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ABSTRACT

Statistical Quantization Effects and Floating-point to Fixed-point

Conversion

Changchun Shi
Professor Robert Brodersen, Advisor
Department of Electrical Engineering and Computer Science

University of California, Berkeley

The digital signal processing (DSP) algorithms used by communication systems
are typically specified as floating-point or, ideally, infinite precision operations. On the
other hand, digital VLS| implementations of these algorithms rely on fixed-point
approximations to reduce cost of hardware while increasing throughput rates. One
essential step of atop-down design flow is to determine the fixed-point data type of each
signa node, namely the word-length, truncation mode and overflow mode. This is
commonly referred as floating-point to fixed-point conversion (FFC) problem.
Conventiona approaches are typically both time-consuming and error-prone since ad-hoc

assignments of fixed-point data type are performed manually and iteratively.

We first formulate FFC problem into an optimization framework. The
optimization variables are defined by the fixed-point data-types to be determined; the
objective function is hardware cost, and the constraint functions are system specifications.
In this unified point of view the past techniques are compared. A primary goal is to make
the optimization automatic and fast which requires an understanding of the relationships

between these functions and the variables. One critical step is the identification of the
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right metric that judges the quality of an FFC and is sufficiently general. This metric is
directly related to quantization effects and will serve as the constraint functions. We first
categorize functional blocks in a system according to their quantization behavior; then, a
novel statistical perturbation theory provides the guideline of using simulations to obtain
constraint functions in their semi-analytical form. The theoretica work reduces the
otherwise exponential complexity of characterizing quantization effects to a polynomial
one. The other critical step to achieve automated FFC is the automatic acquisition of
hardware-cost function. This has been done using a high level resource estimation tool

and function-fitting method.

Based on the preceding methodology, an FFC tool in Matlab and Simulink
environment has been built for Xilinx FPGA designs as a demonstration. The FFC tool
has been successfully tested on several complicated digital designs—namely a binary
phase shift keying (BPSK) transceiver, a U-Sigma block of singular value decomposition
(SVD) system and an Ultrawide band (UWB) system. The conversions normally take
from minutes to hours, varying according to system complexity. These are orders of
magnitudes faster than existing tools, which are projected to take weeks to do the
conversions. Without reducing system performance, the FFC can reduce their hardware-

costs by 1.5 to 50 times.

The hardware resource estimation part of our FFC utility is based on my summer
intern project in Xilinx, Inc. Unlike existing resource estimations that rely on post-
netlisting information or post-placement-and-routing map report, this pre-netlisting
estimator (now part of System Generator 3.1) in Matlab environment speeds up

estimations by 2-3 orders of magnitudes.



The proposed FFC methodology can aso be applied to ASIC design when
hardware cost is chip area, power consumption, and so on. One necessary pre-requisite is

asimilar hardware estimation tool and hardware cost function model.

Professor Robert W. Brodersen



To My Wife Chao
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Chapter 1
| ntroduction

This thesis anal yzes some difficulties associated with floating-point to fixed-point
conversion (FFC) problem. Several analytical results that we derived from a perturbation
theory simplify the problem and lead to an automated FFC methodology for digital VLS
communication systems. As a demonstration, the methodology is implemented into a
FFC tool in Matlab and Simulink environment that is used to convert floating-point

FPGA systems.

In this introduction chapter, the FFC problem is defined and motivated. A global
optimization point of view is used to abstract the problem into mathematical level; at this
level, various aspects of achieving both efficient and reliable FFC become easier to
identify. Then, the organization of the thesis is described. Instead of full explanation of
all the topics with detailed references, only an outline with a few references that are

necessary to illustrate the general picture of FFC are given here.

A great deal of understanding of FFC problem has been previously conducted in

my master thesis “statistical methodology for floating-point to fixed-point conversion”



[3]. By studying, summarizing, and extending the results of alarge number of references,
such as [72-86], it serves as a good source of getting you familiar with the nature of FFC
problem as well as a practical methodology for linear-time-invariant (LTI) system in
particular. | believe it would be more beneficia if my master thesis [3] can be read
briefly before this thesis as the latter is based on the knowledge learned there. In fact, this
thesis, in my opinion, can be viewed as an extension of [3]. Overlaps between these two
are tried to be minimized whenever possible. Many unsolved issues by the time that my
master thesis was completed have found their answers here. It should be a fun experience

to read both of them.

1.1 Definition of Floating-point to Fixed-point Conversion

The algorithms used in communication systems are typically first proposed as
algebraic operations. We usually numerically verify them, especially complicated ones,
in digital computer under some carefully designed test vectors. The underlying data types
in this digital computing are either single precision floating-point or double precision
floating-point [55]. Either one of these floating-point representations has limited number
of bits used for mantissa and exponent. This inevitably causes numerical errors, either
due to roundoff at least-significant-bit (LSB) side of the mantissa, or due to the saturation
of the exponent. Our goal is to implement the algorithm in application specific integrated
circuits (ASIC). So, the redlization of the agorithm in digital computer is only to
simulate its performance; thus, the designers need to assure these numerical errors are
negligible to validate these verifications. Topics related to this kind of numerical error are
beyond this work. Fortunately, they are amost aways negligible for most

communication and digital signal processing (DSP) systems because of the following two
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reasons. Firgt, in these systems, input signals are of relatively small variation in dynamic
range. Second, only a few significant bits of an output value are meaningful, whereas
others are corrupted by unknown physical noise anyway. Therefore, the single and double
floating data types are practically treated as infinite-precision as mentioned in my master
thesis [3]. As aresult, unless otherwise specified, the rest of the thesis will refer floating-

point data type and infinite-precision date type interchangeably.
y(n) = 7z + |x(n-1)]
@

0[] D] ] s NN

11 |X(n-1)]
< o-1
Mmux
Y
T :@ >

(b)
Fig. 1-1 (a) A concelved algorithm in algebraic form, and (b) architectural form

In a top-down design flow to implement these algorithms, the next step is to
determine the system architecture, such as the amount of paralelism and pipelining

scheme [56]. For example, in an Orthogonal-frequency-division-modulation (OFDM)



communication system, it is necessary to choose the architecture for its FFT unit: column
based, CORDIC based, or fully paralel butterfly-based, and so on [57-58]. The details of
this architectural description should reach the level of arithmetic operators, such as
adders, multiplexers (MUX’s), and delays. In this thesis, we assume this description is
already given, possibly by system architecture designers. Similar to algorithms, in case of
lacking information to choose one out of several promising architectures at this moment,
all of them should be implemented to certain level and compared. As an example, Fig. 1-
1 shows part of a conceived DSP algorithm described in both its algebraic form, and its
architectura form. The architecture designers have to verify that the inclusion of
structural refinements does not modify the algorithm functionality. This is done again by

floating-point simulations under the same test vectors that are used previoudly.

Overflow-mode Quant.-mode

1 1
z7=10l0/1|1]o|o|1]0|0|1

dl Ll‘ |-
l Wint We,

Sign
Binary point
€Y
Overflow-mode Quant.-mode

77£=10(0{1|1/0|0|1|0|0|1

< #’1 >
Wie | W
Binary point
(b)
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Fig. 1-2 Fixed-point representations of 7:
(a) 2's complement, and (b) unsigned magnitude.

Recently some design environments that catch architectural information and allow
high speed simulations have been developed. These tools include graphical platforms
such as Simulink from MathWorks [59] and System Generator from Xilinx, Inc. [60] that
is built on top of Simulink environment. Other non-graphical high level design
environments such as SystemC based on C [61] and AccelChip based on Matlab [62]
allows even faster behavioral ssmulation, though they are not as intuitive as the graphical
ones. Once the structural floating-point system has been tested, the immediate task is to
determine the data types that are feasible in a final implementation. A large number of
digital ASIC implementations rely on purely fixed-point approximations to reduce
hardware costs while increasing throughput rates. Other approximation methods, such as
light-weight floating-point design [9], are beyond the scope of this thesis. Fig. 2-2 shows
two most commonly used fixed-point data types that are considered, representing the
irrational number 7. Therefore, we need to determine the fixed-point data type of each
signal node, namely the number type (either 2's complement signed or unsigned), word-
length (both integer word length and fractional word length), truncation mode (either

roundoff or truncation) and overflow mode (either saturation or wrap-around).

A negative integer word length is valid; it represents that the first few bits in
fractional part are unnecessary to be specified since their values do not vary. Similarly
fractional word lengths can be negative as well. Fixed-point data type has this flexibility
to save hardware. For example, let’s use the architecture in Fig. 1-1 to perform |x| for an
even integer value x between -7 to 7; that is, X is-6, -4, -2, 0, 2, 4 or 6. In 2's complement

format, x is 1010, 1100, 1110, O, 0010, 0100, or 0110. At the first glance, both the
5



Negate block and the Mux block in Fig. 1-1 need to support at least 4-bit fixed-point
operation. In fact, only 3 bits are needed in hardware because the last integer bit is always

0. In this case, one can specify the fractional word length as -1 to save hardware.

In the previous example, three bits are needed for two reasons. First, the range of
x is known, and the integer word length can be 4 without any overflow. Second, we know
the last integer bit is not needed. In information theory, the bits to the left of the 4™
integer bit carry no information since the entropy of the i™ bit given the 4™ bit is
identically O, that is,

P( =1[b,)-logP(b =1|b,)+P( =0|b,)-logP(h =0]|b,)

=0,Vi >4, (D
where P denotes probability and b; is the i bit to the left of binary point. Similarly, b, in

our example has 0-entropy because this bit is always 0 in even integers.

On the other hand, even with none-zero information, some bits can be eliminated
as long as the information is not useful in particular application. For example, this
information may be dominated by physical noises or architecture defects, or it may
simply be ignored by the rest of the system that processes it. This thesis is largely to
identify those bits with valuable information. Conventional approaches rely on manual
and try-and-error assignments of fixed-point data types. These methods are both time-
consuming and error-prone [13]. As communication systems and digital signal processing
units become increasingly complex, more intelligent methods are called for. Here, we
assume the system is already implemented in architecture level, and the goal isto quickly
and reliably produce the fixed-point correspondence. We define this part of design flow

as the Hoating-point to Fixed-point Conversion (FFC) problem. Finite-word-length
6



effects can drastically vary depending on the system architecture. For example, a finite
impulse filter (FIR) implemented in different architectures, such as direct form I, direct
form |1, transposed forms, and cascaded form, all have different quantization behaviors
[4][5][56]. Therefore a system description lacking of its structural information providesis
not ready for FFC problem. Once the fixed-point data types are resolved, a design flow
continues to circuit level and physical level [56], which is again beyond the scope of this

work.

In Section 1.2, the FFC problem is formulated into an optimization problem.
Under this unified framework, our methodology is briefly explained in Section 1.3, which

also points out the chapters that give detailed studies.

1.2 FFC formulation in optimization framework

An FFC problem often happens in one of the following two situations. First,
under certain test vectors that the algorithm designers have carefully chosen, the floating-
point system with architectural information passing to FFC stage already satisfies some
behavioral system specifications. A specification is usually based on some statistics of
output data, such as output bit-error rate (BER) and signal-to-noise ratio (SNR). Since
fixed-point data types are unknown yet, no reliable hardware-cost information can be
introduced at the floating-point design stage. Therefore, FFC is to decide the fixed-point
data types throughout the system, such that the system sdtill satisfies the same
specifications. The goa here is to minimize hardware cost. Equation (1-2) shows the

optimization frame work described above



minimizehardware- cost
frw (Wint, 1 Wer 10 Wit 20 W 2,01, 0p, 05 Oy Gy i P M, )
subject to specifications
S;(Wint,1o Wer 10 Wit 20 W 2,501, 0z, 05 Gy Gy i Mg, M, )
<0,V],

(1-2)

where

fuw- hardware-cost function,

S- the " system behavioral constraint function,
and the following variables are associated with the fixed-point data types of the it signal
node,

W ntj- integer word length (always integer),

Wk i- fractional word-length (always integer),

0i- overflow mode (O for wrap-around, or 1 for saturation),

g - quantization modes (O for truncation, or 1 for round-off to the nearest),

n; - number systems (0 for 2's complement, or 1 for unsigned magnitude).

Here we have limited the search space formed by these variables to what is

commonly used in circuit design, as shown in parentheses.

Second, sometimes designer have constraints in hardware-cost, such as area and
power, together with some system specifications. And the objective is to minimize
another system performance. Without losing generality, we let the objective function be

S;. Then this situation can be modeled as



minimizeasystem performance
S, (fixed - point data types)

subject to

. : (1-3)

fuw (fixed - point data types) < f,,

S; (fixed - point datatypes) <O0,Vj>1,
where the fixed-pint data types are same specified as in (1-2) and fy is a hardware-cost
specification value. Interestingly, this problem is essentially equivaent to (1-2) [10]. In
fact, if we modify thefirst constraint in (1-2) and obtain the following variation

minimize hardware cost
frw, 5, (fixed - point data ty pes)
subject to specifications
S, (fixed - point datatypes) <s;,
S; (fixed - point data types) <O, Vj >1,

(1-2)

where a dack variable s; isintroduced in the first constraint. Problem (1-2') and (1-2) are
only dightly different, and can be solved with the same method and complexity. In fact,
solving (1-2') repeatedly for different s;, we can get a tradeoff curves between fyyw and s,
as shown in Fig. 1-3. The curve must be non-increasing due to the construction of (1').
Fig. 1-3 aso shows the feasible regions for (1-2) and (1-3). Basically, if we can solve any
problem in format (1-2) and (1-2) efficiently, problem (1-3) is solved directly from the

tradeoff curve.
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Fig. 1-3 Tradeoff curve between minimum hardware and specification level.

The curve shows a possible minimum hardware cost in problem (1-2) as a function of
dlack variable s;. Both optimization problems defined in (1-2) and (1-3) become trivial
with the curve.

Therefore, we consider (1-2) as our basic optimization formulation of FFC. The
constraints in (1-2) should be defined in such away that they are satisfied at least by the
floating-point system. If we choose very large word lengths and 2's complement number
systems for all signal nodes in the fixed-point system, the system becomes arbitrarily
close to infinite-precision. Consequently, the optimization problem (1-2) must be feasible.
On the contrary, problem (1-3) is not guaranteed feasible if, for example, fois set negative

or too small for a hardware-area cost function.

1.3 Our methodology and thesis organization

In this section, we will briefly describe some past FFC techniques and our

strategies. This serves the purpose of getting you familiar with many of the related
10



problems; it aso point you to the particular chapter that you are most interested in,
including the hardware-cost estimation, the quantization effects, the optimization

algorithm, as well as how to automate the methodology into usable a FFC tool.

1.3.1 Brief review of the past techniques

Recently a few strategies have been proposed to automate FFC for
communication systems described in C/C++ [13-15]. While the integer-part word-length
and overflow modes of the fixed-point operands are commonly determined by avoiding
signal overflow, the determination of the fractional word-length relies on different
methods. In both [13] and [14], there is no gross hardware-cost function given; neither is
the problem treated as an optimization. However, the implicit goal isto minimize al the
word-lengths at the same time. The task of minimizing multiple objective functions is
unrealistic unless the constraints are specia so that they al can be minimized
simultaneously. This is done in [14] by having one constrain function for each word-
length: the input word lengths are pre-assigned; for the rest of the word lengths the
integer part should be sufficiently large to cover the signal ranges that it governs (same
for both [13] and [15]), and the fractional part should be sufficiently large so the local
guantization noise power is much smaller than the one caused by quantizations of the
inputs. These strongly decoupled constraint functions are always feasible and can
minimize all word lengths at the same time. However, the gross quantization effects
from these locally justified quantization sources altogether can still be much greater than
the one induced by input quantizations. Therefore it is still necessary to have a final

constraint on system performance (e.g. SNR or bit-error rate) as a function of all the word
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lengths done by simulations. This becomes the reason for unbounded number of

iterations.

In [13], the unjustified pre-assignments of date-types on some signal nodes
provide some constraint equations. The deterministic propagation methodology yields
inequalities among the fractional word lengths, e.g. the fractional word length at the
output of a multiplier should be no less than the sum of those of the two inputs, while the
output fraction word length of a delay component should be no less than the input one.
Besides the overly pessimistic consideration of quantization effects, feedback loops such
as the one in an accumulator can yield contradictive inequalities. Thisis solved in [13]
by possible user interaction using engineering decisions, which also yield undetermined

design time.

The work in [15] implies a similar problem formulation to ours, and again has the
same treatment on integer word lengths as most other methods. The constraints are
chosen to be the system specification functions. However the lack of investigation of the
closed form specification function limits their optimization algorithm to be purely
heuristic and time-consuming search. In addition, the Monte Carlo simulations among

iterations can be inconsistent which adds further complications.

To probe further of the vast literature, refer to Section 2.1, 2.2 and 4.1.

1.3.2 Practica, Reliable and Cost-efficient FFC

In this thesis, the same constraint functions as [13-15] on integer word lengths are

adopted in the current work. The assumption that overflow noise hurt the quality of the
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design greatly is widely reasonable. However, in some special situations occasional
overflows in saturation mode are acceptable and even expected, which won't be
discussed further. For each input statistics, a single estimation is needed for the ranges of
al signal nodes. With all W,; and o-modes determined separately, these variables are
dropped out from the optimization problem in (1-2). In the following subsections the

hardware-cost function and constraint functions will be studied.

1.3.3 Analytica form of hardware-cost function

A single hardware cost function is to be minimized in eg. (1-2). This could be
area, power consumption, and so on. High-level estimations of hardware resources such
as area, energy and delay have been studied extensively. For system level optimization,
it often suffices to adopt the parameterized library based approach. The area of each
block of the library can be modeled as a function of parameters related to fixed-point data
types as well as other important technology factors such as feature size and voltage.
Provided the architecture choice with all other parameters fixed, the area cost of alibrary
block is uniquely characterized as a function of the fixed-point data-type parameters. The
total area of the system can then be estimated as a sum of all the required blocks plus a
certain routing overhead. This usually yields a hardware-cost that is a quadratic function
of Wr'sand g's. More detailed discussion can be found in part of Chapter 4 and Chapter

5.

1.3.4 Choices and analytical forms of constraint functions

Unlike in [14] where a number of additional constraint functions are created to

solve the multiple-objective-function situation, only the system specifications (such as
13



bit-error rate and SNR) that are eventually used to judge the quality of the design are
initially considered as the constrains. Furthermore, instead of employing the system
specifications directly as the optimization constrains as used in [15], a more robust
specification scheme is proposed based on the statement that the fixed-point system is
expected to deviate only little from the floating-point origin. One natural alternative
specification replacing (NOT in addition to) the system specifications is their relative
changes between floating and fixed point systems. An innovative perturbation theory is
developed, and shows that the change to the first order is a linear combination of al the
first and second-order statistics of the quantization noise sources. With the widely used
theoretical models of the means and correlations of the quantization noise sources and a
couple more assumptions, Chapter 2 and 3 (the latter one concentrates on the situation
when one of the assumption is not satisfied) tells us this alternative specification function
can be written into closed form

| sys. spec. (fxpt) - sys.spec.(flpt) |

=MTU+ g o Wiy
ie{ Data Path}

where ¢’ sare constants and M is a constant column vector, the i element of zis

(1-4)

U = —%Qi 2 Wi for datapath | G,if round - off
1, truncation

fxpt(a 2 Veniy -g; forconst a,
Function fxpt(a, d) means the value among the set {integer x d} that is the closest to a,

and g’ s are the constants (e.g. filter coefficients) that appear in the floating-point design.

The linear coefficients M and ¢’s can be data-fitted by running polynomial

numbers of Monte-Carlo smulations. However unacceptably large sample sizes may be
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needed to conduct an accurate Monte-Carlo bit-true simulation to detect the small
perturbation on top of alarge value, whose own estimation error can easily hide the small
perturbation. This important issue is resolved by choosing the mean square error (MSE)
as the specification function. The MSE error is the output difference between the
floating-point system and the fixed-point system.

MSE =0'Bu+ >C 22",

ic{ Data Path}

where B is positive semi-definite, denoted as B=0, C > 0. Again, more details can be

found at Chapter 2.

A totaly independent study on genera multiple-input-multiple-out linear-time-
invariant (MIMO LTI) systems based on transfer function method has been conducted in
my master thesis [3] which confirms the validation of the MSE formula. The present
results are much more genera since they apply to non-LTI systems with non-stationary

input.
1.3.5 FFC Design Automation

Now, the FFC problem is safely reduced to
minimize
Quadratic f (Weg 1, W 5,0, G-

subject to

u'B O+ Y G2 _A<O
ie{DataPath}

withBy =0,C; =0,and A > 0.

Here vector z is defined in the same way as before, and A is the tolerance of the K"MSE

error. The problem is feasible because as al W increase, the |eft sides of the constraint
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functions asymptotically converge to -A(' s which are always less than 0. Physically that

means the fixed-point system becomes infinite precision.

(hierarchical) Flpt sys in Simulink || H.W.-cost Info

- . ~
Simulations v
& data-fit Complle] ‘
v v stopping
B,C&A H.W.-cost f criteria
v

v ) Pre-programmed
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Fig. 1-4 FFC design flow graph.

An essential part of a practical FFC is to automate the process of obtaining the
analytica hardware cost function and the analytical specification function. This is
achieved following the design flow in Fig. 1-4. First the signal ranges need to be
estimated automatically by running one smulation. This simulation also provides us the
M SE tolerance vector, A. Secondly, a number of simulations can be conducted following
the MSE formula to find out matrix B and C. The analytical hardware-cost function can
be achieved by automatically reading the system parameters, provided the hardware-cost
formula for each block. Our current design environment is Xilinx System Generator that
is based on Mathwork Simulink and Matlab. Chapter 4 and 5 shows that all the tasks

above can be automated. The number of Monte-Carlo simulations need to be done is

proportional to [dim(B)2 + dim(C) + 1]. Chapter 4 further discusses some simplifications
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to reduce the number of simulations. Finadly, the optimization algorithm specifically

suitable for this problem can be preprogrammed.

1.3.6 Scalability

A partition of the system MSE specification into block-wise MSE specifications
can factorize the problem into several smaller optimization problems. Moreover, many
of the word lengths along forward-directional data path can be pre-related to reduce the
number of optimization variables. These two strategies ensure the applicability of the

proposed methodology on large communication systems.

14 Summary

This chapter serves several purposes.

Firgt, it emphasizes my master thesis [3] and suggests it to be read first. Though
itstitle is similar to this thesis, their contents are deliberately made almost non-overlap to
efficiently present the information. One can view this thesis an extension, though my
master thesis contains many useful results itself, such as its study of quantization effects

of LTI systems.

Second, a brief description of the thesisis provided to prepare you a big picture of
the FFC problem. With pointers to specific chapters, you can go directly to the specific

chaptersfor certain topics.
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Chapter 2
A Statistical Perturbation Theory on the
Quantization Effects

As mentioned in Chapter 1, any general understanding of quantization effects can
benefits the FFC process. Most existing studies on fixed-point quantization effects rely
on either pure simulations or pure analyses. Pure simulations require extensive computing
power, and provide limited insights. The associated complexity is exponential function of
the number of fixed-point parameters. Whereas pure analyses am to find explicit
relationships between quantization effects and all system parameters which often
becomes too difficult to accomplish even with extensive assumptions and case-by-case

efforts to get aresult. General theory only exists for linear-time-invariant (LTI) systems.

Based on an innovative perturbation theory and three assumptions—independent
and white quantization noises, small noises, and no decision-error-propagation, this
chapter derives an analytical relationship between statistical quantization effects and FP
parameters and lump all other system parameters into some coefficients. The theory does
not require stationary inputs. When a system description and input statistics are given, the

theory provides a procedure to understand its statistical quantization effects both
18



analytically and numerically. In the numerical approach, only a polynomia number of
simulations are needed, whereas in the analytical approach, existing theory in LTI
systems with stationary inputs becomes a special case. Finaly, severa examples are

given to verify and clarify the theory.

2.1 Brief introduction

As described in the previous chapter, the algorithms used in communication
systems and digital signal processing are typically specified with infinite precision (IP)
operations at the beginning. In literature, especially for circuit designers, these operations
are sometimes referred as floating-point because floating-point computations in digital
computers possess high precisions [1-3]. On the other hand, digital implementations of
these agorithms rely on finite precision (FP) approximations, sometimes also called
limited precision. Finite precision number systems are often represented by fixed-point
realizations, among which the most popular one used in hardware implementation
systems is binary number, such as 2's complement and binary unsigned number (see, for
example [4-9]). When a number cannot be represented by a given fixed-point data type
with finite word-length, overflow on the most-significant-bit (MSB) or quantization on
the least-significant-bit (LSB) or both take place. These finite-word-length effects cause
the FP system behaves differently from the IP system, and this may result in

implementation failure of an otherwise functioning IP agorithm.

Motivated to understand this important difference, theorists study finite-word-
length effects using mathematical analysis, whereas most hardware designers do so by

simulation methods. On the MSB side, overflow noise may cause recursive filters to
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oscillate at O-input, referred as limit cycle effects (see, for example, [4] and [10-12]).
However, the effects of overflow noise are often understood purely based on simulations
due to their possibly large magnitudes, low occurring probabilities, and strong
correlations with signals [1-3][13-17]. We are not going further here on this largely open
problem. Some analytical works related to MSB overflow effects take one step back and
focus on mathematically predicting the signal statistics, such as variance and higher

statistical moments, in an IP system, based on which overflow noises can be prevented

[3][3].

