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ABSTRACT done by re-introducing support variables in similar fashion to

The desi?n process of digital circuits is often carried out ihe variable repetition dfniversal Akers Array$l]. Akers
individual steps, like logic minimization, mapping and routethod, always considering worst case funcfions, was shown
ing. This leads to quality loss e.g., in cases where highly ap-render exponential lattice depth and was therefore consid-
timized netlists fit badly onto the target architecture. Lattiezed infeasible. . i
diagrams have been proposed as one possible solution. Théyevertheless, lattice structures have gained renewed inter-
offer a regular two dimensional structure, thus overcomiegt as they offer properties e.?. easily routable layout and
the routing problem. However elegant, presented methﬁedictable path length) sought for a number of current tech-
have only shown to find practical lattice representations fieslogies. Synthesis methods have been revisited and a num-
small functions. o . ber of improvements presented [7, 4, 10, 3]. Recently, practi-
We present heuristic synthesis methods for Pseudat results have been shown for a number of small circuits.

S%mmetnc Pseudo Kronecker Decision Dla%r_ams (PSP-Our a| E)roach usingseudo-Symmetric Pseudo Kronecker
KDDs) applicable to incompletely specified multiple outpudDs (PSPKDDs) [7] combines properties from Pseudo-
functions. The lattice structure maps directly to both ASIGymmetric DDs [4] and Pseudo Kronecker DDs [8]. The
and fine grain FPGAs. Our method (combining logic mingptimization goal is to minimize the number of levels in the
mization, mapping and routing) seeks to minimize area alattice representation of the function. In general this is a com-
delay by heuristic methods. Experimental results on a septdx task only manageable to tackle using heuristic methods
MCNC benchmarks show superior quality to previous metas e.qg., in [7] considering only certain combination of decom-
ods and in many cases even optimal depth results for unfolgedition types. Our method’is different in that we consider
lattices. all types of decompositions benly in such a way that the

1. INTRODUCTION choice of decomposition type has only a local effect on the
The design process of digital circuits is usually carried outli@attice. For each node we consider choice of decomposition
steps such as logic .minimizatiqn,.maﬁping and routing. O\gpe, mlgut variable pplar|t¥/ and negation of the interconnec-
the years, each individual discipline has matured an .hlgh s. For the selection of decomposition variables we pro-
sophisticated tools have been developed. However, it is diffpse two strategies; pre-processed and dynamic orderings.
cult for tools upstream the design process to foresee all effetee latter often is able to produce better results at the cost
to downstream design steps. This leads to quality loss for @kfun time, while the pre-processing (although very fast) of-
ample in cases where highly optimized netlists fit badly onfen leads to better results than a naive ordering. Experimental
target architectures. By restricting synthesis to only considesults on a set of MCNC benchmarks show superior quality
e.g., PLAs, certain properties can be ensured, such as réggomparison to previous methods.
lar, easily routable layouts with nice testability. However, the2, PSEUDO-SYMMETRIC DECISION DIAGRAMS

expressive power of such 2-level structures is often a limitifygthjs section wg bri[eﬂy revigw %r]evious work on lattice dia-
¥ . . - . grams presented in [1, 7, 4, 3, 10].

The introduction oBinary Decision Diagram$éBDDs) [2 : _
has brought new means % mult-level s?/nthess?s. In) i[fts]siw-'-et fo (f1) denote thecofactorof f with respect tar(z).
plest form a BDD maps to a MUX based multilevel circuifs Boolean functionf : B® — B can then bé&shannonde-
Also, more general DDs such Esinctional DDs(FDDs) [5] composed ag = T fo + xf1, where+ is the OR operator.
andPseudo Kronecker DDEPKDDS) [8, 6] can be mappedTO the cofactorgo(f1) we can apply Shannon decomposition
accordingly. The size of the circuit is related to the numbentil constantq0, 1} are reached. The set of decompositions
of diagram nodes, thus heuristic methods for diagram minan be modeled by a graph structure calBdary Decision
mization can be applied. However, the number of nodestaagram (BDD). In the following we also assume BDDs to
one level is worst case exPonentlaI (to the number of levels¢ orderedandreduced
This makes the routing of such circuits often cumbersomejt is easily shown that BDDs for totally symmetric func-
resulting in large area and delay overhead. tions form lattice structures. Unfortunately, in a BDD repre-

