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1. BACKGROUND

The objective of this chapter is to provide the reader some guidance in applying the Dual Heu-
ristic Programming (DHP) method in the context of designing neural-network controllers. DHP is
a member of the class of Critic methods, which in turn is a member of the class of Reinforcement
Learning methods. Development of the DHP method benefited from the confluence of several
other developments; the following subsections describe associated background ideas useful in
appreciating the DHP method. Subsequent sections will describe the DHP method itself, provide
suggestions for application of DHP, and present worked-out examples.

1.1 Learning Algorithms
A key distinguishing feature of the computational paradigm knoweasal networkss its
attribute of attaining knowledge via interaction with its environment (vs. having knowledge pro-
grammed in). A significant area of research in the neural network (NN) field has been, and con-
tinues to be, that of developing strategies by which the NN accomplishes this extraction of
knowledge from its environment -- these are typically referred kaasingalgorithms These
algorithms fall into three general categories (in the following descriptions, the terms ‘pupil’ and
‘teacher’ designate, respectively, the NN that is learning, and the process used to accomplish the
learning; further, except where indicated, the pupil NN is considered an input/output devise):
1. Supervised Learning: This category entails the teacher role having at its disposal full
knowledge of the problem context (about which the pupil NN is to learn), and in particular,
has available a collection of data pairs (comprising input and associated desired output) with
which to conduct the pupil’s learning process.
2. Unsupervised Learning:In this category, the context is one wherein the notion of input-
output does not apply; rather, there is simply a batch of data available from the environment,
and it is desired that the pupil NN be assisted (by an implicit teacher role) to discover
attributes of the data, which subsequently can be used for a variety of purposes.
3. Reinforcement Learning: Whereas in category 1) the teacher role has full knowledge of
the output values ‘desired’ from the pupil NN in response to each given input, here in 3) the
teacher does not know the detailed actions the NN should be performing, and can only pro-
vide qualitative, sometimes infrequent, feedback about the NN’s performance. For example,
when we were infants learning to walk, there was no teacher to provide data to us regarding
how each of our muscles should have been functioning to accomplish each small movement;
rather, only after we took a step and fell down were we provided the general assessment that
we ‘fell down’ (plus some associated information about the form of our falling down). As our
walking improved, the kind of feedback (e.g., “wobbliness”, “clumsiness”, etc.) changed. In
the end, based on these ‘reinforcement signals,” we learned how to walk. The study of rein-
forcement learning goes back at least to the early 1960s [Sutton, 1984]. In the context of the
present chapter, the important aspect of this category is that the teacher role is endowed with
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the capability of providing general measures of performance to the pupil NN (however,
hybrid versions allow the teacher to have/provide additional information).

This chapter focuses on application of the Adaptive Critic methodologycrititemethodolo-
gies are Reinforcement Learning methods that use computational entities to critique the actions of
other such entities (the term ‘critic’ was applied in the machine learning context back in 1973
[Widrow, et al, 1973]). In the critic method(s), the teacher role makes substantive use of computa-
tions made by a Critic entity. More about this later.

The ‘critiquing’ of the critic methodology normally takes place over time, and a problem con-
text which turns out being a natural for application of the Adaptive Critic method is that of con-
trols, wherein it is desired to design a controller for a ‘plant’ based on specified design criteria,
typically involving performance over time. The critic/reinforcement method paved the way for
evolvinglearningapproaches to solving such controller design problems in the context where lit-
tle or noa priori knowledge of needed controller actions is available, and/or a context wherein
substantive changes occur in the plant and/or environment that need to be accommodated by the
(learning) controller. In the early stages of this evolution, it was still required to endow the teacher
role with some knowledge of the control actions needed (e.g., see [Widrow, et al, 1973]). Con-
tinuing up into the early 1980's, Al researchers who utilized critics were also typically obliged to
provide the critic with domain-specific knowledge [Cohen & Feigenbaum, 1982]. In 1983, how-
ever, a very important extension was made in which the afgalearns, in this case, to provide
increasingly better evaluation feedback; this removed the requirement for providing the aeacher
priori knowledge about desired controller actions [Barto, et al, 1983]. Historically, had the simple
term ‘critic’ been used by Widrow and others, the adjective ‘adaptive’ could naturally have been
applied to create the terradaptivecritic’ after the learning capability was added to the critic by
Barto, et al. However, Widrow had already used the term Adaptive Critic to imply “learning with
a critic”. Nevertheless, the present authors prefer to use the term ‘adaptive’ to refer to the critic’s
learning attribute. We note that Werbos [Werbos, 1990b] also uses the term *adaptive’ in this lat-
ter sense. Barto, et al, cited the checkers-playing program written by Samuel [Samuel, 1959] as an
important precursor to their development; they characterized Samuels program as implementing a
method “...by which the system improves its own internal critic by a learning process.” The result
here was a system in whithio learning processes are taking place: one for the critic and one for
the controller NN. The Barto, et al, context was one of designing a controller with the (not neces-
sarily modest) objective of providing stable control. Now in the 1990’s, a more aggressive objec-
tive of using the Adaptive Critic methodology to accomplish desigiptfnal controllers (with
stability and robustness included!) is being pursued.

Application of the Adaptive Critic methodology to the design of controllers benefits from the
confluence of three developments: 1) Reinforcement Learning, mentioned above, 2) Dynamic
Programming, and 3) Backpropagation. Items 2) and 3) are discussed in Sections 1.3 & 1.4.

1.2 Optimal Control

The quest to design controllers that best(in some sense) has been with us for some time.
When attempting to make something best (“optimize”), a fundamental concept is that of a crite-
rion function -- a statement of the criteria by which ‘best’ or ‘optimum’ is to be determined. Cri-
terion functions go by various names, ‘cost function’ and ‘utility function’ being typical. These
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play an important role in later sections.

Entire books have been written to describe various approaches, results, and methods for design-
ing optimal controllers (e.g.,[Athens & Falb, 1966][Bryson & Ho, 1969]). Applications range
from designing controllers for linear systems based on quadratic criterion functions, to the more
complex non-linear systems. For the linear-quadratic case, complete solutions are available
(Ricatti Equation, etc.) and are computationally tractable; for the general non-linear case, while
the method known as Dynamic Programming [Bellman, 1957][Howard, 1960][Bertsekas, 1987]
is a unified mathematical formalism for developing optimal controls, historically, its application
has not been computationally tractafilee good newshere is that with Adaptive Critic methods,
a good approximation to the Dynamic Programming method can be implemented for designing a
controller in a system with full non-linear plant capability -- and in a computationally tractable
manner.

1.3 Dynamic Programming

Dynamic Programming remains tbaly general approach for sequential optimization applica-
ble under very broad conditions, including uncertainty [Bertsekas, 1987]. While the details of car-
rying out the Dynamic Programming method are complex, the key ideas underlying it are straight
forward. The method rests on Bellman’s Principle of Optimality. This Principle stipulates that
when developing a sequence of control actions (a “control policy”) to accomplish a certain trajec-
tory, say froma to z, anoptimaltrajectory has the property that no matter how an intermediate
point, saym, is reached, the remaining trajectory fromto z must coincide with an optimal tra-
jectory frommto z as computed from poimh as a starting point. This turns out being a powerful
principle to apply in a critical part of the reasoning path toward attaining the optimal solution.

A necessary early step in designing a controller is to formulate a (primary) utility function
U(t) that embodies the objectives for the controlled system in a specified problem context. This
step must be done with care -- both from the pragmatics of its computational implementation, but
more significant here, from the point of view that the resulting controller’s attributes and quality
of performance are intimately influenced by this utility function; indeed, the performance of the
controlled system is (typically) measured in terms of this utility function.

Application of the Dynamic Programming method begins with definisgcandaryutility
function J(t) in terms of the above (primary) utility functiot)

I =y vRue+k (1)
k=0

and the idea is to maximizKt) (or minimize, depending on whether it represents a “profit” or
“cost”), yielding a value designated ds This is known as the Bellman equation. The tvt‘f‘n is
a discount factor@<y<1 ) which allows the designer to weight the relative importance of
present vs. future utilities. As will be explained later, for the DHP method recommended herein,
y may be given the value of 1 -- this value is typically not acceptable for other associated meth-
ods. A useful identity easily derived from Equation (1):

J(t) = U(t) +yJ(t+ 1) (2)
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We leave this subsection with the reminder that the Dynamic Programming process is intended
to come up with a sequence of controls that is optimal in a stipulated sense, yielding what is called
an ‘optimal control policy’, i.e., it is a processd#signingan optimal controller.

1.4 Backpropagation

A key component of the Adaptive Critic method(s) is an algorithm known as Backpropagation.
This algorithm is no doubt the most widely used algorithm in the context of Supervised Learning
by feed-forward neural networks. Backpropagation by itself, however, is NOT a training algo-
rithm. Rather, it is an efficient and exact methodcflculating derivativesThis attribute of
Backpropagation is indeed used as the backbone of an algorithm for supervised learning in the
NN context. For the purposes of this paper, however, more important is the general view of what
Backpropagation is, namely, it is (ingeniously)implementation of the chain-rule of taking
derivatives The order in which associated operations are performed is important, and this
prompted its inventor [Werbos, 1974] to use the term ‘ordered derivatives’ for this context.

We will return to this more general aspect of what Backpropagation is a little later, but first, to
help understand why taking derivatives is so important in the neural-network learning context, we
will go through some background conceptual developments. We consider again the NN as an
input-output devise, and create some criterion funct@¥) {o assess the quality of the NN’s out-
put(s) in the given problem context. For the context of learning a specified I/O mappiG§, the
often used is based on the square of the error between the desired output for the current input and
the NN's actual output for that input. Assume the NN has a feedforward structure (cf. Figure 1),
comprising elements with a differentiable, non-decreasing activation function, and each

INSERT FIGURE 1 ABOUT HERE

layer is fully connected to the next with adjustable weights, depicted by the mattices\W?2

in Figure 1. The learning process consists of adjusting the weights until the desired mapping is
attained (assuming the desired mapping is possible with the assumed NN structure and activation
functions). To be useful, a learning algorithm (weight-adjusting rule) must have associated with it
a guarantee that its process will converge to a solution, if one exists. During the 1950s and 1960s,
the only learning algorithms with associated theorems of convergence were confined to NNs with
a feedforward structure comprisingiagleadjustable layer of weights (Perceptron [Rosenblatt,
1962] and Adaline [Widrow & Hoff, 1960]). Over a decade passed before a major conceptual
breakthrough occurred that provided a learning algorithm with proof of convergence for more
than a single adjustable layer of weights. As mentioned above, this (supervised) learning algo-
rithm makes use of Backpropagation (more accurately in this context: back-propagation-of-
error), and because of this, is often called the Backpropadediaing algorithm-- it is useful,

however, to maintain the distinction being made here. (The Backpropagation algorithm is capable
of being applied to recurrent NNs via a method knows as Backpropagation-through-time [Wer-
bos, 1990a]. However this extension is not discussed in the present chapter.)

The essence of figuring out how to adjust the weights in a principled manner to create a learn-
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ing algorithm is to determine the effect a small change in an individual weight will have on the
value of theCF -- i.e., some form o(ACF)/(AWij) -- because we want to make a sequence of

changes in the weights that will eventually yield some minimum value f@RHer maximum,
depending on how it is defined).

A conceptual aid for the mathematics to be developed is as follows: For a neural network with
N adjustable weights, construct an N-dimensional vector space, with each dimension correspond-
ing to one of the weights. pointin such a space corresponds to a particular setting for all of the
weights in the neural network. A process of incremental adjustments to the weights in the neural
network will yield a trajectory of points in this N-dimensional vector space. Consider again the
CF: it will have a particular value that is determined by the specific weights instantiated (and of
course, on the mapping that is being learned). As a visualization aid, we add an N+1st dimension
to our vector space, and have this new axis represent the valuedst theprinciple, we could
determine the value @F for each instantiation of weights and plot this value in this N+1 dimen-
sional space (called “Weight Space”), creating a surface over the remaining N-dimensional part of
the Weight Space. If N=2 (i.e., just 2 weights in the neural network), it is easy to visualize this
surface in a 3-dimensional space, where the x-y plane represents all possible values for the 2
weights, and the surface is plotted in the z direction, representing the value€bffdresach
pair of weight values. We visualize this surface as having hills and valleys, and our goal would be
to find the weights that correspond to the (global) minimum value @®h# there happened to
be only one valley, it is easy to visualize that all we need do from any given starting point of
weight values, is to determine the “slope” of the surface over that point, and change the underly-
ing weights such that we have the effect of traveling “down” the surface. This would be done
incrementally until the bottom of the valley is reached.

