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Abstract

This report provides an idea of a tool for computer aided designing of quantum
cascades, preceded by a step-by-step introduction to quantum computing addressed to
interdisciplinary students and researchers. Quantum computers, when one day appear,
will be able to teleportate information, break secret codes, generate true random
numbers, and warn when a message is eavesdropped. Also artificial brain builders must
not remain blind to the development of the field of quantum computation. Having to
put all necessary computational stuff into robot’s head we will supposedly have to
employ as many primitive operations as really necessary with possibly low energy
dissipation. Reversible circuits dissipate much less energy than the classic ones, while
every quantum cascade is reversible. The world of quantum phenomena is also
explored in hope to solve the mystery of conscious mind and free will. In order to make
readers easily acquire the essence of quantum computation, the presentation is free of
distracting quantum-mechanical nomenclature, while any time a new concept is
introduced, the full calculation way is provided. Final remarks include a tip how to use
the NeuroMaze paradigm to build models of quantum cascades to be run on the ATR’s
CAM-Brain Machine (CBM).
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1. Introduction

This report provides brief idea of the Quantrix—a tool for computer aided designing of
quantum cascades—preceded by a step-by-step introduction to quantum computing
addressed to interdisciplinary students and researchers. Quantum computation is
discussed here without reference to quantum mechanics, so the way of presentation
does not require prior knowledge of advanced mathematics. It can be said, that this
report is a kind of guidelines for programmers who would like to develop the Quantrix.
This topic is explored in the framework of the Quantrix Project, launched as one of four
themes constituting the Artificial Brain Project conducted at the ATR Human
Information Science Laboratories, Kyoto (Buller & Shimohara 2003) in cooperation

with the Portland Quantum Logic Group.

Quantum computing, as Williams and Clearwater (1998:xii) noted is currently
one of the hottest topics in computer science, physics and engineering. The authors
wrote: Quantum phenomena have no classical analogues. They can be potentially
employed to do certain computational tasks much more efficiently tan can be done by
any classical computer. Hence, a quantum computer, when one day built, will be able
to perform such tasks as teleporting information, breaking supposedly unbreakable
codes, generating true random numbers, and communicating with messages that betray

the presence of eavesdropping.

Artificial brain builders must not remain blind to the development of the field of
quantum computation. The first reason is that, one day, we will want to put all
necessary computational stuff into the head of an intelligent robot. So, we will
supposedly have to employ as many primitive operations as really necessary. This idea
contradicts the currently dominating computational paradigm based on a processor,
RAM, operation system and libraries of standard software. Moreover, the
computational technology that got matured by the end of 20" century produces heat,
which blocks the way toward 3-dimensional chips. Quantum computing is reversible,
which implies a dramatic reduction of energy dissipation (cf. Bennett 1973). The
second reason is the quest for machine consciousness. Although the mainstream of
politically correct science insist that either the consciousness does not exist at all or it is
nothing but a processing of traditional data, there are scientists who explore the world
of quantum phenomena in search for an explanation of the mystery of conscious mind

and free will (Penrose 1991; Stapp 1993; Ecless 1994).



In order to not to remain unprepared for possible appearance of
reversible/quantum hardware (to be used in a way completely different that our good
old microprocessors or even FPGAs), artificial brain builders should observe the
progress in quantum research and sometimes try to describe mental mechanisms in
terms of quantum cascades. No degree in physics is necessary to do this. In this case
there is no point to try to contribute to construction of first useful quantum chip. The
point is to get understand the difference between classic computing and quantum
computing. When the Quantrix appears, people will be able to gain appropriate
knowledge just playing with it. This report shows that the math necessary to understand
the essentials of quantum computation is much below the academic level. For readers’
convenience, any time a new concept is introduced, the full way of calculation is

provided, which additionally reminds reader the meaning of related symbols.

Important note: the value 0.71 used in some formulas
represents 1 divided by the square root of 2.

2. Qubit

Although quantum computation may deal with multiple-state units of information, this
report discusses only operations on two-level units called qubits. A qubit (quantum bit)
is an entity whose state is defined by an ordered pair of complex numbers that meet
certain constraint provided below together with an explanation what does it mean
‘complex number’.

Let such a pair be denoted as a one-column two-element matrix {ao} .

1
Qo . .
Any matrix o is a qubit if and only if
(1) 0= po+ qol, o1 = p1 + qil, where po, qo, o, qo are real numbers, while I is so

called imaginary unit such that i* = -1,
(i) p’+aq’tp’ta’=1
As it can be seen, both oy and o, contain a “real” element (represented by a real
number) and an “imaginary” element (represented by a product of a real number and
the imaginary unit 7). A complex number is just a number having both real and

imaginary element.