As one alternative lattice diagrams have been propossehtation for other functions, the number of required nodes at
The number of nodes at each level is linear (to the levehe level is (worst case) exponential to the level [2]. How-
which makes the diagram fit onto a two dimensional struever, for many practical functions a good variable order re-
ture, such overcoming the routing problem. In the case dices the required number of nodes. Even if the node count
totally symmetric functions it is known that e.g. BDDs fornis decreased there is no guarantee that the diagram will map to
such'attice structures. Unfortunately, totally symmetric fung+two dimensional structure. To address this protfseudo-
tions are rare, and we need a way to make functions “pseué mmetric BDDPSBDDs) have been proposed [4]. As-
symmetric” in order to derive latfice structures. This can k€ me the (sub)functiofi and the cofactorsno, fo1, fio and

*The co-operative work was conducted at AIbert—Ludwigs—Universitﬂ§11 w.r.t. two arbltrary variables andb which f s notsym-

on a grant from the Swedish Institute. metric in. Letf;oim = bfor + bf1o.




f =1abfoo + abfor + abfio + abfiy If we apply to a functionf eitherS, pD or nD we get two

_— bt bf. sub-functions. To each sub-function ag&inpD or nD can
f fl_’foo + aff]oznj‘ abfjoin + abfu be applied. This is done until constant functions are reached.
f =abfoo + (@b + ab) fjoin + abfi _ _ A Pseudo Kronecker DIPKDD) is a grth representation
By the re-introduction of variablé, the diagram is madeof the decompositions applied.” As for BDDs and FDDs we

“pseudo-symmetric” as to fit onto a two dimensional lattiagbnsider PKDDs to be ordered and reduced w.r.t. decomposi-
structure. The functions produced contain at least one 6% type. PSPKDDs combine the properties of PKDDs and

occurrence of the re-introduced variable. This ensures th@seudo-Symmetric lattice diagrams [75). A general process to
simple synthesis algorithm will terminate (however, rendeferive PSPKDDs is complicated as decomposition type for
ing exponential number of lattice levels [1]). Note, that fromach node is individual and residues must be allowed to prop-
the variable assignments (path functions) in the lattice adglate inboth directions in contrast to Section 2, where the

tional Don't Care(DC) information can be directly derived decomposition type is fixed for each level. Furthermore, the
Let S be the union of all path functions (cubes) for a nede set of possible symmetries is vastly enlarged. Even for small
The additional DC set fon is S. E.g. the sub-functiorf;; functions the search space is huge. In [7] it was observed
is evaluated asbfi; (i.e.,S = ab). The complement of thethat by limiting the decomposition types to a combination

path functionS = ab = @ + b can be added to the DC set foPf {S.pD}, residues are limited to propagation in one direc-
fi1. tion allowing a similar synthesis method as for PSFDDs. Our

Pseudo-Symmetric Functional DO@SFDDs) combine Method considers all decomposition tygeéspD,n.D} under
the properties of PSBDDs and FDDs. L&t (f1) denote the condition that dual propagation can be avoided (see Sec-
the cofactor off with respect taz(z) and f> is defined as tion 3.2).
fo = fo ® f1, © being the Exclusive OR operation. Az 5 gsynthesis Methodolo
Boolean functionf : B® — B can then be represented by = y ! . gy.
a positive (negative) Davio decompositiof,= fo @  fo e do not consider the entire search space for PSPKDDs.
(f = f, ®Zf>). An FDD is a graph representation of th stead we suggest a heuristic method to guide the search to-
Set of éecomf)dsitions applied. We assume the FDD to rds good solutions. As the main optimization criterion, we
ordered and reduced. Without loss of generality we only cqff: e chosen the number of lattice levels required to represent
sider positive Davio FDDs in the following. Assume the fundtie function.

tion f represented by an FDD (defining a positive poIari%E%ffoéﬁrgsetg?hge;'i(snfnee?heoe " in details we give a brief out-