Once we conceptualize the learning problem in this way, then the steps we need to take are
clear: 1) develop a method for calculating tlegivatives(slopes) of th€€F in the weight space,
and 2) make incremental changes to the weights based on this tedeniAg algorithm(also
calledtraining algorithm) is crafted to make the incremental changes to the weights designated in
step 2. A variety of gradient descent methods have been enlisted to apply the derivative data of
step 1 for effecting a learning/training algorithm. While, retrospectively, this conceptualization
applies to the Widrow-Hoff “Delta Rule” for adjusting weights in sirggle layerADALINE that
was developed in the 1960s, it took some 20 years for this conceptualization to be clarified suffi-
ciently to be applied to thaulti-layerneural networks, yielding what was then calledGemer-
alizedDelta Rule [Rummelhart & McClelland, 1986]. After the Generalized Delta Rule was
popularized, it was discovered that the underlying process of taking (ordered) derivatives had pre-
viously been developed in a statistics-related Ph.D. dissertation at Harvard University by Paul
Werbos in the mid 1970s [Werbos, 1974]. Werbos used the name Backpropagation for the pro-
cess, so this is now the accepted name in our field for the learning algorithm(s) based on the
Backpropagation method of taking derivatives.

As the mathematical derivation of Backpropagation and the associated weight-change algo-
rithm appears in many current neural network textbooks (e.g., see [Rummelhart & McClelland,
1986; Haykin, 1994, it will only be sketched here. The method will theteberibedby use of
thedual network.
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Consider a neural element as shown in Figure 2. Traversing the figure from bottom-to-top, we
have the input signals to thjik element, which typically come from the outputs of previous

INSERT FIGURE 2 ABOUT HERE

T
elements, but for which we use the generic symihare,x = [xl Xy .. xr] , the weights into

-
thejth neural elemenls/j = [le Wj2 anJ , the operation at the “input half’ ofjth@eu-
n
T

ral elemenineilt: Z Wi X; (or with vector notationeii = WX ), and the operation of the “out-
i=1
put half’ fj(neil'-) , Where the functiof(o) is continuously differentiable and non-decreasing, and
finally the output
o' O
— — ¢ 0 [l
=1

Let us define £F as a function obj , i.eCF(oj) . As mentioned earlier, a key step in devel-

oping a learning algorithm is to determine the effect a small change in an individual weight will
have on the value of tl@F, that is, finding the derivative @F with respect to thczvji . By virtue

of Equation (3), we see that the dependenceFobn w;; is indirect, so the chain rule of deriva-

tives could be profitably invoked. i.e.,

: d cp 0 o 0
9 cr(g) = 2cr % o 0
w9 = 56 anet % dw,

net 4)

We observe that for a give/(75i the right-most term evaluates to , the middle term may be rep-
resented a‘sj'(neij) (recall our stipulation th@) be differentiable), and the first term will

depend on the actual definition O‘F(oj)

A typical CF used is:

I 2
CF(q) = 5(0f —0)", (5)
whereofI is the ‘desired’ value of the output for the current input. For this case,
0 _ d -
a_ojCF = —(oj —oj) =-g. (6)

Thus, we can write Equation (4) as follows, where we have moved the minus sign to the left side,
since we typically want to go “down hill”:
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0

_a_wjiCF(O’) = § [ﬂj'(neﬁ) [X; . (7)
We (arbitrarily) define
o = ¢ mj(ney), (8)
and we write
—G%CF(OJ-) = 5% 9)

ji
We urge the reader to notice in Equation (8) ﬁ}at containsattial derivativeof thejth ele-
ment's output relative to its net excitatioret. Without derivation herein, we will assert later that
for elements not in the output layer of the NN, the term correspondednté&quation (8) will

simply comprise the “net excitation” coming into what will be calletial element (to be
defined later), whose activation function is linear, given bygarsial derivative and hence

whose output will be!Sj

Since we need the derivative f§) , it behooves us to choose a (non-decreasing) function that

has an easy derivative to calculate. This has motivated the choice of a sigmoid for the activation
function, because its derivative is simmijx(l — oj) . Based on the above, a simple weight-change

rule (“Delta Rule”) would be:

iji = [36')j X; (20)

wheref3 is called a “learning rate”, typically less than 1.0, and determines the size of the step to
be taken in the direction of thﬂﬁi axis in the weight space. By virtue of how we obtained Equa-

tion (10), we know that this adjustmentvirj] will take us “down hill” in w]p direction on the
CF surface.

We comment here that a number of different weight-change rules have been developed based
on the above slope data; Equation (10) is just the “vanilla” variety of such rules.

What is known as the Backpropagation training algorithm is based on the above equations. We
describe below the algorithm in terms of theal of the given feed-forward NN. (This diagram-
matic method of explaining the Backpropagation algorithm is motivated by a similar construct
used in [Almeida, 1987] to prove the convergence property of the “backward error propagation
technique” when applied to recurrent networks. Almeida, used the term “transposed, linearized
perceptron network”.)

Generically, we can think of a weight as shown in Figure 3, wherein we show the wjer‘ight

INSERT FIGURE 3 ABOUT HERE
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being connected from source to a destination, with a the signal at its source sixle , and a

proxy signal value at its destination side, design@ged , that represents some attribute of the des-

tination-neural-element’s activity, based on the problem context. The weight-adjustment (or
“Delta”) rule is simply a product of these two signal values, scaled by a learning rate. In the con-

texts where Equation (8) is appropriate, we see@hat & [ﬂj'(neli) , Which carries information

about a notion of “error” of thgh element’s output as well as the element’s “sensitivity” (slope
of its activation function) at the given operating poimet.

With this image in mind, all we need for calculating a weight-adjustment increment (“Delta”)
for each weightv; is a value for the signal at the weight's input gjde () and a value for the
proxy signal at its output sid@j( ). TBackpropagation method may be describeds making

a “forward” pass through the NN being trained to determine the output values of each neural ele-
ment (which are “input signals” to the weights connecting that element to the next element along

the path) and during this pass, calculating and saving the i/f;\dueli) = oj(l— oj) for each

element (for case of sigmoid activation function). THEN, a pass is made throufjratinet-
work (described below) to determine tvexy signal value56j , for each weight, based on the

values off j'(neij) calculated during the forward pass. The (derivative) data gathered during this

Backpropagation process is used to calculate weight changes, by application of Equation (10) or
some equivalent.

1.4.1 The dual network.
We construct a special NN (called a dual NN) whose purpose is to calculé}e the  for applica-
tion of Equation (10). This dual NN has the sgrhgsicallayout as the original NN being trained

(see Figure 4), however, the “signals” flow in the opposite (“backward”) direction [i.e., the sig-
nals come into the top end (corresponding to output side of the original NN) and flow downward

INSERT FIGURE 4 ABOUT HERE

(toward what is the input side of the original NN)]. Each neural element has to be “turned around”
to accommodate this reversed signal flow, and in addition, the activation function of each element
is modified. The activation function is made into a linear one, with slope equal to the value

fj'(neii) calculated for the corresponding element in the original NN during the forward pass. It
IS important to note that the weights connecting the elements in the dual NN are the same as the

weights in the original NN, albeit the signal flow through them is reversed. All that remains is to
apply an “input” at the top end, and make a downward pass through the dual NN. It turns out that

theoutputof eachelemenin the dual NN provides a value féjr corresponding tgtthelement

of the original NN -- without formal derivation, it's useful to remember 3 things here: 1) the acti-
vation function of this dual element is linear with sldg'téneii) ; 2) this dual element will have

DRAFT for chapter on NN Adaptive Critics in Karayiannis book  1/12/99 11:14pm> Page 8



some net excitation which will be multiplied lb)/(neli) to yield the element’s output; and 3) we

said earlier tha6j are the productfq‘f(neii) and some “signal” value.

Thus, by noting the element output values in the original NN generated during the forward pass
(thex; values in the notation of Figure 3), and noting the element output values in the dual NN
generated during the “backward” pass (ﬂjwe values in the notation of Figure 3), we have the

numbers needed to apply Equat{@0) for each of thewji . [A useful benefit of the dual NN as a

means of organizing the needed computations is thatrdeeing necessary for the ‘ordered
derivatives’ being taken is automatically accomplished.]

The remaining item to define here is what “signal” do we apply into the dual NN? The standard
Backpropagation training algorithm for feed-forward neural networks was derived usiDg:the

_ <1gd 7
CF =3 5% ~90
j=1

wherek is the number of elements in the output layer.tRisiICF, using theej of Equation (6) for
each of th& elements in the original NN’s output layer, an error vector

T
e = [el e ... ek] (12)

is constructed and used as a “signal” into the dual NN (whick imgsits). This input is pro-

cessed through the dual NN and yieldsde  values needed for determining the error gradients

%GF as mentioned earlier. [Note: since #reor terms,€; , are used as signals to feed the dual
J

(11)

NN to accomplish the “backward” pass, this learning-algorithm context, Backpropagation is
alternatively (and more accurately) called the back-propagation-of-error method.]

1.4.2 Generality of Backpropagation via the dual network.

Generally speaking, ldN is a functionindeed, a feed-forward NN whose hidden-layer ele-
ments have sigmoid activation functions are known to be ‘universal function approximators’. We
are sometimes interested in taking derivatives of the function the NN is approximating, for exam-
ple, with respect to the NN'’s external inputs. Backpropagation may be used to obtain these, and
the calculations can be demonstrated via the dual NN again. In this case, instead of focusing on

the 6j 's at thentermediateelements of the dual NN for the purpose of calculatingmhﬁ , we

focus instead on thg s that occur at the dual MNtputlayer (the bottom layer in Figure 4).

Having done this, instead of obtaining error gradients with respect V(qjthe obtawe error

gradients with respect to the original NN’sexternalinputs. This is useful when, say, two NNs
(NN-1 & NN-2) are connected in sequence, and NN-1 is to be trained based on error terms avail-
able only at the output of NN-2 (cf. Figure 5). In this case, dual NNs for NN-1 and for NN-2 are
constructed and connected in (reverse) sequence, and the error terms run (“backwards”) through

both of them. The element output signals of the NN-2 dual are ignored, aﬁ,d the ’s needed for
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adjusting the/vij in NN-1 are read out of the NN-1 dual.

INSERT FIGURE 5 ABOUT HERE

Also along this line, getting back again to the single NN case, let us use the vector

T
u = [ul U, ... uk} to represent the outputs of the NN (wktelements in the output layer).

Then, if we were interested in obtaining a partial derivative of one or more of the oUgputs

(instead of the partial derivative of t# asabove), we would simply need to change the input
signals to the dual NN. In particular, instead of applying the error vector of Equation (12 to the
elements at the input side of the dual NN, we would apply the specialized signal vector

to obtéjn values for

. ou,
[1 00... O]k to obtaing; values fozr,Wij , the vectcEO 10... O]k

ou, , ou

G—WU ..., and finally, the vecto{o 00... 1]k to obtad) valuesg%vrki—_ (these are easy to
verify by starting to take the partial derivatives by hand). Further, as in the previous paragraph, if
instead of focusing on tl‘@ 's at the intermediate elements for the purpose of calculating the
iji , we could focus instead on tBF 's that would occur at the dual NN’s output layer (the bot-

tom layer in Figure 4). In this case, the dual NN’s overall function (with the specialized input vec-

ou
or
NN, andr is the vector of inputs to that NN.

tors just describedinplements the operator—— , whereu is the vector of outputs of the original

We repeat the emphasis stated at the beginning of Section 1.4 that it has become useful to think
of Backpropagation in the more general way(s) described above, namely as a procedure for
implementing partial derivativeggxplicitly in terms of the chain rule). In this vein, Werbos uses
the mathematical-operator notatiorzfo represent the procedures we described above via the
dual NN; specifically, Fz = aa_z
the previous paragraph), the superscript symbol on the right-hand side indidateslderiva-
tives, and the represents the variables with respect to which the partial derivatives are to be

taken (e.g., th@evij af above) [Werbos, McEvoy & Su, 1992][Werbos, 1992]. From the com-
puter programming point of view, Werbos also introduces the vocabdlaal/subroutine

target, wheretargetis known by context (e.g., ti&F or u;'s of

1.5 Heuristic Dynamic Programming.

In his paper entitled “A Menu of Designs for Reinforcement Learning Over Time” [Werbos,
1990b], Werbos observes that, in the context of optimization, “...the biggest challenge is to
account for the link betwegresentactions anduture consequences,” and commented that there
are two basic ways to meet this challenge -- the first being Backpropagation through time (BTT),
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and the second being to “adapt a critic network, a special network which outjstinaateof
the total future utility which will arise from present situations or actions.” He focused on the
Adaptive Critic methods, as we do in this chapter.