In contrast, the finite-word-length effects on LSB side, aso referred as
quantization effects, are understood better largely benefited by their smaller magnitude,
high occurring probabilities and weak correlations with signals. Since deterministic
analysis of quantization noise is as difficult as studying overflow noise, theorists
approach the problem almost purely statistically over the last few decades (see, for
example, [18] for deterministic analysis). Given an IP agorithm, mathematical methods
are applied to determine the statistical quantization effects at system output (or internal
nodes) in relation to system parameters [3-5][19-51]. System parameters include
architectural information such as the number of taps in a filter, system inputs such as
constant filter coefficients and the signals to be processed, and FP parameters such as
word-lengths and quantization modes. Despite some elegant successes addressing linear-
time-invariant (LTI) systems and simple nonlinear systems, doing al these tasks
smultaneously is often difficult that requires specia care for each individual case, and
still yields results that are too complicated to comprehend, such as infinite sums. We

characterize quantization effects on FP parameters for a genera DSP system based on a
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small-signal perturbation theory and three assumptions—independent and white
quantization noises, small noises, and no decision-error-propagation. This result covers
both stationary and non-stationary inputs. Some large quantization effects are not studied,
which is similar to the majority existing analytical work. Statistical quantization effects
are described as functions of FP parameters only, together with some other unknown
system parameters as simple coefficients that can be determined numerically. Even
without determining the coefficients, the expression itself provides vauable insights on
understanding quantization effects in general. Procedures to determine these coefficients

analytically are also suggested.

On the other hand, pure pure-simulation-based approach to study quantization
effects led by designers faces difficulties [13-17] as explained in [1]. Without any
theoretical guidance, numerically analyzing quantization effects of FP parameters
becomes a combinatoria problem. Its complexity is exponentially related to the number
of FP parameters [1]. Moreover, ssimulation results often yield limited insight on how
guantization effects depend on FP parameters systematically. With our results in this
Chapter, the complexity of this numerical problem is reduced to a polynomial function of

the number of FP parameters.

In Section 2-2, we prepare the basic terminologies and relationships for the rest of
the chapter while briefly reviewing the vast existing work in the literature. The first
assumption is introduced here. Section 2-3 categorizes the functional blocks and signals
in a system according to their different quantization effects, and explains about the
randomness of a system. Section 2-4 introduces two more assumptions that lead to our

perturbation theory. Section 2-5 explains the numerical concerns of the theory. Examples
21



are given in Section 2-6, and we summarize in Section 2-7. Again, overflow noise is not
studied, and only quantization effects due to roundoff quantization and truncation
quantization are given explicitly, which are defined in previous chapter and depicted in

next section.

2.2 Quantization basicsand literaturereview

Quantization effects have been actively studied for more fifty years [4][7].
Transferring analog signals using digital-communication techniques and source-coding
theory requires gquantizations, and the objective is to find a quantization scheme that
represents the source information efficiently and reliably [7]. A different quantization
effect emerged in the early 1970’'s due to the raise of digital signal processing. The
objective here is to understand how finite-precision (FP) signa processing differs from IP
signa processing for a digital discrete-time signal processing system. It is important to
discern these two topics when studying the literature. We concentrate on the second

topic—quantization effects in DSP systems.

Though different number systems and quantization schemes are proposed for
DSP, most implementations rely on binary fixed-point number system—either 2's
complement or unsigned binary number—and quantization modes of either roundoff and
truncation [4]. The rest of this chapter only explicitly studies the quantization effects of

these two modes, which isrelevant to current circuit implementation.

A quantizer in our discussion is uniquely characterized by two FP parameters—its
binary point position relative to its least-significant-bit and its quantization mode being
either roundoff or truncation. The binary point position is equivalent to the fractional
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word-length, Wg, of a binary number. That is, the output can be represented as integer

multiples of 2 Wer Wk > 0 implies the quantized signal indeed has a fractiona part. Wg

= 0 implies the quantized signal can be any integer. And Wg < 0 means the quantized

signa has its last |Wg]| integer bits aways being 0's—thus not necessarily to be

represented in hardware. A quantizer changes its input signal x into a quantized signal,

denoted as Q[x]. Fig. 2-1 shows the two quantization scheme normalized by quantization

step A, where, again,

A=2"Vm,

Fig. 2-1
Here, A=2""Vr,

Q[x]
2A- *—
A+ —o
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Quantization function for (a) truncation, and (b) roundoff.

(2-1)

Quantization noise, often referred as quantization error as well, is defined as the

difference between quantizer output and input

e=Q[x]-x.

The exact expression of ¢ after a quantizer with roundoff mode is

€roundoff = FXPL(X,A) =X,
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where FXpt(X,A) is defined asround(%) *A | and round(.) is the function that maps

its argument to its nearest integer. Similarly with truncation mode,

Cruncation = ﬂoor(%) ‘A =X, (2-4)

where floor(.) is the floor function, or called greatest integer function. The error isrelated
to Wg exponentiadly, that is, where e is on the order of A. So, as its name suggests, the
noise is usually small when W islarge. Fig. 2-2 depicts that a quantizer, as a nonlinear
operator, is replaced by an adder with one input connected to the quantization noise,

which clearly depends on itsinput.

Q-

Fig. 2-2 Quantization error model

Because both roundoff and truncation modes partition the real axis into segments
of equal distance, the associated quantization functions are periodic. Thus, a Fourier
series can write them as an infinite sum of basic analytical functions—such as sums,
divisions, and exponentials—of input signal X, as shown in [19] (see [20-24] for related
discussions), that is

(-D*A

. kx
= -~  exp(-27-|—)+
eroundoff k%o j2 | p( J A)

L Six=(2k+DD), @9
2 Ke—oo 2
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where 1(.) is the indicator function, which equals to 1 when its argument is true and O
otherwise. Similar expression can be given for truncation error. Exact analyses of
quantization error starting from (5) face serious chalenges when the quantization error
from one quantizer starts to feed into another one. One way to alleviate these vastly
nonlinear effects is to study the quantization effects statistically. For example, taking
expected value of a continuous random variable x on both sides of (5) gives the mean of

roundoff error [19],

o (D 2nk
E[eroundoff] _Ak§0 jZﬂk ¢X( A )’ (2-6)

where @, (.) is the characteristic function of x. Based on this approach, [19] studied how

the mean and variance of the quantization noise at the output of a finite-impulse-filter
(FIR) are related to its FP parameters. Though in this model an FIR only possesses at
most two quantizers in any data path, the analyses have already been fairly complicated.
The results are again expressed in infinite sums and can only be evaluated numerically,
thus it reveals limited insights. This kind of exact analysis seems surreal and inadequate

for systems containing long data paths and feedback loops.

Bershad and Bermudez extended the exact analysis when they studied the
simplest adaptive filter—least-mean-square (LMS) algorithm [25-26]. To reduce the
complexity, they assumed and numericaly justified that, in many applications, a one-
guantizer model in this nonlinear recursive system is sufficiently accurate. In addition to
apopular Gaussian distribution assumption, some critical independence assumptions— or
“constant assumptions’, depending on how they are viewed—are used. As the result, the

first two moments of the differences between actual filter weights and ideal Wiener filter
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weights are obtained as iterations of infinite summations. Numerical computations of
these iterations agrees well with simulations given the one quantizer model and
independence assumption, but this analysis is of limited practical use and it is no longer

143 exa:t” .

Almost in parald to the exact theory, the majority of the community has been
concentrated on purely statistical approach based on statistical assumptions of the noises.
By giving up being “exact”, these analyses proceed much further and provide many
useful and often inspiringly accurate results. One of the most used assumptionsis

Assumption 1: A quantization noise is uniformly distributed in its possible

range and independent (in some analysis, a weaker version is used

assuming only uncorrelation instead of independence) with other signals,

other quantization noises, and itself overtime (therefore it is white).

Exceptions are constant signals whose quantization noises can be modeled

as constants as well.

Examples of constant signals are filter coefficients of an FIR, step size parameter
in an adaptive filter, and so on. These signas are deterministic and deserve special
treatment. With Assumption 1, the quantization noise in Fig. 2-2 becomes independent to
its signal and can be treated as additive noise statistically. Except for constant inputs, the
noise is uniformly distributed between [-A,0) in truncation mode, whereas in roundoff
mode the noise is uniformly distributed in [-A/2, A/2). The mean value, u, of the noise

can be summarized as
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e, for constante
—19-2" otherwise (2-7)

UEE[e]z{

where e is a constant when the signal being quantized is constant, and

B 0, in roundoff mode
4= 1,in truncation mode"

Thisis what we stated in eg. (1-4). When a signal or a system parameter, X, is known to
be constant, its roundoff quantization value fxpt(x, A) as defined in eg. (2-3) is often used
in an FP system, that is,

Econgtant = FXPL(X, A) —X. (2-8)
The variance of the noise, on the other hand, is

0, for constante

2
Var=Ele-u)1=1 1 yom. ohermise. (2-9)
12

The standard deviation sisv Var .

More accurate models on the mean and variance base on the weaker version of
Assumption 1 and take into account that the signal coming from a previous DSP block is
already in FP and thus not continuous [3][10][27]. Nevertheless, Assumption 1 is widely
used because it models quantization noise efficiently. Many researchers have studied the
mathematical condition for this assumption using either ssimulation or exact analysis [19-
24]. For example, certain conditions on the characteristic function of the signal to be
guantized make the quantization noise and signals exactly uncorrelated. However,
experience shows that it is empirically sufficient to have the input random signals of

much greater variance than the quantization noise and of reasonably wide spreads in both
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value and frequency spectrum [5]. The first part can be easily satisfied when W
becomes sufficiently large and the quantization error decreases exponentialy according
to (2-3) and (2-4). For most signals to be processed in communication systems and
multimedia signal processing systems, signals are corrupted with various noises due to
physical environment, referred as physical noises. Thus, the second part of the condition
is adso satisfied. Our favorite explanation of this condition is the following. From (2-6),

when a random input has a much wider spread than A, it's characteristic function as its

27K
Fourier transfer should have values concentrated between +7/A. So Py (_A )becom%

small except for k=0. This makes roundoff mean in (2-6) close to 0. Similarly, the
variance becomes (1/12)A? strictly. In the following analyses, Assumption 1 is considered

strictly true.

Based on Assumption 1, quantization effects of linear-time-invariant (LTI)
systems have been solved [3-5], mostly focusing on statistical quantities such as the first
moment and the second moment of a signal. In these analyses, only the uncorrelation
version of Assumption 1 is needed instead of the more restrict full independence
condition. The quantization effects of an LTI system with stationary stochastic input can
be summarized together into compact results [3-5][16]. This includes FIR, IIR (with
feedback loops), FFT, and many other commonly used functional blocks in non-LTI
systems. With Assumption 1, quantization noise occurred along signa data path in a
linear system can be separated from input signals without any nonlinear interference,
whereas quantization of constant gain coefficients is treated completely differently as

deterministic modification of the system transfer functions.
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Nonlinear systems such as adaptive filters, including LMS, Block LMS, RLS
(recursive least square), and leaky LMS, are also studied extensively [6][28-41]. Because
of the nonlinear feedback loop, the output and internal signals contain contributions from
multiplications of input signals from various time instances. Analysis cannot proceed
unless further assumptions are made on quantization noise and also on the statistica
property of the input signals themselves. Efforts in [40] results in a statistical “energy
preserving equation”, from which calculations about quantization effects (and analysis
for IP agorithms in general) of a time-domain LMS system are eased. Some other
nonlinear systems are also studied assuming the nonlinear part of the system is not
apparent [42-45], such as for CORDIC (coordinate rotation digital computer) system
[42]. Yet a general theory on quantization effects on nonlinear systems is not available.
Furthermore, it is known that small modifications in system architecture aters
quantization effects [1][4] and requires new derivation from the beginning despite all the
existing results for similar systems. The situation gets worse as the system is
implemented with a top-down design flow, because a complete analysis on quantization
effects requires complete understandings of both agorithm and architecture. But
algorithm, IP architecture, and FP architecture are often designed by separate designers,

causing a communication problem.

The quantization effects associated with the non-stationary input signals become
more complicated to analyze, requiring simplified statisticall models, such as Markov
chain [40-41]. However, the accuracy of the results suffers due to more aggressive

simplifications.
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As mentioned in Section 2.1, the difficulties met in nonlinear systems are caused
by the inefficiency to separate the quantization effects from other complicated ones
existing in IP systems. As a result, it is widely admitted that analyses on quantization
effects are more advanced and complicated than those for pure IP systems. However,
with a couple more assumptions that could be strictly satisfied, we will show that general

understanding of quantization effectsisindeed possible.

Aside from the analytical approach, advancement in computing promotes
simulation-based approach [13-17]. However, lack of understanding, the number of
numerical estimations to completely characterize the quantization effects is exponential
with respect to the number of quantizers. Suppose a system has L quantizers, each of
which has its fractional word-lengths chosen from | possible values and 2 quantization
mode, then (21)" estimations are required in the characterization task—usually too high to
realize. For example, in the process of the classica floating-point to fixed-point
conversion, an intuition, stating that higher fractiona word-lengths always result to
“better” systems, may reduce the estimation complexity greatly [15][17]. We will
validate this by giving a sufficient condition in Section 2.7 as an example of our theory.
Furthermore, based on our results in this chapter, we propose that only orders of L?
number of estimations are needed to completely characterize the statistical quantization
effects numerically. The complexity isindependent to |. Our floating-point to fixed-point

conversion tool islargely benefited by this conclusion [1].
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2.3 Preparation for perturbation theory

2.3.1 Categorization of signals and blocks

Quantization effects depend on the architecture of the system implementation
[1][4]. For example, it is well-known that finite-impulse filters (FIR) implemented in
direct form | and direct form Il produce the same result in infinite precision arithmetic,
yet they have different quantization effects [4]. In fact, the number of quantizers is
usually different in various finite-precision (FP) implementations, and they may locate at
different places. The most natural way to include all the system description necessary for
understanding quantization effects is starting from the structural description, as suggested
in [1]. In a structural description, a large system is constructed by smaller functional
units such as adders, multipliers, multiplexers, and so on; infinite-precision (IP) or FP
systems with architectural information look like a block diagram. Fig. 1-1 in previous

chapter depicts asimple algorithm in its architectural form.

In order to identify the different types of functional modules, we first differentiate
the types of signalsin a DSP system. Thisis done by comparing the FP system from its
IP version. Both IP and FP descriptions of a system can be viewed as different levels of
abstractions of a physical design. A FP system can be represented by the same block
diagram as the IP system, with some quantizers inserted in the signal paths or after some
constants. After each quantizer, the signal is changed from infinite-precision (or higher
precision) to finite-precision (or lower precision). We name this kind of signals
arithmetic signals—new quantizations happen right after them in the FP version of the

system.
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Some other signals are aready in their desired finite-precision even in the IP
description. This is possible because of agorithm designers understanding of Boolean
algebra, coding theory, abstract algebra, and other mathematical theory about FP
arithmetic. Hence, it is unnecessary to place additional quantizers for these signalsin the
FP version. Doing so, the IP algorithm designers’ vision would be ignored which results
in different systems. As an example, one may combine 8 1-bit signals after source coding
into an 8-bit number with four of the bits being fractional. This can be done by a serial-
to-parale converter and by thinking that the binary point being in the middle. Then, it
would be completely wrong to treat this signa arithmetic and quantize it because the
information associated with the bits truncated away is permanently lost. We call these
signals that have predetermined FP data-type logical signals. In fact, most of them are
naturally described in Boolean or binary integer format, and IP system designers can

identify them easily.

Some other constraints can aso cause predetermined FP data-type, for example,
when having limited hardware resources such as fixed precison analog-to-digital
converter, multipliers, and so on. In order to develop an agorithm to be implemented
using these hardware, it is practical to treat signals after these blocks also of fixed finite-

precision. We will not distinguish these fixed data-type signals from logical signals.

With the preceding signal-type description, operators (or functional blocks) and
its inputs and output in IP system can be summarized into different types as well. Here,
we assume one operator aways have one output because an operator with multiple

outputs can be separated into multiple copies with single output individually.
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1 The output is an arithmetic signal. We name the operator arithmetic
operator. Examples include adder, multiplier, and delay elements as
appeared in FIR and LM Sfilter.

2 All of the inputs are logical, and the output is also logical. The operator is
caled logical operator. These operators often appear in control logic
circuits. Examples are AND/NAND/OR gates.

3 Some of the inputs are arithmetic, and the output is logical. The operator is
called decison-making operator. Examples include the fina dlicer in a
communication system that estimates the transmitted bit, a comparator in a
time-synchronization unit to select the right time-offset, and a comparator in
a stage-based CORDIC unit to decide in which direction the angle needs to
be shifted at a particular stage.

Let us explain this classification. It may first ook non-trivial to discern signal
types and thus operator types. For example, an adder with arithmetic output (with
potentially infinite-precision) is by definition an arithmetic operator. Yet an adder
included in control logics such as finite-state machine description that produces strict
logic signal output is a logical operator. On the other hand, an adder as an arithmetic
operator can also be decomposed into logical operators such as NAND gates operating on
logical signals. Inthisway, architecture description has been driven into too much detall
for analysis of quantization effects. This is because modifying the FP parameters now
means cutting blocks from (or adding blocks to) the architectural description. Therefore,
fixing the architectural description rules out this kind of confusions. As another example,
an absolute function denoted as |.| operating on an arithmetic signal is naturally treated as
an arithmetic operator. However, as shown in Fig.1-1, it may compose a multiplexer
selecting the input signa or input signal’s negation based on its sign, and the sign
equivaent to a slicer—a decision-making block.
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From another point of view, because infinite-precision operations do not exist in
implementation, why don’t designers only design finite-precision system from the very
beginning? The answer is that this is too “abstract” ( in the same sense as it appears in
Abstract Algebra) for the designers, and the large combination of FP parameters make the
task easily forbidding. Therefore, IP description normaly starts as the first level of
abstraction, which contains mostly infinite-precision operations that are easier for
anaysis. Then, architectura information is added, and then FP parameters are
considered. Yet from the beginning, IP designers might know some signals’ final FP
types, either inferred by algorithm itself (such asfor the slicer in communication systems,
and for the source-coding), externa reasons (such as component availability in
hardware), or even design experience. The last “knowledge’-based approach is not
recommended: more scientific reasoning and more advanced design tools can do better
[1].) Usudly, logical signals are those that become wrong when shortening its word-
length and become awkward and unnecessary to increase; in contrast, the FP parameters

of arithmetic signals affect the behavior of a system much more incrementally.

In summary, signals types are often confined by and apparent from algorithmic
and architectural descriptions of a system. If not, the IP system designers know who they

are.

2.3.2 Some definitions

The inputs of a digital system can be considered as discrete-time random process
[1][3][6][46]. The operators in a system can usually be treated as deterministic operations

that produce random process at their output under this stochastic signal environment. At a
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given sample time t, each input signal, internal signal, or output signa is a random
variable—with values from different ensemble realizations will follow a probability
density function at t. The function could be different at different t, that is, signas

throughout the system may be non-stationary random processes.

In reality, an operator, denoted by bold letter F, has a finite number of inputs,
denoted as K, and they together form a random vector point (x.(t), X(t), ..., X«(t)) or, ina
simpler notation, (X3, X2, ..., X«)t, a timet. This random vector may be non-stationary.
An operator could be as small as an adder or as large as a complete communication
system. Inputs include normal data-path inputs such as the inputs of an adder, or constant
inputs such as the constant coefficients of an LTI filter or adaptive update parameter. At
t, any ensemble redization of the random vector (X1, X, ..., X«)t becomes a regular
vector and belongs to a domain €. Here, ; consists of al the possible realizations at
time t and is a subset of the K-dimensional Euclidean space R¢ if we treat Boolean
signals True and False as real numbers, such as 1 or 0, respectively. For convenience, the
random vector (X, Xz, ..., Xk)t IS considered to have domain (), that is,

(X1, X2y «ey Xk) t € Ot (2-10)
Lett>1t;>1t,> ... >0, and suppose the system starts to run at t =0, then at alater timet,
the output of a causal operator F depends on all its previous and current inputs, { ( X1, Xz,
e Xty (X1 X2s veny Xi) ey (X1, X, oy X))ty » (X1, X2, ..., Xk)o}, @nd possibly a random
initial state. In a sample based system, t; is simply t-i. Variables in the initid state are
treated as additional inputs to the system which are brought into the system by adders at

time 0. So, for conciseness, let’s ignore the initial state in subsequent discussion. Now,
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the output of F at timet as fr(xs, X, ..., Xk, t), caled the transfer function of F, can be

written as

fe (X, Xp, X, 1) =

2-11
¢F’t((x1,x2,...,xK)t,(xl,xz,...,xK)tl,...,(xl,xz,...,xK)O). ( )

The functionality of F at timet is uniquely expressed by function ¢¢;, named as
the instantaneous transfer function of F at t. It is convenient to rename the input
Kx(N+2)-dimensional random vector {( X1, X2, ..., Xk)t, (X1, X2, ooy Xi) tysee0r (X1, X2y -,
X<ty » (X1, X2, +-o, Xk)o} tO{&1, -+, ém} @

E17%(t) s E27 %(1) 5+ EK= X (1)

Ek+1= %4 (1) ) Ekra=Xo(ty) 5+ iE2k= X (1)

EMk+1=%(0) , EMk+2= X5(0) .., EM= X (0) (2-12)

where M= Kx(N+2). (&1, -+, ém) are caled the expanded variables of (xg, X, -+, Xk) a
time t with respect to operator F. Now, (2-11) reducesto

fe O X0+ Xy 1) = B (1, Ep0eenr & ) (2-13)

Only with an ensemble realization of random vector (¢1, -+, ém), anumerical value of the

output at t becomes available using (13). By the definition in (10) and (12), the expanded

variables belong to a expanded domain, that is (£1, -+, ém) € QxQt, x...x o, Where “x”

means direct product.

It is important to notice that fg as a function is deterministic. When a system is
physically designed, it is often to fulfill a deterministic functionality to process some

random (or, sometimes, deterministic) inputs. This is generally accepted in modeling all
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DSP systems; therefore, this is not made as a separated assumption in addition to
Assumptions 1-3. In ¢, the subscript t stresses that this deterministic function itself
may vary over time. The technica difficulty of explicitly expressing this deterministic

function is not crucial to understand the rest of the chapter.
The examples below explain the definitions so far.

Example 1. An adder operator A at timet has output transfer function

fa (X0, Xo,1) = % (1) + X5 (1),

A (X%, 1) = @ (51,621 6M) = 61+ S (2-14)

A multiplexer, denoted by operator M selects either of the two inputs, x; or X;, to

its output depending on the value of the third input—xs; SO its transfer function is
fm (X0 Xa, Xegt 1) = L(Xegy (1) = 0) - X (1) + L(Xgy (1) = 1) - X (1),
That is,

i (X0s X204 Xggt 1) = B £ (61,6201 61 )

=14 =0) & +1(5%=1)-&,. 1)

where X isalogical signal, and 1(.) isthe indicator function as defined in (2-5).

Example 2. A timing operator G has its output at t equal to its single input at

another time g(t), where g(t) < t for acausal G. That is,

fe(x,t) =x(g(t)),
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fo(Xt) =g 1 (S1Sm) = Siogy+1. (2-16)

More specifically, aunit delay z* has g(t) = t-1, and its instantaneous transfer function is,
¢Z—1’t(§1’---’§|\/|) = 52 :

On the other hand, a 2-times down-sampler samples the input at every even time event

(here 2 is chosen for clarity and without loss of generality) has
g(t) =t-1(mod(t,2) = 0)+ (t —1) - 1(mod(t,2) =1)
where mod(a, b) gives the remainder of integer a divided by integer b and the underlying

discrete clock is the one before the down-sampler (because it is of higher frequency) . So

fLo(6t) =0y, (61 Em)

= é:t—{ 1(mod(t,2)=0)-t—1(mod(t,2)=1)-(t-1)} +1

= gl(mod(t,Z):1)+1’
where the last step is because 1(mod(t,2) =1) + 1(mod(t,2) = 0) is just 1. Alternatively, we
can understand the last equation as
If mod(t,2)=0,
fLo(x) =0y, (&rndm) =41,
otherwise, that is, if mod(t,2)=1,

flo(xt) = %21(51 ----- Su)=¢&.

In summary, all the random factors of the output of an operator are introduced by
its random inputs, whereas the transfer function ¢g; is deterministically known (as a

function of timet).
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2.3.3 Smooth operators

The concept of “smoothness” of an operator provides the foundation of the
perturbation theory to be introduced later. As defined in calculus, deterministic function
¢k is said to be smooth on arithmetic signals if it is continuous and differentiable to any
desired degree over an open set in which the arithmetic signals belong to, regardless of
the redizations of the logical signals. Then, operation F is called smooth over its
arithmetic inputs, or briefly as F is smooth. Discussions later show differentiability to the

third degree is usually sufficient in consideration of quantization effects.

It is meaningless to say the operator smooth or not over its logical signal inputs as
they have discrete values. Basic arithmetic operators, such as an adder, a multiplier, and
so on, clearly are smooth. In Example 1, for a multiplexer whose functionality is defined
by (2-15), ¢wm is clearly smooth on its arithmetic signals (&, £,) over al their possible
values. So, multiplexer is indeed smooth. In Example 2, timing operator is evidently
smooth according to (2-16) if the input is arithmetic. The following simple example

explains the domain involved in the definition.

Example 3. A reciprocal operator R is given by its transfer function as

fr(X,1) = dr ( (&10eS) =1/ &1, (2-17)
where &; is arithmetic signal. Clearly, ¢w is smooth if its input belongs to (-c0,0)U(0,
+00). Similarly an absolute-value operator is also smooth in the same domain. In fact,
most mathematical operations, such as sine, cosine, logarithm, exponential and power,

are al smooth with properly defined input domain.
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In our definition, decision-making operators with arithmetic input and logical
output can aso be treated as smooth operators over its arithmetic inputs. The unsmooth
region contains those arithmetic input vector points that, when adding some infinitesimal
perturbation at different direction, produce different decisions at the output. For example,
a dicer that determines the sign of an input arithmetic signal has unsmooth region

containing one point, O.