When pp =1, qo = 0, p1 = 0, qi = 0, the state of the qubit is an equivalent of
Boolean “0” and can be denoted |0). When py=0, qo =0, p1 = 1, q1 = 0, the state of the
qubit is an equivalent of Boolean “1” and can be denoted |1). Qubit states |0) and |1) are
called pure states. When a qubit state has given arbitrary values of po, qo, p1, q1, We can

consider it as a superposition of both pure states weighted by the complex values po +

qol, p1 + qii. The complex values are called here amplitudes.

3. Unary quantum gates

Every one-input-one-output quantum gate, called unary gate, is a device that changes
the state of a given qubit. The new state comes form multiplying a 2 x 2 transition
matrix by the matrix defining the old state. The elements of the transition matrix are

complex numbers. In other words:

Qo o . : : a b
If o and o | e the old and new value of a given qubit, respectively, and c d

defines a gate converting || into [®0 |, then |®0|_ |2 b || _ [aa0+ba1J_
ol O] o) c djoy co + doy

If the qubit is processed by a gate defined as [2 EJ and, then (immediately) by the

gate defined as | © P then the resulting state will be [e f} [a b} Qof |
g h g hj|lc d]|o

B e flla b oo| [ea+fc eb+fd |loo
- g hjlc d or| |gat+thc gb+hd||o

Note #3.1: The transition matrix of a concatenation of two quantum gates is a
product of the matrix defining the second gate and the matrix defining the first gate.
Multiplying the first matrix by the second one would give wrong result.

3.1. Unary I-gate

The unary /-gate, called identity gate, does not change a qubit state. In schemes it is
represented as a horizontal “wire”. The only reason of introducing it is that its transition

. 1 0. . . .
matrix [, = [ 0 J is useful for calculating matrices defining more complex structures.



3.2. NOT gate

The NOT gate is represented in schemes as @ threaded onto a horizontal wire
(Figure 3.1).

01
The transition matrix of the NOT gate is L OJ'

Hence, the NOT gate converts [(xo} into{al} .
(0 4] Olo

This means that for pure states of a qubit, the quantum NOT gate behaves as the classic

Boolean function NOT (Figure 3.1).

R R R

BB b
RGN o iine

Figure 3.1. NOT gate. (a) Conversion of the qubit |0), (b) Conversion
of the qubit |1), (c) Conversion of an arbitrary qubit.

3.3. Hadamard gate

The Hadamard gate is represented in schemata as a square with the letter ‘H’ inside.

The square is threaded onto a horizontal wire (Figure 3.2).

0.71 0.71
The transition matrix of the Hadamard gate is [O 71 -0.7 1} . Hence, the Hadamard
Aol . 0.71 0.71 ||a 0710+ 0.710; oo T o
- = 0.71 .
gate converts LJ mto [O .71 -0.7 l}[oj {0,71(10 + (-0,71)(11} {oco - OLJ

o
When a qubit {aﬂ is processed consecutively by two Hadamard gates, the resulting
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0.71(og — oL1)

0.71 0.71
value will be [0.71 _0_71J[0-71(ao+a1)J _

0.71:0.71(og + ot1) — 0.71-0.71(0g — Ol1) 0.5(0p+ o — g+ ay) o1

o.71-o.71(oco+a1)+o.71-o.71(oc0—a1)} _ {o.5(ao+al+ao—al)} _ {OLOJ

H H
b. 0 0.71 0
1 -0.71 1
c.
M 01 {oco 4 oﬂ m
(0 4] Op — O (05]
H H

Figure 3.2. Concatenation of two Hadamard gates. (a) Conversion
of the qubit |0), (b) Conversion of the qubit |1), (¢) Conversion of
an arbitrary qubit.

3.4. Square-Root-of-NOT gate

The Square-Root-of-NOT gate is represented in schemata as a square with the letter ‘V’

inside. The square is threaded onto a horizontal wire (Figure 3.3).

0.5+0.5f 0.5-0.5I
0.5-0.5[ 0.5+0.5

The transition matrix of the Square-Root-of-NOT gate is [

fl '
Hence, the Square-Root-of-NOT gate converts 0 } into
0.5+0.5i 0.5-0.50 (|1 [ _|0.5+0.50
0.5-0.5 0.5+0.5i |0 0.5-0.51
0] . 0.5+0.5/ 0.5-0.5i||0 | |0.5-0.5{
and into . . = .
1 0.5-0.5/ 0.5+0.5i (|1 0.5+0.5i




Concatenation of two Square-Root-of-NOT gates is an equivalent of the NOT gate
(Figure 3.3).

