levels” reportsthe numberof levels of the cir-
cuit beforetechnologymapping. The numberof levelsis
countedasthe depthof the circuit representedvith 2-input
gates(invertersareignored). A summaryof the resultsfor
the57 benchmarkss presentedh Table3. Theresultshave
beenobtainedby addingall the individual resultsof each
benchmark.

Acd obtainsa 23% delay reductionat the expenseof
49% areaincrease If sharingis allowed (acdr ) thedelay
reductionis 15%, but the areaincreaseds only 18%. The



normalizedresultswrt alg
script alg| alg rug bidec acd acdr
delay 688 | 1.00 1.23 1.03 0.77 0.85
area 12676| 1.00 105 151 149 1.8
levels 363 | 1.00 1.22 1.07 0.88 0.88
cpu(sec) 305|1.00 193 033 210 212

Table 3. Summary of results for 57 bench-
marks.

delayincreaseof acdr with regardto acd reductionis due
to two factors: (1) the capacitve load of the sharednodes
and,(2) sub-optimalityof thetree-mappin@lgorithmwhen
working on DAGs. We believe thatresultswith delaysim-
ilar to acd andareasimilarto acdr couldbe obtainedby
usingDAG covering[8] or gateduplication[14] techniques.

The experimentalresultsalso manifestthe problemsof
speeding-umetworks that have beenhighly optimizedfor
area. Theresultsobtainedby ther ugged scriptareinfe-
rior, on average,thanthoseobtainedby the al gebr ai c
script. As an example,we took apex6 from the bench-
marksuiteandcomparedhenetworksbeforeexecutingthe
speed_up commandHerearetheresults:

algebraic rugged
nodes levels | nodes levels
beforespeedup | 721 14 713 22
afterspeedup 738 11 770 13

The algebraicscript initially derives a slightly larger
netlist(721nodeseachnodeis a 2-inputgate)with regard
to the ruggedscript (713 nodes). However, the numberof
logic levelsis muchhigherfor the ruggedscript,dueto the
more aggressie sharing. This fact hasa tangibleimpact
whentrying to speed-uphe netlist. The result obtained
by the ruggedscriptendsup by having a larger numberof
nodesandlevels. This exampleillustratesthe phenomenon
mentionedn theintroductionof this paper(Fig. 1).

6 Conclusions

This paperhasshavn that speeding-um Booleannet-
work after having beenreducedor areais not necessarily
the bestapproachfor synthesizingfast circuits. A novel
approachfor timing-driven decompositionhas beenpre-
sented. It combineshi-decompositiorwith tree-heightre-
duction. Somespecificheuristicsto prunethe exploration
of the designspacehave beenproposed However, the ma-
jor contritution of this work is the proposalof a stratey
that aims at reducingthe depthof a circuit by generating
a balancedree-like decomposition Areareductionis per
formedby sharingisomorphicsubtreesof the decomposi-
tion. Thisoptimizationframenork canbeenrichedwith any
bi-decompositiotechniqugproposedy otherauthors.
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