Two consequential smooth operators form a combined operator that is aso
smooth. This is simply because smooth function acting on smooth function provides a
joint smooth function. The smooth domain for this combined operator is usually those

inputs that cause neither of the two operators to operator at unsmooth region.

24 Perturbation theory

Section 2.2 motivates us to understand quantization effects of a genera system,
similar to what has been successfully done for LTI systems. When the systems and
signals satisfy two additional assumptions that are given in the first part of this section, a

theory based on perturbation fulfills this task.

2.4.1 Limit large quantization effects

First, in addition to Assumption 1 in Section 2.2 that treats quantization noises as
separate and independent system inputs, further regulations on the noise magnitude helps.
Thisgives

Assumption 2. Only the effects caused by small quantization noises in

comparison with the magnitudes of their corresponding IP signals are

considered.
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Since quantization noise introduced by a quantizer is strictly bounded by
guantization step A in (2-3) and (2-4), Assumption 2 is normally well-satisfied when
fractional wordlength of the quantizers in the system are large since A decrease

exponentialy as the fractional word-length increase.

One consegquence of Assumption 2 is that large quantization noises due to
aggressive quantizers are ignored. Those quantizers may cause the FP system behave
significantly differently from the IP system. Such a system would most likely violate the
IP designers origina visions on the agorithm, so that it would be more properly
considered as a new agorithm, rather than an approximation of the IP system. For
example, an adaptive sign-algorithm (SA) is aimost identical to LMS, except that it takes
the sign of the error signal (a 1-bit quantizer) rather than the full error signal to feedback
and update the filter tap weights [47][40]. In literature, they are indeed treated as two
algorithms. So, Assumption 2 basically confines us to understand on FP system who
behaves dlightly different from its IP version. However, this analysis provides insights on

explaining some phenomenain aggressively designed FP systems.

2.4.2 Limit quantization effects caused by altered decisions

By definition, only arithmetic signals are modified directly by FP quantizers.
Nevertheless, the value of alogica signal in a FP system can indirectly vary from its
counterpart in IP system. Quantization effects from quantizers that modify only
arithmetic signals may accumulate in front of a decision-making block. These arithmetic
signals influenced so much that the decision of a decision-making block may be altered.

This atered decision can further propagate through control logic operators and ater the
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value of any logic signal following them. They can also bring large magnitude errors to
arithmetic signals. This important mechanism is called decision-error-propagation. It
brings more subtle quantization effects, under which the FP system may still act as an
approximation of the IP one with occasional large deviations. These effects are much
more difficult to study. We rule out them by having Assumption 3,
Assumption 3. In a causal discrete-time system, assume each of the
arithmetic operators and decision-making operators has its arithmetic
inputs sitting in smooth regions of the operator, that is, the probability that

its arithmetic inputs occur in the “unsmooth” region is zero.

In Example 3, this simply tranglate to probability P(£ =0) = 0. In practice, a safer

version might be P(-6< ¢ <6)=0, where ¢ is an arbitrarily small positive number.

One immediate inference of Assumption 3, together with Assumption 2, isthat, as
long as quantization noises are sufficiently small, logical signals can not ater due to the
aforementioned decision-error-propagation mechanism in a FP system. Under arbitrarily
small quantization effects, arithmetic inputs of an arithmetic operator can only change in
an infinitesmally small neighbor around its IP point, which is still included in its open
smooth region. So its output also changes infinitesimally small amount around its IP
value. (Here need the operator function continuous.) Similarly, a decision-making block
keeps its output value same as IP one because its inputs only change little from their 1P
value, sitting in the open smooth region. The whole system, even with recursive loop,
will operate nicely similar to its IP version. In this way, only arithmetic operators

propagate quantization effects for any finite time t. Therefore, the values of logica
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signals in FP system are always the same as in IP system at any time instance before and

including the current time.

Most existing anaytical studies on quantization effects focus on systems that
satisfy Assumption 3. A large number of these systems do not even contain logical
signals, thus no decision-making blocks and logical blocks either. For example, linear-
time-invariant (LTI) systems consist of constant gains, adders and delays, whereas | east-
mean-square (LMS) and recursive-least-square (RLS) systems contain multipliers in
addition, yet only arithmetic operators are involved. Furthermore, al these arithmetic
operators are basic and smooth. On the other hand, a CORDIC system does include
decison-making and logical operators, but its quantization effects has been studied

implicitly assuming no logical signalsis different between the FP and IP systems [42].

2.4.3 View FP the same as | P system, but with different noise inputs

As stated at the end of Section 111, asystem can be treated as a combined operator.
Furthermore, Assumptions 2 and 3 infer that the operator is smooth on its arithmetic
signals. Since al the internal operators operate in their smooth region, the combined

operator also does the same thing.

Denote the origina IP system as Sip and the FP system as Sgp. Assumption 1 says
that a quantizer can be treated as an adder with the quantizer input and independent error
noise as two of its inputs. In this way, one additional input per quantizer is brought into
the system with an additional arithmetic adder. By replacing all quantizers with addersin
the FP system, we get a new system, caled S. This system S can represent both the IP

system, Sp, by setting the noise inputs of these adders constantly O, whereas S can
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represent Sqp as well by having the noise inputs the corresponding noise sources. Fig. 4
depicts these relationships. Assumption 1 alows us to treat IP and FP versions of a
system simply as the same system S, but with different inputs. Here S differs from Sp

since the former contains additional adders.

Zero inputs
_» . .
__ | SpiAnIP system S —» S: IP system, with
_ | with arithmetic > = > all operators in S
- | operators output 5 an_d addi_tional O.Utput
Mg | arithmetic adders
input input
g-error inputs
»  Sgp: the FP version —>
of S, with arithmetic | —
- operators and output - S: IP system —>
— | quantizers } output
Fig. 2-3 FP system Sep is treated as an IP system with changes on some error input
signals.

Let bold letters s, Sp and Sep be the operators associated withs, Sp and Sep,
respectively. Then S is a combined operator of all those in Sp and the smooth adder-
operators replacing quantizers. When al quantization noise inputs are 0, the internal

signals of S are identical to those in Sp. Because quantization noises only modify

arithmetic signals under Assumptions 2 and 3, S is smooth on both the original arithmetic

inputs of Sip and on the quantization noise inputs.



Denote the transfer function of S asfs , itssignal inputs as (X1, X2, -+, Xk), and the

error inputs as (e, &, -+, €.), where L is the number of additional quantizers in Sgp

comparing with Sip. The expanded variables of (X3, Xp, ---, Xk) and (ey, &, ---, ) over S

are denoted as (&1, -+, ém) and (&, -+, &), respectively. Since (&, -+, &) issimply a
rearrangement of (e, &, ---, @) a different discrete time instances, (&, ---, &) in the IP

system should be constant 0's.

Now, the transfer function of Sep and S;p can be stated in terms of the transfer
function of S,
fs, (X X, X, 1)

= (X, X0, Xk, €1,€5, -+, €L, 1) (2-18)
=Ps ¢S 8m €1 END,

and

fs,, (%, X0, X s t)
= fs(Xl,Xz,“-,XK ,0,0,"',O,t)

(2-19)
= ¢S,t(§1""’§|\/| ,0,---,0).

The next Subsection will use the differentiability part in Assumption 3 to study the

difference between (2-18) and (2-19).
2.4.3 Taylor expansion

All the discussion in previous two subsections could still hold if “continuous’ was
to substitute “smooth” in Assumption 3. A continuous operator’s output only change little

if its inputs change little. The differentiability in Assumption 3, however, enables
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guantitative study on infinitesimal quantization effects. This is done by using Taylor

expansion of smooth function @s (&, -+ &y, &1, EN) Over its arithmetic inputs signals

(1, -+, &) around their IP values that are all zeros. The expansion up to its 2"-order

terms gives

s1(S1 - Sm €1 EN)
_ N (s,
B ¢S’t (51’.”’§M ’O’.”’O) i igl( S%gi jgﬁo,...'e‘N =0 | gi

N (0%,
+i,jz;1( %‘/’iagj & T ..

£=0,--,en=0
Using (2-18) and (2-19) on both side of the equation, (20) becomes

fSFP(X1'X2""'XK’t)

_ [ 99s,
= fs|p(X11X2""fXK’t)"‘El( S%gij "€

€1=0,' . ',SN =0

N (995,
+i,j21( %Eiaej '8i8j +....

81:0,"',8[\‘ :0

(2-20)

(2-21)

Thus the output of the FP system at time t has been expressed as the IP output with

additional small perturbations due to all the quantization noises in a power series format.

The coefficients of the power series are no longer functions of the noises themselves.

With Assumption 2 and the smooth operator assumption, the higher order terms

are normally negligible comparing with the first two orders. Only the first two orders of

terms are kept for relatively easy analysis.
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2.4.4 Statistical quantization effects

Both the coefficients and error noises are stochastic signals. Thus, deterministic
studies can only be conducted in ways such as the absolute bounds of the difference

between IP and FP system.

Commonly, it is the statistics of an output that is most informative. Studies such
like direct analysis of the probability distribution functions may provide insights. Though
useful, the analysisis very hard to get useful results. Y et study on statistical expectations

provides a good tradeoff between the complexity and usefulness.

With Assumption 1, entries of (&, ---, &) are mutualy independent and are
independent to (¢4, «--, ém); SO, in (2-21), the power terms of (&, ---, &) and coefficients
terms that only are functions of (£1, ---, ém) are statistically independent. So, doing
expectation of (2-21) on both sides and using identity E[a-b]=E[a]-E[b] for independent
random variablesaand b, it gives

Elfs_, (%, %, 1 X, 1)]

~ N (dds j
_ f ... ' ) [
E[ Sip (Xl’ Xoyt ey Xk 1t)] + E[E:l( Acfi £,=0,--,& :0] E[gl ] (2—22)

2
+ E[i’%l(a ¢S%9ia‘9jj 1 Elgég],

81:0""!€N =0

where only the first two terms are kept. Note that

Elge]
= E[g1E[¢;]+Elg - E[5]]- E[gj - E[gj]], (2-23)
= MM+, 0i0]
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where 4 = E[g] isthemean of &,

o, =El(& ~El&])?] (2-24)
isthe standard deviation of ¢;, and

_ El& -] Elej — 1]
V= (2-25)

00

is the auto-correlation coefficient between & and €; . Due to Cauchy-Schwartz
inequality [48], |r, ; |<1 aways holds. Furthermore, (2-23) can be simplified by noticing
that (&, ---, av) are mutually independent as stated in Assumption 1. That is, % ; =0if i #
j,and 1 ; =1if i =]. Thus, (2-22) becomes

E[fs., (%, %Xz, Xk, )]

N a¢
= E[ fslp(Xl,xz,--~,xK,t)]+i§1E[( S%Sij 1 1

glzo,...’gN =

N 82¢.S/ 2
i E[( dg” lo (2-26)

glzol"'rgN =0

N 9%
+i,jz=1E[( ¢S%€iagjj i

£,=0,---,ey=0
It is more straightforward to represent the expression in terms of the statistics of
guantization noises (ey, &, -+, &) directly. To do this, define the mean and standard

deviation for g according to (2-7) and (2-9) as

2
U =Elg] aw§ =EL(€ ~)?] @2)
These statistics can be related to the quantization mode and fractional word-length using
(2-7)-(2-9). Now, replacing al w’s and o's in (2-26) with corresponding u and s
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according to the definition of expanded variables in (2-12), possibly repeatedly.
Collecting al the coefficients in front of the same u;, s and uuy; , denoting the final
coefficients to m, h; and n;j, respectively, and moving the first term of the right side of

(2-27) to the | eft side, we get

Elfs,, 0%, % 1) = Fs, (%% X D)
L L L
=2mO-u+Zh(©-§7+ X n,;0-yu; (229

i,j=1

Here the summation isfrom 1 to L, rather than 1 to N used for expanded variables in (2-
26). Furthermore, (2-28) is a deterministic relationship where every term on the right side
is no longer random. This central result (2-28) is worth interpreting below. Examplesin

Section 2-6 provide further clarifications.

First, if none of my’s degenerates to 0, Assumption 2 infers that ui<<1 and the last
summation of (2-28) is adways negligible comparing with the first summation. However,
the summation containing s® cannot be neglected since u=0 strictly in roundoff

guantization mode, in which case those terms dominate the perturbation. So,
E[ stP (X, X0,y X, ) — fslp (X, X0, X, 1)]

L L
2 N
= Xm(®)-u+Xh(1)-5% (2:29)
i=1 i=1
Thisrelation wasfirst reported in [2] without giving the proof there.

Second, the detailed expressions of the coefficients are not given. These
expressions, together with the value of L, summarize the statistics of the input signals,
and the algorithmic and architectura information of the system. All the FP parameters,

such as fractional word-lengths and quantization modes, on the other hand, are exhibited

49



in the mean and variances given by (2-27). That is, (2-28) separates quantization effects
from IP characteristics. Furthermore, our derivation actually gives a procedure to find out
the coefficients expression explicitly. This includes getting system S as discussed in Fig.
2-3, changing (X1, X2, -+, Xk) and (e, &, ---, @) to their expanded variables (&1, -+, ém)
and (&, -, &), figuring out the analytical instantaneous transfer function
Ps (S Sm €1, En) , conducting the derivatives as shown in (2-20), doing

expectations for the coefficient functions in (2-22), and finally switching the variables
back to (x1, Xo, -+, Xk) and (ey, &, ---, €.) and simplifying the result. The most difficult
tasks in this procedure are often finding the transfer function explicitly and simplifying
the expectations of those coefficients. Not surprisingly, a closed form expression often
cannot be acquired. Yet, however hard it is, the difficulties are only technical. Of course,
despite the insights provided by (2-28), the result becomes quantitatively useful in
practice only when the coefficients are evaluated. Some of the examples in Section 2-6
try to execute the complete calculation following the preceding procedure. On the other
hand, Section 2-5 introduces the method to achieve the numerical values of these

coefficients computationaly.

Third, only Assumptions 1-3 are used in our derivation. Therefore, the result and
the procedure work on non-stationary inputs with general statistical distributions, as well

astransient analysis of a system under stationary inputs.

2.4.5 Some useful variations of (2-28)

Though the formula given in previous subsection can be very useful in analysis,

various difficulties may occur in practice. For example, the mean of the output might not
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convey enough statistical information. Therefore, it is generaly necessary to find the

statistical difference between a smooth function, g(-), of the outputs of the IP and FP

systems. Let g be the operator whose transfer function is g, g is a smooth operator; its

acting on the output of a system gives a new system. The new system still satisfies

Assumptions 1-3 and is of great interest. Then, the result (2-28) directly appliesto give
E[9(fs,, (X1, X0+, X s 1)) = A(fs , (X, X5+, X, 1))]

= img(t)-ui +ihig(t)'§2+ i n?; (t)- ;. (2-30)
= i i

Here L isthe same asin (2-29) because no new quantizers are introduced by including g.
The coefficients, superscripted by g, are different from those in (2-29) unless g(-) is an
identity function. Either the procedure mentioned in previous Subsection or the

simulation method of Section 2-5 may find out the coefficients.

This result may still lack the ability to reveal quantization effects in practice. In
fact, (2-30) suggests the difference interested is often dominated by the means of
guantization noises; thus, the random nature of the noises, summarized by their variances,
does not show up in (2-30). So it is vauable to study the statistics of a function of the
output difference between Sip and Sep. First, suppose g is a smooth memoryless function,
that is, the function value at time t only depends on itsinput at timet, then,

E[g(stp (X X, ) = Fg (%, Xk D)

. o 2-31
~9(0)+¢'(0)-El(fs, ~ fs,)] +1g"(0)-El(fs, ~ 502, 3D
where a Taylor expansion is given on g to the second order. This relationship indicates

that E[(fs_, — fs,)]and E[(fs, — fs,)’] are the keys to understand the expectation of

any memoryless function of the output difference between the FP and IP systems. While
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the former has been studied in previous subsection, it is straightforward to find out that

the mean-squared error (MSE) of (fs_, — fs_) can be represented as

E[( fSFP (X]_!XZ""’XK lt) - fSIP (X11X21"°1XK1t))2]

:.i Q,j(t)'uiuﬁici(t)-sz, (2-32)

i,j=1
where by;(t) is defined to equal by;(t) for simplicity (it is the sum by;(t) + b;;(t) that is
uniquely determined). We use coefficient by(t) in (2-32) as the i"™row and j"-column to
form a K-by-K matrix B(t) and use i to represent the column vector formed by

(Uy,...,Uk)", where superscript T means vector transpose. Then, (2-32) becomes

E[(fs., (% %o, X 1) = fg |, (X0, Xp,0 2, X¢ )71

=U'B(t)u+ _iq (t)-s. (2-33)

Since the MSE quantity has to be non-negative regardless of each y; and o, matrix B(t),

denoted by the bold letter, must be symmetric and positive semi-definite and ¢(t) has to

be positive, denoted as B(t) = 0, and ¢i(t) > 0.

Finally, the function g defined in (2-31) may have memory to study the
correlation characteristics of the output quantization noise. Let g, be one such function

where the subscript m indicates that it has memory. Then, the statistic of interest is
E[gm(stP (%, X, 8) = s (X0 X ,t)’t)] : (2-34)

The following method outlines one solution to this problem. First, the difference between
two systems S;p and Sep creates a FP system (Sp-Srp). Followed by the smooth system
that is based on function gm, it becomes a new FP system. All the quantizers in this new

system are the same as those in Sep. The IP version of this compound system is (Sip-Sip),
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which is constant zero, followed by the system using function gn. The compound system

satisfies Assumptions 1-3 if Sipdoes. So, the result (2-28) appliesto

Elgm(fs., (X X 1) = fs (%, X 8),E]| = E[Q (0,1)]

= TP ()4 +SH W87+ T a0 yu, - e
i=1 i i,j=1

Here gm(0,t), by our definition, indicates the output of gn, a timet given al its previous
and current inputs are 0. Thisis a deterministic value and often zero if gm is unbiased; so,
the expectation of the last term in (2-35) can be removed, and (2-35) essentially provides
the statistic in (2-34). Of course, MSE of the output after g, becomes similar to (2-33),

where the first order term disappears. That is,

E[{gm(stP (q,01) = fslp(Xl,"',t),t)}Z] — E[{gm(0,1)}"]

L
=U'BI" (U +X6% (1) 57 (2-36)
|
Thiswill be used in Example 2 of section V1.

In summary, the output difference between IP and FP systems is a random
variable at any time instance, as given in (2-21). Its mean and variance given in (2-28)
and (2-33) provide basic understandings of its regularity. In most applications, this
information is the sufficient statistics to depict the gross quantization effects. In principal,
this provides the statistical quantization effects for al discrete-time DSP systems under
stochastic signal environment when Assumptions 1-3 are satisfied. The difficulties |eft to
determine those coefficients are purely technical in both the analytical procedure

suggested in previous Subsection and the computational method in the next Section.
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2.5 Application in numerical ssimulations

Advancements of digital computers promote simulation-based approach to
understand quantization effects. This can neatly fit into the results in previous Section.
Suppose a system has L quantizers, each of which has | possible fractional word-lengths
and 2 quantization mode, then, (21)- Monte-Carlo estimations are required to understand
a statistical quantity that summarizes the quantization effect. Each of these estimations
reveals the relationship between the statistical quantity and a specific setup of the FP
parameters. The number of estimations needed for a complete understanding of
guantization effects is exponentially related to number of quantizers. This exponential
number is often too high to be practical. In some applications, such as floating-point to
fixed-point conversion (FFC) [13-17], the situation may be aleviated. In simulation
based FFC, an assumption based on the intuition—higher fractional word-lengths always
result better systems—Ileads to great savings on the number of estimations needed [13-

16]. We will study when this assumption is appropriate in Section 2.6.

However, the anaytical results in previous sections indicate that at any time t,
only 2L + (L+1)-L/2 coefficients are unknown and to be determined in (2-28), and
(L+1)-L/2 + L independent coefficients are to be determined in (2-33). Together, (L+4)-L
unknown coefficients are to be determined, and this is the number (and aso the least
number) of well-designed estimations needed to numerically determine the quantization
effects as given in (2-31). This number, on the order of L?, isaquadratic function of L—
a huge saving comparing with the previous exponentia relationship (21)". In fact, the
number is not a function of |—as long as the word-lengths are not too small to violate

Assumptions 1-3. When the mean errors u’'s are al 0, which is the case as al
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guantization modes are roundoff and no constant coefficients are involved, then only 2L
unknown coefficients are left in (2-29) and (2-33). Then, the number of estimations
needed becomes a linear function of L. Our floating-point to fixed-point design tool is

largely benefited by these results [1].

Now, a polynomia number of estimations is needed to understand the
guantization effects at atime t. Fortunately such efforts do not need to repeat at each time
instance to understand the quantization effects for al the time before t. In fact, they only
introduce a small increase to the existing numerical cost. To explain this, let’s first look
at the components of estimation cost here. The expectations in (2-28), (2-30), and (2-33)
can be estimated using different types of estimators, among which ensemble-average
estimator is the most intuitive and un-biased one. It estimates the expectation by
averaging the corresponding output at a time while running simulations from time O to t
multiple times. All the simulations are based on the same input statistics but with
different random ensample realizations. Therefore, to get the numerical output at t, al the
outputs before the time become byproducts. So, the only overhead-cost to get

guantization effects from 0 to t-1 is doing t more numerical averagesthat are fast.

The estimation methods may <till be too costly because an estimation using a
large ensemble average means a large number of digital smulations. This can be eased
by using ergodic averages. Whenever the input statistics (or probability density function)
do not change rapidly over time, and the mapping from (X, Xz, -+, Xk, €1, €, -+, &) to
(é1, -+, &wm, €1, -+, €N) does not change over time rapidly either, over a short period of

time, the output signal of the system can be treated as a stationary random process. As a
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result, the expectation at a time t can be estimated using their ergodic averages over a
short period of time around t. In this way, only one digital smulation fromtimeOtotis
needed. This saving becomes useful in many practical applications where simulations to

do large ensembl e average become too expensive [1].

Another subtle point regarding the way to conduct estimation can also affects the

estimation efficiency dramatically. At least two methods can be used to numerically

smulate the left side of (2-28). In the first one, Elfs. (X,%, % )] and
E[fs, (X, %, X 1)]  are estimated using separate simulations, whereas
aternatively, E[ fs_, (%, %Xz, X, )] - E[ 5, (X1, Xz, X, )] is estimated directly

using E[fs_ (%, %, % ,t) - fs (%, X5, Xk ,t)] . Both methods can be done in

run-time (then the second method requires the simulation of the two systems
simultaneously to get their differences) or by post-processing of the saved system
outputs. However, errors associated with any estimation often make the first method
much less efficient. In fact, the estimation error of each of the two terms could be much
higher than the small difference between them. Thus, an accurate simulation of the
difference requires alarge sample size in each estimation. The second method avoids this
numerical difficulty by testing the difference directly. In this way, either the sample size
is greatly reduced to achieve the same accuracy, or the accuracy improves comparing
with the first method using the same sample size. That is, the second estimation scheme

is often more efficient.
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2.6 Examples

Example 1. As mentioned in previous section, in simulation based FFC, it is often
assumed that higher fractional word-lengths always give better systems [13-16]. In fact,
this assumption is not always true, unless some additional conditions are satisfied. This
can be illustrated in (2-28) as it depends on the signs of the first order coefficient m’s.
Only when m; and u; have the same signs for al i, it is true that higher fractional word-

length cause smaller u; and therefore smaller quantization effects.

Furthermore, the intuition is not true even for the noise power
E[( stp - fslp)z] in (2-33) that does not have the first order term. For example, a
smple high precision subtractor with two quantized signa inputs gives the output
quantization noise power as(U; — u2)2 + (312 + 522) . Though the standard deviation terms

indeed decrease as any of the two W’ sincreases, the first term (U — u2)2 can have a

complicated behavior.

In general, one sufficient condition for E[(fs_, — fs_)’] to satisfy the intuition

is that all quantizers use roundoff modes exclusively because then (2-33) reduces to

L
Elq (®)-5° witha() > 0.

Example 2. Assuming the input signals are O-mean stationary random processes, a
transfer function method derives that, for a multiple-input-multiple-output linear-time-
invariant (MIMO -LTI) system [2-3],
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R, jay(€'”) = AH (£1)-Ris (1) - AH T (€)

__(el?).R__(el®).HH (ei® (2-37)
where the notation and every term are explained in Appendix A. the notations have been

dightly modified from [2-3] to accommodate the present context:

Appendix A shows that (2-33) at steady state can be derived from (2-37), whereas
(2-37) can be partialy derived from (2-36). So, (2-37) verifies the perturbation theory in

previous sections.

Based (2-37), a smple Biquad IIR system and other more complicated systems
like FFT are examined [2-3]. Theoretical results of the power spectrum density at the
output agree well with the simulation, which verifies the LTI theory and therefore the

perturbation theory.

Example 3: Although error bounds have been studied extensively [18] for
CORDIC agorithm, the straight-forward statistical analysis on quantization error
variance was done only recently [42]. A CORDIC agorithm contains decision-making
operators as well as arithmetic operators. However, ignoring decision-errors, quantization

effectsis shown in (2-14) of [42], or restated as

2

2 N-1_ .
3 [Ele (N)]+ X P(i)ELe ()]
J:

E[(flpt— fxpt)?] = Elle, 1= 2

2 N-1 N-1 (2-37)
+F(0§'(N)+ > (IT k(|)2)a§r(j)J+ El|e 1.

=1 i=]
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This clearly fits the pattern in (2-33). In fact, without decision errors, the system
becomes linear to propagate al the errors; so, the result is predictable using LTI

relationship (2-37).