V V ——
b.
0 0.5-0.5i 1
1 0.5+0.5i 0
C.
Qo oo+ o + (0l —0Ly) i (o5
108 0.5 Ol + Ol — (OLg — OL1) I Qo
Vv \"

Figure 3.3. Concatenation of two Square-Root-of-NOT gates.
(a) Conversion of the qubit |0), (b) Conversion of the qubit |1),
(c) Conversion of an arbitrary qubit.

In order to make sure that the concatenation of two V-gates behaves as the quantum

NOT gate, let us use recall the Note #3.1 and calculate:
0.5+0.5( 0.5-0.5({[0.5+0.5 0.5-0.5|
0.5-0.5/ 0.5+0.5(|[0.5-0.5[ 0.5+0.5{|

:0.5{1+.i 11} 0.5{1+'i 111}:
1-1 1+1 1-1 1+1

(L+0) (L+0)+(1-1)(1-1) (L+0) (1-0)+(1-1) (l+i)J

=025 o aenraeh-h Q- (Q-D++D Q4| T
(1+ 2[+15)+ (1 -2i+1%) 2(1-1%)
= 0.25 2(1 - %) (1+ 20+ +(1-2i+0%) | =

1+ P2+ 1 +7° 2 - 2#° L+ 18
_ : - ) =05 2 . =
= 025 2 - 2f2 1+ 2+ 1 +7 L= 1+

1+2 1-1° 1+ (-1) 1-(-1) 0 2 0 1
=05| {_p2 1442 =05]1-¢1 1+(-1|=05]2 o|= |1 O

1.e. just as for the NOT gate! T




3.5. V' gate

The “mirror” of Square-Root-of-NOT gate is represented in schemata as a square with

the symbol ‘V* inside. The square is threaded onto a horizontal wire (Figure 3.4).

.- . . 10.5-0.5f 0.5+0.51
The transition matrix of the V' gate is . .
0.5+0.517 0.5-0.51

1. 0.5-0.5i 0. 0.5+0.5i
.
Hence, V' gate converts {OJ into [0.5 . o.5z] and {1 J mto[o_5 i o.5z] .

Concatenation of two V' gates is an equivalent of the NOT gate, while concatenation of

one V gate and one V' gate returns the initial qubit state (Figure 3.4).

Qo O+ 0o +(0p—0oLy) i Ol
g 0.5 oo+ 0o —(0p—o0oLy)i o

Vv \Al

Figure 3.4. Concatenation of one V gate and one V' gate
returns the initial qubit state.

3.6. Pauli gates

The set of Pauli gates contains four gates defined by 2x2 matrices /, 6x, oy, and Gz.
_|101 _10 - _|1 0 _|1 0
I b I R P

As it can be noted, ox is identical with the NOT gate, while / is the unary identity gate

introduced before.

4. Two-qubit register

A pair of qubits constitutes a 2-qubit register represented as an ordered quadruple of
complex numbers such that the sum of the squares of the modules of the numbers is
equal to 1. We well denote such a quadruple as a one-column four-element matrix

calculated as Kronecker product of related qubits (Figure 4.1 and 4.2).



N

Qo
o

fBO\
B

-

[t s
| @
a{BT by

Figure 4.1. Two qubits make a 2-qubit register (® - Kronecker product)
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Figure 4.2. States of a 2-qubit register for pure states of contributing qubits.

A 2-qubit register, as well as any n-qubit register, can get into a state that is not

decomposable into states of contributing qubits. In such a case we say that the state is

an entangled state. An example of an entangled state is shown in Figure 4.3.

Task:

Decompose 0.71

the state of 0.00

a 2-qubit register 0.00
0.71

1.e. find such o, A1, Bo, B] that

0.71
0.00
0.00
0.71

e b

In other words
find such o, a1, Bo, B1
that

OL()BO =0.71
OL()Bl =0.00
Otlﬁ() =0.00
0(1[31 =0.71

Unfortunately, such

oo, 0L1, Po, B1 do not exist,
which means that the state
we attempted to decompose
is entangled.