Reed Muller expression)f = fog ® bfga ® afao @ abfaz. 1 Choose decomposition variable

In order to make the diagram “pseudo-symmetric”, we SgtTyayerse currenpt level from left to right, for each node de-
na = foo,ns = bfp2 B bf2o (by aJoin-EXOR3] operation). termine decomPosition type, polarity of the input, and com-
To make the evaluation of the diagram consistent a resigiementation of the cofactors such that the node becomes
function has to be applied, resultingig = foo @ fo0 @ fo2. Symmetric or “pseudo-symmetric” with its left neighbor.

f=foo ® (b & a)(bfoz & bfao) & ab(faz & fo2 & fa0) gt-;rr]\t(.:rease level, repeat from 1. until all cofactors are con-

f = foo @ bfoz & abfor & abfao ® ab(f22 ® fo2 & fa0) The lattice cells are stored in a matix (directly corre-
jF = foo © bfo2 ® afao & abfa _ _ _ sponding to the physical ASIC layout or fine grain FPGA.)
he procedure, propagating the residue, is carried out frqie ;-th node at levej can be found aLA[j —i,i — 1] in

left to right (or right to left for negative Davio FDDs) for eac i (i : : ; )
level. The poss%bility to extract DC information is reducet]® Matrix, (it's left neighbor is the — 1)-th node etc.). The

compared to that of PSBDDs, as path functions contain I&¥&ithesis process starts at levelL A[0, 0]) for Single Out-
literals. E.g., the additional DC set faf is a + b = @b. put(SO) functions and leveh (LA[m — 1, 0]) in the case of

The basic PSBDD structure described above utilizes OWItipIe Output(MO) functions (see Section 3.5).
one type of symmetry, i.efo; = fio. An extended set of 3 3 | attice Node Synthesis

mmetri = = = = o o i
jfy ) (J?t ef{(ffoo) ( ffOI)_’ (]J:OO)} cJ;lr? )5éf g())( Io{:ég’ig{ﬁia o- T'he local optimization criteria is twofold: firstly to seek con-
|10. ’ ]91h_d11 ) \J10 72 J1L | . [t))l . X pd fé}eant cofactors (such to terminate a part of the diagram) and
a”tK 0 td e (]::-complosmon (g:é)ntro ) vanable is assignec 'Secondly to avoid re-introducing support variables to the sub
each node. If we also consider comp ementation of the ¢gnctions (which helps to reduce the number of required lev-
Bactggs cfior each nclndlg,ltzh[elgijmber of detectable symmetne@@

oubled, to a total o . b ; i ;
' The node synthesis algorithm starts by computing the co-

i 3. LATTICE SYNTHESIS METHOD ) factorsfy, fi and f» w.r.t. the decomposition variable In
This section describes the lattice structure in consideratigie search for constant cofactors, the DC set assigned to the
We outline a comprehensive synthesis methodology and give« is utilized. i.e fON 4 £DC = 1 yields a constant 1 func-

in depth description of the heuristics involved. tion. If two of the cofactors are constant, the function can be

3.1. Pseudo-Symmetric Pseudo Kronecker DDs captured by a single lattice node (and this part of the diagram
- is terminated). In other cases we compute a cost estimate

According to previous definitions, lefy (f1) denote the co- ¢, the cofactorsfest, feot and f5°t. As computationally ef-

factor of f with respect taz(z) and f; is defined asf = ficient cost estimate we measure the number of nodes for a

Jo @ f1, @ being the Exclusive OR operation. A Booleagpp representation (ON set) under the current variable order
function f : B" — B can then be represented by one of thgee below).

following formulae: One can divide the node selection algorithm into two fun-
damentally different cases. i
f = ZTfodxfi Shannon (S) (1) (A) the case when the nodehasnoleft neighbor or the case
_ tive Davio (pD ) When the left neighbor does not connect to a right successor.
f = fo®afs positive Davio (pD) (@) (B) the case where we have a left neighbor, connecting to a
f = fi®Tfs negative Davio (nD) (3) right successor (having the functigp,,).