Example 4. Based on the perturbation results, various analyses for least-mean-
square agorithms have been done and published. They are listed here briefly. For more

detail, please read the corresponding reference.

In [52], the transient analysis of a one-tap LMS algorithm with correlated input is
studied following both the analytical procedure mentioned after (2-29) and the
computational approach mentioned in Section V. Both methods lead to good agreement
with Monte-carlo ssmulation. This example helps to explain how to use the perturbation

results of this chapter in multiple ways.

In [2], by direct simulation, (2-28) and (2-33) are validated for a 12-tap LMS

algorithm with stationary inputs.

In fact, quantization effects of an LM S and its related algorithms are probably the
most studied other than LTI systems [6][28-41][53]. Those results all support our results

from perturbation theory, in one way or another.

Example 5. The perturbation theory provides the basis for the understanding of
many other phenomena present in digital systems, sometimes in a qualitative way. As an

example of this statement, let’s study the saturation effect of signal-to-noise ratio (SNR)
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with respect to finite-word-length. That is, it is often observed that the SNR improves
quickly by increasing any fractional word-length Wg of an FP system until it suddenly

reaches athreshold, after which the SNR practically stays the same.

Let ng, Npn, and X be the accumulated quantization noise, the accumulated physical

noise, and the signal at a certain signa node; then, the SNR, defined as the signal power

E[x%]
over total noise power, becomes E[(nq +nph)2] . For simplicity, assuming ng and npn

E[x%]
are uncorrelated, SNR becomes 2 21 . From (2-33), as any W, increases,
Eln,2] + Eny,?] (2-33), as any W

E[nqz] decreases exponentially, which causes the SNR increase quickly. However,

when those terms in (2-33) that are associated with this W are already smaller than

E[nphz] , the SNR can at most change 3dB even when W, goes to infinity. This explains

the saturation effect.

2.7 Summary

After a brief review of existing literature, a perturbation theory has been
developed to study quantization effects of digital signa processing systems. The analysis
applies to linear or non-linear systems, with stationary or non-stationary inputs. Possible

applications are explained, followed by afew examples that support our results.

To extending the analysis, one might study the effects of decision-errors, which

has been emphasized and studied partially elsewhere [51]. On the other hand, statistical
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effects might not be the most interested for all applications. It could be interesting to

extend (2-21) in adeterministic way for those situations.

Finally, the assumptions in this chapter limit our results. However, as Dr. Box
[54] said, "Models of course, are never true but fortunately it is only necessary that they
be useful." Our automated floating-point to fixed-point conversion tool for
communication systems has taken advantage of the present results. Its success, besides
the few examples section 2-6, proves the model here to be indeed useful [1]. On the other

hand, Chapter 3 is going to talk the situation when Assumption 3 is not true.
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Chapter 3
Quantization Effects with the Presence of
Decision-errors

Most existing analyses of quantization effects, including those in Chapter 2, are
given under the condition (sometimes implicitly) that all decision-making blocks, if exist
in a system, produce identical decisions in both fixed-point and infinite-precision (IP)
implementations. However, in doing floating-point to fixed-point conversion (FFC), a
fixed-point design with occasional decison errors may still be an acceptable
approximation of the IP system. In this Chapter, we study the effect of this decision error,
and relate its probability to the fixed-point data types. The FFC methodology that is
briefly described in Chapter 1 is then extended to include systems with possible decision
errors due to quantization. The analytical results here are applied to both CORDIC and

BPSK transceiver as examples.

3.1 Introduction

By now, it should be clear that to lower hardware costs, most implementations of
digital systems rely on binary fixed-point number systems—either 2's complement or

unsigned-magnitude—with ~ roundoff and truncation quantization. EXxisting work
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reviewed and presented in the previous chapter studies the effect of this quantization on
systems that have no decision-making blocks, aterm that is to be defined in section 2, or
based on the assumption that there is no decision error. Therefore, the automated infinite-
precision (often also referred as floating-point) to fixed-point conversion (FFC) method
as been briefly described in Chapter 1 is uses this assumption. However, in many
complicated communication and DSP systems, decision errors in a fixed-point system are
acceptable as long as its probability is small; then, the system is still afair approximation
of its IP correspondence. Other FFC methods based on unguided optimization and
recursive estimations without understanding of the effects of these decision errors, on the
other hand, require a large number of long simulations [17]. This becomes especialy
time-consuming when each simulation takes minutes to hoursin bit-error-rate (BER) type

of estimation.

Based on a study of the types of decison making blocks and the probability of
decision errors as a function of fixed-point data-types in a system, we extend the FFC
method to include possible decision errors. The updated FFC problem formulation looks
still smilar with additional constraints, such that each requires one BER type of
estimation for coefficient fitting—itself a well-defined task. Finally, we show two
examples, BPSK transceiver with root-raised-cosine-filter and CORDIC, to support our

analytical results.

3.2 System Description

In Section 2.3.1, signals of a digital system have been categorized into arithmetic

or logical, whereas and operators have been categorized into arithmetic, logical and
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decision-making. Operators have been further defined as either smooth or unsmooth

depending on their continuity and differentiability.

Let SL be the slicer operator of a dlicer. It has one arithmetic input x and one
logic signal output y. The slicer function transfer this input x to the output y, given below

as

1Lif x=0

It turns out all decision-making operators can be equivalently modeled as a combination

of arithmetic operator, slicers (a basic decision-making operator), and logical operators as

shown in Fig. 3-1.
—> . .
Arithmetic | g R
— Decision- —_ Operator ] _
making > () ] logical |
— operators B — pperatof
Arithmetic | g .
_,| operator .
slicer
Fig. 3-1 Decomposition of a decision-making block

Example: suppose A is a comparator defined as with two input x; and X,, and one
output y

Lif X, > X,
= fr(X,%)= )
y=fa(X1, %) {O,If X, < Xy °
where input x; and x, are arithmetic and y islogical output. It can be easily verify that
fa(X1,%2) = NAND(fg (X, —%).1),
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where NAND is alogic operator that gives O if two inputs are the same, and 1 otherwise.
S0 A is equivalent to a combination of a subtractor, a slicer and a NAND operator.
Therefore in the subsequent discussion we will concentrate on the quantization effect of a

dlicer.

3.3 Probability of Decision Errors

According to its definition, al arithmetic signals (and only they) can be modified
by quantizers. However, logical signalsin FP system can also differ from its counterpart
in 1P, because quantization effects from quantizers for arithmetic signals can alter the
decision of those decision-making operators, and therefore the value of logical signal at
its output. These changes can further propagate through control logic operators and alter
the value of any other logic signal following them. Chapter 2 shows that quantization
errors propagating through smooth arithmetic operators give a small perturbation of the
output in an IP system. This small perturbation will be transferred as possible different

decision through a decision-making operator.

Let x be the IP input of a dlicer, 6 be the difference between FP and IP version of
X, that is,

0 = Xep —Xip = Xpp — X (3-2)
For simplicity, assume

Assumption 4: input signal difference 6 of a dicer is datisticaly

independent to x at any time instant.
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Though this assumption is not strictly true since 6 is a deterministic function of al the
input signals, in a complicated system both the dependence of § and x on input signals are

so mixed that it often suffices to consider them independent.

Let the probability density of x and 6 be py and py respectively. Then the FP
decision may differ from IP decision according to the following formula
P(fs (Xep) = -1 fg (Xp) =) =P(x+6<0,x20). (33
With preceding Assumption 4, the probability above can be written as a double integral
over x and 6,
P(fs. (Xep) =-1 fg (Xp) =1)

= J[ px(X) pg(6)dxdE = ?(pg(e)_fpx(x)dxjde.

X+6<0 —oo
x=0

Under the assumption that error magnitude is small comparing with signal x, the integral
regarding px(X) is around p«(0) in the integral, the probability becomes
P(fs (Xep) =1 fg (Xp) =1)

i 34
= p(0) [(~6- Py (6))d6 =—p, (0)- Eo[6-1(6 <O)], S
where the last step follows directly from definition of expectation value.

Similarly, the probability of error from decision of -1 in IP system to decision of 1

in FP system is given by

P(fs. (Xep) =1 f5 (Xp) =-1)
= p,(0)- Ex[0-1(0 2 0)]. (3-5)
Sum (3-4) and (3-5) together, we get the probability of decision error event between IP

and FP system as
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P(fs. (Xgp) # fo (X1p))
= Py (0)-(E[6-1(6 2 0)]+ Ex[-0-1(6 < O)]).

The two expectations in the parenthesis can be combined together as the expectation
of E¢l[] @[] . Therefore, the proceeding equation can be written as

P(fsL (Xep) # fo (Xip)) = Px(0) - Ep[| 1. (3-6)
However, due to Cauchy-Swartz inequality,

2

Eql16 1< (Eqll6 F1)2.
S0 (3-6) can finally be written into aform

P(fs. (Xep) # foL (Xip)) =7 Px(0) -y E,[6°]. (3-7)
where y <1. Furthermore, yis usually between 0.7 and 1 for practical distribution of 6.

For example, y = v2/7 =0.8, 7:x/§/250.87 , and y =1 for cases that 6 has zero-mean

Gaussian distribution, zero-mean uniform distribution, and two point masses symmetric

around O, respectively.

Equation (3-7) shows that the decision difference between IP and FP system is

proportiona to the square-root of the accumulated quantization error power E[6?], dso
called mean-squared error (MSE) of 6. The coefficients may vary for different systems
and signal environment depending on how well the independence Assumption 4 applies.

This quantity has been related directly to the fixed-point data types in Chapter 2. In fact,

noticethat E[6?]isjust the |eft sideof (2-28). That is, E[6%] = E[| flpt —fxpt [].
In the following example
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Example: When 6 has a Gaussian distribution N(us, o¢%), Appendix B shows a

more complicated way to prove (3-7).

Therefore the quantization errors brought into the system in arithmetic operators

turns into this decision error with a probability proportional to py(0) E[6%] . The

coefficients might vary in real system depending on how well assumption 4 isin reality.

In reality, especialy in communication systems, there is a more subtle system
specification—a “desired decision” might exist, named as D(X), associated with x a each
time instance. Even in the IP system, the decision-making operators might produce
“wrong” decisions ssmply because of physical noise or system/architecture deficiency. In
this case it is how much more often such error happens in a FP system that is most
concerned. Without losing any generality, let D(x)=1 corresponds to the correct decision,
then let the probability density of x in this case be pyp=1(X). This function is usually
different from py(x). Then the probability or wrong decision in FP system differs from IP

system by
P(fg (Xep) ==1D(x) =1) - P(fg (X;p) =—=1D(x) =1)

0
= I pX‘D(X)Zl(X)pg(H)dXdH—I px‘D(x)zl(X)dX

X+6<0

+oo 0

= | (pe(é’)@g Pxip(o= ()X = | pr(x):l(X)dXDdH (3-8)

—o0 —oo

= T( p& (6)_fpr(x):1(X)ded9

Now again notice 6 is concentrated around O, so
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-6
£ px\ D(x)=1(x)dx

-6
= g( px\D(x)zl(O) + p'x\ D(x)=1 (0) X)dX

(3-9
=0 Pyp(x(0+36° Plyp(1 (0
Therefore (3-8) becomes
P(fs. (Xep) = —ﬂD(X) =1)-P(fs (xp) = —ﬂD(X) =1)
(3-10)

20
= ~Hgp(x=1- px\D(x):l(O) +%E9\D(x)=1[6 1-p x\D(x):l(O)

Here both error moments are conditioned on D(x)=1. The second order terms are
included since uy might be 0 in some cases. When uy>0 the probability of wrong error
under D(x)=1 actually gets less in FP system. However the probability of wrong error
under D(x)=-1 gets larger. Net wrong decision probability is the sum of these two. In
case 6 and D(x) are independent the conditional moments are the same as moments. With

this smplification the result becomes
P(fs. (Xep) # D(X)) — P(fg (Xip) # D(X))
=ty (Pypgy=1(OP(D(X) =-1)
~ Pyip (-1 (OP(D(X) =1))
+3E[6°]- (P yp(g=1 (0 - P(D(X) =)
— D=1 (0)- P(D(x) =-1)

(3-11)

Example: In maximum likelihood detection of BPSK signals that are corrupted by

1D symmetrica noise, the threshold is set at 0 because
px\D(x):—l(O) P(D(x)=-1) = px‘D(x)zl(O) P(D(x)=1) .

Also note normally, asin Gaussian physical noise,
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p'X\D(x):—l (0) >0, I:)'X\D(x):l (0) <0.

Therefore only the second termisleft in (3-11) and it becomes

P(fs. (Xgp) # D(X)) = P(fg (Xp) # D(X))
= LE[67] (P p s (OP(D(¥) =1) | (312)
~ Pyop0-1 (OP(D() = -1)

That again points out the importance of studying E[¢?].

34 Effectsof decision errors

Decision errors are brought into the system via decision-making operators as
described in the previous section. These erroneous signals can further affect either logic
signals via control operators or arithmetic signal via arithmetic operators. The pattern of

this error propagation becomes generally difficult to track.

One overly smplified treatment can be given assuming decision error events at a
node happen randomly following a Poisson process, independent to all the signalsin IP
system. Let's consider a dlicer again as this can be treated as the building block for all
decision-making blocks. When a random error happens, the error value is either -2 or 2
depending on whether the signal vaue in IP system is 1 or -1, respectively. So, clearly
each error is dependent to the IP signal value. With this Poisson process assumption, one
can do simulations to an IP system by randomly altering the decision, and examine the

signal variation at the output of the system comparing with IP output.

The problem of the approach above is that decision-error events are closely

related to signal valuesin the IP system. For adlicer, it has been pointed out that an error
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usualy happens when the magnitude of the input IP signal to adlicer is compatible to the
accumulated quantization error. Therefore, the quantization effect of this decision error
is associated with special occasions of input signals. The propagated error then can be

very different to an error that happens randomly as assumed in previous paragraph.

The following example provides the treatment for an absolute-value function and

illustrates the previous statement.

Example: A dicer determines the sign of input. If positive a following

multiplexer will select the input; otherwise the negated value is selected, as shown in Fig.

3-2.
xte g S=il‘§[\
1 Y,
< -1
mux
Fig. 3-2 An implementation of absolute value function.

In this example, let’s assume both IP signal x and quantization error follow zero-

mean independent Gaussian distribution with A(0, o?) and N(O, o), respectively. The

actual error at output become
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E[(Ix+e|-|x])?] = o¢ +20% — 2E[|x+e|-| X[
=02+ 202 - 2E[|(x+€)x]]
=02 +202 - 2E[(x+e)x-1((x>0,e=—x) or (x<0,e< —X))]
—2E[—(x+€)x-1(x>0,e<—x)or (x<0,e=—X))]
=02 + 202 - 2E[(x+€)X]
+4E[(x+€)x-1((x>0,e<—x) or (x<0,e>—x))]

=02 +8E[(x+€)x-1(x>0,e< —X)] (3-13)

4 O T 1,0
=0¢ +— 03 (——*+ 5 —tan (X))

T o, 2 Oe
2 40'2
®  3n0o,

Here 1(X) is again the indicator function which gives O when x is false and 1 when x is

true. The last step is using Taylor expansion around 2&, considering o, <<o,. A simpler

X

method is using Price’s theorem [87]. Let y; and y, be both N (0,1) with cross-

correlation p. Define R=E[|y; ||y, []. Notice the first and second derivatives of an

absolute function is

. -1, x<0 "
|x|—{ Lx>0 ;and | x| —25(x),

that is, the second derivative is a Delta function with a factor 2. Thus, according to

Price s theorem one gets
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—( y12+y2 —ZP'YN% 5
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2dt
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So let
_ X _X+e
Y1 /)-X,yz //m’
and py = E[y,Y,] = %ﬁ’
os+08
we get

E[l(x+€)X[|= 0,402 +02 R
| ol IR Y9’R
=00y +og| | +—

0 _ap p=0 Oap

(e R v 2t
=0 OE+02| | + j—}dy+ R\p_ol

O_app=o Orx 1—t2

(po]
=0'x,/0'f+0'§ jo 0+j2—dt}dy+£}

0| Oozy1-t? a

dt]dy + R‘pzo
p=t

=2 (o2 s (po) + 0,0.)= 2| o2 ten () 4 0,0,
2 2 O,

This together with the first step of (3-13) gives the same result as (3-13).

On the other hand, if it is assumed that decision errors happen independently
according to probability given in previous subsection, the error variance should be

roughly
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E[(Ix+el-1xD?]
~ E[(— | x| = X D*U(fg (Xep) # fg (Xip))]
= E[(-[x]|-x |)2]E[1(fSL (Xep) # fo (Xip))]
= 4oy - P(fs (%ep) # fa (Xip))

402 1 2
=—00y

X
= O
Jor V2ro, © 7

This approximation gives an estimate of quantization error that is one order higher than

the actua result in (3-13). Therefore, it is not acceptable to assume independency

between decision error events and IP signal.

This example clearly indicates the independence assumption described at the
beginning of Section 3.4 can oversmplified the problem. On the other hand, assuming
the decision are always the same in FP and IP system, MSE(yrp - yip) would become

E[(sgn(x)(x+€) —sgn(x)x)’] = o5 . (3-14)

Comparing with the result in (3-13) one can see that decision-error at the dicer only
introduced error variance proportiona to O 2 . Thisis not surprising since decision error
happens at rate ~ o, , when signal-magnitude is around o, as well; so the resulted MSE

: . 2 3 . .
magnitude is expected to be ~0e0 = O¢ . Of course not all decision-errors influence

the system in such a manner. Therefore it is beneficial to categorize decision-error into

two groups: soft decision-error and hard decision-error.

A soft decision-error is defined to be a decision-error that when happens affect

the system output in the same scale as the quantization error noise. From the analysis
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above it affects MSE(yep - yip) by small magnitude on the order of Var (6)3/2 or even

less significantly. The decision-errors in the previous absolute value function are soft

errors.

On the other hand, a hard decision-error is defined to be a decision-error that
when happens the system output may change in a magnitude much greater than
quantization error noise. The following example shows a system with hard decision-

errors.

Example: A one-tap version of sign algorithm is given in Fig. 3-3. Comparing
with LMS agorithm where residue error e is directly used in updating equation it use
sgn(e) to speed up the agorithm as a multiplier in the feedback loop is eliminated.

Suppose the input signal x, is1 or -1. The desired tap weight w;, is 1, and physical noise
v has uniform distribution U(—z—lb,z—lb). Let x, and v,, be 1D sequences that are mutually

independent. Assume the only difference between FP and IP system is the presence of a
guantizer after the tap weight w,, in FP system. That is, at time instant n a quantization
noise g, is inserted in the system, where ¢, follows uniform distribution U(-A¢/2+uq,

HqtAg/2), where pq=0 or -A4/2 for round-off and truncation quantizers. To simplify the

analysis we consider the case Aq<2u< 2—1b , where u is update step coefficient.
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=® S+
Xn dy
(S ‘+
) !
On \/
+ 1
— o\ Z W Q |- T\
On
M
Fig. 3-3 Sign agorithm in Example.

Dashed box shows the desired system with noise v.

When the corresponding signals in a FP system and IP system may be different
use a superscript FP or IP to discern, and define the difference between them by a prefix

A; thus
FP P
As, =5, -5 (3-15)
Then the updating equations for tap weight are

WoiL =W+ X0 A and iy =W+ X,

ANq =AW, +X, - Ad, - 1L (3-16)

76



Since &7, &7 and x, are either 1 or -1, both w* and w/° can only be integer multiples of
u. Similarly Ad, iseither 2, 0, or 2; so AW, must be integer multiples of 2. Now

AS, =6 -5F
=sgn,”) —sone)
= SNy + X Wo = Xq (G +W5") = ST, + X Wo =Xy
2, if Vi, + X, W, — X, (G, + W) =0 and v, + X W, — X, Wi <0
=4—2, if Vy + X W, — X, (0 +WET) <0 and v, + X, W, — X, Wi >0
0, otherwise

(3-17)

2, if X, (G, + AW, ) + X, (WP —w, ) <v. < x, (WP —w;)
=1 =2, i %, (G, + AW,) + % (WP —w ) > v, > x (WP —wy)
0, otherwise

An immediate observation is that if aw, >0, gy +Aw, >0 as gn<2u=< Aw, which
suggests Ag, can be 2 only if x, <0, and -2 only if x, >0. Together with equation (3-16),
it says Aw,,<Aw, strictly. Similarly, if Ay <0, thenaw,,>Aw, strictly. So, starting from

A =0, the only possible values of aw, are 0 and +2u.

On the other hand one can view (w)y —w, ) asarandom walk as well with step size
1. When |w” —w, | is away from 0 the adaptive mechanism will drive it to walk towards 0

with a higher probability than to walk further away from 0. Thus at steady state |w/” —w, |

will center around 0 and highly unlikely reach near 2—1b . So
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AS,|x,
2, wi prob b- E, [-X, (0, +Aw, ) - 1(-X, (0, +Aw,) > 0)]
=1—2, w/prob b- E,, [X, (0, + AW, ) - 1(X, (0, + Aw,) > 0)] ; (3-18)
0, w/ prob 1-b- Eg [X,(q, +Aw,) [

together with (3-16) one gets the transition probability

P(AW,,1 = 0] Aw, = 24)
= P(X,-Ad, =-2| Aw,, = 2u)
=P(x, =1 -P(Ad, =-2|X, =LAw, = 2u)
+P(x, =-1-P(AS, =2| X, =-LAw, = 2u)
= Eq, [(G +26)0] 319
2u-b, if round - off
B {(Zy—%)b, if truncation

Where Aq<2u has been applied to secure the g, +2u dways positive. Similarly

24 - b, if round - off

P(Aw,,, =0]|Aw, = -2u) = A
(AW,,q | Aw,, 1) {(2ﬂ+7q)b, if truncation

aswedl, and

P(AW,,; = 24| Aw, =0)
=P(x, -Ad, =2|Aw, =0)
=P(x, =1 - P(AS, =2|x, =1 Aw, =0) +
P(x, =-1)-P(Ad, =-2| X, =-1 Aw,, =0)
=P(x, =1 - Eg [P(AS, =2|x, =1 Aw, =0)] + (3-20)
P(x, =-1) - Eq [P(AS, =-2|X, =-1Aw, =0)]

Ag .
—b, if round - off
= Eq [-0hb- 10, <0] =4 B

7%, if truncation

Similarly
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P(AW,,; =—2u [Aw, =0)

= Eqn [a,b-1(q, > 0)]
(3-21)

Aq )
_ ?b,lf round- of f

O, if truncatian

In steady state, interstate-transitions are balanced following two equations

P(Aw, =0)P(Aw,,; =—2u |Aw, =0)
= P(Aw, =-2)P(Aw,; =0 Aw, =—24),

P(Aw, = 0)P(AW,,; =21 | Aw, =0) (3-22)
= P(Aw, = 2u)P(Aw,,,; = 0[Aw, =2u)

Solving equation (3-20), (3-21) and (3-22), together with the fact that the total probability

equals one, the state probability are shown in Table 3-1.

P(Aw,) | Aw, =—2u Aw, =0 | Aw, =2u
Aq 1 1 Aq 1
Round-off | 164 . A A% 164 . . Aq
1+ %H 1+ 8u 1+ @
A A
Truncation | O 1—4—q 4—q
H H

Table 3-1 State probability of signed algorithm

A number of ssmulations from an actual SA agorithm implemented in Matlab are
generated to prove the anaysis. Plotting both the simulation results and calculation
results, Fig. 3-4 shows the good agreement between these two and validates the analyses

in this example.
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Fig. 34 Semi-log plot of P(Aw, =24) for the signed algorithm.
System parameters are 4=0.01, b=2.5 and W, <6 since 27" =A  <2u. In &l simulations
for truncation cases, P(Aw, =—2u)=0.

Remark: One can use result from Section 3.3 to directly get equation (3-18). For
example, P(AS, =2x,) can be caculated as the following. Given x,, the total
quantization noise at the slicer is —X, (AW, +d,,) which is small comparing with physical
noise Vy; so according to equation (3-4), we get

P(AS, =2x,) =P(5y =-16," =1

= Pgr (0) - Eq [-Xn (0 + AW, ) - 1(-X, (0 +AW,) > 0)] (3-23)
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P P
where €, =V, + X, (W, =W, ) Asthe coefficient is not important in our calculation

of steady state probability since they cancel out, this is equivalent to the corresponding

part of (3-18).

1

P
In fact, if 1%, (Wo =W, )| is aways less than o5 One can prove

= IP
PeiP (0) =D yeqardiess of the distribution of X, (Wo =W, ) under the assumption vy is

uniformly distributed. Then (3-23) and the corresponding case of (3-18) are exactly the

Same.

Because now the MSE( AWn) is proportiona to the first order of quantization

step, the decision errorsin the preceding example are indeed hard decision-errors.

Unfortunately, a general study of the gross effects of decision errors is not
avallable and is certainly one of the most interesting topics for future research.
Nevertheless, FFC can still be done with the presence of decision errors. The basicideais
to suppress their probability below some tolerance, which is very small itself. Section 3.5

continues on thistopic.
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3.5 Application in Floating-point to fixed-point conversion

3.5.1 Genera Anayses

The accumulated quantization noise power MSE(6) is related to fixed-point data-
types, namely fractional word-lengths We, ;,Wg; ,,... and quantization modes G, 0y . It

has been stated in (2-28) and restated here for convenience,

MSE() =U'Bu+ YC2 i,
©) ie{ Data Pah} (3-24)

where, again, coefficients B is a positive semi-definite matrix, denoted asB= 0, and C; >

0. Vector U is related to fixed-point data-types deterministicaly as shown in (1-4).
These coefficients in (3-24) can be found using simulations in an FFC problem with
careful setups of fixed-point data types. From (3-7) and the discussion in previous
section, using large word lengths for the setups avoids strong decision errors in the
simulations and leads to the coefficients in the same as described in Chapter 2. That is,
when doing simulations to get those coefficients in (3-24), decision-errors can be ignored

when word-lengths are chosen to be large.