Figure 4.3. An example of an entangled state of a 2-qubit register



5. Two-qubit gates

Every two-input-two-output quantum gate (called by some authors ‘binary gate’ which
seems to be a bit confusing) is a device that changes the state of a 2-qubit register. The
new register state comes form multiplying a 4 x 4 transition matrix by the matrix
defining the old state of the register. The elements of the transition matrix are complex

numbers. In other words:

Mo Vo
If | u, |and | v, | are the old and new state of a 2-qubit register, respectively,
[ 2%) V2
L3 V3
a bcd Ho Vo
. ) v
and ? f g h defines a gate converting % into| ,
ijJ k1 V2
mnop W3 V3
Vo abcd || alo + by + cp + dus
then vi| |efgh pur | | edot fHp + g2+ hyg
\'%) i j k 1 W2 iM0+jH1+kM2+lM3
V3 mn o p U3 mUp + Ny + oy + pU3

5.1. Two-qubit I-gate

The two-qubit /-gate, called identity gate, does not change a 2-qubit register state.

1 0 00
The only reason of introducing it is that its transition matrix /s = (O) é (1) (O)
0 0 0 1

is useful for calculating matrices defining more complex structures.

5.2. CNOT (Feynman) Gate

The CNOT (Controlled NOT) gate, called also the Feynman gate, applies to 2-qubit
register, so in drawings it concerns two and only two wires. It is represented using a
compound of three symbols: @, e, and | that represent an inverter, a control and a
connection, respectively (Figure 5.1). The qubit that is associated with the control is

called control qubit. The qubit that is associated with the inverter is called farget qubit.
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1000
The transition matrix of the quantum CNOT gateis |0 1 0 O
0001
0010
Mo
Hence, the quantum CNOT gate converts ﬁl into
2
U3
1000 Wo 1-pup+ O-py + 0-pp+ 0-p3 Lo
0100 15 O-po+ L-py+ O-po+ 0-U3 Lt
0001 |~ [ O-Mo+ O-py+ O+ 1ops |~ | W3
0010 L3 O-Ho+ O-py+ 1-pp+ O-U3 W
2-qubit register 2-qubit register
initial state resulting state
Control qubit \ . @ E
Bo| © | (1000 Mo
ml bl iloroo [|m|  |w
Mo | 110001 ||m|  |us
Target qubit -

Figure 5.1. Quantum CNOT (Feynman) gate

When the control qubit in the pure state |0) the target qubit remains unchanged (Figure
5.2a). When the control qubit in the pure state |1), the target qubit is processed the same
way as using the quantum NOT gate (Figure 5.2b).

For both qubits in their pure states the quantum CNOT works the same way as
the classic CNOT (Figure 5.3). It can be noted that if the target qubit is |0), the CNOT
gate behaves as a fan-out element (cf. Figure 5.3, Case [ and Case 2). Unfortunately,

this “fan-out” will not work for arbitrary state of the target qubit (see Figures 5.4 and

5.5).

5.2. SWAP Gate

The SWAP gate applies to 2-qubit register, so in drawings it concerns two and only two
wires. It is represented using two copies of the symbol x, and one copy of | that mark

the states to be swapped and a connection, respectively (Figure 5.6).

11
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[go] 0 r\ 0010 0 Bi [go]
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Bo 0001 Bo| — | B
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Figure 5.4. CNOT (Feynman) gate as a quantum “fan-out”. Unfortunately,
such a “fan-out” works only if | y) is a pure state of the control qubit.
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0| r 10100 o |o
0.71] 10001 o7t |0
| 0 ) i ' (0010 0 0.71 o3
N -
[0] [ ] o
Entangled state

Such separate sates
can neither be computed
nor even considered

Figure 5.5. An attempt to fan-out a non-pure state of the control qubit resulted in
an entangled state of the entire 2-qubit register. Indeed, when the register is in an
entangled state, the states of contributing qubits must not be treated separately.
One can make use of this astonishing property but this is beyond the scope of this
report.

The SWAP gate converts {ZO} ®{ 0} into { 0} ® {ZO} . This means that the initial

1 1 1

oo A Booto
. . . (X()Bl - B()Otl .
and resulting state of a related 2-qubit register are B T A B | respectively.
1P0 140
o >, Broy
1 0 0 O
Such operation can be performed by matrix| 0 0 1 0
0O 1 0 O
0O 0 0 1
(o)) BO
o Bl
Bo Clo Figure 5.6. SWAP gate
B oLl
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5.3. Controlled-V gate