In the first case we have unlimited freedom to choose de- Table 1: PSBDD vs. PSPKDD.

composition type as we do not have to apply any join oper- [hame out in | PSBDD| PSPKDD

ation at this stage. From the cost estimates of the cofactors, const| est
the two least costly are chosen. If the decomposition variable [“apex7 37&3 49(37 55 -1 43
is not in the support of, the node is essentially axtender b9 21(0) | 41(11 17 14 | 11*
to the left successor. 'If one of the cofactors is constant, we| cm85a 3(2) | 11(10) 121 10* | 10*
assign the constant to the right successor, and choose decom-cordic 2(1) | 23(23) 511 37| 55
position by the estimated cost for the other cofactors. This is | dalu 16(2) 75247§ 103 - -
to ensure that the right neighbor will be of type (A) thus have | frg2 | 139(59) | 143(22 37| S| 26
maximum flexibility. In other case, we choose decomposition | 481 1(0) | 16(16) 1471 57 19
from the estimated cost. If a Davio node is chosen, we assign {tetrzml Z%Og) gi(%i) Ig ig ﬁ*
2 to the right successor (which we later show to simplify the | |7 355103 51§25§ 38 97 | 36
search for Symmetrles). | vda 39(0) 17(15) 61 78 31

The second case is somewhat more delicate, since we have- - - -
to ensure that neighboring nodes are symmetric or “pseuthesis algorithm does not have to be re-tailored. Simply, for
symmetric” to fit the lattice structure. First we checkfifor anm output functionF, let the functionsf! ... f™ appear at
1 can be unified tqf;,:, or f;0in and in such case choose the m-th level of the lattice and apply the synthesis process

Shannon decomposition accordingly. In this, we exploit tg@amously described. However, we observe that the synthe-

: : results are strongly dependent on the orderin roupin
se'hof extelndedf sr)]/mm(f-:-trles. to choose input variable pola the output functio%g. Wg propose a simple heu%ié%c topadf-!)
and negation of the cofactors (successors). ess this problem. Le®; ... O,, be the lattice functions at

If no such symmetry can be directly found, we chegk,al;,. all initially Set to constant 0:
whether one of the cofactolly, f1} is constant. If found, ~Compute the cost of each output function. Setto be the
we assign the constant to the left successor (such avoidihgpaest. Let = 2. SetO; to one of the rema|nin8 output
to apgly gjoin operation and the re-introduction of a suppoftinctions. Compute the cost (lattice depth)af. .. ); and
variable) and the non-constant cofactor to the right succesre best result. Repeat previous step until all remaining out-
sor. If none of these requirements are met, we have to apppu@ functions are chosen. Recall the best result. Increase
join operation. To avoid invoking a residue function, we coiGhoose next output until= 1.

sistently use Shannon decomposition. This ensures the rig ; ; ; -
subfunction always to be associated with a literal, unless %ﬁ{he method greedily choses the right neighbor that fits

stant. The theoretical motivation to favor Shannon node St. Previously best results can be used to prune the compu-

SLe . ) ion and improve CPU time. As our simple heuristic lacks
join operations is that the DC set grows faster than for Da cktracking Ff)acility, the quality cannot bepguranteed. How-

nodes. ever, our experimental results in the next section, show that

3.4. Variable Ordering Heuristics the heuristic often significantly improves on the naive group-
o ing.

The ordering in which the decompositions are applied heavil>(7J 4. EXPERIMENTAL RESULTS

method does not inflect any ordering restrictions. Our Sthis section we present experimental results for a set of

most promising ordering methods are both based on the sfHENC PLA benchmark functions performed onSain Ul-
ple restriction that the decomposition variable chosen, wiifi 1 workstation with 256Mb RAM. For the implementation
also be re-introduced until it does not occur in the supp#fe used the CUDD 2.2.0 BDD-package P]- For the exper-
of any subfunction. The techniques discussed are (A) py@ents we set a hard limit to 300 levels for the PSPKDDs.
processed ordering and (B) dynamic reordering. The estirkd2U times are measured in seconds. Numbers in parenthe-
tion function used in the node synthesis algorithm, measugés denote considered output function and actual number of
the number of nodes required for a BDD representation. SUPport variables. Symmetric functions are marked 8y