For the present context, the key observation (or assertion) made by Werbos was that “...the
adaptive critic can be derived as a wappproximatingDynamic Programming.” The theory
and justification he presented there are not replicated here. In his development, however, he stated
that “The key insight in dynamic programming is that you can maximize the expected Vd|ue of
in thelong term over time simply by maximizing the functiod* in the immediate future.” He
observes thai* is typically too computationally expensive to obtain, and recommends that our
only choice is to approximate Dynamic Programming by using a model or network to estimate the
J* function or its derivatives. He goes on to present a sequence of three different “designs” for
such Adaptive Critics -- subsequently called Adaptive Critic Designs, or ACDs (see also
[Prokhorov, 1997][Prokhorov & Wunsch, 1997][Prokhorov, Santiago & Wunsch, 1995]). From
the simplest to the most complex, these ACDs have the following names: 1) Heuristic Dynamic
Programming (HDP), 2) Dual Heuristic Programming (DHP), and 3) Global DHP (GDHP).
Extensions to each of these ACDs was subsequently made, adding the term ‘Action Dependent’
to each of the above acronyms (e.g., see [Prokhorov & Wunsch, 1997]).

From an implementation point of view, the different ACDs can be distinguished as follows: 1)
in the HDP method, the output of the Critic NN is an estimate af thection; 2) in the DHP
method, the output of the Critic NN is an estimate oti#@vativeof theJ function; and 3) in the
GDHP method, the Critic NN provides estimatebath the function] and its derivative as out-
puts. To distinguish the Action Dependent versions, we note first that only the plant states are
used as inputs to the Critic NN for HDP, DHP, and GDHP. In the Action Dependent versions, out-
puts of the controller (the “action” devise) are also used as inputs to the Critic NN -alcéone
dependent.

2. THE DUAL HEURISTIC PROGRAMMING (DHP) METHOD

2.1 Preliminaries

After surveying literature on the Critic methods (especially those with comparative experi-
ments), and based on analysis of Equation (18) below, the present authors selected the DHP
method as the method of choice for reinforcement learning in the controller-design context. The
comparisons made in [Prokhorov, Santiago & Wunsch, 1995] and in [Visnevski & Prokhorov,
1996] both demonstrated superior performance for the DHP over the HDP, with no observable
improved performance by the GDHP. The experiments in [Prokhorov, Santiago & Wunsch, 1995]
related to an airplane autolander problem context, and the experiments in [Visnevski &
Prokhorov, 1996] related to one of the Narendra benchmark problems [Narendra & Mukho-
padhyay, 1994]. Private communications from Werbos and McEvoy (cf. [Werbos, McEvoy & Su,
1992]) reported that the DHP method works as well as, or better than, the GDHP on problems of
the complexity experimented with so far. They suggested that substantially more difficult prob-
lem venues would be needed to “test” the capability of the GDHP method, concluding that it
wouldn’t be profitable to use a “sledgehammer to drive small to medium size nails.” We concur.
We choose the DHP method.
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Further support for the authors’ choice of DHP over HDP comes from reviewing Equations (18)
and (19). When we get to them later, it will be noticed that these equations make use of a substan-
tial amount of “information” about the system being controlled (via the various different partial
derivatives required), and it turns out that this is more information about the systemusbeah is
in the equivalent equations for the HDP method. With this additional usage of information about
the system being controlled, with no apparent equivalent factors on the downside, in our judge-
ment, it makes sense to “place our bets” with the DHP method over the HDP method.

An implementation factor in favor of the DHP method is as follows. As mentioned in the previ-
ous section, the HDP critic provides an estimaté{fat its output, whereas the DHP critic pro-
vides an estimate of thierivativesof theJ function at its outputs. Thus for HDP, Equation (2) is
used as is, whereas for DHP the derivatives of this equation are used. In considering the recursive
nature of this equation and the relationship betw¢andJ, it becomes clear that the  term is
important, and typically must have a value less than 1 sbtdren doesn’t “swamp” thel term
during the recursion. This applies in the HDP case. For derivatives of this equation, however,
brief consideration allows us to conclude that the derivativesasfd ofJ will typically be com-

mensurate (of course, there will always be exceptions), and therefore significancg of the term
reduces substantially. Thus, in the DHP context, the researcher could get away with setting
y = 1, hence one less parameter to be concerned with in using the DHP method vs. the HDP

method. The authors use a valugyof 1 in all the experiments reported herein.

An early decision a control engineer must make is whether or not to use a reinforcement-learn-
ing method for designing the controller. The decision should primarily be motivated by the kind
and quality of information available with which to effect a design, and of course on the kind of
control problem at hand. If the information available suffices for use of simpler methods, then it is
typically better to use the simpler methods. Once the control engineer decides that a reinforce-
ment-learning method is appropriate, then the suggestion here is for the DHP method to be con-
sidered the “workhorse”, or default, Adaptive Critic method for general control contexts. One
would move “up” to the GDHP, or “down” to the HDP methods only based on analysis and
understanding of the problem domain which would provide hints that one of the alternative meth-
ods is better to explore. We have no suggestions here concerning the Action Dependent versions
of the three methods. Prokhorov [Prokhorov, 1997] suggests that the Action Dependent versions
could be useful in the context of recurrent NNs. Recurrent NNs are not dealt with explicitly in this
chapter (cf. [Feldkamp, et al, 1997]).

2.2 Overview of DHP in Control System Context

The starting point in the control-system context is the ‘plant’ to be controlled. Clearly, it is use-
ful to obtain as much knowledge about the plant as possible. For the DHP method, a differentiable
model of the plant is needed. This can take the form of a set of equations, or if these aren't avail-
able, then an identification process is carried out to develop a NN model of the plant.

Next, a clear formulation of the objectives of the controlled system must be made. Then, a util-
ity function UR(t),u(t)) that embodies these objectives is creaedgmprises the state vari-
ables, andi the control variables). As mentioned earlier, care must be taken in developing this
utility function. A useful hint here is to keep the utility function as simple as possible, consistent
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with capturing the essence of the control objectives. Avoid the temptation to include more vari-
ables in U than is minimally necessary. The more complex the utility function is, the “harder” the
critic will have to work to “figure things out”. An example of this issue will be given in both of
the demonstration problems to be presented in subsequent sections.

The equations and techniques described in this paper are based on a discrete time system or
with a discrete sampling of a continuous plant; the usual method of discretizing continuous mod-
els of plants is used. For DHP, at least two neural nets are needectjigh®N functioning as
the controller, and theriticNN used to train thactionNN. A third NN must be trained to copy
the plant if an analytical description (model) of the plant is not available.

A schematic diagram of important components of the DHP method is shown in Figure 6.

INSERT FIGURE 6 ABOUT HERE

R(t) [dimension n] is the state of the plant at time t. The control sigf)gdimension a] is
generated in response to the inB) by theactionNN. The control signal(t) is then applied to
the plant and the plant evolves to st&@s-1). ThecriticNN’s role is to assist in designing a con-
troller (actionNN) that is “good” relative to the objective of the control application --a potential
example being: “balance the pole upright and save energy by keeping the control vector's ampli-
tude small”. In the DHP method, tkaticNN estimates the gradient &ft) with respect tdr(t);
the letterA (a vector) is used as a short-hand notation for this gradient, so the outputrdf the

icNN is designated. Note: the 1/maxr modules scale the n-dimensional state spate
[-1,+1]"; more about this later.

2.3 Updating Process
We refer to Figure 7 to describe the computational steps used in the DHP methodology.

INSERT FIGURE 7 ABOUT HERE

First, we mention that all the boxes in this Figure repraséedto be performed, and these
rolescan be performed by various “actors”. For example, the Ciritic #1 role performs the mapping
of R(t) to A(R(t)), while the Critic #2 role performs the mappingRgf+1) to A(R(t+1)). These
roles can be performed by teeamephysical or computational unit, or lyfferentsuch units
(neural networks in our case). We will see in the sequel that in some cases we have Haenexact
NN perform both roles; but in other casgi$ferentNNs perform the two roles. Similarly for the
role called ‘plant’. This may be performed by the actual physical plant, a set of equations model-
ing the plant, or a NN that has been trained to emulate the plant (for most of the work presented in
this chapter, we use analytical equations and we take the required derivatives for the reinforce-
ment learning process using these equations -- we remind the reader that a viable alternative is to
train up a NN to emulate the plant, and then “do the derivatives” via Backpropagating through
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this NN model). Similar comments may apply to the remaining boxes in the Figure.

Next, we mention that the boxes in Figure 7 with dark shading mean that we have an analytical
expression for that item (again: if an analytical representation of the plant is not available, a NN
may be trained up to emulate the plant and used in this role). The clear boxes are neural networks
(NNs). The medium shaded boxes represent some critical equations that are to be solved in the
learning processes. The dotted lines represent calculated values being fed into the respective
boxes. The heavier dot-dash lines indicate where the learning/updating processes occur.

Reading Figure 7 from left to right, the current sk is fed to theactionNN, which then
generatesi(t). Theu(t) are applied to the plant which then gener&@s1). R(t) is also fed to
the critic#1 box and to the utility box, which generate, respectivg®(t)) and UR(t)). [Note, in
the examples used herein, the Utility functions defined make ugg)diut notu(t); if u(t) is
included in the definition of the utility, then we would show a connection from the output of the
actiorNN to the utility box.] After the plant generateé+1), this is fed to the critic#2 box,
which then yielda\(R(t+1)) -- more simply denoted agt+1). This value is a key component of
the calculations in the medium-shaded boxes, which in turn are needed to perform learning/adap-

tation of theactiorNN and thecriticNN. The upper medium-shaded box calculaﬁaz?j , and the

lower medium-shaded box calculates(t) , the “desired” or “target” valugtiaio enable
supervised-type training of the underlying critic NN.

We now show the basic equations for the two medium-shaded boxes, and in particular, point
out the role oA(t+1) in those computations.

2.3.1 The upper medium-shaded box of Figure 7.

The underpinnings of the DHP method are the equations for training the NNs. Therefore, it is
important to understand how the two NNs are updated. The weightsaotitdNN are updated
with the objective of maximizingl(t) , and in the present wotkasicBackpropagation training
algorithm is used (no embellishments) to adjust the weights in the action box. Accordingty, the
tionNN’s weight-adjustmentincrement is calculated as in the process leading to Equation (10), i.e.,

Aw; (1) = Icoef- aw?j % (13)
) 2 0
where —J(t) = J(t)- u (t)
ow;; (1) kglauk(t) ow; (D) k
) _ 0 0
and mJ(t) = Tk(t)u(t) +WJ(t+ 1)
d finally, "
ey 0 j(t+1) = >3 90 g+ n-_ 0 R(t+1) . (4)
au, (D) OR_(t+1) ou(t) s
We abbreviat =17
e abpreviate:
0 _
RJTD) 1)J(t+ 1) = A(t+1) (15)
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and note thahg(t + 1) is obtained from the critic, in response to the R{pti).

The derlvatlvesa_R (t+1) can be calculated from analytical equations of the plant, if they

S
0u, ()
are available, or by Backpropagation through a previously-trained NN model of the plant.

2.3.2 The lower medium-shaded box of Figure 7.
To train thecriticNN, whose output i&, a value has to be calculated for the role of “desired out-

put”, here called® . Since we don’'t have a direct way of knowing such a “desired” value, we are
obliged to do a kind of “trick”. We motivate this as follows. Recalling Equations (1) and (15) and
making use oEquation (2) we write

- 0 -
s (=55 (t)J(t) IR (t)(U(t) J(t+ 1)) (16)

For utility functions of the form

u() = z%, R (t)D+zB:, J(t)D a7

Whereai ’bi ,cj anaﬂj are constants, this resolves to

(18)
0
A2 (t) = U(t t
s () GRS(t) %ﬁ 3R (t)“J()D
— R (t+1
Z %Rk(“l D2 Rl :
n Ua 0
v By a9 i+ 2 R(t+ 1) -2 b (0
52 BR{D) u® KR g
k=14 =1 s .
The partial derlvatlv%Ra_()u (t) is calculated by Backpropagation throughdii@NN. Once
A\° is obtained, the “error” components for training ¢thiéic are calculated as follows:
— (o 2
&g = (A —A(1) (19)
2.3.3 Time perspective.
A perspectivassue arises due to the appearance of theieuqf?_J(t +1) in the equation

OR, (t+
for )_\ (t); i.e., something from thieitureis needed to provide a target value for the present. We

could approach this in (at least) two ways: 1) we could shift our “clock” to (t+1) for the plant so
we are always comfortably working “historically”, or 2) keep our clock in the present, but use a
speeded-up plant model (via analytical equations or a NN) to generate a simulated value for
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Rk(t + 1) before the real plant moves to the next time step, and apply this to the Criale #2

which will generate an estimadt+ 1) , also to be used before the real plant moves to the next

time step. When working in a context where everything is done by computer simulation, as for all
the work reported herein, there is no pragmatic difference in which perspective is adopted, since
everything is taken care of via properly implementing the sequence of computations. In a real-
world context however, if the real plant has relatively long “time constants”, and if a reasonably
good model of the plant is available then it could be useful to adopt the 2nd perspective suggested
above. This may be conceptualized as performing the “trick” of jumping to the “future” to get

J(t+ 1) and coming back to the present to manufacture a valu€ for  to use as a “desired” output
for the purposes of (a supervised) training of the underlying critic NN, which owtft)tsTo re-
capitulate, an estimate fok(t + 1) is generated by the Critic #2 role as responsé{otthewe

obtain either by use of a speeded-up plant model, or by shifting our plant’s clock one step ahead,
and then think in terms of working one time step back. péispectivessue requires even more
careful attention in cases where the utility functiboontains state variables that are measured at
different points in time, e.g., somé), x(t+1), & x(t+2). This is the case in one of the example
problems described later.