The Controlled-V (CV) gate, applies to 2-qubit register, so in drawings it concerns two
and only two wires. It is represented using a compound of three symbols: a square with
the letter “V’ inside, o, and | that represent the Square-Root-of-NOT, a control and a
connection, respectively (Figure 5.7a). The qubit that is associated with the control is
called control qubit. The qubit that is associated with the Square-Root-of-NOT is called

target qubit. 0 0 0
1 0 0
0 0.5+0.5/ 0.5-0.5i
0

0.5-0.51 0.5+0.51i

The transition matrix of the CV gate is

o O O =

54. Controlled-VT gate

The Controlled-V (CV") gate, applies to 2-qubit register, so in drawings it concerns two
and only two wires. It is represented using a compound of three symbols: a square with
the symbol ‘V™ inside, e, and | that represent the “mirror” of Square-Root-of-NOT, a
control and a connection, respectively (Figure 5.7b). The qubit that is associated with
the control is called control qubit. The qubit that is associated with the Square-Root-of-
NOT is called target qubit.

1 0 0 0
The transition matrix of the CV' gateis | © 1 0 0
0 0 0.5-0.5/ 0.5+0.51i
0 0 0.5+0.5i 0.5-0.5i
{OLOJ
a.
(04
! 1 0 0 o | 2Bo
0 1 0 0 || %P
0 0 0.5+0.5i 0.5-0.5i || Bo
0 0 0.5-0.5i 0.5+0.5i )| aipi
BO \V}
Bi
{OLOJ
(04
b. : 1 0 0 0 |l @Bo
0 1 0 0 || %oB:
0 0 0.5-0.5/ 0.5+0.5i || @Bo
0 0 0.5+40.5i 0.5-0.5i )| P
|

Figure 5.7. Controlled Square-Root-of-NOT gates
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5.5. Concatenations of binary quantum gates

Let us consider the concatenation of two gates shown in Figure 5.8.

dol
ail
azi
asi

aoz
a1z

azz
asz

aos
ais
azs
ass

boo
bio
b2o
b3

bo1 bo2
b1 bio
b21 b2o
b31 bso

bos
bis
b2s
bss

Figure 5.8. Concatenation of two binary quantum gates
defined by 4x4 transition matrices.

It processes the state of a 2-qubit register as if it were a single gate defined using the

matrix:

where ci5 =

Coo
C10
C20
C30

Co1
C11
C21
C3

Co2
Ci2
C22
C32

Co3
Ci13

C23
C33

bioaoj + bilalj + bizazj + bi3a3j.

Let us consider the scheme shown in Figure 5.9.

Figure 5.9. Concatenation
of three binary quantum gates

boo bo1 boz bo3 [ aoco ao1 ao2 aos
big bi1 b1z b1z || a0 a1 aix as
bog bo1 bos boz || azo az1 azx azs
bz b31 bzz biaz Jlaze az asz ass

N

W

1/
S, Fy 52

The concatenation of three binary quantum gates will behave as a gate defined by the

matrix F, =S, (Fq S)) =

~

o O o -

o O o

o P O O

O P O O

o O - O

o O P O

= O O O

= O O O

N

o O O

o O o

= O O O

o O O

o O P O

R O O O

O B O O

o R O O

o O O

o O O

o P O O
o O O
R O O O

= O O O
O B O O
o O B O

What kind of register-state change is defined by matrix F,? We could calculate four

cases of register pure states, but let as use a trick. Let us draw the SWAP gates as they

were true devices made of true wires (Figure 5.10a). When we now stretch the wires to

15



make them straight, the Feynman gate will flip vertically (5.10b). This way we obtained

the transition matrix for flipped Feynman gate.

. _X\%X b ?

Figure 5.10. Flipped Feynman gate as a concatenation of “non-flipped”
Feynman gate with two SWAP gates (the “wires” are only a metaphor).

5.6. Joint unary gates

A two-input two-output gate can be composed of two parallel unary gates.
ao b()
Co d()

ai b1
Ci1 d1

then the transition matrix of the pair of the gates is the Kronecker product of Gy and Gy,

If the upper unary gate is defined by the matrix G = [

and the lower unary gate is defined by the matrix G; = [

1.€.
a0 aj b] bo[al b1 apadi aob1 boa1 bob]
[ ] [al bl ] C1 dl C1 dl J aoCq a()d1 b()01 aod1
G = = =
co d c; d ( ) ) Coar Cobi doa; doby
o do 1 d el @ by do[al b, e od der dd
Lc1 dp ¢ di 0C1 Cod; doCi dody

As the first example let us calculate the transition matrix of a “wire” put in parallel with

the NOT gate (Figure 5.11).