Furthermore, since weak-decision-errors can be neglected in both simulation and
analysis, we just need to regulate the chance of strong decision-errors. The quantization
effects further caused by a strong decision-error do not affect the system performance in
an avalanche effect, because the IP system is tested to be robust under physical noise. So
the probability of decision error at a strong decision-making block needs to be smaller
than those caused by physical noise, which usually corresponds to BER specification, that
is,
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P(fs. (Xep) # T (Xp)) < - BER,

where design parameter « is a positive guard fractional number. Substituting (3-7) into

thisinequality, we get

¥ Py (0) -y Eo[6°] < - BER

Here E¢[67] is the same as MSE(6) in (3-24) since the effects of previous strong

decision errors, which happen at some sample-time long before, have faded away.

Rewriting this equation, we get
: 2
MSE<(* B o, @) 329

A stronger version of (3-25) is by substituting the fractional number y by 1. Furthermore,

p«(0) can be directly obtained by estimating the probability of decision difference
between the IP system and an otherwise identical system, but with an additive noise n of

power MSE,, added at the input of the decision-making block. Denote this probability as

P(fs. (Xpwithn) # fsL (Xip)) , from (3-7), we get

0, (0) = P(fs. (Xipwithn) # fs (Xip))

: 326
v -MSE, (3-26)

where y, depends only on the noise shape of n, as explained shortly after (3-7). With (3-

26), the right side of (3-25) is completely determined, denoted as A; therefore, (3-25)
reduces to MSE— A<O0. This condition, associated with (3-24), again gives a
constraint function on FFC problem in exactly the same form of those showed in previous
two chapters, where no decision-making blocks have been considered. Thus, with a

condition for each strong decision-making block, the FFC problem is re-formulated in the
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same form as stated in Section 1.3.5. The only change is some additional constraint
functions. One BER type estimation is needed for each of this strong decision-making

blocks—a very well-defined task.

3.5.2 BPSK and CORDIC examples

The first example of weak decision errors whose quantization effects can be
neglected are those happened in a CORDIC system with large number of rotation stages
[42][18]. In fact, the errors a& CORDIC output caused by decision errors can be
essentialy bounded by the residue error caused by finite rotation stages—one type of
architecture imperfection that vanishes as the number of stages becomes large [18].
Furthermore, these errors, as shown in Section 3.3, happen with very small probability.
These two reasons ensure that the noise power at CORDIC output can be accurately

predicted regardless of the possible internal decision errors[42].

_ BPSK
1 Mbit/s M odul a- a1 23-tap R DAC
{01} > tion > | rRCosFIRT * l
AWGN
Final slicer as a Channel
demodulator
1 Mbit/s Ty |
det;‘t:;ed g < 4l e rRCosFIR ADC

Fig. 3-5 A BPSK system.
The adders, filter coefficients and gain output of the root-raised-cosine filters, as well as
ADC, suffer quantization noises.

Second, we validate our central result (3-7) and (3-26) of this Chapter using the

binary-phase-shift-keying (BPSK) base-band transceiver in Fig. 3-5. Two root-raised-
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cosine FIR filters, each with 23 taps, act as band limiter and matched filter, respectively
[46]. The dlicer, as a demodulator, makes decisions on transmitted data based on the
signa polarity of its input. Fig. 4 shows that the probability of decision errors in FP
system, calculated as a function of MSE of quantization noise using the (3-7) and (3-26),
indeed agrees well with ssmulation results with various word length realizations of al the

fixed-point operators in the system.

. [ +
=]

t !

o )

g 107

v

R3]

¥}

by o | L

S . 3

& 10 |

;: '_ .
= 4- + Simulated
& 107 — Calculated

70 60 50  -40  -30
Quantization noise power (dB)

Fig. 3-6 Calculated and ssimulated probability of decision errors for BPSK.
BPSK Calculated curve is from (3-7), wherey =1 and p,(0) is obtained from (3-26) with

one BER type estimation using an additive i.i.d. sequence {0.1, -0.1} with equa
probability.

3.6 Summary

Two examples were given to illustrate and support our analysis of the effect and
probability of a decision error. Based on the result, we have extended the FFC
methodology to include decision making blocks and decision errors due to quantization.
It should be point out that the understanding of the effect of decision errors is far from

complete, despite the efforts done here. Nevertheless, the categorization of soft and hard
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errors in Section 3.4 and the continuation of FFC methodology in Section 3.5 partly

enable us dea with them.
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Chapter 4
Automated FFC Tool

This chapter explains a floating-point to fixed-point conversion (FFC) tool that
has been implemented for digital signal processing and communication systems. Thistool
automates the floating-point to fixed-point conversion (FFC) process for digital signal
processing systems. The tool automatically optimizes fixed-point data types of arithmetic
operators, including overflow modes, integer word lengths, fractional word lengths, and
the number systems. The approach is based on statistical modeling explained in Chapter 2
and 3, hardware resource estimation to be explained in Chapter 5 and global optimization
based on an initial structural system description. The basic technique exploits the fact that
the fixed point realization is a weak perturbation of the floating point realization which

allows the development of a system model which can be used in the optimization process.

41 Introduction

The advances of software and hardware co-design environments enable us to
capture architectural information at an early design stage and conduct bit-true and cycle-

accurate smulations. The verified design can then be mapped to hardware automatically.
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A number of platforms that are based on Simulink have been successful, targeting either
FPGA'’s, such as in System Generator from Xilinx, or ASIC's. Fig. 1 shows such an
algorithm description in both algebraic form and structural form that is implemented
using System Generator blocks. If 32-bit word-lengths are specified throughout the
design, the numerical precision is typicaly sufficiently high that the structural form is
verified to perform the target algebraic functionality without errors from finite
wordlength effects, i.e. it is essentially a floating point description. A resource estimation
tool based on the Simulink description has been developed that automatically calculates
FPGA hardware requirements, such as slices, used in the design. For ASIC designs, a
similar tool could be developed which estimates the chip area requirements based on the
number of cells used in the block realization. To reduce these hardware-costs, increase
the throughput, and reduce power, one essential step is to optimize the fixed-point data-

types to use the minimum word lengths possible—the task of FFC.
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y(n) =sgn(|a-x(n-1) |-7)

(a)
I[‘V\ P dbl  fpt +z|‘>|>" [a:b] ] sel S,: System
Generator

Random Gatewayin Delay ~_. . Slicer e =

Number constant p @b pram
- 1)
_ ~a —d1 AddSub W
This (Sub)system uses:

Mux c L’
306 Slices Negate @ FFC
235 FFs
0  BRAMs 3.1416 t Nand
628 LUTs =
34 IOBs Constant pi To Workspace =
0] Embedded Mults b=
0 TBUF's simout |4—
Resource Estimator

Fig. 4-1 A simple agorithm in System Generator.

(8. The agorithm in algebraic form; (b). A high-precision architectural version with the
output of the hardware “Resource Estimator”.

For many application domains and agorithms, high precision in the computation
is wasteful and significant hardware reductions are possible. However, determining the
minimum requirements through manual optimization is time-consuming and rarely

optimal [13].

Chapter 1 gives the motivation and briefly describes our methodology of an
automated floating-point to fixed-point conversion (FFC) tool. Chapter 2 and 3 provide
some novel analytical results originated at this purpose. This chapter illustrates in more
details on how these results can be used collaboratively to an implementable automated
FFC. As seen in Fig. 1, the designer inserts an FFC utility block, “Spec Marker”, from

the FFC library into the system at critical nodes, which is used to enter user specifications
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of the system performance and the tool then automatically produces a system with
optimized fixed-point data types. Though implemented targeting FPGA'’s, the same
methodology may be applied to other hardware, such as ASIC's, provided a hardware-

cost estimator is available.

Section 4.2 gives a more detailed review of existing techniques. Section 4.3
describes our strategy with emphasis on the techniques used in improving efficiency of
the automated optimization. Sections 4 and 5 compare the performance of this approach

on several typica designs with previousy described optimization techniques.

4.2 Further review of the past techniques and our design environment

4.2.1 Past techniques

Section 1.3.1 briefly reviewed existing FFC techniques without exposing too
many details. This is extended in this section as you have been more familiar with FFC
by now. Those existing FFC tools [13-17] using norma C or C++ for smulation and
system description take advantage of the higher simulation speed of these tools over
graphical editors. To push this further, [49] developed new compiler to speed up the
simulation. However, the disadvantage of sequentia language such as C or C++ is their
lack of support for architectural information of a system. As explained in previous
chapters, architectural information affects the finite word length effects. So, considerable
amount of efforts of these past techniques focus on developing the support for
architecture information in C or C++. Y et some aspects of the system architecture are till
very implicit. As a result, hardware-cost estimations become difficult. For example, the
systemin Fig. 1 includesaMUX that would naturally be implemented as an “if-else-end”
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statement in C or C++. Yet, in most of the past techniques, this statement is modeled to

take no hardware area; consequently, Mux’ s are often modeled to take no hardware.

Besides their simulation environments, the other common feature in the past
techniques is how to determine the number system, the integer word length, and the
overflow mode for each signal node. By extracting the signal statistics using simulations,
the signal range can be predicted. Thereafter, the fixed-point data types are set to hold
this range with high confidence. The most complete description of this method is givenin
[15]. Let’s explain this method from our optimization point of view stated in Section 1.2.
In fact, if overflow happens frequently, these overflow errors that are large relative to
quantization errors on the fractional part are likely going to cause system failing the
congtraints in equation (1-2). So, a smple method that prevents it is to separate this
“avoiding overflow” constraint from the original ones. This action results some losses of
optimality of the solution to (1-2). Later in robust optimization part of this Chapter, we

are going to support thisidea by arguing the loss of optimality is small.

On the other hand, the past FFC techniques mainly differ on how the fractional
word-lengths and quantization modes are determined. In both [13] and [14], no gross
hardware-cost function are given nor mentioned. There, the FFC problem is not treated as
an optimization explicitly. However, their implicit goals are to minimize al the word-
lengths at the same time. The task of minimizing multiple objective functions
simultaneously is unrealistic unless the constraints are separable to constraints that each

only depends on one variable.
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Fig. 4-2 “Guided” FFC methodol ogy [14]

Fig. 4-2 summarizes the FFC methodology of [14]. There, one constraint function
is assigned for each word-length in the following way. The input word-lengths are pre-
assigned, and the fractiona part are set to be sufficiently large so that the local
quantization noise power is much smaller than the one caused by quantization of the
inputs. These strongly decoupled constraint functions are aways feasible and can
minimize al word-lengths at the same time. However, the gross quantization effects
from these locally justified quantization sources altogether can still be much greater than
the one induced by quantizing the input. Therefore, it is still necessary to have a final
constraint on system performance, such as SNR or BER, as a function of all the word-

lengths. Thisresults a possibly unbounded number of iterationsin [14].

In [13], some unjustified pre-assignments of date types on a set of selected signal
nodes provide a number of constraint equations. The deterministic propagation
methodology yields inequalities among the fractional word-lengths; for example, the
fractional word-length at the output of a multiplier should be no less than the sum of
those of the two inputs, while the output fraction word-length of a delay component

should be no less than the input one. Besides being overly pessimistically considering
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quantization effects, this approach may result contradictive inegqualities under the
presence of feedback loops such as the one in an accumulator. Thisis prevented in [13]
by possible user interaction using engineering decisions, which causes undetermined

design time and design efforts.

Fxpt System As _bit-true | System
Black-box sim. specs
4
Fxpt datatype (——» Hardware-cost
*
».

Ad-hoc search

Fig. 4-3 Adhoc search FFC method [15]

Fig. 4-3 summarizes [15] and some other works published by Dr. Sung’'s group.
Similar approach is taken in other works such as [92]. The problem is formulated in an
implicitly ssmilar way as ours. However the lack of investigations on the closed form
specification function and ssimulation efficiency limits their optimization agorithm to be
heuristic and time-consuming search. In addition, the Monte Carlo simulations among
iterations can be inconsistent which adds further complications. Furthermore, their
hardware cost function is manually input to the optimization scheme, and is lack of

justification.
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Fig. 4-4 Impulse probing method to get transfer functions [3].

Dr. Jain and his colleagues studied the wordlength optimization of linear filters
[93][94]. Using either extensive specialized analytical result or guided simulations, the
word lengths of constant coefficients instead of data path are optimized. [94] further
extend the topic to integration with synthesis and layout tools to provide atotal solution
of FIR filter design, which is beyond the scope of this thesis. However, the FFC tools

only work for part of LTI systems.

In my master thesis [3], | proposed an automation using the same optimization
point of view as (1-2) for linear-time-invariant (LTI) systems. Each quantization noise

source on the LSB side is treated white, and uncorrelated to each other. The quantization
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noises from al different sources accumulate at the output through linear transfer function
in frequency domain. We insert a test impulse input, called probe, to each quantization
source and test the output response using an impulse response simulation; therefore, we
can obtain the impulse response for each noise source automatically. And these impulse
responses provide the transfer function in frequency domain. Being very efficient, this

approach requires the systemto be LTI.

Oz )
Multiplication @

Fig. 4-5 A graphical trandation method to find quantization effects [16].
Thisfigure is copied from [16].

6 .6

Recently, [16] proposes another interesting new method that is heavily analytical.
It also assumes a quantization at the LSB side generates a white and uncorrelated noise
source. This noise propagates in the system. If part of the system is LTI, the transfer
function theory similar to the one in [3] applies. However, in stead of basing on
simulations, a graphical trandator is used to directly understand the structure of the
system to obtain the transfer function. Furthermore, the method extends to non-linear
systems that have no feedback loops by modeling that a quantization noise propagates
through a system one operator after another without considering the possible correlations.
The limitations in this approach are two folds: nonlinear systems with feedbacks are not
modeled; second, the inputs of an operator may be indeed correlated to each other since

they originate partly from the same quantization source earlier in the system.
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Finally many optimization procedures similar to [15] but with different
optimization procedures are tested and compared in [17]. It appears from the comparisons
that the most promising procedures are those based on simulation with the assumption
that increasing word-length improves system performance and increases hardware-cost,
but otherwise are unguided. However, as showed in one example 1 of Chapter 2, this
statement is not always true, which shakes the foundation of these procedures. Another
critical drawback of this method is the smulation time which can be unreasonably large
for complex systems and thus sub-optimal solutions are often obtained. Furthermore,
these approaches use a system description that doesn’t contain architectural information,
which compromises their results, since the architecture-free high-level hardware-cost

estimations are often very crude.

As pointed out in previous Chapters, we will also use ssimulations to evauate
various sensitivities, but will use these results to develop a model of the system which is
then used in the optimization problem (1-2). This allows us to dramatically reduce the

amount of simulation required.

4.2.2 Simulation environment

We choose Xilinx System Generator embedded in Simulink as our system input
and simulation environment. First, it is able to capture architectural information much
better than any of the environments built in past techniques except for [3] where we used
Simulink which is essentially the same as System Generator. This graphical input also fit
seamlessly with Berkeley Emulation Engine (BEE) project [89] and Simulink to Silicon

Hierarchica Automated Flow Tools (SSHAFT) project [56] in Berkeley Wireless
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Research Center. BEE project starts from fixed-point system in System Generator; then it
partition and map the system to multiple Xilinx FPGA chips for fast system emulation.
At the same time, it can map the same system to application specific integrated circuits
(ASIC) design. We believe designs of complicated systems should eventually be done
completely by algorithm and system designers with understanding of hardware, whereas
the rest of the implementation should be automatically done by design flows. Our choice
of Xilinx System Generator is based on popular software Matlab and Simulink from

MathWorks. This environment is often familiar to these high-level designers.

Chapter 5 describes atool integrated in Xilinx System Generator that can estimate
high-level hardware-resource fast and accurately [60][64][91]. This estimation tool meets
our needs for a hardware-resource estimator to retrieve hardware information

automaticaly.

Furthermore, Xilinx System Generator blocks allows a block to be simulated as
either floating-point (double precision) system, full-precision fixed-point system, or user-
defined fixed-point system. By applying simple parametric changes, the system can act as
any of the three systems. This feature basically accomplishes one of some magjor tasks in
some past FFC techniques. Adopting it alows us to concentrate on other important

aspects of FFC.

Our choice of this graphical input environment just allows us to be concrete on
the discussion in rest of the chapter, especialy regarding the automation part of our
methodology. We foresee no important technica difficulties to effectively implement our

methodology in other environments, such as DSP Canvas [92] based on C++, SystemC
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[61][79] based on C++, AccelChip [62] based on Matlab, Simulink itself, SPW DSP
simulation environment [95] that is similar to Simulink, Ptolemy [96] from University of
Cdlifornia Berkeley, and probably many others that | do not know. In fact, the
methodology promoted in this thesis can amost be directly applied on them.
Implementations of a system in some higher level languages among this list make the
simulation and initial compilation of the system relatively faster since no graphical
information needs to be supported, that is, architectural information needs not to be
graphicaly displayed and maintained. This seems to promote this kind of environment

over block-diagram based tools.

However, graphica information shown in platforms such as Simulink helps to
reveal the relationship between functional blocks, and becomes invaluable in maintaining
the system. Furthermore, Simulink has the feature of using Matlab scripts to generate and
modify a model [3]. All these features make Simulink as well as System Generator easy
to use and to automate. The naturally hierarchical description of the system also makes a
library approach easy as well. In my opinion, this is the best environment to demonstrate
different FFC methodologies. The sister EDA tools associated with Simulink, some of
which are developed inside Berkeley Wireless Research Center by my colleagues, further

increase the value of implementing FFC in this environment.

More detailed descriptions of System Generator and Simulink can be found in

Chapter 5, Appendix C, and many of the references such as[3][89].
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4.3 Automation and | mplementation of FFC

Admitting that numerical simulations become slower using graphical editor for
numerical simulation, our strategy concentrates on speeding up FFC by understanding the

problem in three important aspects of optimization problem (1-2).

First, we ensure complete design automation by obtaining direct access and
control of the fixed-point data types of each block. Furthermore, we implemented the tool
in such a way that minimal cares are needed from the floating-point system designers.
That is, our FFC tool can read a design that is either completely fresh for optimization or
with some parts already optimized. In addition, block grouping is supported and

recommended for faster conversion.

Second, we make efforts on understanding the hardware cost as a function of
fixed-point data types and how to retrieve this information automatically. This becomes
possible since the architectural decisions have been made, either permanently or

temporarily, before FFC.

Third, we make efforts on understanding the constraints as functions of fixed-
point data types, and how to retrieve this information automatically. This includes not
only the relationships themselves, but also the choice of constraint functions. We will
show some constraint functions are time-consuming to simulate or difficult to be treated
as constraint functions or both, whereas some others are very easy to obtain. Good

choices of constraint functions are essential for afast and accurate FFC tool.
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Structural floating-point system (4.34d)|  Placing “Spec. Markers’
g-point system (436, 43.9)
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(4.3.4) types (4.3.2) grouping
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statistics (4.3.4) Pre-programmed optimization (4.3.7)

Get W 0, and n (4.3.4) Get Wg (4.3.7,4.3.8) /

Automated FFC tool (4.3) Final fix-point system (4.3.9)

Fig. 4-6 Detailed FFC automation and design flow graph.
The box with bold line shows the details of the tool. The section numbers in parentheses
show the sections in which the corresponding topics are covered in detail.

Fig. 4-6 shows the design flow graph of our FFC. In the following subsections,
these aspects are address one by one; some other important but probably less novel

considerations are also described here.

4.3.1 Tool Infrastructure

The first task of our FFC isto copy the floating-point system, possibly with fixed-
point parts, into atemporary prototype system. This ensures the consequent modifications

from our FFC tool leave the original system untouched.
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Total automation of our FFC tool relies on complete accessibility and
controllability of the Simulink model in Matlab environment. Fortunately, this is well
supported by the Model Construction Command set, including commands such as
find_system, set param, get param, add block, delete block, add line, and delete line
[3][59]. With these commands, we can write scripts to sort out all the blocks in a system,
to understand how blocks, lines and ports are connected, to set fixed-point data types as
variables, and so on. In fact, an extension of using these commands is to modify the

model architecture [3], which is beyond the scope of thisthesis.

Each block may have input and output ports. System Generator alows the user to
specify the fixed-point data types of the output ports of most blocks with some
exceptions, for example, a Delay block has its output data type follow its input data
always. Some signals can break into multiple branches, each of which feeds into different
blocks. It is possible that different branches of the same signa need different word-
lengths. This can be done by inserting a Quantizer block at each branch. Nevertheless, we
ignore this dimension of optimization because cutting the number of independent
guantizers is one key to speed up optimization. Thus, the output data types of all blocks
fully characterize the fixed-point implementation of a system. For better controllability,
we maintain this output data type information in a Matlab structure, named block
structure (bs), with fields describing data types. Fig. 4-7 shows the Matlab initialization
of one of the block structure. The “o wf master” field designates the fractional

wordlength group to which the block belongs, and thisis explained in Section 4.3.3.
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bs{i}.bh=blocks{i}; % blocks{i} is the handle of the i-th
% block after sorting bs{i}.range=[ ],

% block output range statistics. bs{i}.sign=1];
% block number system. bs{i}.omode="s’;

% block output overflow mode.

bs{i}.gmode="r"; % block output quantization mode. bs{i}.o_wi=

Inf; % block output integer word length.
bs{i}.o_wf=['my_fxpt_o wf ' int2str(i)];

% block output fractional

% word length, as a string variable

%% variables on the right side of the following expressions
%% have been obtained using get_param( ) command
bs{i}.old_sign= arith; % block number system in

% floating-point (flpt) system
bs{i}.old_o_wi= w-wf-(arith=="s");

% flpt output integer word length
bs{i}.old_o_wf= wf; 9% flpt block fractional word length

%% in word length grouping, the following variable indicates the

%% master word length the current block is to follow
bs{i}.o_wf master=";% default is empty

%% following variable determines whether the output data type in

%% flpt version is to be used in the fxpt system.
bs{i}.use_old=0; % default is 0 as not to use flpt.

Fig. 4-7 Initialization of the ™ block structurein Matlab.
% start Matlab comment for the rest of the line.

4.3.2 Keep useful fixed-point information

A floating-point system in System Generator contains many signals whose fixed-

point data types are aready specified. As described in Chapter 2 and 3, we call them
logic signals. As an example, Fig. 4-8 shows that the Select port of a 2-input multiplexer
must be 1-bit unsigned, which must be specified in this way even in a floating-point
system. No change is needed on these signal data types. Therefore, it is important for the

block structure to remember the floating-point data types. Fig. 4-7 shows that the fields
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“old_sign”, “old_o wi” and “old_o_wf” are used for this reason, and the old data typeis

used when field “use_old” isset 1.

An analysis of the library blocks is therefore initially undertaken to define the
obvious logical signals, but even some arithmetic signals, which have been pre-defined
(such as those determined by availability of existing hardware) are aso considered to
have “fixed” data-types and left untouched. These signals can be simply tagged by the
system designer, or configured through an additional rule, which for example may limit
the signal data-types to be greater than a minimum vaue and when that minimum level is
reached in the optimization are set to fixed status. The remaining signals are al

considered “arithmetic” and subject to be changed fredly by the FFC tool.

4.3.3 Block grouping

This port remains
to be unsigned —Pp{d0 |[———

1 bit N \
\\ \
~~=> These ports may
be grouped
Fig. 4-8 Possible grouping rules for amultiplexer

Section 4.3.4 will discuss how to determine the variables on integer sides,
whereas Section 4.3.5, 4.3.6 and 4.3.7 concentrate on the fractional part. It turns out with

all the efforts the optimization problem in (1-2) is still too complex, and it is generaly
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necessary to reduce the optimization space. This is done by grouping some blocks
together to have the same fractional word-lengths [15]. Fig. 4-8 shows that some signal
ports can be grouped together quite intuitively. For example, we might want to force a
Mux’s two signal inputs to have the same fixed-point data type, and so might be its
output. This means the block in front of the two signal inputs and the Mux itself may be
group together to have the same fractional word-length at their outputs, that is, they
should have the same “o_wf_master” field. Grouping more blocks together can greatly
reduce the optimization space in (1-2), leading to faster optimization. Table 4-1 lists the
rules that we developed so far. The more rules are used, the faster FFC becomes, and the
less optimal the resulted conversion becomes. Sometimes, we shall not group one block
with others because the output feeds into many other blocks, which means the output will
largely influence hardware cost and finite word-length effects. This observation is

reflectedinrule 1, 3, 5, and 6.
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Rule number Rule description

o* Group inputs and outputs of Delay, Register (except for Reset

port), Up sampler, and Down samplers

1 Group inputs of an Add/sub, unless anyone of them are inputs of

5 or more blocks

1.1 Always group two inputs of an Add/sub

2 Group inputs and output of an Add/sub, unless its two inputs are

not grouped or its output is not connected to an Add/sub block

2.1 Group inputs and output of an Add/sub, unless its inputs are not
grouped

3 Same as rule 1, but for Mux block

3.1 Always group inputs of a Mux

4 Same as rule 2.1, but for Mux block

5 Same as rule 1, but for Relational block

51 Always group inputs of a Relational block

6 Same as rule 1, but for Logical block

6.1 Always group inputs of a Logical block

7 Same as rule 2.1, but for Logical block

Table 4-1 Grouping rules
*Rule 0 is aways applied.

One example of a rule specification is “rule=[1.1, 5]”, which means rule number

1.1 and number 5 are to be applied. Refer [60] for block descriptions.