2.4 Overview of update procedures.
We now discusses procedures to use the neural net update equations given in the previous sec-
tions. First, we take a closer look at the convergence process. In the present infRjtisrthe

mapping performed by thexiticNN, A° is the desired output for tloeiticNN (“calculated” by

using thecriticNN’s output in response ®(t+1)), and A(R) is the “solution” (that we don't
know) of the Bellman equation and is the target for the otheAsva”(R) is a function of the

stateR and doesn't change for a time-invariant plant. Since we updatgtibBIN, A(R) andA°
(which is calculated using the updatedicNN) change over time}° R) is supposed to con-
verge taA*(R), andA(R) is adjusted in order to convergdfgR) . MR) > A° (R)=+> AN(R)

One can imagine this as a tracking problem, whetreckg)_\° . It is important to understand that
the better theriticNN “solves” the Bellman equation.¢.: A\(R)—» A(R) ) the better chance

theactionNN will have to approximate an optimal controller (limited by the capabilities of the
actionrNN and the learning process).

Equation (18) folAg (t) is our principal focus here. If we substiy(e) (i.e., without the

superscript) in the left side of Equation (18)) tn#éicNN is considered ‘converged’ when this
new equatiomolds truefor all s and all subsequent t's (t can be thought of as an index in the
sequence of states).

For convenience of discussion, we paraphrase Equation (18) as follows:
: (20)
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a

A (t) = [~Utility]+ Z [~Utility] [~Action] )
] = 1

+ z ([~Critic(t+1)] «[~Plant] )

n E a E
z 0 z ~Critic(t+1)] [~Plant] J{~Action] O
K= 15 =1 .
and with further reduction, we have (21)
a
A (t) = [~Utility]+ Z [~Utility] [~Action] )
j=1
n il a E
+ Z [~Critic(t+1)] %Plant]+ Z[~Plant] {~Action]
[l
k=1 D ] = 0

In this paraphrased way, we make more clear the respective roles of the boxes shown in Figure
7. In a neural network implementation, {ré\ction] terms of Equations (20) and (21) are calcu-
lated via theactionrNN, and thg~Critic(t+1)] terms are calculated viaeticNN. Take note, how-
ever, that the specific form taken by Equations (20) and (21) is dependent upon the form of the
utility function assumed in Equation (17).

2.4.1 Conceptual framework for update procedures.
Thinking about and describing the various strategies one might use for performing the control-
ler design process, benefits from starting with a conceptual framework such as the following.

The framework is described in terms of four “loops”.

1. Theplant control loop. This comprises the controller and plant. The controller observes the
state of the plant, makes certain computations, and then issues control actions; the plant
responds; the controller observes... and the loop continues.

2. Thecontroller training loop. This is the process of interacting with the controller in a super-
vised learning context, training it to minimize the secondary utility fundfgnWhile pre-
liminary training of the controller may be done off-line, when done on-line, the training
interactions with the controller must be interlaced with the actions required of the controller
in its primary responsibility of controlling the plant.

3. Thecritic training loop. This is the process wherein ttrtic neural network(s) learns to
produce better-and-better approximations toAthalues needed in loop 2.

4. The (optionalplant model trainingloop. This is the process wherein a neural-network plant
model (if one is used) learns to become a better-and-better representation of the real-world
plant -- especially to track changes in the plant’s characteristics.
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When learning is being done on-line, tllant control loophas highest priority, and each of the
other loops must be coordinated to perform their actions in an interlaced fashion. Of course, when
doing parts of the design off-line, the engineer gets to choose the appropriate order of actions. In
the sequel, we do not include consideration opthat model training loopThis would be a
supervised learning situation, where the teacher role simply uses as training 1/O pairs the actual
inputs and outputs of the real-world plant. The main assumption about this loop is the usual one
that the real-world plant’s characteristics change at a slow pace in comparison with the response
times of the other loops.

For theplant control loop we assume the controller structure has benefited from typical consid-
erations made by a control engineer. With a fully-trained NN controller, we assuplartheon-
trol loop performs according to specifications. It should be pointed out that developing a “fully-
trained” NN controller requires a variety of training stimuli, including a full range of initial condi-
tions and perturbations the plant can be subject to, and to satisfy the ‘persistent excitation’
requirement. In the case of tracking problems, this includes the full variety of reference behavior
the controller is to be used for. Incorporating a representative range of such stimuli into a training
simulation must be done on a problem-by-problem basis, taking into consideration the specified
primary utility function. Frequently it is useful to begin the training process with stimuli that are
“easier”, and progressively move to more “difficult” cases.

From an implementation point of view, the challenge spawned by the above is to develop one or
more strategies for “putting it all together”. Primarily, this involves integrating loops 2 & 3 into
the basic implementation of loop 1.The details of evaluating the secondary utility ful(tfion
will dictate the actual time sequencing of all the calculations. The more substantive issues relate
to the interleaving of controller and critic network updates (referring back to Figure 7, the con-
troller-update occurs in theperloop following Critic #2, and the critic-update occurs in the
lower loop following Critic #2). The two primary options are 1) run both training loops simulta-
neously, or 2) run only one training loop at a time and periodically switch between loops. The first
option corresponds to the “classical”’ strategy [see next section]; and the second option corre-
sponds to the “flip/flop” strategy [see next section]. A variety of hybrid options can be formed by
running both loops in parallel as in the Classical strategy (option 1), but performing the updates in
shadowNNs and only occasionally transferring the updates to the NNs used in the functioning
system.

Two instantiations of thehadowNN concept (not by this name) were reported in [Lendaris &
Paintz, 1997] with further results given in [Lendaris, Paintz & Shannon, 1997] and [Lendaris &
Shannon, 1998]. In those references, the update strategies ushgdio@NN concept were
simply called Strategy 4a and Strategy 4b. They will be described in the next section, but the key
shadowNN notion of using two distinct neural networks for the critic is the basis of those strate-
gies. The description provided in Figure 7 was based on applyishadewNN concept to the
critic adaptation loop -- cf. implementation of the Critic #1 & Critic #2 rolesliganctneural
networks. Currently, thehadowNN concept is also being applied to the controller adaptation
loop; preliminary results of this current work suggest the possibility that even better results may
be forthcoming.

Example code structures illustrating the simulation sequence for these options are:
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Classical
for(i=1; i <= epoch length; i++) {

controller(i); // generate a control vector
simulate(i); // simulate the behavior of the plant
critic(i+1); // generate\ values for controller training
calculate target AG); 1 calculate targeks for critic training
update controller(i); // update the controller network
critic(i); // generate\ values for critic training
update critic(i); // update the critic network
}
Flip-Flop

for(i=1; i <= epoch length; i++) {
controller(i);
simulate(i);
critic(i+1);
calculate target lambday(i);
critic(i);
update critic(i);

}
for(i=1; i <= epoch_length)) i++) {
controller(i);
simulate(i);
critic(i+1);
update controller(i);

}

Shadow Critic
for(i=1; i <= epoch length; i++) {
controller(i);
simulate(i);
critic(i+1);
generate target lambda(i);
update controller(i);
shadow critic(i);
update shadow critic(i);

copy shadow critic to critic();

Shadow Controller
for(i=1; i <= epoch length; i++) {
controller(i);
simulate(i);
critic(i+1);
generate target lambda(i);
update shadow controller(i);
critic(i);
update critic(i);

copy shadow controller to controller();
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Specific algorithms for the first three structures above are given in the next section, based on
prior literature.

References for the Flip/Flop strategy are [Prokhorov & Wunsch, 1996] [Prokhorov, Santiago &
Wunsch, 1995] [Santiago & Werbos, 1994] [Visnevski & Prokhorov, 1996] [Werbos, 1992]
[Biega & Balakrishnan, 1996]. References for the Shadow Critic strategy are [Lendaris & Paintz,
1997] [Lendaris, Paintz & Shannon, 1997] [Lendaris & Shannon, 1998].

2.4.2 Selected train/update strategies.

Detailed descriptions of various strategies for “solving” (iterating) Equation (18) were given in
[Lendaris & Paintz, 1997]. Using Figure 7 again, we describe three of thenClessicalcorre-
sponds to Strategy 1 of the refererfeégp/Flop to Strategy 2; an8hadow Critic to Strategy 4.

Keep in mind that the output of critic#2 role is required for performing the calculations in the
medium-shaded boxes, which in turn must be calculated to perform learning updates in the action
and critic#1 roles.

Classical.Straight application of the equation.

In Figure 7, this means that affgt+1) is calculatedyoth of the paths leaving critic#2 are
traversed, so that the action box and the critic#1 box are updated in each iteration. [Note: In
this strategy, the two roles labeled critic#1 and critic#2 are always maintained identical -- i.e.,
could be the filled by the same physical device, just used for two different calculations.]

Flip/Flop. Basic 2-stage process

During stage 1, traincriticNN, notactionNN;
In Figure 7, this means that afigt+1) is calculated, only the path which adapts critic#1 is
traversed (lower loop), not the path which adapts the action box (upper loop). This is repeat-
ed for a designated number of iterations, and then changed to stage 2 (from “flip” to “flop”).
As in Strategy 1, critic#E  critic#2.

During stage 2 trainactiorNN, notcriticNN.
In Figure 7, this means that affgt+1) is calculated, only the path which adapts the action
box is traversed (upper loop), not the path which adapts critic#1 (lower loop). This is repeat-
ed for a designated number of iterations, and then changed to stage 1 (from “flop” to “flip”).

Shadow Critic. Single-stage process (as in Classical), with the modification that critic#1 and
critic#2 roles are filled bywo physically distinct objects

a. UsecriticNN#2 to update both,criticNN#1 andactionNN.
After A(t+1) is calculated, adapt both the action box and the critic#1 box as in Strategy 1,
howeverJeave critic#2 unchangedRepeat this for a designated number of iterations (the
familiar term epocH is used here for the designated number of iterations)attig end
of each epoch, upload the weight values from critic#1 into critia#@ continue the pro-
cess, epoch at a time.

b. UsecriticNN#2 to updatecriticNN#1; usecriticNN#1 to updateactionNN.
After A(t+1) is calculated, adapt the critic#1 box as in Strategedaifg critic#2 un-
changed, however this time, appR(t+1) to critic#1 to yield\(t + 1) and use this to up-
date actionNN. Repeat this for a designated number of iterations (epochi tlrmend of
each epoch, upload the weight values from critic#1 into critie#i#l continue the process,
epoch at a time.