Since the matrix for “wire” is [, = [ (1) (1) 1 ,

While the matrix for the NOT gate is N = { (1) (1) ]

then the joint transition matrix of the pair “wire” || NOT of the gates is the Kronecker

product of I, and N, i.e.

1[011 01 01 0 0
[10]®[011_ Lo L1 0] 1000
0 1 10 o fo1] (o] |00 0

1 0 (10 001 0

16



S O = O
S O O
- O O O
S = O O

Figure 5.11. NOT gate coupled in parallel with a ,,wire”.

As another example let us take two parallel Hadamard gates (Figure 5.12). Their joint
behavior can be described in terms of a single two-input two-output gate with the

transition matrix calculated as follows:

091|071 071 071 0.71 101 1 1
071 0711 o071 0711 _ R R CtA S B A CEA Y B IS IS R R R |
0.71 -0.71 0.71 -0.71| = T ol1 1 -1 -1
0.71 0.71 0.71 0.71 1-1 -1 1

0.71 [0.71 -0.71] '0'71[0.71 -0.71]

0.71 1 1 1 1071 0.71
0 1(1-1 1-1 0| (071
0.71 211 1 -1 -1 {lo71| | o

1-1 -1 11 o 0 071
0.71

Figure 5.12. An example of behavior of two parallel Hadamard gates.

6. Three-qubit register

A triple of qubits constitutes a 3-qubit register represented as a one-column eight-
element matrix of complex numbers such that the sum of the squares of the modules of
the numbers is equal to 1. The matrix calculated as Kronecker product of related qubits

(Figure 6.1).
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Figure 6.1. Three qubits constituting a 3-qubit register
(® - symbol of Kronecker product)

7. Three-input-three-output quantum gates (three-qubit gates)

Every three-input-three-output quantum gate is a device that changes the state of a 3-
qubit register. The new register state comes form multiplying an 8 x 8 transition matrix

by the matrix defining the old state of the register. In other words:

(Mo\ (vo )
Ui Vi
%%} V2
U3 V3
If | na [ and | v4 | are the old and new state of a 3-qubit register, respectively, and
Us Vs
U6 Ve
\M7 ) \V7 )
(@00 @01 @oz @o3 @oa @os aos @07 (M \ (vo)
0 0
dio @11 a12 a13 di4 aAis dig aAij W Vi
dzpo d21 dzz Az3 dpg4 dzs dze 427
U2 V2
a3p @31 a3z as3 ass ass azes as7y . .
20931 932933 @34 435 936 ST 1 defines a gate converting | H3 | into | V3 |,
40 841 842 843 A44 A4s As4e A
40 41 42 43 44 45 46 47 L4 V4
dsp dsi dsz dAs3 dsg dss dse Ay s Vs
de0 261 62 63 Aea A5 Aee AT Ue Ve
ajo a1 dayz a3 avy4 drs aze A7y
\ J \M7) \V7 )
A
Vo aoo o1 === 207 || Mo aoolo + ao1phy + === + ao7U3
aip aip === a
then \.’1 _ 10 @11 : 17 Hi | _ | @1oMotanpr + ' +ails
. . » vy . [ .
A\ da7o @71 == 477 W ajolo + a7y + ==x +a77U3
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7.1. Concatenation of 3-input 3-output quantum gates

Let us consider the concatenation of two gates shown in Figure 7.1.

— (200 @01 === apy boo bor === b7} —
dig ail1 === a3y big b1 """ by
| | | | '3 | | | | | | '3 | |
n n % n n n * n
| | | | | | | | | | | |
— (270 @71 wmm a7y big b7 """ b7y —

Figure 7.1. Concatenation of two 3-input 3-output quantum gates

It processes the state of a 3-qubit register as if it were a single gate defined using the

matrix: Coo Cp1 mmm Co7 boo bo1r aws bo7)[ 300 @01 =ws ao7
Ci0 C11 wmm C17 Pig bi1 wew bi7|| @10 @11 wes a1y

| | | | '3 | | = | | | | '3 | | | | | | 'y | |

n n * n n n * n n n * n

| | | | | | | | | | | | | | | | | |

C70 C71 wmm C77 P79 b71 www b77) @70 @71 wws asy

where Ciy = bioaoj + bi1a1j + bizazj + bi3a3j + + bi7a7j.