105



Before grouping a system automatically, we have to figure out the connectivity
among functional blocks, where we differentiate blocks in a graphical editor as either
functional or supportive. Fig. 4-9 shows a ssimple system with a Multiplier following an
Adder. Both the Adder and Multiplier block are functional since they are essential to
accomplish the desired signal processing. On the contrary, the Subsystem block and the
associated In and Out blocks in Fig. 4-9 are just supportive and make the hierarchical
description possible. In current Simulink environment, the only two other supportive
blocks are From and Goto blocks, which are used to eliminate long wiresin Simulink. All
other blocks are functional. Finding the connectivity among functional blocksis basically
to flatten the design hierarchy. This is important since grouping involves frequent cross-

references of adjacent functional blocks.

—Ppla
a+b[——p»| In1
—Ppb \
Adder | ot ———»%»
P2 Inside the subsystem
\ - — -
\ -7 T TS

\
\ === @)—»C1)
Understand these «---" b

\
two ports are connected Mo In2 Multiplier s

e -

Fig. 4-9 Resolving block connectivity.

Fig. 4-10 shows our iterative strategy on resolving functional block connectivities.
Inside the loop, we exchange the connection information between blocks and between
ports in supportive blocks. In this way, the supportive blocks are treated to be transparent.
The iteration is completed when all ports know their adjacent functional blocks; then the
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port information is saved into a subfield of “userdata’ cell (cell is a Matlab data type
[59])— “userdata.appendix” — associated with each System Generator block. “Userdata’
is a standard variable supported for each block in Simulink. To prevent possible erasion
of “userdata’ created by floating-point system designer, the original data are obtained

using get_param(.) command and saved in a subfield “ userdata.backup_userdata’.

v

Exchange port information
between input and output among
adjacent blocks

!

Exchange port information inside
structure-supportive block

Ready—all ports know
their adjacent functional
blocks? “NO

| YEs

Save port
information connectivity
resolved

Fig. 4-10 Algorithm to resolve functional -block connectivity.
Thisis done by considering supportive block transparent.

Once connectivity is resolved, the tool proceeds to grouping according to rules
described in Table 4-1. Fig. 4-11 shows our grouping strategy. Each rule causes more
blocks placed in the same group list. When all rules are done, the list is smplified to
remove any redundancy in agroup. Then amaster cell array variable, called “wl_master”,

remembers the blocks in each list (group), and the index of wl_master is written to
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“bs{i}.0o wf_master”. Then, we can easly crossreference the corresponding
“wl_master” and “bs’. In the mask of System Generator block, we use set_param(.)
command to set the fractional word-lengths to be a variable, named “my_fxpt o wf_i”
and saved in “bs{i}.o_wf”. Thereafter, we may easily set the value for these variables in
Matlab, and the system automatically uses their new values for smulation or hardware
resource estimation. This accomplishes automatic control of system parameters to

prepare the system for alarge number of Simulationsin the following few sections.

Pre-grouping keep fixed-
point data types of logic
signals unchanged

Apply next grouping rule

’

Checking each functional block to
see whether some adjacent blocks
need to be grouped

|

If yes, add these block handles into
the group list maintained by each
of these blocks

Ready all rules have
been applied NO

IN=S

Remove redundancy in all the group
lists, identify the number of groups, save
them in a cell array wl_master, and set
bs{i}.o_wf_master accordingly

Fig. 4-11 Grouping methodol ogy.
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The first step in Fig. 4-11 is called pre-grouping, which figures out who are
interpreted as logical signalsin a floating-point design. Table 4-2 shows our pre-grouping
rules that are currently used. The last pre-grouping rule ssimply ignores those signals that
aready are of light weight in fixed-point data type. Thisisto catch some logical signas
that other rules possibly missed. Furthermore, it appreciates floating-point designer’s

decision on fixed-point data types of some of the signals.

The next few sections explain how to determine the other fields in the block
structure in Fig. 4-7. Once al the fields are obtained, we can again use set_param(.)
command to substitute the variables, which are previously set in block parameters, to
their final values and save the system as the FFC output fixed-point system as shown in

the last step of Fig. 4-6.

In summary, this Section discusses our strategy on managing system
infrastructure related to FFC problem in System Generator and MathWorks environment.
With proper modification, similar infrastructure and grouping rules can apply to other

structura system descriptions.
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Rule description

All Boolean signals stay to be Boolean

All blocks proceeding Enable ports, Mux Select ports, Memory address ports,

and Register Reset ports stay untouched

Outputs of Relational blocks stay untouched.

Blocks connected to Inverter block, Slice block (with some exception), Bus

Concatenator block, and Type Reinterpreting block, stay untouched

All signals that are less than 6 bits in floating-point design are considered

optimized and thus stay untouched

Table4-2 Pre-grouping rulesto identify logic signals
Refer to [5] for detailed description of the blocks mentioned above.

4.3.4 Integer overflow

As stated in below, we follow a strategy similar to those used in [14-17] to treat
the fixed-point data types related to the integer part, comprising Wy, n (number
systems), and o (overflow-mode). We briefly repeat the strategy and describe how to

implement it in our environment. Finally we discuss its drawbacks.

We assume overflow noises hurt the behaviora quality of the system so greatly
that they should be avoided by all means. Monte Carlo smulations of the floating-point
system with the input test vector provide a large set of data for each signal node. Based
on these data we can record the maximum and minimum value and estimate the first few
of its statistical moments. From these statistics and a few commonly encountered signa

probability distribution functions, we can predict the signal range and determine the
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integer word-length accordingly by making it just large enough to cover the range. The
number system is set to be unsigned if the signal is aways positive, and otherwise signed
2's complement. If the maximum value occurred in smulations is within the predicted
range, wrap-around mode is to be used for overflow; otherwise, saturation mode is used
(as a confidence guard). In this approach, we implicitly assume that hardware-cost
monotonically increases as W); increases, as n switches from unsigned to signed for a
positive number (because of one more bit needed for the sign), or as o switches from
wrap-around to saturation (because of the extra logics needed). Consequently, we
effectively separate al integer fixed-point data types in the optimization problem in (1)
into independent optimization problems, each of which has the parameters related to only

the integer fixed-point data types of one signal node.

One way to calculate the statistics of each signal node is by saving all its
simulation data to a Matlab workspace variable that is processed after simulation. This
approach becomes infeasible because possibly thousands of signal nodes can produce
millions to billions floating-point data in a long Monte-carlo simulation—impossible to
store. The other approach is to do running average during simulations. We write a
Simulink s-function block in C, called Range Detector. Once placed in a system and
linked a signal node to its input, this block can do running-average estimation of the first
four moments of its input during a simulation. Internally only the current averages and
sample size—totally five double precision numbers—are saved for each of these Range
Detectors during a ssimulation. Only at the end of a ssimulation, the final averages are

saved to Matlab workspace as our estimations of signal statistics.

111



Using add block(.) and add ling(.) commands, one Range Detector is
automatically placed into the system after each block corresponding to each entry of the
block structure defined in Fig. 4-7. A simulation with all these Range Detectors tells us
the signal statistics. Because of the extra computations during a simulation with these
Range Detectors, the simulation time is found to increase by up to 100%. However,
because no iterations of simulations for range detection are needed in our algorithm

showed in Fig. 4-6, this extra simulation time is acceptabl e.

After the signal statistics are estimated, our FFC tool automatically removes them
using Matlab delete_block(.) and delete ling(.) commands. Then the system is ready for

connectivity resolving and grouping, as mentioned in Section 4.3.3.

Once determined, these fixed-point data-type variables on the integer side are
dropped out from the optimization problem (1-2). Then, (1-2) becomes

minimizehardware - cost

frw (Wer 1 Wer 2, - G Gps )
subject to specifications (4-1)
Sj(Wer 1, We 2, -3 0, Gp, -) <0, Vj.

Before discussing how to determine the fractional fixed-point data types in next
few subsections, we need to explain the drawbacks of the proceeding approach. First of
all, overflow-free method is only sufficient, but not necessary, to ensure that the variables
on the integer side in (1-2) do not violate the constraint functions. Thus, the proceeding
method trades simplicity over design optimality. Second, a more serious problem is the
impossibility to avoid overflow completely for many distributions such as a Gaussian

whose range is the whole real axis. We may try to model the signal using distributions
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that only have finite ranges. This barely transfers the previous difficulty to statistical
modeling—we still need to use finite number of data to predict the range in the model.
The built in fixed-point data-type propagation in [59] and [60] avoid this difficulty by
deterministically propagating integer word-lengths. Unfortunately, this is often overly
pessimistic. For example, in a least-mean-square (LMS) agorithm, the residue error
signal is usually relatively small after the subtractor between desired signal and filtered
input. Then, it is uneconomical to set the integer word-length of the error signal large
enough to hold the maximum possible value based purely on integer word-length
propagation. The situation becomes worse in systems with feedback loops and long data

paths.

Theoretically, the best method is to discover a simple enough relationship
between fixed-point data types on the integer side and the constraint functionsin (1-2), as
what we are doing for fractional quantization noise in next few sections. An unsatisfying
attempt in [3] assumes that an overflow noise hurts the system decision with certain
average probability. Then we can link the bit-error rate requirement to the maximum
probability of overflow incidence. Unfortunately, this “certain probability” is indeed
unknown, system dependent, and difficult to simulate, which makes the approach

impractical.

In genera, the overflow noise is statistically dependent on signals, which causes
difficulties on noise modeling. The overflow noise may aso be large compare to signal,
which causes non-linearity effects. Finally, overflow noise comes with small probability,

which makes digital simulation of its effect difficult. Therefore, we think it remains an
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open question for both theorists who want to model overflow noise and aso for FFC

designers who want to avoid long and numerous digital simulations.

Nevertheless, in practice the method adopted in our FFC works well. The robust

optimization part of Section 4.3.8 explains some fundamental reasons for this to be true.

4.3.5 Analytica hardware resource estimation

The most immediate task of the optimization problem in (4-1) is to find out the
hardware-cost function, specification functions, and their relationships to W, defined as

the vector [Wer 1, Wr2, ...]" , and the g-modes.

Only one hardware cost function is to be minimized in (4-1). This could be area,
power consumption, power delay product, and so on. High-level estimations of hardware
resources such as area, energy and delay have been studied extensively, as detailed in
Chapter 5. For system level optimization, it often suffices to adopt the approach based on
parameterized library. The area of each block in the library can be modeled as a function
of parameters related to fixed-point data types as well as other important technology
factors such as feature size and voltage. Provided the architecture choice with al other
parameters fixed, the area cost of a library block is uniquely characterized as a function
of the fixed-point data-type parameters. The total area of the system can then be
estimated as a sum of all the required blocks plus a certain routing overhead. This usually
yields a hardware-cost that is a quadratic function of Wg,; with coefficient affected by g,

that is,

1
frw (W) = S We " H(GWe; +h(a)" W + ho. 4-2)
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Chapter 5 describes my summer intern work at Xilinx, Inc. on developing a resource
estimation tool in Xilinx System Generator environment. Given a system designed in
System Generator environment, the tool can estimate the hardware resource accurately.
Each type of block associates with one Matlab function, written based on complete
understanding on how the corresponding block hardware is designed in FPGA. Once the
block parameters, such as its input and output fixed-point data types, are provided, the
function can calculate the hardware resources efficiently. The tool considers both input
and output data types because trimming effects can happen at placement and routing
stage. This happens when part of the logics are eventually trimmed away since they are
dangling. For example, when only the LSB of amultiplier is used, the multiplier isjust an
AND gate with all other logics removed at placement and routing. (This should happen at
least for a good placement and routing tool.) The tool estimates hardware resources
normally within seconds, which is severa orders of magnitude faster than any previously
existing method. The relative error comparing with final implementation is usually within

5%. Thetool has been included in version 3.1 of System Generator [60].

We use the proceeding tool to conduct experiments, and to function-fit the

coefficients of f in (4). Heref is an affine function of H, h, and hy, and can be written as

Friw (Wer) =WiongHiong (4-3)
where the long column vector Hiong Captures all the independent entries of symmetric
matrix H, vector h, and scalar ho,

H|0ng = (Hll’ le,..., Hlm’ H22, H23,..., Hzm,....,Hmm,

h,hy,..h.h) T (4-4)
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S0 Hiong has dimension [(m (m+1))/2 +m+1]x1 where m is the number of word-length
groups given in Section 4.3.3. Wqng iS the corresponding column vector formed by the
quadratic and linear combinations of entries from Wg,, as well as a constant for hy. Let

faw.est(Wk) be the estimation using the tool, the relative error can be approximated as

fHW,eﬂ (WFr) - fHW(WFI’) ~1— fHW(WFr)

frw (W) frw,est (W)

_ VVI-(l)—ng
—l_( Aw’est)Hlong (4-5)

A

= 1_V\4l—ng ) I_Ilong'

With different redizations of W, we can obtain a stack of W = (W,g.1Wong2.-) - SUPPOSE
the relative error in (4-5) forms a Gaussian random noise, the maximum-likelihood

estimation of Hiong then is given by the following least-square problem [63]:

minimize Hl—WT Hiong
Hlong

2" (4-6)

Furthermore we want to keep monotonicity and non-negativity of fuw(Wg), ¥ We = 0,
which means the minimization in (4-6) is subject to

Vi, f (W) =W -H+h>0,and f (W) >0, YW, >0

< eachentryof H,handh, >0 4-7)

= H|0ng§0.

So the estimation of Hiong becomes a Quadratic programming problem [63]. In Matlab,

Isgnonneg(w,1) solvesit efficiently.

Once the coefficients are estimated, we obtain an analytical quadratic hardware-
cost function fuw(We). The quality of the model can by justified by plotting fuw(Wg)

versus fes(Wekr) for a number of new We. Fig. 10 shows the plot. It is evident quadratic-
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fit model works well. On the other hand, if our model of f does not include the 2™-
order term H (thus probably under-modeled), it becomes the so-called “linear-modeling”
or “linear-fit”. Later in Section 4.5, Fig. 4-15 aso shows much larger relatively errors
using linear-fit. In certain systems, these errors could be too high to validate the model.

Thisjustifies the completeness of quadratic hardware-cost model.

One problem associated the hardware-estimation tool of Chapter 5 is the
sometime long compilation time for each hardware estimation. When a large number of
such estimations are needed, the total compilation time may become quite long. To
minimize this problem, after the first compilation, a Matlab script is specialy generated
using “printf” command, which list al the Matlab functions to be used for hardware-
estimation and use variable names as their input arguments. In any subsequent hardware-
estimation, the variable values are changed and this script is directly called to estimate
the corresponding hardware-cost. This arrangement eliminates most of the compilations

and leads orders of magnitudes of simulation time for hardware-cost estimations.

Although we use FPGA resource as the hardware function in (4-1), the approach
applies to other functions and to ASIC designs as well. It is therefore only a
demonstration of the feasibility of having high level hardware cost as function of fixed-

point data types.

4.3.6 Analytical specification functions

To solve the optimization problem (1-2) and its simplification (4-1), we need to
repeatedly verify the constraint functions. This is normaly done using digital

simulations. The cost associated with these verifications can be summarized as
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Simulation time = number of optimization iterations x

simulation time for each optimization iteration. (4-8)

A successful FFC requires total automation; so other simulation cost includes the
time to prepare the design automation such as designer’s coding time. These additional
costs are not considered here. In this section, we find the ways to get less smulation time

by reducing each of the two terms on the right side of (4-8).

4.3.6.1 Directly use the difference as specifications

Two most common specifications used in communication systems are signal-to-
noise ratio (SNR) and bit-error rate (BER). Unfortunately, blindly adopting these

specifications may result intolerably long simulation duration for areliable conclusion.

Any Monte Carlo simulation only provides finite number of data to estimate a
statistical quantity based on a model on probability distribution function (PDF). In
statistics, the estimation uncertainty due to finite sample size has been well-studied using
two dual methods—confidence interval and hypothesis testing [3][48]. For example, we

model bit errors of a communication system as a Poisson process, and denote an

estimation of the true BER asBER . The estimation uncertainty is denoted as an interval

around the estimated value
[BER-a(N,a)-BER, BER+a(N,a)-BER], (4-9)
where a is a positive fractional number that is a function of smulation sample size N and

confidence level 1-a. Roughly speaking, from an estimation based on N samples, with
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probability 1-a, the true BER is within the interval given in (4-9). With large sample

approximation,

N = 4.k? 1

“BER.aZ ' (4-10

1
where ka is the 1_50‘ quantile of a normal distribution [3]. The inverse relationship

between N and BER, as well as &, results a potentialy very large sample size. In the
optimization problem (4-1), this kind of simulation needs to be iterated many times,

which could be too long to be acceptable [15].

Example 1. If a confidence level=0.95 (so k,=1.96), BER= 2x10*, and a= 0.05,

(12) gives the sample size about 7x10°%; that is, about 1500 errors need to occur to ensure
the small 0.95-confidence interval of [1.9x10 2.1x10“ given in (11). Hypothesis
testing yields similar conclusion [3]. This large sample size could be very dow to
simulate in Simulink environment for a relatively complicated system. For example, a
binary-pulse-shift-keying (BPSD) system introduced later in Section VIl takes about 8
hours to obtain 2x10° samples at the output for each simulation.

In an optimization scenario, even more samples for each simulation are necessary
to compare the performances of two readlizations of the same system. The two redlizations
can either be floating-point and fixed-point, or be both fixed-point. The comparison is
used to judge if a parameter change makes the system perform better or worse.

Confidence levelsthat are too large to reveal the performance difference may result either
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wrong decision or wrong suggestions for the subsequent parameter change. Therefore, a

very small confidence interval may be necessary.

Example 2. Continuing Example 1, suppose that two fixed-point realizations of
the system above have true BERF = 2.01x10 and BERF = 2.02x10™. In order to make
sure unprimed fixed-point system performs better than the primed system, one needs a
much smaller a as small as 2.5x10° for each estimation, or [2.005x10*, 2.015x10 and
[2.015x10* 2.025x10, separately; otherwise, the two confidence intervals overlaps.
This corresponds to 2.8x10° samplesin (4-10) for both simulations.

To dleviate this situation, we directly measure the system degradation caused by
fixed-point implementation. This is done by finding the difference at the system output
between a fixed-point system and floating-point system under the same input signal. This
difference is solely caused by quantization noises occurred in the system. In this way, we
avoid the intermediate estimation errors that can easily be so large that the degradation
caused by fixed-point implementation is covered. Example 3 below shows the saving by

direct measuring the difference.

Example 3: Continuing Example 2, we directly measure the errors due to
guantization noises. Assuming these errors are independent to floating-point errors
(strictly speaking thisis an over-simplification), the BER’s due to quantization noises are
0.01x10* and 0.02x10™, respectively. To tell the unprimed system is better, we need the
accuracy on BER estimation again better than 0.005x10™. But we only need a about 0.5
and 0.25 for the two simulations. From (4-10), we need 1.4x10" and 2.8x10" samples,

separately. Thisistwo orders of magnitude saving from Example 2.
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The three examples shows that direct measuring the difference due to quantization
noises may saves us alot simulation time. The same argument applies on other statistical

specifications such as SNR.

We use mean squared error (MSE) to abstract the difference between floating-
point system and fixed-point system, denoted as M SE(flpt-fxpt). This difference is due to
guantization noise. Because MSE of arandom variable is O if and only if the variableis 0
with probability 1 [48], MSE qualifies to revea the difference. For example, we check
the MSE(flpt-fxpt) after the slicer of a BPSK communication system. The slicer produce
decisions of either 1 or -1 in both systems; so flpt-fxpt at this node is either +2 when
error happens, or 0 when no error happens. Let p be the probability of an error occur at a
time, then

MSE (flpt-fxpt) = (+2)? p + 0%(1- p) =4p. (4-11)

So M SE(flpt-fxpt) after the dlicer is just equivalent to direct measuring the BER.
As a specification, we set the difference between floating-point system and fixed-point
system much smaller than other degradations at this node that is not controllable at FFC
stage,

MSE (flpt-fxpt) at a node << noises due to other sources. (4-12)

Some sources for these additional degradations are physical noise from channel,
physica noise from analog part, and architecture limitations such as circuit
approximation for square-root operation. These sources are present for the floating-point

system, and cause communication errors even for the floating-point system. In our
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approach, we always consider fixed-point implementation an approximation of the
floating-point system. Thisideais stressed in the formulation in (1-2), where we consider
system behavioral performance higher priority, and hardware-cost secondary; therefore,
we never want fixed-point non-idedlities to be the primary source of the system
performance degradation. On the other hand, we do not consider how to design a fixed-
point algorithm directly. Examples of this direct approach include designing a finite-state
machine and a communication source coder. In these designs, direct abstract (or Boolean)

algebra are used even at the agorithm level.

4.3.6.2 Measure the difference at the right places

Example 1 in Section 4.3.6.1 shows that measuring M SE(flpt-fxpt) after adlicer is costly.
This is because the probability of noisy events (errors here) is low. Chapter 3 shows that
not all signal nodes are suitable for MSE estimation. Furthermore, Chapter 3 links the
MSE(fIpt-fxpt) after decision-making operators to the MSE(flpt-fxpt) in front of the

operator. And the latter M SE become very easy to simulate.

Even more essentialy, the perturbation theory of Chapter 2 allows M SE(flpt-fxpt)
after arithmetic operators to be written as an explicit function of fixed-point data typesin

the system, which isfurther illustrated in Section 4.3.6.3.

4.3.6.3 Perturbation theory provides valuable information

An innovative perturbation theory has been developed in Chapter 2. With the
widely used theoretical models of quantization noises, a specification function telling the
difference between the floating-point system and fixed-point system can be written into

closed form
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| sys. spec. (fxpt) - sys.spec.(flpt) |

=MT U+ > o Wri (4-13)
ie{ Data Path}

where g's are constants and M is a constant column vector, the i entry of vectoruis
given by (1-4). Moreover, this perturbation theory works on genera criterions and even
non-stationary input, as long as they can be represented as large ensemble averages of

functions of the signal outputs.

Following the perturbation theory, we also get

MSE(flpt-fxpt) =a"Bu+ > C 2 2", (4-12)
ic{ Data Path}

where B is a positive semi-definite matrix, denoted as B=0, and C; > 0. This has been

stated severa timesin previous text due to itsimportance.

Now we safely reduce the FFC problem (4-1) to

minimize
Quedratic iy (Wer 1, Wer 5005 0, O 1-2)
subject to
CWe (4-15)
UBU+ Y C,2 Wei _p <0,

ie{ Data Path}
withB, =0,C; 20,and A > 0.

Here vector u is defined in the same way as before, and A is the tolerance of the K"MSE
error. The problem is feasible because as al Wg's increase, the left sides of the
constraint functions asymptotically converge to -A’s which are aways less than O.
Physicaly, it means the fixed-point system becomes infinite precision. The number of
simulations is significantly less than unguided characterization in which the form in (4-

14) is not assumed.
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4.36.4 Use ergodic average rather than large ensemble average

A satistical quantity of an output at time n can be estimated based on large
ensemble average. That is, we run the simulation M times with different random seeds
and same statistics to generate input data, and use all the M output received at time n to
estimate the mean squared error. Though this approach is theoretically accurate to
estimate the expectation function, it requires too many repeated simulations. Its
simulation time for each optimization step is

Simulation time for M ensembles =Mx (preparation time for each simulation

+ nx timeto get one output sample), (4-16)
where the preparation time for each simulation includes time for the simulation
environment to compile the system. This compilation alone takes seconds to minutes.
Currently, Simulink may take up to minutes to compile a large system, due to its support
to process graphical information. Quite often, a random process at the output that is
locally stationary; then, we can use ergodic average—an average based on different
output samples in one simulation—to estimate the ensemble average [48]. For each
Monte Carlo simulation, we have

Simulation time for iteration = preparation time for each simulation +

(n+M-1) x time to get one output sample, (4-17)
and the samples between time n to n+M-1 are used for the estimation. This potentially
saves simulation time by additional orders of magnitude over (4-16). Our tool uses this

approach to save simulation time.

In summary, in Section 4.3.6, we adopted multiple ways to make the verification

of constraint function faster. First, we argued that measuring the performances of
124



floating-point system and fixed-point system separately is costly, whereas direct measure
using MSE(fxpt-flpt) is suggested. Second, simulation error after decision-making
operators is too costly to measure, whereas errors after arithmetic operators are faster.
Third, based on perturbation theory, we limit the number of Monte Carlo simulations.
Finally, we argued large ensemble average is too costly, whereas ergodic average is

faster. All the efforts make the verification efficient.

4.3.7 Optimization step

43.7.1 Simplifications

The inclusion of binary round-off mode g in problem (4-1) makes the problem
intractable with the understanding of the problem. First, the hardware cost function in (4-
2) may have very complicated relationship with g;, and it is a combinatoria problem to
reveal this relationship. Second, according to (4-14), we need the number of digital
simulations quadratically proportional to the word-length group size if g are taken into
account, rather than linear relationship otherwise. Third, even with al the functions
extracted in (4-15), the problem is still combinatorial, and is very challenging to solve. So

in the rest of this chapter, it is assumed that roundoff modes are used everywhere.

The preceding simplification implies t; = O for i € {datapath}. Furthermore,
since pre-grouping of operators is done to reduce the number of simulations in Section
4.3.3, many constant inputs are often grouped together. These multiple quantization
sources in each of the constant-group altogether behave similar to a random noise with O-

2—2><WFI’ )

mean and variance proportional to Assuming such O-mean “noises’ from
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different constant-groups are uncorrelated to each other, the optimization frame work in
(4-15) can then include constant-groups similar to data-path quantization noise. That is,

minimize
WFriZO

F(We) = WFr HWg +h" -We, +hg

subject to
2 Cix2 o Weri _ A, <0, (4-18)
ie{ Data Path and constant - groups}
with

Cik20,andA >0;i =12,..,mk=1.2,..,K

It should be pointed out that all the groupings are done automatically if the structural
information of the system is provided, as shown in Section 4.3.3. Therefore, no ambiquity
arises in the definition of index i in (4-18) asit is just an ordering of all the word-length
groups. The dimension of k, denoted as K, specifies the number of critical nodes to be

examined for M SE specifications, which is usually less than 100.