(A) As applied in a pre-processing step, we found that tBe indicates that the result could not be obtained within the

affects the depth of the corresponding lattice. Our s ntheEE

i / ; d limit set. “*” indicates that the result is optimal for un-
Group Siftinggave the best results, in cases wastly improfa : - . : <
ing on the i(nitial (nallive) ordering. Th,@rbOIUp Siftin keedps_ﬁﬁgggsaﬁt'ces' i.e., the number of input variables is equal to
symmetric (or nearly symmetric) variables together duri o ; : ; )
the sifting procedure, which clearly is helpful towards fmdmgtl)g ?Jggt_lg:glgfﬁ%p(cagm%rggévggé\f]eo\?vsc%%pglssuoltnst?mPn?B
symmetries in the diagram (see previous section and [10])¢1 07’ without the “merging” discussed above. Our results are
However, as applied in a pre-processing step, Symmetidgsained using the synthesis method from Section 3.2 with
might be changed during the synthesis and the orderingh@ gynamic variable ordering approach. We could not pro-
more plau:(sjlgle. he sh ina of method (A duce Tesults for the “dalu” benchmark as intermediate results
éB) Toa ress tie shortcorning ot.metho ( )lwleé)ﬁopo ke the hard limit. The two columns “const” and “est” show
a dynamic re-ordering method. The idea Is simple: Choosg g yesylts assigning Davio nodes only in cases directly in-
remaining support variable as decomposition variable. Co ‘cting constant cofactors and the assignment from the pro-

bute the corr es ondi.?glllatti(;ebl Store, best result, contirysed”estimation function respectively. Except for “cordic”
with next variable until all variables tried. . the estimation leads to better, optimal or near optimal solu-
The procedure is accelarated by aborting the lattice c .
putation as soon as current level equals best level so far O '3 second set of experiments we compare to PSFDDs
tained. By using the pre-ordering (A), a good initial solutiopee Table 2). Columns PSFDD “re” and “org” show the re-
is often found making the pruning even more efficient. Exp&iyjts from [3} with and without their reordering method ap-
imental results show equal or superior results (to naive/pifiad. Columns PSPKDD show our results using the syntﬁe-
ordering) in all cases, however still at the cost of extensi¥g method from Section 3.2 and Davio nodes are chosen by
CPU time. gos_t estimatiﬁ)n. The eﬁl‘ect of pre- andddyc?amic variable Ior-
; ; ering are shown in columns “pre” and “dyn” respectively.
3.5. Multiple Output Functions _ Our proposed dynamic reordering method shows superior-
In [7] a framework of lattice diagrams also applicable to M@y to best known results and often optimal solutions. The
functions was outlined. The method is elegant, as the syme-ordering, although extremely fast, achieves results thatin