7.2. WCI (Wire||Control||Inverter) gate

Let us consider the Feynman-based 3-input 3-output gate shown in Figure 7.2. The

transition matrix Fy,; is calculated as Kronecker product of /; and F;. Hence,

g a - 3
3288 10 00)) (100000 00)
1 0|01t 00 01000000
0001 0001
1000 0010 00010000
0010
F:[10]®01oo: . 2\ Jl_|oo100000
wel= (o 1 0001 1000 (1 0 00) 00001000
0010 00100 [Jo1oo 00000100
0001 0001 00000001
\OOIOJ \0010,) \0 00000 10/
m SRRREE ; (100000 00) ko
H | : 01000000]| M
185 : | 00010000 M
Hs i 00100000I/ M
W4 : | 00001000 Ma
Hs 00000100/ ks
e : | 000000 O0T1]| M
| \Jj Q000000 10J| H
1

Figure 7.2. Feynman-based 3-input 3-output WCI (Wire-Control-Inverter) gate

19



7.3. CIW (Control||[Inverter||Wire) gate

Another Feynman-based 3-input 3-output gate is shown in Figure 7.3. The transition

matrix Fgw is calculated as Kronecker product of F¢ and 7,. Hence,

10 1 1 10
Hotl %01 %0 1| 901
10 1 10 10
1000 0 1 0 0
1 01 01 1
_0100®10_ L J L J L J L J
FCIW_OOO:L 01 rl 0\ rl 3\ rl 3\ rl 0\
0010
Olo 1l %0 1] %0 1] Mo
10 1 1 10
Olo 1| %0 1| Yo 1] 901
K\ 7 . 7 . 7 . j
m s ; 100000 00Y kol
M ! : 01000000]| M
2 | | 00100000/ Mk
H3 i : 00010000I| M
[h A\ | 000000 10/ Ma
Hs ! 000000 01| Hs
e : : 00001000 M
| ; \0 00001 00J{H

Figure 7.3. Feynman-based 3-input 3-output CIW (Control-Inverter-Wire) gate

7.4. XXI (SWAP||Wire) gate

A SWAP-based 3-input 3-output gate is shown in Figure 7.4. The transition matrix S’ is

calculated as Kronecker product of S and /,. Hence,

10 1 10 10

Ho 1l %01l %o 1] 9o 1

1000 10 | 1 10

o010l (10 | %ot| %o Yol %o

[ A — . J . J . J . J

S = 0100®01 flos fl \ flos flos
0001

Olo 1| Yo 1| %o 1| %01

10 1 10 10

Olo 11 %0 1| %o 1| o1

K\ 7 . 7 . 7 . j

20
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Figure 7.5. V-gate-based 3-input 3-output WCV (Wire-Control-V) gate



7.6. WCV' (Wire||Control||Square-Root-0of-NOT?") gate

Let us consider the Square-Root-of-NOT*-based 3-input 3-output gate shown in
Figure 7.6. The transition matrix Fwcy+ 1S calculated as Kronecker product of 7, and

Fcv+. Hence,

(. 3 r N
Fev+ Loooe 1 000N 7 05600 00)
0100 0100
12\ lOquOoo 01000000
\ 1000 1P 00gqp 0000
1 0 0pag 00pg
. _10®0 00_ ; < \ 1 |00pg0O0O00
wei =10 1 00gqp 1000 (1 000)| |[00001000
00pg 0010010100 00000100
where: 00gp 00 gp 000000gp
p = 0.5+0.5i 0 0ra) (00pg)) (000000 pa)
a = 0.5-0.5i
() e )
Ho ] (1 0 0 0 0 0 0 o)™t
Hi : 010 0 0 0 0 oM
H2 : 00 g p 0 0 0 0| M
M3 : 00 p g 0 0 0 0 M
Ha ] 00 0 0 1 0 0 0™
Hs ! 00 0 0 0 1 0 0™
1
He = v B 0 0 00 0 0 g p | M
\ H7) : ] \.0 0 0 0 0 0 p gqJ{M)

Figure 7.6. V'-gate-based 3-input 3-output WCV' (Wire-Control-V*) gate
(p = 0.5+0.5i,q = 0.5-0.5i)

7.7. CWV (Wire||Control||Square-Root-of-NOT) gate

Let us consider the Square-Root-of-NOT-based 3-input 3-output gate shown in

Figure 7.7. The transition matrix Fcwy is calculated as a product S'FeyS'.
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Figure 7.7. V-gate-based 3-input 3-output CWV (Control-Wire -V) gate

(p = 0.540.5i, g = 0.5-0.5i)

7.8. CNOT (Toffoli) Gate

The C*NOT gate, called also Toffoli gate, applies to 3-qubit register, so in drawings it

concerns three and only three wires. It is represented using a compound of four graphic

elements: @, two copies of e, and | that represent an inverter, two controls and a

connection, respectively (Figure 3.13). The qubits that is associated with the controls

are called control qubist. The qubit that is associated with the inverter is called farget

qubit.
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Figure 7.8. Toffoli gate
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Let us check the Toffoli gate’s behavior for four cases with pure initial states:

Case 1
0)

10)

10)

Case 3
1)
0)

10)
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The summary of the checking is shown in Figure 7.9. As it can be seen, for a 3-qubit
register in its pure states when the third qubit is in constant state |0), the Tofoli gate

may be used as the classic AND gate.