4.3.7.2 Fractional word-length optimization

The constraints of problem (4-18) represent ajoint set of sublevels of exponential-
sum convex functions; thus it is a convex set. So if the Hessian H of the quadratic
hardware-cost function is positive semi-definite, (4-18) would be a convex optimization
problem [63]. Unfortunately, H is usually not positive semi-definite. An easy counter
example is a multiplier of input Wy and W5, and output Wy + W,. The hardware-cost is

approximately proportional tow,\w, , or

1 0 1\W,
o 3
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which gives a Hessian that has negative determinant and not positive semi-definite.
Therefore, in order to proceed using convex optimization techniques, an approximation
of the objective using a convex function, such as an affine function, is needed. A loca
affine approximation of hardware cost function after grouping is used here for this
purpose. So, (4-18) is broken into external iterations based on the inner update as convex
optimization. Finally, we address the complications caused by integer constraints of Weg;
this can be done by using ceiling(Wk) as the result, and then individually adjust each

component of the result to see whether any of them can be reduced.

Based on the previous arguments, we can the following agorithm

1. Find aninitia feasible W by noticing

m' Ci,k2_2WFr,i - Ak < 01| :1’2;|m,k 21,2,...., K
=2Ciy 2_2WFr’i -A <0k=12,...,K.
i
So choose

m'Ci i
Worr i =3 maxk[logz(T’k)] 1=12..m

2. Obtain the affine approximation of the objective function around Woe,, which
is Tvivn: f (Worr +AWe,) = Mg, H+h") AW, + f (Wor ).
Fr

The constraints remains to be exponential sum on the new variableAw, , with
acouple of practical constraints on the size of AW, :

—2(Wip ; +AWg ;) ~-A <0k=12,...,K;and

_ZCi K2
|
min(WmaxFr,i _WOFr,i ,,U) > AV\/Fr,i > maX(V\/minFr,i _WOFr,i ’_/U);
I=1..m
3. Use Mosek function mskscopt(.) to solve the convex separable problem [21].
Once the new Wy ; + AW ; IS Obtained, update it as the newwy ; .
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4. Repeat step 2 and 3 until the optimal objective value no longer increases by
more than 0.1 dlice, or until the iteration number exceed 100 (stopping
criteria).

5. Use ceiling(We, ) as the integer solution. Then try to decrease any of these

m values by one bit; choose the one that decreases f the most while still
satisfies the constraints.

6. Repeat 5 until any bit-reduction of W ; makes the constraints infeasible.

Applying this algorithm on several systems, it is found that step size p being too
large (> 5) or too small (< 0.2) results large number of iterations. By choosing p from 1
to 2, the iteration process in step 4 usualy finishes in less than 10 iterations, with each of

them done in afew seconds.

On the other hand, we aso found that since the number of word length groups is
usually less than 50, so that the procedures in [15] or [17] are usualy sufficiently fast.
That is, the optimization agorithm to solve (4-18) is not essential since the problem has

been understood very well using all the results that have been devel oped so far.

4.3.8 Robust optimization

So far, we have strived to make the FFC fast and, thus, practical. We use
functions to represent hardware-cost and constraints, and aso limit the optimization
space using grouping methods. Meanwhile, we aso try to keep the simplifications

accurate enough so that our optimization result reflects the true optimal design choice.

However, any simplified modeling inevitably introduces errors. Therefore, it is
important to understand these errors and make the optimization robust.
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Given the relationship between MSE and W about m experiments are enough to
fit the mxK coefficients C;’'s. Either due to estimation error or under-modeling of MSE,
such as various simplifications in Section VI, an estimation of Cjy is given by a range
[Cixjower » Cixupper] C R+, @nd the interval size depends on the confidence of estimation of
Cix. The design of Wi should satisfy (4-18) for any Cix €[Cikiower » Cixupper]. Thus, it
quickly reduces to the following robust version

minimize

f (W) :%wgr HW, +h-We, +hg

subject to

—2Wg
. Z Ci‘k’upperZ Fr —Ak <0,
i=12,...m

With G yoper 20,a0d A >0k =1,2,....,K.

(4-19)

The algorithm remains amost the same as in (4-18) except for the replacements of C;i's.
So the procedure in Section 4.3.7 still applies. Because of the exponential relationship,
the optimal wordlength design increases only about 1/2 1092(Ci xupper! Cix), S0 that word

length optimization is quite insensitive to M SE estimation errors.

4.3.9 User interface

In addition to the Range Detector and Spec Marker blocks that are implemented
as Simulink library blocks, the rest of the tool is fully implemented as Matlab functions
that realize each proceeding subsection of Section 3 in a pre-programmed flow. The user
places Spec Marker(s) into the high-precision system and specifies the performance
levels, and then the tool will execute al the functions in Fig. 4-6 and output the optimal

fixed-point design.
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Occasionadly, MSE becomes a poor way to approximate a specification. For
example, the regulation on off-band transmitting power of a radio often trandates to the
requirement that the digital filter in the transmitter needs to satisfy a specification on the
maximum side-lobes of its frequency response. Therefore, there is an option of Spec
Marker to choose as a specification function using customized Matlab functions. In this

case, convex optimization method as described in Section 3.7, often can not be used.

For systems with non-stationary inputs, the program monitors the MSE at each
Spec Marker at different times. There will be a specification level corresponding to each

time. SO, (4-19) retains its format, but with more constraints.

Finally, for comparison purposes the tool can aso easily provide the capability of
using a pure-simulation-based approach, similar to those in [15]. That is, no analytica
hardware-cost function and constraint functions are drawn. However, it still takes
advantage of the discussions in 3.6.1 and 3.6.4, as well as 4.3.2 and grouping method in

4.3.3.

4.4  Applications
4.4.1 Simple binary phase shift keying (BPSK) transceiver

The first system that is automatically converted is a BPSK transceiver system
mentioned earlier in Chapter 3. By applying robust optimization, one obtains the final

conversion result in about 5 minutes, with only 265 FPGA dlices, as shown in Fig. 4-12.
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Fig. 4-12 BPSK communication system in System Generator.

4.4.2 U-Sigmablock of singular value decomposition (SVD) system

The second system is a SVD-USigma system used in multi-carrier multi-antenna
system. This system is nonlinear with feedbacks. Fig. 4-13 shows the system. It takes 40
minutes to FFC, and most time is spent on running the m simulations in Section VI. The
converted system takes 1704 FPGA dlices, which is about 5 times smaller than previous
known result of about 8800 dlices obtained by floating-point designer with hand-tuning
[70]. Fig. 4-13 (b) and (c) show that the convergence behavior of the fixed-point system

does not change much from the one in floating-point system.
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Fig. 4-13 SVD agorithms

(@) SVD U-sigma block with 1704 dlices. (b) Eigen-value tracking versus time of the
floating-point system to be converted. (c) Eigen-value tracking versus time of the fxpt
system.
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4.4.3 Ultra-wide band (UWB) baseband implementation

The third system converted is an ultrawideband system designed by UWB
subgroup at Berkeley Wireless Research Center [71]. This is a complicated system
contains about 2000 arithmetic and logic units. The system has been hand-tuned to take
6695 dlices in fixed-point implementation. The FFC tool works on this partly optimized
system and produces a version of 4610 slices. Not much improvements can be done over

the original system since on average only 2~3 slices per unit are consumed.
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Fig. 4-14 Ultrawide-band (UWB) baseband

This UWB system contains 16-tap matched filter and 7-entry PN sequence. Right bottom
is PN sequence generator; upper right shows control units. 10 specification markers were
inserted as shown in red give the constraints.

The conversion takes about 2 hours. Some final tests on the converted fixed-point

system show its matching performance to the origina system.

In Table 4-3 the results for the three systems are summarized.
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: BPSK
Systems: SVD-Usigma UWB Transcaiver
Direct system | Eigenvalue Detection error and BER
specifications convergence BER
FPGA dlices of
hand-tuned 8858 6695 N/A*
system
Number of
MSE Spec. 1 10 1
Markers
SO K 4xones(1,10) 0.0005
Grouping rules %‘1 213456 [1.12.134567] [12.1]
FPGA dlices of
the system after 1704 4610 265
FFC
FFC duration 40 minutes 2 hrs 5 minutes

Table 4-3 Summary of the three systems that are FFC' ed
*The fixed-point data types in the system are not hand-tuned before automated FFC; so,
no information available.

45 Comparison with existing techniques

This section compares the FFC tool with those techniques that are based on pure-
simulation. The FFC techniques are superior to other existing tools because of its more

genera applicability and due to the improved optimality obtained [17].
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Fig. 4-15 Hardware-cost using various models for the estimate.
The curve shows that a quadratic model is adequate for the BPSK transceiver in Section
4.4.1 (8) using quadratic-fit as proposed in this section, or (b) no 2™-order term H is
modeled—so called linear-fit.

First of all, our tool uses accurate resource estimation instead of handwritten
linear hardware model that is used in al previous techniques. Fig. 4-15 shows that a
linear model can differs greatly from actual the hardware-cost, while a quadratic model is
quite accurate. Furthermore, since existing techniques that do not start from a structural

description often do not model the hardware required for blocks such as a MUX, they

suffer significant modeling errors.

Second, using smulation based FFC, but without adapting our techniques

discussed in Section 4.3.6, the conversion becomes often intolerably long. Even using the
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ergodic approach described in Section 4.3.6.4 does not make it acceptable. For example,
for the relatively simple BPSK system in Section 4 that has BER=0.00078 in the floating-
point design, and a target BER=0.00085 for the fixed-point, each BER simulation take
hours to finish. The iterations needed for optimization would further prolong the
conversion time. In fact, without using the methods in Section 4.3.6.1, 4.3.6.2 and
4.3.6.3, to finish the conversion listed in Table 4-3 for the BPSK system would take at

least 7 days, which is 10%-10* times slower than our proposed method.

Even by further adopting part of our techniques in Section 4.3.6 to avoid BER
type of simulation—using MSE(flpt-fxpt) as a direct measure of fix-point system
performance, existing techniques are still at least 5 to 6 times longer. This is because the
number of simulations in any unguided optimization is at least 5 or 6 times the number of
independent wordlength groups, denoted by m [15], while the FFC approach described
here only requires approximately m simulations to characterize al the specification

functions.

Finally, since the tool first completely characterizes the hardware functions and
specifications, optimizations against different specification levels just repeat the
optimization procedure, which is usually performed in seconds. Therefore, it becomes
straightforward to produce curves such as shown in Fig. 4-16 in which the hardware cost

versus specification can be clearly presented.
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Fig. 4-16 Hardware-cost and specification trade-off for the SVD U-sigma.
The system is described in Section 4.4.

46 Summary

A comprehensive automated approach for floating-point to fixed-point conversion
(FFC) has been presented. With tens of thousands of lines of Matlab codes as the
underlying engine, an implementation in a self contained tool in the Xilinx System
Generator and Mathworks Simulink environment has been developed and the application
of this tool to severa rea designs has been presented. Hardware-cost information has
been modeled and a perturbation approach to determining the specification sensitivity has
been implemented and found to give orders of magnitude in speedup over our simulation

based techniques. The tool uses FPGA'’s as the hardware model merely to demonstrate
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the feasibility of our methodology, but a similar approach would apply to ASIC designs

aswell. The essential step isto obtain an accurate model of the hardware-costs.

Our goal is not to find the last few percent improvement of objective function in
(1-2), but is to quickly and intuitively determine the data type. Our efforts on
understandings of specifications and hardware cost functions shows one promising way
to attack this problem, which we hope to inspire similar approach on other design and
verification problems, such as architecture and algorithm design.  On the other hand, it

isimportant to understand the “loss of optimality” by doing robust optimization.

A few open questions are explained. More strict treatments on the integer side can
be valuable. Moreover, the combinatorial optimization problem associated with
guantization-modes, which may also be chosen from truncation-mode and round-off

modes, also needs further studies. They are emphasized again in Chapter 6.
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Chapter 5
FPGA Hardware Resource Estimation

Section 4.3.5 of Chapter 4 mentions the usage of a hardware-cost estimation tool

to solve the FFC optimization problem (1-2). Thistool isthe topic of this Chapter.

When a system is mapped to Xilinx FPGA chip, the consumed dlices, LUTS,
Block RAMs, Virtex-1l embedded multipliers (when applicable), flip-flops, tri-state
buffers and 10B counts are referred as its hardware resource information. EXxisting
hardware resource estimations suffer either inaccuracy, slowness or high complexity. A
strategy of fast hardware resource estimation in Xilinx System Generator environment is
proposed in this Chapter, and is implemented purely in Matlab and Simulink
evnironment. Only the pre-netlisting Simulink compilation is required to prepare for the
estimation, and each estimation typically takes only seconds or a few minutes. In our
verifications, every aspect of the resource estimation agrees within 10% from the map
report. The resource information of each System Generator block is characterized into a
Matlab function, based on the understanding of IP-core design, as well as the
considerations of the trimming effects from the subsequent synthesis tool and mapper.

Finally, it is explained how these functions get integrated together with Similink to form
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a user-friendly and automated infrastructure. This estimator has been included in System

Generator since version 3.1.

5.1 Introduction

Field-programmable gate arrays (FPGAS) have become increasingly important in
implementing digital signal processing (DSP) systems such as digital communications,
and multimedia. On an FPGA chip, the following basic resources are normally available
to redlize a system: dlices which contains look-up tables (LUTs) and flip-flops (FFs),
block memories (BRAM), tri-state buffers (TBUFs), In and Out bonds (I0Bs), and
dedicated 18x18 multiplies (currently available for Virtex-Il chips). A top-down design
methodology has been recognized to dramatically speed-up the design process without
substantially compromising the performance of the hardware implementation. In fact,
together with high level hardware-cost estimation tools, the top-down design flow opens
the possibility of global optimization at the system level, which often leads to even more
hardware-efficient designs. Our FFC strategy is one excellent example in this trend.
FPGA resource usage, as one type of hardware-cost (others are like critical path delay or
active-power consumption), is particularly important when the goal is to find the best
behavioral system performance (such as signal-to-noise ratio) while fitting into a specific
chip, or when the goal isto find the lowest resource meeting a performance specification.
As another example, it is sometimes necessary to partition a large system to multiple
FPGA chips, which requires estimations of the resources for sub-systems. An
optimization process further requires numerous iterations of resource estimations. This

motivates afast resource estimation tool at high level.
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Among many available CAD tools, System Generatorl [60][91] for DSP is a
successful example for modeling and designing Xilinx FPGA-based signa processing
systems in Simulink and Matlab2 [59]. Section 5.2 starts by providing some necessary
information of System Generator environment. Then it proceeds to introduce some
existing or possible resource estimation methodologies, followed by a proposal of our
method. In our method, only the Simulink compilation stage is needed for each estimate.
Our method differs from existing ones in that it requires complete understanding of how
the IP-cores are designed. Furthermore, it predicts those logics that are trimmed away by
synthesis tools and mappers. What is also covered is the topic of how the methodology
can be integrated with Simulink GUI and Matlab command line to form a user-friendly
infrastructure, which enables estimation for selected parts of a system. Section 5.3
validates the fully implemented resource estimator by studying the estimation results of a

couple DSP designs. A few possible future devel opments are summarized in Section 5.4.

5.2 Resourceestimation in System Generator

Our resource estimation is implemented in the System Generator design
environment that is described in Section 2.1. Though the methodology is portable to other
platforms, the architectural description of a DSP system, as System Generator does

naturally, isindeed necessary for accurate estimation.

1 System Generator is aregistered trademark of Xilinx Inc.
2 Simulink and Matlab are registered trademarks of Mathworks Inc.
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5.2.1 System Generator design environment

At simulation level, System Generator for DSP maintains an abstraction level
very much in keeping with the traditional Simulink blocksets, but at the same time
automatically trandates designs into hardware implementation [60][91]. The system
model and hardware implementation are bit-true and cycle-true. Besides some
synthesized blocks, the implementation is aso made efficient through the instantiation of
high-speed and area-efficient intellectual property (IP) cores that provide a range of
functionality from arithmetic operations to complex DSP functions. In System Generator,
the capabilities of IP cores have been extended transparently and automatically to fit
gracefully into a system level framework. For example, although the underlying IP cores
operate on unsigned integers, System Generator, through the so called wrapper logics,
allows signed and unsigned fixed point numbers to be used, including saturation
arithmetic and rounding. While providing functional abstraction of IP cores, the System
Generator blocks also provide the FPGA-literate designer access to key features in the
underlying silicon, which is often necessary to achieve the highest performance
implementation in an areaefficient manner. For example, the System Generator
multiplier block has an option to target embedded high-speed 18x18 multipliers in the

Virtex-11 family of FPGASs.
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5.2.2 Resource estimation methodologies

Structural Designs in System
Generator

Pre-netlisting

Simulink Compiler Resource Estimation

Netlister

Post-core-generation

VHDL and IP-Core Generation Resource Estimation

Synthesis Tool

Placement-and-routing Mapper

y Post-mapping
Map Report with resource Info ]_> Resource Information

Fig. 51 Resource estimation methods

The hardware resource information can be exactly retrieved from the post-
placement-and-routing map-report. As shown in Fig. 5-1, the hardware resource
information of a model can only become available after Simulink compilation, Netlister,
|P-Core generation, synthesis and mapping stages. The whole process can take minutes

or even hours, depending on the size of the system.

Fig. 5-1 adso shows an estimator can simply sum the resource information

available at each core after core-generation. However, the method becomes slow—often
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only a couple times faster than to map-report method. Also, al the synthesized logics

other than the IP cores are not considered, making the result inaccurate as well.

Severa possible ways can be done for the pre-netlisting resource estimation. One
of them isto build a database, listing the resources given al the possible combination of a
particular block. Each entry of in the database is obtained by a complete design
experiment. However, an initial implementation3 of this methodology shows that many
blocks involve too many combinations that the tests may easily takes months or more of
computing time to complete. Even when this done, the database for some blocks may
consume hundreds of Megbytes and is no longer practical. Therefore, only for a few
blocks that have less than tens of parameter combinations, this method is useful (and

indeed used sparsely in our current estimation tool).

An aternation of this aforementioned method is to build database for IP-cores
only, while estimating al other synthesized logics by simple functions [90]. Yet, this
method still suffers from the complexity difficulty as complicated cores can have too
many parameter combinations. One way to alleviate the preceding complexity difficulties
is by ignoring block parameters. As the tradeoff, the estimation become less accurate

(e.g. up to 30% or more [89]).

A common problem associated with all these third-part estimation methods is the
lack of understanding of I1P-core design. The present methodology, however, is based on

complete reverse-engineering the IP-core designs. Moreover, trimming effects caused by

3 Thiswastried by C. Shi under Prof. Robert W. Brodersen’s advice at University of California, Berkeley.
144



synthesis tool and mappers are understood by doing experiments and by collaborative

working with the designers of these tools.

5.2.3 Resource estimation at the system level

Const. 1 Display
. | double UFix_20_10
. el U200 | v
UFix_15_7 Fix_8_4
Input1 _ atblh” "= "— I cast ouble ~
pi doubleI - UF|)<_20_10I b fot dbl
Convert System
Input2 Output Y
Const. 2 Adder Generator

Fig. 5-2 A simple System Generator design with block output data-type displayed.
Here UFix_20 10 means an unsigned signal with 20 bits in total and 10 bits of them are
fractional. UFix_15 7 isdefined accordingly. Fix_8 4 isa 2 s-complement signed signal
with 8 bitsin total and 4 of them are fractional. This design shows the trimming effects.

Fig. 5-2 shows a simple design in System Generator composed by some basic
blocks. To estimate the resources of one type of blocks, such as adders, a Matlab function
in the following framework iswritten and called:

function tarea=get_BlockType_area(system)
% find out all the blocks of a particular masktype
r = find_system(system, ‘masktype’,...)
% Initial a Simulink compilation if not yet
% Get area for each of these blocks using a for-loop
for i=1:length(r),
% Get the data-type of the block inputs and outputs
% as well as all other block parameters
get_param(r{i},...);
% Use a dedicated function to get the resource
[area(i,:), input_type]=BlockType_area(...);
% update the resource info for block r{i}
end
% End the Simulink compilation if it has not been done
% Get the total area of the particular type
tarea=sum(area,l1);
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The functions find system(.) and get param(.) are Simulink model construction
commands [3][59]. They alow the control of Simulink system using Matlab scripts,
which makes the design automation possible. Simulink compilation is needed to retrieve
signal (port) data-types and to compute those formula-based or hierarchically defined

mask parameters.

In Fig. 5-2, a full-precision adder would grow its input data-type to UFix_21 10
(with one more integer bit than the input to accommodate overflow). But as the user
defines that only 15 bits of the adder output are needed, some of the adder logics will be
trimmed away by the synthesis tool or mapper. This trimming effect is referred as block-
level trimming and is further studied in Section 5.2.4. Furthermore, if the Convert block
uses truncation mode at the LSB side and wrap-around mode on the MSB side, the
synthesis tool or the mapper will directly propagate its output wordlengths backward to
its input, making the true output of the adder block as UFix_8 4 instead of UFix_15 7.
As aresult, more logics will be trimmed away from the adder by the synthesis tool. This
trimming mechanism is referred as system-level. In the current version of the tool, the

system-level (or global) trimming effects are not implemented.

5.2.4 Resource estimation at the block-level

A Matlab function is written for each type of block, initiated as

Function [area,input_type] = BlockType_area(block_params).

Normally, each BlockType area(.) function iswritten in the following steps,

1 case-divide the following steps according to block parameters,
2 understand the data-types for output wrapper and all the sub-cores;
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3 caculate the resource for the wrapper and each sub-core with trimming
effect;
sum different resources together;

5 getinput data-types after backward trimming effects .

Whenever applicable, vector signal processing is used to speed-up the calculation.
A great amount of efforts are paid to take care the aforementioned block-wise trimming
effects. The last step of this procedure prepares the inclusion of the system-level (or
global) trimming effects in the future. Extensive map-report tests are done to make sure
the estimation function gives either less than a couple units or less than 5% relative error.

The following two subsections illustrate these steps using two examples.

5241 Resource estimation for an Adder/subtractor block

These logics are trimmed away if Q<31:24>and Q_C_out are not needed

A<31:24> _C_out
B<31:24 ) Qestd>
< . >

A<23:16> D _

| Q<23:16>
B<23:16>
A<15:8> - -

| Q<15:8>
B<15:8>

A<7:0>

—Q<7.0>

B<7:0>

C_IN These logics are trimmed away if bits Q<7:0> are truncated

Fig. 5-3 A possible realization of a 32-bit adder.
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The blank boxes denote pipeline flip-flops. The logics in the dashed box would be
trimmed away if output Q<7:0> istruncated at the outpui.

The adder/subtractor block, or in short add/sub, is used as the first example. In the
get_addsub_area(.) function, the following function is called
function [area, input_type]= addsub_area(at_a, wa,wfa, at_b, wb, wfb, at_o,
wo, wfo, prec, q, o, latency, use_core, use_rpm, pipeline, mode)

% This particular function contains about 200 lines of
% Matlab code that are not shown here.

Here at_a is arithmetic type of input a; wa is the total wordlength of input a; wfa
is the fractional wordlength of input a; at_b, wb, and wfb are similarly defined for input
b; at o, wo, and wfo are similarly defined for the output; g and o are the output
guantization and overflow modes; latency is the extra latency at the output; use core
indicates whether the add/sub block is generated using ip-core or freshly synthesized;
use_rpm indicates whether the block use RPM feature; pipeline indicates whether the
block is pipelined internally to the greatest extend; mode indicates the block is an adder,
subtractor or add/sub combination. All these block parameters are obtained in

get_addsub_area(.) function before it calls addsub_area(.).

Experiments show that using RPM results dlightly higher resources, but usually
negligible. The three modes—subtractor, add/sub or adder—usualy take similar
resources, the difference is negligible except that when two unsigned numbers add each

other, somelogic LUTs will be replaced by route-through LUTS.

There are three main cases for the add/sub block, or abbreviated as add/sub. They
will be described one by one in this section, followed by some magjor observations that

need to be pointed out.
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The first case is the pipelined add/sub using IP-core. Then, the adder is divided
into pipelined sessions depending on the latency chosen. The main challenge here is to
figure out the implementation style of the core, based on different choice of latency and
output width. This has been done by reverse-engineering the way the add/sub core is

designed.

The second case is the none-pipelined add/sub using |P-core. Here, the challenge
isto discern the logic LUTs with the route-though LUTSs. One level of latency is absorbed
by the dices containing LUTs, and the rest latencies are handled by the SRL17
implementations. All LUTs on the most-significant-bit side are trimmed away when
these bits are not needed, whereas only the flip flops and shift-register LUTs are removed

in the least significant parts, as shown in Fig. 3.

The third case is the fully synthesized add/sub. This is similar to the none-
pipelined core add/sub, with important difference. First, all the latencies are handled by
the SRL17s. Secondly, some of the least-significant-bit logics can be trimmed away only

oneinput has none-trivial bits there.

In general, the addsub_area function is designed to understand how trimming
affects the add/sub resources, and includes the additional resources needed for the

synthesizable wrapper.