2.5 Rationale for the Shadow NNs.
As mentioned above, the “strategies” described in this chapter refer to procedures used to iterate
Equation 18. In principle, the straight-forward (“classical”) approach should work just fine -- this
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is the approach characterized in the previous section as 1) run both training loops simultaneously.
In practice, when first attempting to get this procedure to work, one might discover great sensitiv-
ity of the process to certain “gain” parameters; it can be difficult to find values for which the
learning process converges. We can only speculate that difficulties of this type motivated devel-
opment of the “Flip/Flop” strategy -- characterized in the previous section as 2) run only one
training loop at a time and periodically switch between loops. Nevertheless, the present authors
believe that this strategy entails longer training times. This belief is based on the observation that
available information is being used less efficiently. Information about both the critic and control-
ler (action NN) is available at each iteration; however, since each loop is put on “hold” while the
other is learning, this information is not being used to its fullest. Experiments by the present
authors substantiate this prediction. Whereas the controller designs yielded by the Classical and
Shadow strategies are roughly equivalent, the Flip/Flop strategy takes approximately twice as
long to converge. In the off-line context, this is not a major problem. However, in on-line situa-
tions, speed of learning convergence geneislbf essence

Another train of thought: The critic is attempting to learn what it can about the plant control
loop, and it does so in the face of the controller being changed at every step (Classical method). In
addition, a trick is being used of having the critic predict its own next state as a basis to determine
a target value to use in a supervised training of the critic -- and this is done in the face of the critic
being changed at every step (Classical method). The thought emerges that we might be able to
assist the critic in its learning task by providing data from a less “volatile” platform. This leads to
the notion oshadowNNSs. This entails maintaining a version thatad being updated each itera-
tion for each NN being trained. From the point of view of the critic, this would allow access to
less volatile platforms from which to a) learn about the control loop, and b) to obtain target values
for its learning cycle. The Shadow Controller and the Shadow Critic, respectively, are one set of
implementation of these ideas. Historically, the ShaGoiwc method received our attention
first, and is the method described herein. Description of and experiments with the Slwadow
troller methodology will be forthcoming.

Generally speaking, we can report that learning based on the Shadow Critic method does not
suffer the learning-rate penalty associated with the Flip/Flop strategy (due to the latter’s less effi-
cient use of available information). Both the Classical and Shadow Critic based strategies yield
about twice-as-fast convergence of learning as does the Flip/Flop strategy. Regarding the first dif-
ficulty mentioned above, for the problem contexts we have worked on, we have figured out how
to get learning based on the Classical update strategy to converge. All three strategies seem to
yield about the same quality of controller.

2.6 Assurances for convergence of the training process.

As mention in Section 1, to be useful, a learning algorithm must have associated with it a guar-
antee that its process will converge to a solution, if one exists. What is our situation in the present
context? We have @oublelearning process going on. If we allocate the role of “teacher” to the
Critic, and the role of “pupil” to the Controller, then we paraphrase the situation as “the teacher is
learning as it is teaching the pupil”. Individually considered, the controller training process seems
covered by our existing convergence theorems, inasmuch as there is a bona fide Supervised
Learning using the Backpropagation training algorithm, for which convergence theorem(s) exist.
But what about the *bootstrapping’ kind of situation for the Ciritic learning? Again we seem to be
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on safe ground, as there are theoretical results that establish the ‘fundamental soundness’ of this
iteration process [Bertsekas & Tsitsiklis, 1996]. In a recent Ph.D. Dissertation, Prokhorov
[Prokhorov, 1997] states “Invoking known results from the theory of stochastic optimization, we
have just demonstrated that convergence of both critic and action training cycles can be rigor-
ously proven.” This statement seems to give us comfort, but he goes on to say (referring to the
question raised above about twiblelearning process going on) “However, we have considered
convergence of those cycles taleaparately The answer proposed about the double process is
that it “...appears to be rigorously justified only for a single update of the action weights with a
small enough learning rate.” We point out to the reader that in principle the theorems of conver-
gence for the Backpropagation training algorithm has a similar constraint, namely, there is a proof
based on the theory of stochastic iterative algorithms that assures convergence for one-pattern-at-
a-time presentation/update cycles, and another method of proof for full batch training. The middle
ground is not rigorously supported by theoretical results (developed to date), yet, the method is
successfully used all the time in practice.

We are apparently in a similar situation regardingdiwblelearning going on in the Adaptive
Critic methods. The theory, so far, supports the micro steps we take, but not the larger-scale
issues. Yet, there is empirical evidence (e.g., the examples presented later in this chapter) that the
method can converge, and indeed, to useful solutions.

2.7 Assurances for the stability of the control loop during training.

For the control engineer, likely more important questions relate to stability issues. In the case
where the controller is trained off-line, can we assure ourselves that the resulting controller-plant
combination will be stable? In the case where the controller is trained on-line, can we assure our-
selves that the controller-plant combination will be stabkaahstep of the training process?

And lastly, might there be an instability induced in this context by virtue of the coupled learning
dynamics itself?

A separate chapter of a recent book on neurocontrol [Hrycej, 1997] is devoted to “Stability of
Neurocontrollers”. Most of the chapter discusses methods for demonstrating whether the trained-
up (nonlinear) controller is stable (for different “kinds” of stability). While not given in the con-
text of Adaptive Critic methods, the methods suggested are in principle applicable, so the reader
of the present chapter is directed to that material for useful suggestions. A shorter section of that
chapter addresses the topiadekigninga neurocontroller so that it is provably (under certain
caveats) stable. Though that section is short, it gives an answer that seems eminently applicable to
the present context. Hrycej suggests the possibility of an approach “...(to) combine the training
with the stability proof in order to obtain a controller that is provably stable.” The answer he pro-
vides is encouraging: “...it is straightforward. It consists simply in extending the cost function by
an appropriately weighted stability constraint penalty term...” It is encouraging to us here because
the Adaptive Critic methodology is criterion-function based. While the present authors have not
explicitly worked with this suggestion, it seems a workable approach to yield a controller design
with stability properties assured. Nevertheless, it still doesn’t necessarily answer our second ques-
tion that wants assurances about a stable controller-plant combinagexhatep of the training
process. Even if the criterion (cost) function successfully enforces a “stability constraint penalty
term”, it only means that at tlendof the training process, a controller will have been designed
with this constraint. This method could be useful in an off-line mode which would give us a stable
controller to then use in an application, but still leaves open the concern about stability at each
step in an on-line training mode.
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The answer typically suggested (even by the present authors) is to get a preliminary design for
the controller in an off-line mode, so it is “near enough”, and then invoke an on-line training to
refine the design to match the actual plant, and which will track incremental changes in the plant’s
characteristics over time. We call this “Off-line training for on-line adaptation.” A hint of its
applicability is demonstrated in the two examples given later in this chapter.

In the last days of preparation of this chapter, a preprint of an article [Cox & Saeks, 1998] on
Adaptive Critic Control came our way. In this article, the authors propose an adaptive critic
method thaspecificallyaddresses the issue of assuring stabiligaahstep of the training pro-
cess. Their approach “reduces the complexity of the adaptive critic algorithm...while simulta-
neously facilitating the development of stability and robustness criteria. The resultant
algorithm...does not require an explicit system identification process.” When fully developed, this
could be an important milestone in the application of adaptive critic methods to neurocontrol.
Their approach is not the same as the DHP method described herein. The present authors plan to
explore the details of their proposal with an eye toward incorporating the ideas into the DHP
method.

Regarding the third question in the first paragraph of this Section, we are not aware of any rig-
orous treatment of this issue. However, we are confident that as deeper interaction begins to take
place as we couple more and more learning loops, this issue will have to be successfully dealt
with.

3.0 GENERAL APPROACH FOR APPLICATIONS

3.1 Specify the desired behavior via the primary utility function.

As discussed in Section 2.2, the first step in designing a controller using the DHP method is to
define a (primary) utility function that embodies the objectives of the controlled system. This is
an important step. Examples are provided in Sections 4.1 and 4.2. The secondary utility function
defined by Equation (1) is then constructed. This becomé3Rlgeriterion function) for training
the controller (action NN). When crafting the primary utility function, keep in mind practical
issues related to the requirement of DHP that the derivativE$) @fith respect to the plant states
are to be approximated. In particular, it will be important that meaningful terms in the expansion

0 d d
—J(t) = —U(t)+——_J(t+1 22
RO T RO @R @2
be available without too much delay. In particular, the (total) derivativ$ Of with respect to

the plant states should be easy to calculate numerically without having to wait an inordinate
period of time.

3.2 Define the controller (action NN) architecture.

In general, from a black box point of view, the inputs to the action NN will be the state variables
of the plant, and the outputs of the action NN will be the control (manipulated) variables, with the
NN performing a mapping between these two sets of variables. If not all the state variables are
available, then the inputs to the NN should comprise those state variables that are observable, plus
sufficient lagged values of one or more of the observable state variables to provide the needed
information. For tracking problems, the desired behavior must also be included in the NN’s
inputs.
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The number of inputs and the number of outputs of the action NN are thus specified by the
problem context. Assuming a feed-forward structure is being used, when selecting the number of
hidden layers and their respective sizes, keep in mind that smaller structures are advantageous in
that they train faster, are computationally less expensive, and tend to have better generalization
performance than more complex architectures do (this latter statement assumes both structures do
equally well on the training data). Obviously, the NN'’s structure must be of sufficient size/com-
plexity to learn the desired mapping. Keep in mind also that one of the structure-related choices
available is the inclusion (or not) of trainable bias terms.

It is useful to scale all the input variables into a range appropriate for the NN'’s processing ele-
ments. This was mentioned in Section 2.2 relating to the scaling blocks in Figure 6. If this step is
not takera priori, the initial layer of the NN’s weights will have to do the scaling, which compli-
cates the initial stages of training. While the scalings can be determined analytically in some
cases, frequently it may be necessary to determine them empirically by observing the plant’s
behavior.

The action NN'’s output layer may use linear activation functions in its elements, however there
IS sometimes better training success with sigmoid-type activation functions. |atténgsase, the
outputs are constrained to the range of [-1,1] or [0,1], and accordingly these values may need to
also be scaled in order to transform this limited range into the range required of the control vari-
ables to be applied to the plant. This would be in addition to the scaling blocks suggested in Fig-
ure 6.

Finally, the range of values over which the NN's weights are randomly initialized can affect the
learning characteristics. Starting with a very small range around zero is usual, but experience with
a particular plant may suggest other initial starting ranges.

3.3 Define the critic NN architecture.

The set of inputs to the critic NN should include just those variables needed by the critic to
approximate the secondary utility function. Making this (minimal) selection is often easier said
than done. However, a good starting point are the plant’s state variables that appear in the primary
utility function and the reference variables provided to the controller in the tracking context.
Beyond this, engineering judgement (and sometimes “tinkering”) is called for.

The outputs of the critic NN represent the (estimated) values of the derivaliftwith
respect to either all or some subset of the plant’s states. The number of critic NN outputs, then, is
determined by the fuzzy criterion that we need just “enough” information to Backpropagate
through the plant (well, really the plant’s surrogate: either analytic equations or a NN model, cf.
Section3.4) to do a good job of designing the controller. If the primary utility fund{igrcon-
tains state variables at different time instants [e.g., see Section 4.2], then for the partial derivatives

_9__3(1), the time index for th&,(t)  will have to reflect this.

IR, (1)

Comments regarding other design choices are similar to the previous section, namely, a suffi-
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cient but not excessive number of hidden layer elements should be included in the critic NN; scal-
ing factors for the critic NN will usually be identical to those used for the same variables in the
action NN’s inputs; and the initialization range for the critic NN’s weights is again relevant, and is
determined empirically.

3.4 Implement the differentiable model.
A differentiable model of the plant’s behavior is required at two points in the DHP process. We
see this clearly in Equation (20), by noting that the syrafelant] shows up in two places.

Referring back to Equation (18), we see that these are for evaluatigagta?Rk(t +1) and the
S

0
ou; (1)

Wlth respect to each of the other plant state variables; the second term refers to all the partials of
the plant state variables with respect to the control variables. All of these partials, for all j,k and s,
must be obtained from a (differentiable) plant model. If an analytic description of the plant state
exists, the partials can be calculated from these equations; alternatively, Backpropagating through
a trained-up NN model of the plant may be done. When using an analytic model, care must be
taken to effect the proper “ordering” when evaluating the derivatives. When using an NN model,
this “housekeeping” is automatically taken care of in the dual NN (cf. Section 1.4.1).

Rk(t + 1) terms. The first of these terms refers to all the partials of the plant state variables

3.5 Define the simulation sequence.
We visit the first three of the “loops” defined in Section 2.4.1:

1. Theplant control loopis the basic component of a simulation. At specific points in time, the
plant state data is presented to the critic NN, which then generates a control signal. The control
signal is then applied to the plant over the following time interval until a new control signal is
generated. The practical issues in this loop are the simulation method for evolving the plant states
through time, and the duration of the control interval.

2. Thecontroller training loopis the process of providing feedback to the controller neural net-
work in a supervised learning context. The controller is trained to minimize the secondary utility
functionJ(t). A simple gradient based training method for the critic NN can be used as soon as the

error data are available from the critic in the f u (t)J(t+ 1) . From Equation (14), we see
k
that
n
0
— J(t+ A(t+1 1 23
su @ (D = T A k(t) Ry(t+1) @3)
s=1

So the Action NN can be updated at titvigy using the output of the critic NN at tirtvel for
generating error terms. Standard additions to the basic gradient descent training method, such as
the addition of a momentum term and/or the use of offset factors to keep the derivatives of the
activation functions away from zero, may prove helpful. Alternative methods of NN training may
also be used, e.g., see [Visnevski & Prokhorov, 1996].
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3. Thecritic training loop provides feedback to the critic NN and also updates the critic’s inter-
nal weights so as to produce better approximations tad the values which are to be used in the in

thecontroller training loop The calculation of target, or_“desired”, valuesXor  from which error
terms for training the critic NN are developed have been discussed in Section 2.3.2.