1
1

Figure 7.9. For pure states of a 3-qubit register, the Toffoli gate
may be used as a classic AND gate.

8. Quantum cascades

Unlike some sorts of binary (2-input 2-output) gates, a physical implementation
of any 3-qubit gates as a compact device is an open question and even no convincing
ideas has been reported in the matter. Hence, one of directions of quantum computing
development is search for methods of automated synthesis of n-qubit gates (for n>2)
based on a limited set of simple 1-qubit or 2-qubut gates. Figure 8.1 shows a cascade

being an equivalent of a Toffoli gate.

I$?$.:

A vV —

Figure 8.1. Toffoli gate as a cascade of simple quantum gates
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The equivalence can be checked via multiplying matrices defining the binary-gate-

based 3-input 3-output gates (Figure 8.2).

____________________________________

Fwev  Fow  Fwev+ Fow  Feowv

(100000 00)
01000000
00100000
00010000
Fowv (Fow (Fwevs (Fewfwev)) = |5 5 601 0 0o
00000100
Matrix defining the Toffoli gate—{0 0 000 0 01
000000 10)

Figure 8.2. Proof of correctness of the cascade substituting the Toffoli gate.
The matrices Fwcv, Fwev+ Foiw and Fowy were introduced in Chapter 7.

9. Quantum cascade synthesis

The Quantrix is a software tool for computer aided design of quantum cascades. In this
chapter the first outline of interfacing is provided. The key concepts are the Worksheet
and the Matrix. The Worksheet is a grid of N horizontal lines and M vertical lines. The
user can drag a desired 1-qubit gate and drop it in any node of the grid (Figure 9.1). A
relevant Matrix appears immediately and changes any time a next function is dragged
and dropped (Figure 9.3). In order to make the interface user friendly elements of the
Matrix are represented as colored squares according to a user defined mapping. A
recommended mapping is shown in Figure 9.2. The user can also create a Matrix for
unknown cascade and the Quantrix will employ a search method to provide a cascade
represented by the Matrix (Figure 9.4). The search is scientific challenge. The Portland
Quantum Logic Group reports some promising results in evolving quantum cascades

(Lucas & Perkowski 2002; Lukas et al. 2002).
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Reset

Step 1. Press Reset to get blank worksheet

d

%

Step 2. Drag and drop the desired 1-qubit function

N

Jd A
N

Effect: Related lines and matrix appear

Figure 9.1. Quantum Works session. Step 1 amd 2.

Figure 9.2. Complex
number representation

29



%!

D
U

Step 3. Drag and drop a control

Ve

cEci i

@3

Effect: The connection appears and the matrix changes

D
A

i

Step 4. Drag and drop other 1-qubit function

e
n

\'

Effect: New line and new matrix appear

Figure 9.3. Quantum Works session. Step 3 amd 4.
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Step 1: Click the content of the matrix
for the desired cascade

Synthesize
-
/~1

Step 2: Push Synthesize button

@ 00—

—— 0

Vv vt \'

Effect: Relevant cascade appears

Figure 9.4. Quantum Works session. Automated cascade synthesis
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10. Final remarks

This report was intended to make an interdisciplinary reader understand the essence of
quantum computing. Hence, several quantum-mechanics-related concepts as Hilbert
space, orthonormal bases, spin, Schrodinger equation, etc. were not introduced to not to
obstruct the process of knowledge acquisition. It is believed that a reader who has
elementary background in programming can now write a simple program for
processing states of a 3-qubit register and easily scale it toward operations on four or

more qubits.

A challenging task would be to employ the NeuroMaze paradigm (see Liu 2002

www.his.atr.co.jp/ecm/n_maze ) to building models of quantum cascades to be run on

the ATR’s CAM-Brain Machine (CBM). The suggested approach assumes that a given
24x24x24-cell module would be provided with spiketrains representing a 3- or 4-qubit
register and return spiketrains representing a single element of a vector of a resulting
entangled state. This means that only a single row of a matrix defining a quantu