Table 2: PSFDD vs. PSPKDD.
name out in | PSFDD PSPKDD CPU
org re| org | pre| dyn | org| pre dyn
b9 2I2) [ 4I(9) [ 12| 16| 10| 10| O [ 0.03| 0.03| 0.68
21(12) | 41(9)| 15| 20| 13| 9* 9* | 0.03 | 0.03| 0.68
215203 41(9; 19 16| 17| 9* 9* | 0.03 | 0.02| 0.68
c8 18(17) | 28(11 26 | 11* | 11* | 11* | 11* | 0.02 | 0.02 | 0.97
cht 36(28) | 47(5)| 7 9| 5| 5| 5% |0.02|002| 024
cml62a 5(2) | 14(10)| 12 11 | 10* 11| 10* | 0.02 | 0.03| 0.81
cml63a 5&3; 16(9 10 11| 9* 9* 9* | 0.02 | 0.02 | 0.66
count 16(0 35(5 6 8| 5* 5* 5% 1 0.02| 0.02| 0.24
16(3) | 35(8)| 19| 13| 9| 8| 8| 0.03|0.02| 054
example2| 66(2) | 85(6) - 8| 6| 6| 6*|0.02]|0.02| 0.33
66(23) | 85(5 - 7 5* 5* 51003 0.02| 0.24
mux 1(0) | 21(21 -|1107| 88| 32| 31| 6.72| 0.06 | 49.27
pcle 9(6) | 19(10) | 12| 12| 10* | 10* | 10* | 0.02 | 0.02| 0.82
sct 154) | 197)| 9| 10| 8 8| 7*|0.02]|0.02| 0.43
15%5; 1958; 12 11 9 8* 8* | 002 0.02| 0.54
15(6 19(9 14| 12| 10| 9* 9* | 0.03 | 0.02 | 0.67
15(7) | 19(10) | 17| 13| 11| 10* | 10* | 0.03 | 0.02| 0.82
15(8) | 19(11) | 20 14| 12| 11* | 11* | 0.03 | 0.02 | 0.98
terml 10%4 34(17 79 791 107| 20| 20| 051 0.05| 261
10(5) | 34(18) | 144 | 144 | 109 | 21| 21| 0.62| 0.06| 2.98
10(6) | 34(19) | 174 | 174 | 184 | 31| 22| 2.20| 0.09| 3.36
X2 7(6) | 10(10)| 21 13| 14| 11 11| 0.03| 0.03| 0.82
x4 71(60; 9457; 15| 20 9 ™ 7% 1 003 | 0.02| 0.43
ttt2 21(7 24(5 8 9| 5* 5* 5% 1 0.02 | 0.02| 0.24
21(10) | 24(7)| 8 8| 7| 7| 7*|0.02]002| 042
21(15) | 24(14) | 110 | 33 | 14* 34 | 14* | 0.03| 0.09| 155
21(18) | 24(7)| 22 16| 7* 10| 7 1 0.02| 0.03| 0.43
Table 3: Grouping of outputs for PSPKDDs. all PSPKDD depth. Results on a set of MCNC benchmarks
hame T out T in org Greedy show superior quality to previous approaches and first results
lev | CP lev | CPU for multiple output functions are presented. )
Sxpl | 10 7| 83| 12 27| 19.7 Target for future research is an improved grouping al-
add6 7112 18] 18| 18| 319 gorithm. An alternative approach is to partition the lat-
cold | 141 1| 14| 15| 14 15 tice. Functions having similar support are minimized together
in2 10|/ 191 291 | 51.9| 195 | 758.8 building a group, later to be globally placed and routed on
in7 10| 26| 63 91| 57| 210.3 the lattice. This method preserves local routability and might
inc 9| 7| 35| 06| 33| 186 be erllp%llcable to functions infeasible to map by our current
rd53’ 3 5 14 03| 14 1.6 method.
rd73 | 3| 7| 16| 05| 19| 29 6. REFERENCES
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1000 times faster to calculate. Often the P]
improves on the run time (compared to t
as a much smaller lattice is constructed, e.g., “term1” bencikg
mark where CPU requirements are reduced by a factor 10
20. Both our ordering methods show overall consistency and
the results outperform those previously presented. [5]
In[7] concepts for a framework of lattice diagrams also ap=
plicable to MO functions were outlined. However, the litera-
ture still lacks experimental results. In the last set of exper(g
ments we show our first results applwlng our synthesis meth ol
to a set of bechmarks containing MO functions, see Table
3. Davio nodes are chosen bK cost estimation and the dy-
namic approached is used for the variable ordering. Cqumm
Org and Greeszhow the results using the original (naive)"
grouping and the results obtained using the greedy heuristic
approach. The number of levels (“lev”) shown is the total lat-
tice depth, thus the number of active levels is “levdu(- 1). v{/g]
For larger functions results tend to become unpractical. How-
ever, the greedy heuristic often succeeds to reduce the overall
lattice depth (with up to 67 % for “5xpl”). [9]

5. CONCLUSIONS AND OPEN PROBLEMS

We have proposed a comprehensive synthesis method! 6t
PSPKDDs combining logic minimization, mapping and rout-
ing. Heuristic methods are developed to minimize the over-

benchmark having only one more level while gelng _almo%,
re-reordering al o]
e naive ordering)
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