Ensuring an adequate variety of training stimuliis important for controller training. The
stimuli should cover both the full range of initial conditions and perturbations the plant can be
subjected to, and in the case of tracking problems, the full variety of reference behavior the con-
troller is to be used for. Generating a representative set of such stimuli for the training is of course
problem specific, and the form of the crafted primary utility function must be taken into account.
Frequently, it is useful to begin the training process with stimuli that represent “easier” control
situations, and progressively move to more and more “difficult” control situations.

4.0 EXAMPLES

4.1 Pole-Cart benchmark example.

The pole-cart balancing problem is a simple system which demonstrates unstable nonlinear
behavior. The standard setup of the system is to place a pole on a cart that rides along a straight
section of track (cf. Figure 8) The pole is constrained so that it can only pivot along the axis of the
track. The control problem is to determine the sequence of forces that when applied to the cart
(horizontally) will keep the pole balanced upright. Additionally, a target position for the cart on
the track can be specified, and the total force applied could be required to be minimized.

INSERT FIGURE 8 ABOUT HERE

The state of the system is uniquely specified by the position and velocity of the cart, and by the
angular position and velocity of the pole. The second order system equations are then:

.2 : .
—F-ml6; sinb+ ucsgn(x) upet

gsinB,+ cosb,

B m.+m ml
o(t) = > (24
| 4 m(cosb,)
3" m,+m
and
.2 . .
) Fi+ ml[et smet-etcoseJ - ucsgn(%)
X (1) = .+ m (25)
c
where

F is the force applied to the cart (10 x Newtons),
g is the acceleration due to gravity (/s
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m, is the mass of the cart (kg),

m is the mass of the pole (kg),
| is the length of the pole (m),

M is the coefficient of friction of the cart on the track,
Hp is the coefficient of friction of the pole on the cart.

The base system parameters used in the rest of this example are:

g =9.8m/$,
m. = 1.0kg,
m = 0.1kg,
| =0.5m,

K= 0.0005,

1,=0.000002.

The desired state, the pole balanced upright and with the cart stationary at the desired location
on the track, is an unstable fixed point of the system. In the control context, the desired system
state can be expressed with a utility function of the form

~ 9 _
U(t) = —af6(t)-e(t)] —B[x(1) —~k(1)]° (26)
wherea andf are arbitrary weighting constang(t) ax(d) are the desired values for pole

angle and track location for the cart. The constants allow the relative importance of track position
to pole position to be varied. Additional terms can of course be added to this function to represent
criteria such as minimizing total force used, minimizing the maximum acceleration applied to the
pole, etc.

The plant is simulated by integrating the plant equations through time starting from a specific
set of initial conditions. Given initial position and velocity values, integration produces the plant’s
trajectory through time. A variety of integration techniques can be used, the choice of techniques
involves picking a particular trade off between accuracy and computational speed. A simple first
order technique like Euler integration can be used here with little loss of generality, though
slightly more complicated Runga-Kutta techniques can also be used. Whatever the technique
employed, one must also choose the length of the time step to be used in the integration. While
smaller time steps produce more accurate results, they also require more calculations to produce a
system trajectory for a fixed time interval. The obvious constraint on integration step size is that it
must be less than the sampling interval used by the controller.

4.1.1 Defining The Utility Function.

The difficulty of the control task can be varied by including different terms of the state variables
in the utility function, and by adjusting the length of track available for travel. The simplest utility
function would comprise just the first term of Equation (26). @asired angles 0, and we arbi-
trarily choosea = 0.25 , yielding
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U(t) = —0.259%(t) @7)

In this case, there are no limits placed on the length of track available for the cart to travel over.
We call this thé-only problem since only th&(t) term appears in the utility function, and no lim-
its are placed on the position x(t) of the cart. There are many obvious ways to introduce position
states into the utility function; they all make the problem more difficult for the controller, yet also
more realistic. The simplest is to adopt a utility function like

U(t)) = —0.259°(t) — 0.25x(t) 28)
i.e.,X(t) = 0. ThisB-x problem is the obvious first extension of Gkenly problem.

4.1.2 Controller Implementation.

In the pole-cart problem we have only one manipulated variable, so a basic network architecture
for our controller has four inputs, several hidden layer elements, and a single output element. An
alternate controller might also include both acceleration variables in its inputs. An example of

both kinds of controllers will be given for theBxproblem, and their performance compared.

For the 8-only problem, notice that the only linkage of the position variables t@-tmdy util-
ity function is through the incredibly small friction coefficient terms in the expressidh for
These terms depend on the sigrxof and so their partial derivatives with respectto are zero

almost everywhere. Thus for this limited problem, the system can be decomposed and we can dis-
pose of the position variables in both the controller and the critic networks. This significantly
simplifies controller and critic training. Two controllers for 8ienly problem will be illustrated,

one using only angular position and velocity as inputs, the other also including angular accelera-
tion.

Each network input and output requires scaling from the variable’s range of measurement into
the interval [-1,1]. Scaling factors for the controller inputs were derived by noting the range of
state variable values actually observed for the base set of system parameters. The ranges to be
scaled are obviously symmetric around zero and are:

X:x4.0
:14.0
:1£12.0
1+1.6
1335
6:+15.0
For the controller output, the scaling factor represents the controller’'s maximum gain, i.e.
the maximum force the controller can exert on the cart. This factor will end up limiting the maxi-

mum angle from which the controller can return the pole to a vertical position. A higher gain
value should enable the controller to bring the pole upright from a larger initial deflection from

D D X X
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vertical, but it will also make it much easier for the controller to overcorrect for a small deflec-
tion. For this example we adopt a gain value of 15, i.e. the maximum force the controller can
exert on the cart is 15 Newtons. Note that fine controllers can be trained using both higher and
lower gain values.

4.1.3 Critic implementation.
For the B-only problem, the critic network may have either two or three inf(ils 8(t), , and

8(t), and correspondingly two or three outpiigt) = ——__J(t) A,(t) = _J(t) and
008(t)

ae(t)

Ag(t) = LJ(t) Only one hidden layer processing element is needed. The hidden layer ele-

06(1)

ment uses a hyperbolic-tangent activation function with no bias, while the output elements use
linear activation functions with no bias. The inputs are scaled using the above factors.

The somewhat more compléxx problem uses a four-or-six input, four-or-six output critic net-
work. The variables available for inputs ai@) x(t) Xx(t) 6(t) 6(t) , Bl ; the outputs

would beA,(t) = (t)J() M(t) = o2 (t)J() Ag(t) = ax(t)J() Aa(t) = ae(t)J(t)
Ag(t) = .LJ(t) andAg(t) = LJ(t) . As above, the hidden layer has a single element with
00(t) 06(t)

a hyperbolic-tangent activation function and no bias, while the output elements are linear with no
bias. All the inputs are scaled as above.

4.1.4 Model implementation.

Since the system equations are known, we use the following set of derivatives as our model:
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X1y MXr1y Xrny Miany Mern) MKiern)
axt GXt OX aet 00, 06,

ax(m) ax(m) ax(m) ax(m) ax(m) ax(Hl)
axt GXt OX aet agt a'et

ox, X, OX 00, : a
ARt = [0 C 0% 06 29)
ae(t+1) ae(t+1) ae(t+1) ae(t+1) ae(t+1) ae(t+1)
axt GXt OX aet 00, 06,
59(t+1) 09(t+1) 09(t+1) 09(t+1) 59(t+1) 59(t+1)
axt GXt OX 69 00, 06,
69(t+1) 69(t+1) 69(t+1) 69(t+1) 69(t+1) 69(t+1)
axt OX OX 69 06, 06,
11052 0 0 O
01 1 0 0 0
00 0 0%, 9, 0x,
— T8 T8t (30)
00 O 1 1 0.512
00 O 0 1 T
00 0 061065, O
and
4 9 R(t+1) = OX(t+ 1) Ot 1) OXev1) 9O 1) 9B(t+1) 0Bt 1)
ou(t) du, du, Ou,  Ou,  Ou,  0u,
= [ut(o.5)o|t2 adt a, B,(0.5)dt* Bt B;|
—01,C0s?8, _ y , , ,
wherea, = By = ,Wltha)'(jt and0;; being numerical approxima-
M m [‘”—mla cos@} |
3

tions obtained by forward propagating small perturbations in state vgribbeigh the plant
simulation.

4.1.5 Putting it together.
1) Given either of our chosen utility functions, there are no overt time delays in the systems.
Therefore we can use a direct implementation of any of the four strategies detailed in Section 2.4.
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2) We need to fix a controller sampling interval for the simulation. Our base case sampling
interval is 0.05 seconds, but we investigate the effect of this parameter both on the DHP training
process and on the quality of the trained controller.

3) Both the controller and the critic networks are updated using a basic gradient descent
method, with no momentum terms used in either case. A (derivative) offset value of 0.1 is used
for training the critic network, but no offset is used when doing the controller weight updates. A
variety of controller and critic learning rates were used. The results reported here are based on
controller and critic learning rates of 0.5 and 0.1 respectively f@-trdy problem and 0.05 and

0.01 respectively for th@-x problem.
4) Training stimulus is provided by starting the plant simulation in an initial state [format

(x, % 8, 8)] of (0, 0, €4, 0) and letting the system run for 30 seconds of simulation time. The
plant is then reset to a new initial st 0, €,, 0) and run for 30 more seconds. Whenever the

pole falls all the way over (an absorbing state of the system), the plant is reset to the initial state
for the current training period, and started over.

For example, the simulation is started with the cart stationary at the zero location on the track
with the pole set at an angle of 5 degrees from vertical with no initial velocity. Training com-
mences and if the pole falls over, it and the cart are reset to the initial state, and the training con-
tinued. Once 30 seconds has elapsed in the simulation (regardless of the number of “drops”), the
cart is recentered on the track, and a new 30 second cycle is begun with the pole set at 2.5 degrees
from vertical, in the opposite direction, with no initial velocity.

The sequence of initial angleg)(used for training is% -2.5, 7.5, -10°, 2.5, and -7.8. This

sequence is repeated three times. Training is then halted, and the performance of the controller is
measured on each of the training initial conditions. A second set of tests (for generalization) is
then performed using a different set of (substantially larger) starting anglgs: -38, 23, and

38°.

Two observations can be made concerning these training stimuli. First, use of high-magnitude
training angles makes the training process more difficult to converge. Second, lack of adequate
training stimulus can lead to poor generalization. These observations support the practice of start-
ing the training process off on small angles and then progressively increasing the difficulty of the
training tasks.

4) This set of training parameters, network structures and training stimuli has been selected,
based on experience, to produce convergence to a satisfactory controller with probability 1. Using
higher learning rates, a wider range for weight initialization, larger training angles, etc., often lead
to lack of convergence for the learning process -- i.e., results in a non-performing NN. An occa-
sional convergence may occur (since there are random aspects to the learning process, this is pos-
sible), and some times the learning occurs rather fast in these cases. While for a practical problem
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a single well trained controller network (based on some “lucky” training session that converged)
may be all that is desired, but in general, when applying a methodology it is nice to know that
there is an implementation scheme available (i.e., combination of values of parameters mentioned
above) that will always produce reasonable solutions.

4.1.6 Simulation results.

A snapshot of the initial training sequence for a (3-input, 1-hidden element, 1-coatler
NN; 3-input, 1-hidden element, 3-outpuitic NN) combined architecture, abbreviated (3-1-1; 3-
1-3), for solving thé-only problem using the Classical strategy with the above parameters is
illustrated in Figure 9a. One can see that after an initial series of drops, the controller very quickly
learns to not drop the pole. Further refinements of the controller are then achieved over the
remainder of the training sequences. The response of the trained controller when presented with a
large initial angle in a generalization test is shown in Figure 9b.

INSERT FIGURE 9 ABOUT HERE

A similar result for a (6-1-1, 6-1-6) combined architecture for solving-th@roblem is shown
in Figure 10a. For this controller, a further generalization test is to present an initial condition
with no angular deviation but with the cart placed away from the desired track location. Moving
the cart to the desired track location while keeping the pole balanced is not a task that this control-
ler was explicitly trained on. Yet, as can be seen in Figure 10b, the controller’s initial response
was to move the caatwayfrom the desired track position so as to get the pole moving in a way
that allows the controller to get the cart to come to rest at the desired track location and the pole to
return to vertical at the same time!

INSERT FIGURE 10 ABOUT HERE

This 6-1-1, 6-1-6 architecture can be compared to alternate architectures, shown in Figure 11a
to Figure 11f. Shown in order are a 4-1-1, 4-1-4 architecture that includes only position and
velocity information, the 6-1-1, 6-1-6 architecture which also includes acceleration information,
and a 6-3-1, 6-3-6 architecture with expanded hidden layers. Figure 11a through Figure 11c are
step responses of selected training angles, while Figure 11d through Figure 11f are step responses
for cart displacement generalization tests. It is clear that while all three controllers can accom-
plish the control objective in each case, the step response of the 6-1-1 controller (trained by the 6-
1-6 critic) is visibly superior to the others.

INSERT FIGURE 11 ABOUT HERE
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An overall comparison of training time and generalization ability across a range of architectures
is provided in Figure 12a and Figure 12b for@khenly problem and in Figure 13a through Figure
13c for theB-x problem. We note that in tieonly case, the average number of drops during
training decreases as the architecture complexity increases, while the generalization performance
increases (decreasing cost/errors) somewhat with the addition of acceleration information. For the
0-x problem, however, while the number of drops during training also decreases with an increase
in network complexity, there is a dramatic degradation of generalization performance (increased
cost/errors) as more hidden layer elements are added to the networks.

INSERT FIGURE 12 &13 ABOUT HERE

Also note that the performance of the Classical, Flip-Flop and Shadow Ciritic training strategies
can be compared in these graphs. These results support the general statement that the Flip-Flop
strategy takes twice as long to achieve equivalent results as the Classical or Shadow strategies. A
fair comparison of the resulting controller performance, however, should not be made from these
graphs, as a fixed amount of training time was allowed in each case. If our above observation is
correct, the Flip-Flop strategy should be allocated more training time to refine its controller
design before it can be fairly compared with the controllers produced by the other strategies.

The rate at which the controller operates has obvious computational ramifications -- the faster
the sampling rate, the higher the computational requirements. On the other hand, it is equally
clear that too slow a sampling rate will result in poor control. It is thus of import to explore the
effect of different sampling rates on the performance of the DHP process and of the resulting con-
trollers. Sweeps through the controller sampling interval parameter are illustrated in Figure 14
and Figure 15.

INSERT FIGURE 14 &15 ABOUT HERE

As expected, it was found in general that the quality of control continued to improve as the time
step size decreased, up to some asymptotic level. Further, it was found that the training perfor-
mance measures also improved as the time step size decreased, again up to some asymptotic
level.

From the perspective of the DHP method, faster sampling rates allow more learning to occur in
a fixed time period (up to some limit), since there are more weight updates in that time period.
Conceptually, the limiting upper value of the sampling rate is dependent on the maximum rate at
which the plant can provide “appropriate information” to the DHP method upon which to design
the controller -- i.e., dependent upon the plant’s time constants.
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Various experiments were run for both Senly and thed-x cases, using six different sam-
pling intervals, ranging from 0.003125 sec. to 0.1 sec., each separated by a factor of 2. For ease of
comparison, the same learning rates were used for all the experiments. In general, however, for
the high sampling-rate cases, smaller learning rates produce smoother convergence of the DHP
process.

For theB-only case, the results yielded a rather smooth diminishing-return type of plot, from
which one would pick the 0.0125 or 0.00625 sampling period.

For theb-x case, while the general results are the same, some ambiguity appears in the general-
ization tests for the coarse sampling time interval of 0.1 sec. In this case, if the system hasn'’t
learned to balance the pole yet, then the position-related performance measurements turn out to
be very bad. In any case, for #he case also, one would pick the.0125 (or 0.00625) sampling
interval.

4.1.7 On-line adaptation.
An important potential for the Adaptive Critic methods will be their applicability to on-line

learning -- that is, to be able to adapt to substantive changes in the attributes of the plant being
controlled. Results from both this Pole-Cart benchmark problem and the Narendra benchmark
problem described in the next section, provide some very encouraging results. We have not seen
experimental results of this nature reported in the literature. What we have, in a sense, is a situa-
tion wherein the controller “learns off-line and then adapts on line”. In this Pole-Cart context, the
experiment we crafted was as follows: for the controller (6-1-1) that was trained-up for a pole
length of 1 meter, the length/mass of the pole was increased in varying amounts to determine the
robustness of the controller design (i.e., with no on-line learning turned on). It was observed that
the controller successfully (i.e., no drops) balanced the pole for increases in the length of the pole
from a starting value of 1 meter all the way up to approximately 2 meters. Above 2 meters, the
pole would sometimes fall. To test the DHP method’s ability to operate on line -- e.g., to effect an
adaptive refinement of the controller design -- tests were run wherein the DHP learning process
was left on as the test displacements were applied to the pole after the sudden change in its length/
mass. Figure 16a shows the response of the system to an angle displacement of the 2.5 meter pole
without the DHP training turned on; note the unstable oscillations resulting in a pole drop. Figure
16b shows the same test, but this time with the DHP learning turned on; note that the adaptive
redesign of the controller succeeds in making its modifications without the pole falling.

INSERT FIGURE 16 ABOUT HERE

The DHP method of controller design has shown itself capable of developing controllers that
are robust relative to rather large variations in plant parameters on this pole-cart testbed (and rep-
licated in the next section). In addition, even when the plant parameters move outside this region
of robustness, the DHP method demonstrated an ability to refine the controller design on line --
I.e., to perform an adaptive process -- as illustrated in Figure 16b. As reported in [Lendaris &
Shannon, 1998] these are potentially very important attributes of the method, and therefore will
require testing on substantially more complex plants than the pole-cart context. The next section
is one such foray into more complex plants.
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4.2 Narendra benchmark example.

This plant is a non-linear multiple-input-multiple-output discrete time map. It was proposed and
explored in [Narendra and Mukhopadhyay, 1994]. Our treatment with DHP follows the general
line used in [Visnevski and Prokhorov, 1996]. The plant has three state variables and two con-
trols. The state equations are:

X (t+1) = 0.9 (t)sin[x,()] +|2+ 1.5 Xl(;)ul(;) }ul(t) + {xl(t) + le(zt) }uz(t)
1+ x;(t)uy(t) 1+x(t)
. X3(t)
Xp(t+1) = Xg[1+sin[4x(1)]] + ———
1+ x5(t)

Xy(t+1) = [3+ sin[2x,(1)]]u,(t)

The observable states of the system are definedxgy@ndx,(t). As is often noted in the lit-

erature, this plant is stable at the origin with constant control values, but highly unstable other-
wise. The linearized system at the origin is controllable, observable and of minimum phase. For
the purpose of focusing on implementing DHP as cleanly as possible in this example, we choose
an implementation wherein all the state variables are accessible, and all the state equations are
known. For other treatments of this system, see [Narendra & Mukhopadhyay, 1994] and
[Prokhorov, 1997]

The proposed control objective is to track a reference input. The benchmark reference signal
proposed in [Narendra & Mukhopadhyay, 1994] for controller performance is

~ _ . [2TT] . 2T
X () = 0.755"‘]_-50— +0.755|n_—10_
~ _ . 2T . 2T
X5(t) = 0.75SIn_—30_ +0.755|n_—20_

We note that this signal is periodic which period 300.

4.2.1 Defining the utility function.
For this system we use the following primary utility function:

U(t) = [xg(t+1) =X, (t+ )]+ [x,(t + 2)Xo(t + 2)]
Other treatments of this benchmark problem in the literature [Visnevski & Prokhorov, 1996] use a
more elaborate primary utility function that introduces further time delays into the training pro-

cess. While the more complex utility function works fine, our simpler implementation produces
essentially the same results with less computational overhead. [Indeed, this is an example of a
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suggestion made previously in this chapter that there is often substantial benefit to paring down
U(t) to contain the minimum number of terms necessary to accomplish the task (what these are,
however, are not always easy to deternaimeiori).]

4.2.2 Controller implementation.

A basic controller implementation, assuming accessibility of all the state variables, has five
inputs and two outputs; we endow it with six hidden elements. The inputs are the three state vari-
ables of the plank,(t), %(t), x(t), along with the next target valugg(t + 1)  aogdt+2) . The

outputs are the,(t) anduy(t). All the processing elements have hyperbolic-tangent activation
functions and include bias terms.

Scaling factors selected for the state variables are as follows:
X1(t): 1.6
Xo(t): 1.6
X3(t): 4.0
The controller outputs are not scaled.

4.2.3 Critic implementation.
The basic critic network has four inputgtt1), %(t+1), X, (t + 1) , and§<2(t +2) ; and two out-

d

Ox (L +1) 1)‘](0 andh,(t) = 9 __j(t) . Again, we use 6 hidden layer ele-

0X,(t +2)

ments with hyperbolic-tangent activation functions, and include a bias term in each element. The
scaling factors indicated above for the controller are used to scale the critic inputs.

putsA,(t) =

4.2.4 Model implementation.
We again use an analytic model:

with
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| axg(t+1) Xy (t+1)  dxy(t+1) |
%, (1) 9%, (1) %5 (1)
d _ | axp(t+1)  axp(t+1)  %(t+1)
axm D = e 7%,(0) %00
g(t+1)  OXg(t+1)  aXg(t+1)
9%, (1) 9%, (1) %5 (1)
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X4(1+1) ~ g gsinx(t) + {1 .\ 2(1_—)(%('[))}12(0 . 15{ 1-X(tud(t)
0% (1) (1+(1))? (1 + X (OUE(D)
oX(t+1) _
axz(tl) = 0.9 (t) cosx,(t)
2
Xo(t+1) = 1+ sindxy(t) + 4xg(t) coSAxg(t) + 212%0
2t (1+4v)?
axfz(ts)(t *1) = 2u(t)cos2x, (1)
and all other terms of the Jacobian are zero, and
| oxy(t+1)  axy(t+1) |

du, (1) 30, (1)

9 _ | ax(t+1)  axy(t+1)
W(t)x(t +1) aul(tz) 6u2(t2)

0X3(t+1) 0X3(t+1)

() 3u,(t) |
3 2
2+ x(t)[l + }

_ @ dlm)’ 1+ (1)

0 0
i 0 3+ sin 2x1(t)_

4.2.5 Training strategies.

1) Training for this system is complicated by the necessary delay in evaluating the quality of
the controller’s actions, due to delays in the plant, and delays incorporated in U(t). The plant must
be allowed to evolve two time steps into the future before all the critics inputs are available. So
we resign ourselves to always correcting errors that are two or three time steps old at the time we
make weight updates. After waiting two time steps at the beginning of the whole training process
for enough history to be generated, the training can begin. We can once again do a simple straight
forward implementation of our selected strategy (cf. Sections 2.4.1 and 4.1.5). We only have to
wait once at the very beginning; after that, there is always sufficient historical data available for
the algorithm to work with. The actual implementation looks very much like that for the pole-cart
problem with the exception of the time subscripts.

2) The weights for both the controller and the critic networks are updated using a basic gradi-
ent descent method. Momentum terms are used in both cases with a coefficient of 0.015. No
derivative offset value is used in either of the weight update processes. Once again a variety of
controller and critic learning rates have been used. The results we report here are based on con-
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troller and critic learning rates of 0.003 and 0.01.

3) Training stimulus is provided by a random reference signal. This signal is generated by
picking values for each target uniformly from the interval [-1.5, 1.5] and holding these values
fixed for four time steps. Thus the target jumps to a random pair of values, dwells there for four
time steps and then jumps again. This is equivalent to upsampling a random signal by a factor of
four using zero order interpolation. Such a scheme for generating training stimuli is motivated by
the desire to have excitations across the range of possible system states and targets, while at the
same time giving the controller a chance to iteratively refine itself (for 4 time steps) at a specific
excitation before (randomly) moving on.

4) Training is performed for a total of 20,000 time steps after which all adaptation is halted
(apparently this is a factor of 5 to 20 fewer steps than reported in the other cited literature), and
the controller network’s ability to track the benchmark sinusoidal reference signal given above is
tested.

4.2.6 Simulation results.

An illustration of testing a controller trained in the above manner on the sinusoidal benchmark
signal is shown in Figure 17. Note that no adaptation is taking place during this test, and that the
controller has never been trained on this signal (recall, it was trainechndansequence of
excitations). The control quality is equivalent to that reported in [Visnevski & Prokhorov, 1996]
using DHP, and to that reported in [Narendra & Mukhopadhyay, 1994] using a non-critic
approach. While the example we show here was trained using a Classical training strategy, equiv-
alent results were obtained using Shadow and Flip-Flop strategies (though the Flip-Flop strategy
takes at least twice as long).

INSERT FIGURE 17 ABOUT HERE

Further generalization tests on other reference signals suggested in [Narendra & Mukho-
padhyay, 1994] are illustrated in Figure 18a and Figure 18b. The second benchmark test signal is

X, () =0
X5(t) = 1.5

and the third is
x,(t) Ouniform[—-1.5 1.5

X5(t) = 0

INSERT FIGURE 18 ABOUT HERE

No tests on these benchmark test signals are reported in [Visnevski & Prokhorov, 1996], and
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[Narendra & Mukhopadhyay, 1994] report only results from a rather unsatisfactory linear control-
ler and from their verpestnonlinear controller, which is an order of magnitude more complex

than ours and was trained for ten times as long. Even so the controller described above compares
rather well with theirs.

4.2.7 On-line adaptation.

How much better does the above DHP controller be able to do if permitted to adapt on line?
Figure 19 illustrates the same controller pictured in the previous examples, this time leafning
line to track the second benchmark signal (compare with Figure 18a). Fewer than 100 time steps
into the test, the adaptation process has reduced the average RMS error from 0.24 to 0.05. Fur-
thermore, when this adapted controller is tested on the sinusoidal reference signal, its perfor-
mance is not degraded. When the same base controller is allowed to adapt to the third benchmark
signal, its performance also improves significantly (RMSE drops from 0.25 to 0.13 — not pic-
tured). As with the pole-cart experiments, we found no other reported data about this potentially
veryimportant application aspect of the DHP method.

INSERT FIGURE 19 ABOUT HERE

We next explored having the DHP perform the sinusoidal benchmark test with the learning
turned on. When using the usual learning rates as in the original learning (and in all the other results
given above), not much improvement occurred. However, when we reduced the learning rates for
both the critic and controller networks to 0.001, controller performance proceeded to slowly im-
prove. Figure 20 shows a test of the controller on the sinusoidal benchmark test after it has been
adapting on-line (all the while successfully controlling the plant) for 150,000 time steps; average
RMS error has droppeadonotonicallyfrom 0.25 to 0.18 (see Figure 21), and the maximum error
is much less.

INSERT FIGURE 20 & 21 ABOUT HERE

5.0 Recommendations
The following Questions/Answers were offered in the Conclusion section of [Lendaris & Shan-
non, 1998], and the authors feel they bear repeating here:
What strategy to use?All the strategies are capable of producing good controllers, but
Classical and Shaddow Strategies do so much faster. Therefore, we suggest using Classical

or Shaddow unless something in your problem context suggests Flip/Flop might be more
successful.

What NN architecture to use?Start with the smallest architectures that you can conceive of,
and slowly “grow” them until performance drops off. You will tend to get faster learning and
better control, up to a point, after which performance diminishes.

What controller sampling rate to use?As fast a sampling rate as is convenient and/or
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computationally feasible. It doesn’t need to be faster, but if it is, training is faster and quality
of control tends to be better.

How good of a plant representation is needed in the DHP methodhe plant representation
doesn’t need to be perfect. For example, coarse/fast integration routines with significant error
are ok to use in training. Also, controllers seem to be robust with respect to plant parameter
variations, thus also implying that the model doesn't need to be exact.

Is on-line learning a realistic possibility?An example was cited wherein the answer is yes.

What kind of generalization is possibleResults of tests in the Pole-Cart problem for both
theB-only and thé-x problems, using significaBtdisplacements and x displacements show
impressive generalization capability of the controllers designed via the DHP process, at least
for the pole-cart platform. A sense was developed that even though the controller was
designed to balance the pole verticalyQ), the same controller could then be used in a
tracking problem context. If so, then good generalization in a higher sense is also
accomplished.

The following are offered from the pragmatic point of view of the “nitty and gritty” of develop-
ing a designed controller. Generally speaking, make sure the simulation of the plant is accurate
and well understood.

1.) Be able to separate approximations made in the simulation process from imprecise or
imperfect knowledge of the plant’'s actual dynamics. Discrete time approximations of con-
tinuous systems should be well thought out. Recognize that computer simulation is, funda-
mentally, just an approximation. What is being approximated in your case? How is this
approximation going to interact with the DHP process?

2.) Take care that the chain rule is correctly applied to the plant representation used. Apply the
chain rule to the true system equations, not to any of the approximations thereof made dur-
ing the simulation process. Take great care in calculating long chains of derivatives across
several time steps. The dual NN of the Backpropagation method can be of great assistance
here.

3.) Don’t assume that training stimuli generated by measuring behavior about a desired refer-
ence region will lead to efficient, or even effective, training. In general, “persistent excita-
tion” across the full range of system and reference trajectories is needed for effective
learning. A trained controller can always be refined on-line after the system dynamics have
been learned.

4.) Only use as many input variables as needed and no more. This is usually easier said than
done. Identify what information is needed for meeting the control objectives as expressed
by the selected primary utility function. Provide only that data to the controller which is
needed to accomplish these control objectives, or which make the control task demonstrably
easier. ldentify what information is needed for evaluating the quality of the controller’s
actions and supply only associated data to the dB&authlessdon’t let the NNs fail in
their task because they are overloaded with irrelevant or redundant variables. Do add
degrees of freedom to NNs to enable better function approximatiomtaéold degrees of
freedom just to perform data filtering tasks you as the designer can accomplish with a little
thought.

5.) Be prepared to apply a broad range of NN training techniques and architectural elements.
For example, the use or exclusion of bias terms can make a substantial difference in the
training and performance characteristics of the controller. Appropriate scaling values can
make a significant difference in initial controller training. Be prepared to tinker.
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All'in all, the authors feel there is substantial promise for the Adaptive Critic methods, and in
particular the DHP variety, for application in the controller design context. Particularly enticing at
this juncture is application of the ‘off-line learning for on-line adaptation’ way of using the DHP
method. The preliminary results on the DHP method’s capability to perform rapid on-line refine-
ment of the controller design in response to (even substantial) changes in its evironment beg for

further study and application.
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FIGURE TITLES

Figure 1:
Feed-forward Multi-layer Neural Network (shown with 1 hidden layer).

Figure 2:
Generic jth) Neural Element.

Figure 3:
Generic weight with signal at its source side , apday signal vaIuij at its destination side

representing some attribute of the destination-neural-element’s activity.

Figure 4:
Feed-forward NN being trained (left); corresponditugl NN (right).

Figure 5:
Use of dual NNs to obtaiﬁj values for training NN-1 based on error information available at

output of NN-2.

Figure 6:
Schematic Diagram of important components of DHP process.

Figure 7:
Computing Schema for DiscussiBgrategies.

Figure 8:
Schematic of Pole-Cart testbed problem.

Figure 9:

Pole angle in radians during the first 30 seconds of training dmmaghe (a) and during a test of
the trained controller on a 38ngle (b). Architecture is 3-1-1, 3-1-3 learning &enly problem
using a classical update strategy.

Figure 10:
Step responses during generalization testing of a 8%-¢ontroller for (a) a 38displacement
and (b) a -6.6m displacement of the cart. Solid/dashed lines are the pole angle/track position.

Figure 11:

Comparison of step responses for & diSplacement of (a) 4-1-1 controller, (b) 6-1-1 controller,

(c) 6-3-1 controller, and for a 1.5m displacement (d), (e) and (f). Solid/dashed lines are the pole
angle/track position.

Figure 12:
Comparison of training and performance quality of diffeBeanly controllers; (a) average drops
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during training, (b) average accumulated error during testing in 100 trials.

Figure 13:

Comparison of training and performance quality of diffe@rtcontrollers; (a) average drops

during training, (b) average accumulated angular error, and (c) track position error during testing
in 100 trials.

Figure 14:

Comparison of training and performance qualit@-ahnly controllers over a range of sampling
intervals; (a) average drops during training, (b) average accumulated cost during testing in 100
trials.

Figure 15:

Comparison of training and performance quality of diffeBertcontrollers over a range of sam-
pling intervals; (a) average drops during training, (b)average accumulated angular error, and (c)
track position error during testing in 100 trials.

Figure 16:

Step response of a 6-1-1 controller trained using a 1m pole being tested°atisplE@ement

using a2.5mpole; (a) without on-line learning, the controller is unable to balance the longer pole,
(b) with on-line learning the controller adapts to the new pole without dropping. Solid/dashed
lines are the pole angle/track position.

Figure 17:
Performance of a DHP controller on the Narendra sinusoidal benchmark test signal. Solid/dashed
lines are the actual/desired trajectories.

Figure 18:
Performance of a DHP controller on other Narendra benchmark test signaj&) &r

r,(t)=1.5, (b) §(t) ~ uniform[-1.5, 1.5], 4(t) = 0. Solid/dashed lines are the actual/desired trajecto-
ries.

Figure 19:
Performance of a DHP controller with on-line learning on the Narendra benchmark gigral r

0, ry(t)=1.5 (compare with Figure 18a). Solid/dashed lines are the actual/desired trajectories.

Figure 20:
Average RMS error over time for a DHP controller adapting on-line while tracking the Narendra
sinusoidal test signal.

Figure 21:
Performance of a DHP controller after 150,000 steps of on-line adaptation on the Narendra sinu-
soidal test signal (compare with Figure 17). Solid/dashed lines are the actual/desired trajectories.
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T

Figure 1Feed-forward Multi-layer Neural Network (shown with 1 hidden layer).

Figure 2Genericjth) Neural Element
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Figure 3Generic weight with signal at its source side , gdxy signal vaIueESj at its
destination side representing some attribute of the destination-neural-element’s activity.

Figure 4Feed-forward NN being trained (left); correspondung NN (right).
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Figure 5Use of dual NNs to obta&jl values for training NN-1 based on error information
available at output of NN-2.
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Figure 6 Schematic Diagram of important components of DHP process.
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Figure 7Computing Schema for DiscussBtgategies.

Figure 8 Schematic of Pole-Cart testbed problem.
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Figure 9

Pole angle in radians during the first 30 seconds of training dmmaghe (a) and during a test of
the trained controller on a 38ngle (b). Architecture is 3-1-1, 3-1-3 learning &enly problem
using a classical update strategy.

Figure 10

Step responses during generalization testing of a 8%-¢ontroller for (a) a 38displacement
and (b) a -6.6m displacement of the cart. Solid/dashed lines are the pole angle/track position.

Figure 11

Comparison of step responses for & diSplacement of (a) 4-1-1 controller, (b) 6-1-1 controller,
(c) 6-3-1 controller, and for a 1.5m displacement (d), (e) and (f). Solid/dashed lines are the pole
angle/track position.

Figure 12

Comparison of training and performance quality of diffeBeanly controllers; (a) average drops
during training, (b) average accumulated error during testing in 100 trials.

Figure 13

Comparison of training and performance quality of diffeBertcontrollers; (a) average drops
during training, (b) average accumulated angular error, and (c) track position error during testing
in 100 trials.

Figure 14

Comparison of training and performance qualit@-anly controllers over a range of sampling
intervals; (a) average drops during training, (b) average accumulated cost during testing in 100
trials.

Figure 15

Comparison of training and performance quality of diffe@rtcontrollers over a range of sam-
pling intervals; (a) average drops during training, (b)average accumulated angular error, and (c)
track position error during testing in 100 trials.

Figure 16

Step response of a 6-1-1 controller trained using a 1m pole being tested°atisplE@ement

using a2.5mpole; (a) without on-line learning, the controller is unable to balance the longer pole,
(b) with on-line learning the controller adapts to the new pole without dropping. Solid/dashed
lines are the pole angle/track position.
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Figure 17

Performance of a DHP controller on the Narendra sinusoidal benchmark test signal. Solid/dashed
lines are the actual/desired trajectories.

Figure 18

Performance of a DHP controller on other Narendra benchmark test signaj&) &0r
r,(t)=1.5, (b) §(t) ~ uniform[-1.5, 1.5], 4(t) = 0. Solid/dashed lines are the actual/desired trajecto-
ries.

Figure 19

Performance of a DHP controller with on-line learning on the Narendra benchmark gigral r
0, ry(t)=1.5 (compare with Figure 18a). Solid/dashed lines are the actual/desired trajectories.

Figure 20

Average RMS error over time for a DHP controller adapting on-line while tracking the Narendra
sinusoidal test signal.

Figure 21

Performance of a DHP controller after 150,000 steps of on-line adaptation on the Narendra sinu-
soidal test signal (compare with Figure 17). Solid/dashed lines are the actual/desired trajectories.
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