Finally, the possible trimming on input bits is described in addsub_area(.)
function, which is prepared for handling globa trimming effect in the future, when the

compiler is able to handle backward data-type propagation.
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5242 Resource estimation of 18x18 Embedded Multipliers

As another example of writing block level resource estimation function, let’s look
a the usage of 18x18 embedded multipliers that are currently available in Virtex-II
family. When the target multiplier sizeisless than 18x18, it can befit into one embedded
multiplier. Otherwise, multiple embedded multipliers are needed, each of which
generates a partial product, followed by adder logics to sum all the partial products

together to form the final output.

By understanding the way the embedded multiplier is used, the usage of these
embedded primitives can be written as a ssmple function of the parameters of the target
multiplier, that is,

Number of 18x18 Embedded Multsina Multiplier =
(N5 +Unsigned, -1) . (Ng + Unsignedg -1) 5-1
Cen( A AU )xceil| N o/ (5-1)

where subscripts A and B denote the two inputs of the multiplier, Na denote the number
of bits of input A, Unsigned, is either 1 or O representing signal A is unsigned or signed,
smilarly for B. and cell(.) is the ceiling function as defined in Matlab. The total number
of 18x18 multiplier primitives used in amodel is simply the sum of the numbers for each

parallel multiplier.

5.2.5 User interface and design automation

Fig. 4-1 shows the user interface of the initial resource estimation tool (which has
subsequently been dlightly changed in the commercially available one [60]). Every Xilinx

block that requires FPGA resources has a mask parameter that stores a vector containing
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its resource requirements. The Resource Estimator block can invoke underlying functions
to populate these vectors (e.g. after parameters or data types have been changed), or
aggregate previously computed values that have been stored in the vectors. Each block
has a checkbox control "Use Area Above for Estimation” that short-circuits invocation of

the estimator function and uses the estimates stored in the vector instead.

In Fig. 4-1, by activating the resource estimator block, a Simulink compilation is
initiated. When the complication is done, all the underlying resource estimation functions
get BlockType area(.)’s can be caled, which in turn calls those core functions
BlockType area(.)’s to get the estimated area. The results are then displayed on the
estimator box. Furthermore, the resource vector of each individual block is also updated

and displayed.

5.3 Experimental results

The Matlab function BlockType area(.) for each block type has been tested
extensively, sometimes exhaustively, against the map-report result under various block
configurations. In this section, the complete resource estimation tool is further tested
against a number of complicated DSP designs, two of which are reported here. One
design is an additive-white-Gaussian-noise (AWGN) simulator that generates pseudo-
random AWGN noise. The other one is a stage-based Cordinate rotation digital computer
(CORDIC) system. Table 5-1 shows the results on the 7 aspects of the FPGA resources,

aswell asthetime required to get the estimations.

Slices FFs BRAMs LUTs 10Bs 18%18 1gjpg Time
Mults (min)

AWGN (Prev.tool) [1571 760 0 1595 27 1 0 15
AWGN (New tool) |[1606 760 0 1612 27 1 0 5
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11-stages Cordic (Prev.
tool)
Cordic (New tool) | 471 982 1 794 101 0 0 3
Table5-1 Comparison of estimation tools.

The proposed resource estimation tool (new tool) with map-report (previous tool) on a
couple designs. AWGN is an additive-white-Gaussian-noise simulator.

453 952 1 773 101 0 0 10

Theresultsin Table 5-1 are representative to many other tests. Every aspect of the
resources obtained from the proposed resource estimation tool agrees with the map-report
within 10% (usually within 5%). Yet, the estimation time speeds up by 1-2 orders of
magnitude comparing with map-report method. Again, this acceleration is benefited by
the elimination of those time-consuming netlisting, synthesis, and placement-and-routing

stages in order to get a map-report.

On the other hand, as long as a System Generator design can be compiled by the
Simulink compiler, the proposed resource estimation tool is able to estimate. In this way,
resource estimation can be obtained for pre-mature designs that cannot even pass the rest

of the design flow to reach the map-report stage.
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55 Summary

A novel pre-netlisting FPGA resource estimation tool in System Generator has
been developed. The estimation is accurate because the architectural information of a
design is available in System Generator; it is also because |P-cores designs and trimming
effects are understood. Furthermore, total automation of the tool is realized in Matlab
functions by taking advantage of the Simulink model construction commands.
Verifications on real designs show excellent agreement with map-report. This resource
estimation tool is one essential part of our accurate and fast FFC tool as described in

Chapter 4.

Further developments can be done in several possible areas. First, a dominant
portion of the estimation timeis spent on Simulink compilation to obtain the data-types at
signa nodes; so, more efficient compiler would speed-up the estimation tool. Secondly,
the aforementioned global trimming effects could be important in some designs, which
can be taken care of by having a smarter Simulink compiler that can propagate signal
date-types both forward and backward. Thirdly, similar estimation tools might be

developed for power-consumption and signal path delays.
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Chapter 6
Possible Extensions and Future topics

A study on Automated FFC of a discrete-time digital system is proposed in
previous chapters. Thisis derived through the characterizations of signals, design blocks,
hardware-cost, and specification functions. A perturbation theory is developed to
understand the statistical quantization effects of a fixed-point system, with or without
decision-making errors. Based on these results, an automated FFC tool for general
communication system is demonstrated. This tool is orders of magnitude faster than
existing techniques since it utilizes the analytical results of the perturbation theory as well
as many other considerations. For the system chosen, BPSK, UWB and SVD u-sigma,
the proposed FFC showed its general applicability and advantages. This chapter
emphasizes some related problems that have not been covered in details in this work,

which hopefully inspires more researchers and engineers to work on this problem.

First, despite the large efforts in Chapter 3, the quantization effects of decision-
making errors are still far from being solved completely. Now, we have a good
understanding of the probability for this kind of error to happen. Yet how these errors,
with large magnitude, propagate in a non-linear system with feedbacks is difficult to

analyze, as being fully demonstrated in the absolute-function example and signed-
154



algorithm example of Chapter 3. Our only progress made on this topic is the
categorization of decision errors to soft ones and hard ones, based on some non-trivial
insights. This is certainly one topic to continue for both its theoretical and practical

values.

Secondly, similar to the decision errors are the overflow noise, which is probably
more difficult to analyze since, unlike decision errors, the magnitude of these errors are
also random (more strictly speaking, they are deterministically related to the IP signals).
It seems that the only reliable analysis is to trace how the probability density function
(PDF) of each signal is going to vary with the presence of overflow events. It has to be
emphasized that in non-linear systems with feedback |oops the change of a PDF at one
node at one time will affects the change of this node and other nodes in the future. | have
some detailed analysis on this approach, but so far | don’t think a good solution has been

nearly found.

Thirdly, power and clock speed, in addition to area, are two other fundamental
hardware cost functions that designers want to optimize. It is therefore good if estimation
tools and analytical models for these two costs can be done in a similar way to FPGA
resources as what we have done. Furthermore, to apply the FFC methodology to ASIC
design flows, hardware estimators and the analytical models of the corresponding

hardware costs also need to be done.

Fourthly, though our analyses in Chapter 2, 3, 5 and most part of 4 include
quantization mode, our final FFC tool does not include them as a design variable as this

requires much more simulations to model and raises a combinatorial optimization
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problem, as discussed in Chapter 2 and 4. One way to aleviate this problem is just by
pre-determine the quantization modes using some procedures. This is certainly an open

question.

Finally, it is concelved that hardware emulation engines BEE can help to alleviate
the difficulty imposed by long simulation times. However this requires fast mapping from
Simulink to FPGA hardware, at least for incrementa changes. It aso requires the FPGA
system large enough to contain a pseudo floating-point system (that is, a fixed-point

system with very large word lengths). Currently, these are not yet there.

In the end, | and my research advisor, Baob, wish the methodology can be adopted
by anybody else. Our website devoted for our FFC tool [88] isfor this purpose. I'd like to

provide my personal help whenever you need it.
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Appendix A. Perturbation Theory on
LTI Systems

A.1 Derivation of (2-33) from (2-37)

First, we explain the notationsin (2-37).

Bold letters represent matrices, and barred | etters represent vectors;
()" represents the Hermitian transform—the transpose of the conjugate—

of avector or matrix;

The e!® 's in the parentheses indicate that each term is a function of

frequency;
Column vectorsx and Y represent the multi-dimensional input and output,

respectively, whereas column vector q represents the multi-dimensional
data-path quantization noise input;

A?/ is the difference vector between the outputs of FP and IP systems, that
is, Yer~Yip
RA;Ag,(ejw) is called the power density spectrum matrix of AY at a

given frequency, that is, its mth row and n-th column, R AV AY, (€, is
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defined to be the cross power density spectrum between stationary random
processA Y, and Agln :

Ri(€") and Rg(e'”) are defined similaly to R,3,5(€") |
accordingly;

_ (alo . - - .
H yq(e ) represents the frequency response matrix from g to vy, that is,

its m-th row and n-th column, denoted asH- - (e'®) . is defined to be the

YmUn

transfer function from an to Y/m in the frequency domain—the Fourier

transform of the corresponding impulse responsg;

. o . P/
AHY&(er) - HY/;( (e"")—H;;( (e'”) , where HS/;( (e'*) represents the

frequency response matrix from X to ; in the IP system, similarly

FP(

defined as in Hga(ejw), whereas Hy; e!”) is the frequency response

matrix in the FP system where the constant coefficients such as filter tap-

gains are quantized.

As stated in Example 2 of Section VI, (2-37) can give (2-33) for LTI systems,

whereas (2-36) can give (2-37) partially. Here we will only give the proofs for the 1-
input-1-output LTI system. Again, let Hy,(e!®) be the frequency response from input x to

output y. Rewrite the difference between the frequency responses of FP and IP systems as

AHyy (1) =TT (el ™M?,... el )T,

where G is the column vector formed by the differences of the L. constant coefficients

between the FP and IP systems, whereas n; is the number of unit delays from the i-th
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constant coefficient to the output. With Assumption 1 and round-off quantization modes,

the quantization noise correlation matrix becomes diagonal

(A-2)

With (A-1) and (A-2), (2-37) gives the scalar power spectrum density output difference

between FP and IP systems as a function of frequency, that is,

RAyAy(ejw)
= UT [(ej-nla)’“_, ej'nLcw)T . Rxx(e]a)) . (ej-nla)’.", ej'nl-cw)h

Lq o\ 2 2 (A-3)
+ Z| qui (eja)) | S )

i

where neither the column vector U nor standard deviation S , of the white quantization
noises, is a function of frequency. Integrating over frequency on both sides and applies
Parcevel’ stheorem (see, e.g. [4] or [5]), (A-3) gives the M SE of the steady-state output,

E[( fSFP (X]_l X21' Ty XK lt) - fSIP (Xll X21' . '1XK ’t))z]
t—oo 1

T 2r

=q" Li [F (™, e TR, (eI™,... el "), dw}ﬁ
T

[7,Rayay (€' - da

(A-4)
Lq 1 V4 joy 2 2

#3| My ()P do|- 57,

This proves (2-33) at steady state by identifying the termsin the two brackets as B and ¢;,
respectively. (A-4) provides the explicit expressions for these coefficients that appear in

(2-33). Yet, unlike (2-33), (A-4) no longer applies in transition period.
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A.2 Partial derivation of (2-37) from (2-36)

Let gm in (2-37) be an unbiased LTI system with frequency response gm( ejw)
with gm(0,)=0; and again, let AY(t) be fs_ (Xi,---,t) = fs (X,-,t) . Then, the term
Omlfs, (4 )= fs (4. t)t)  can  be written as the convolution

product g (t) ® Ay(t) | denoted as o(t). If the input is WSS (wide-sense-stationary), at

steady state (when t is large), o(t) is aso a WSS random process; so, the time index can

be removed to get

1im E[{gn(fs,, 04,7+, = s, (-, 0t} ]

= lim E[{o(t)}*] = E[0”]. (A-5)

Let Roo(ejw) be the power spectrum density of o, it can be written as the product

between power spectrum density of y and the squared frequency response of LTI system

Om(see, eg. [3] or [4]), that is,

Roo (€9) =lgn(e'®) F Ryyay (') . (A-6)

1
Integrate over frequency domain and divide both sides by o gives,

1 : 1 : :
— ", Re(€!?)-do=—|" R, (') |g,(e'*) } -de (A-7)
2r 2r

On the other hand, (2-36) says that

lim E[{ g (fs,, O+ = s, G- 0.t}

:UTBgmU+iqgm-s,2, (A-8)
i
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where the right side is no longer a function of t. According to Parceval’s

1 ., i
theorem,zf_ﬂ Roo(€/?)-dw=E[0°] : 5 (A-5), (A-7) and (A-8) are exactly the same.

Equating the right side of (A-7) and (A-8) and multiplying both sides by 2z which gives
1 V4 jw jon 12 =T OmiT L Om 2
EI_;;RAyAy(e )gn(e7) [ do=U"B U+iZQ 5 (A-9)

Now, let LTI system gy? be designed in such a way that the magnitude-square of its

frequency response, which must be periodic, approximates a sum of impulse train based

on Dirac functions, that is,

oW (e*)P=27 T 6(w-ay—27-K). (A-10)
ke Integer set
Substituting (A-10) in (A-9) and carrying out the integral on the left side gives
. L
TR @y~ 2
Ry (€7%) =T Bw°u+i2q“’° ‘5%, (A-11)

Replacing @y with @, we see that (A-11) is amost the same as (A-3), except that (A-3)

provides the explicit expressions for B® and G . Remembering that (A-3) is equivaent
to (2-37), we asserts that (2-37) has been partially derived from (2-36) with much less

effort than being stated in [3].
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Appendix B. Another Way to Derive (3-
7) for Gaussian 6

When 6 is Gaussian distribution, we can derive (3-7) specificaly by carrying out

the expectations together with some further simplification. Then, starting from (3-5), we

get
P(fs (Xep) =1 fg (Xp) =1)
_ 1y i ,
—E(ﬁe 2=y erfc(y)jpx(O) O
Here 7= Lo and erfc(-) gives the complimentary error function, that is,
V2.0,

V4
erfc(2) :1—i-je‘xzdx_

Jz o

It is more intuitive to notice that

P(fs. (Xep) = -1 g (Xp) =1)
Px(0)

O,p,if >0
< \/Z 011 Ug

E’/X(EO) (0 + 24|t} 1 < O

Similarly
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P(fs (Xep) =1 g (Xp) =-1)

_ (4 A kel .
-ﬁ(&e +y-erfo( y)jpx(O) oy
Py (0)
Jor

E)/XZ(—:)L_) (0p + Zﬁ‘ﬂe‘),ﬂe 20

It is often the sum of these two probabilities that is most relevant as

Oy, if 1y <0
<

P(fs. (Xep) # fo (Xp))

<299 (55, + 2|

Jor
< p.(O)/E[62].

This finishes a more complicated way to prove (3-7) for Gaussian-distributed 6.
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Appendix C. FFC Tutorial

Caution: for the up-to-date version of this tutorial, please refer to the version on

[88].

For the A ssimple BPSK communication system using root-raised-cosine filter on
both transmitter and receiver is built in this tutoria, which depicts the design processing
using Simulink and Xilinx System Generator. Starting from choosing the algorithm to
building the floating-point system with architecture information, the system is then

converted into fixed-point using our FFC tool.

C.1 Introduction

Can we design a digital chip in a day? Research efforts in Berkeley Wireless
Research Center (BWRC) and other places have indicated this is achievable [56]. Built
on top of Mathlab, Simulink and Xilinx System Generator, a number of customized
Matlab scripts and Simulink libraries automate our FFC design flow. By studying on how
our FFC tool can be used in designing a simplified transmitter-receiver system, this

tutorial will get you familiarized with it aswell as the design environment.

C.2 Howtostart

Warning: this section of the tutorial may become outdated over time as it is

related to some administrative information that changes often. For now, it is assumed that
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you have a BWRC account to access al the software resources on our server. Please refer
to our website for up-to-date information [88], which also provides the instructions of

how to use our source codes at your local machine.

You will need a computer with Matlab, Simulink, Xilinx System Generator
installed in order to run through this tutorial. You aso need read/execute access to

BWRC file server \\hitz.eecs.berkeley.edu\designs to use our Floating-point to Fixed-

point Conversion (FFC) Tool. In addition if you want to learn how to map your design to
FPGA, you need to refer to other tutorial such as System Generator Tutoria or the

tutorial on (Berkeley Emulation Engine) BEE (link available at [88]).

A simple way to solve the problem is to login the MS Windows Remote Desktop
Servers available in BWRC, intel2650-2.eecs.berkeley.edu. You will need Remote
Desktop Connection Client on your local PC to do that. If you are using Linux, you may
use Rdesktop (http://www.rdesktop.org). The server has al the necessary tools installed

correctly.

Once vyou have the <software ready, you need to map

\\hitz.eecs.berkeley.edu\designs to your network drive, preferably H: disk. The example

communication system in this tutoria can be found at H:\ffc\ffc_tutorial.mdl. If you

have never used one of the three tools before, you need to read Section C.2.1. Otherwise

you can proceed to C.3.
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C.2.1 Getting familiar with the environments

The quick way to get started on these tools is to see an existing design. Y ou can

do so by typein

>>demo

in Matlab command line, and start to play around the demo systems there. Notice that

Xilinx demos are located at Blocksets> Xilinx directory in the demo window. An

exampleisshown in Figure Al.

) MATLAB =

File  Edit View Go ‘Web ‘Window Help

0O = ‘ 3 B o o | & | 2 |Current Dlre:‘tor\f:IC:lE_Workspaca\ccshi\sdilFFC\optimizaﬁDns\range

[

=lof x|

DEE| iR o | S| # 5

2% | B EE EE| sl 2 |
21[=| evalin('base','inic w'); ﬂ
22
25 evalin{'base', ['cdi{''' [flpt_sys_dir '\Ims_demo'] '''i;'1):
Fhis evalin('base', 'init w:'};
s evalin('base','cd ..');
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Fig. C-1

Using Matlab demos
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If you wish to learn these tools in more a systematic way, please pay more

attention on the help file, with awindow somewhat like Fig. C-2.

File Edit View Go ‘Web ‘Window | Help

0|

Using the Desktop
Using the Help Browser
21 - evalin('hase', 'init_w'); e 3 ;I
22 Demaos
23|- evalin{'hase', ['cdi' "' [flpt i)
i 24| - evalin{'base', 'init w:'}; About MATLAB
| 25| - evalini'base','cd .."'};
26 J
27 - intro_check (skip_intro,sysgen_est dir,rangedemo_dir}
28| - if skip_intro<o, return; end
28(-| more off;
| 30| - cd(flpt_sys_dir):
| |- prepare fxpt system(flpt sys_name,{},fxpt sys name): -
i 1| |»
(LS w_analzer.m I find_rd.m I cleanup_rd.m | place_rd.m | temp.m full_process.m |
|
Wl Help EE
. | Hetp Navigator x| I—
| - | & | Find in page: Go
Praduct fiter: % a1 Selected  Select
I Introduction LI Add to Favorites |
Cornterts | Inelex | Search I Demas | Favarites I
B Blocks-- Alphabetical List =]
Release Notes Xilinx System Generator Reference Guide HOME DE
E Printable Documentation (PDF)
3 g
B Product Page tweb) Xilinx System Generator v2.2 for DSP
+-d Dials & Gauges Blockset
@8 DSF Blockset
- Fixed-Point Blocks st XILINX
e Monlinear Contral Design Blockset SYSTEM
@ o Servic GENERATOR
el For DSP
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Bl Industry and Product Overview
[#—Math Librany
E-Gateway Library System Generator for DSP
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| | The System Generator for DSP Design Flow ;I

:ﬂﬂw Help | ‘Workspace I Command Histary | Current Directory | Launch Pad | Profiler |

| dhstart |
Fig. C-2 Using the Matlab help system

If you still have questions related to Matlab and Simulink, and could not be

answered by anybody around you, you might contact help@mathworks.com. They

usually respond within the same day.
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C.2.2 Using FFC Tool

You should have already mapped \\hitz.eecs.berkeley.edu\designs to H: disk.

Now go to H: disk in Matlab:

>>cd H:

>>cd ffc

>>ffc_init

The last command above swaps the Xilinx library to the version that is prepared

for fast hardware resource estimation. You should see some library opened and closed
when executing this command. In addition, a few Matlab paths containing FFC scripts
are added to the path file. A good way to check that you have successfully done this

initialization is to open Xilinx blockset, and see whether you have the resource estimator

block in the Basic Elements.

To place the Specification Marker block in your design as mentioned in section 7
the FFC library can be opened by the following command:
>>ffc_lib
Now you can go to your own directory where your pseudo-floating point system
islocated, and typein:
>>ffc
The tool itself will then lead you sequentialy through the FFC process. This
ffc.m script is located at H:\ffc\ffc_package directory that you have linked to in the
initialization step. The definition of many variable names and functions can be found
using:

>>help_ffc(*keyword').
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C.3 Algorithm Study

The system to be built here is a BPSK system as mentioned in Chapter 3 and 4.
Suppose we want to do base-band communication with 2-PAM modulation scheme at
IMbitg/sec. Under 2-PAM input symbols (1 symbol/ 1us), such as sequence choosing
from binary integer { 0,1}, are mapped into a data sequence choosing from {-A, A}. For
convenience, we can let A = 1. The receiver needs a 2-PAM demodulator to map
received signal into original integer. Suppose the channel impose additive white

Gaussian random noise, but otherwise ideal.

Although we have assumed the channel isflat with no fading, in reality it could be
band-limited (caused by, for example, RF front-end filtering). Thus rectangular base-
band pulse in time domain (sinc(.) shape in frequency domain) through the channel will
be clearly distorted. One technique to combating thisisto have alow-pass pulse-shaping
filter at the transmitter side [46]. To do so, one needs to first over-sample the data
sequence a R MHz. Thisis usualy done by an upsampler with integer R. A condition

R>2 is necessary to satisfy the Nyquist criteria.

However there are multiple reasons to make R even higher. One of them is to
minimize the impairment on the frequency response due to finite-tap implementation of
the filter, which causes none-zero stop-band response and hence aliases after the received
signal is downsampled. This is what usually caled inter-symbol-interference (1Sl).
Without higher upsampling rate R, this deterioration can be alleviated with the cost of
higher filter complexity and signal latency. Another reason of having large R is for time

and frequency recovery. When the channel together with RF front-end has a fractional
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delay of symbol period, upsampled sequences are needed to identify the right fractional

delay “adjustment” the receiver needs to tune [46].

On the other hand, choosing R too high would lead to high clock rate on the
digital filter, A/D and D/A converters, which are not desirable. In our case, without

much information of other constraints, let’'s set R = 4.

On thereceiver side, it is desirable to have amatched filter that matches the pulse-
shaping filter on the transmitter side.  With this consideration a commonly used filter
shape, called root-raised-cosine filter is used in both transmitter and receiver. After the
downsampler on the receiver side, the signal will be perfectly reconstructed if the two
root-raised-cosine filters are ideal. Figure 1 shows the algorithms we have conceived so

far.

It should be pointed out that if the channel is realy as smple as AWGN, one can
just feed the 2-PAM modulated signal into the channel. We included more blocks in the

design to combat some other channel impairments that are not present here.

C.4 Building thefloating-point System —algorithm validation

We can start to write either C or Matlab codes for each of the functional block of
Fig. 3-6 and see if the output symbols agree with the input ones by doing simulations.
Thisiswhat conventionally people would do. Thisis still a good way to understand your
system; however, a more natural way exists to validate our algorithm; that is to use
existing Simulink library blocks to draw the diagram in Simulink quickly. A snapshot of

the completed system is shown in Figure C-3.
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Fig. C-3 Floating-point system in Simulink™ blockset

Notice that there is almost a 1-1 correspondence between above Simulink system
with the block diagram in Fig. 3-6. Different colors of the blocks indicate different clock

rate. Herelet’s explain some of them in more detail.

First of al severa display blocks are used to help us debug/understand the
system. These include the Display block, Deiscrete-time Scatter Plot Scope, and
Discrete-Time Eye Diagram Scope. A number of other very useful display blocks can be

found in Simulink-> Sink library and Communication Blockset-> Comm Sink library.

Secondly, the Error Rate Calculation block is used to compare the Tx signal with

the Rx ones, and output bit-error-rate (BER).

A couple Integer Delay Blocks are used to synchronize the Tx and Rx signals. In
our design both the Tx filter and Rx filter introduce 11 delays (each delay corresponds to
1/(4MHz) = %4 us) on their center tap. So another 2 delays of ¥ us are introduced to
make the total delay

Yo (11+11+2) = 6 s,
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which is an integer multiple of the symbol period. Without using the integer delay of 2, a
large 1SI would be seen on Scatter plot; that is, the down-sampler would not sample at the

wide-open instance showed in the eye diagram.

Finally two Digital Filter Design blocks are used for the two rRC filters. These

two identical blocks are specified using the design mask showed in Fig. C-4.
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Fregquency (hMHZ)
—FiterType—_ FilterOrder—__ Frequency Specifications — Magnitude S pecifications
" Lowpass & Specify oder IT Units: lh = Normal
" Highpass : |4— -
£ Bandpass L L= 3 * Square roat
£ Bandstop —Optiong — i 11 The atteruation at cutoff
& [Rased Cosine = I™ Scale passhand frequencylies) is fised at 6 dB
= [half the pazsband gain).
EICA ||~ Design Method—— ] ‘window: IHectanguIa[ VI ™ Bandwidth I 4000
=l e W Foinetioninames o
— ' Riolloff 0.46
— Earametern
ffﬂ & FIR I\N’indow Vl ~
2% View |
’ LE Dezign Filker |

| Computing Response ... done.

Fig. C-4 Design aroot-raised-cosine filter

Here we choose Rectangular window method without trying others. To
understand window method, please refer to [4]. The sample frequency is 4AMHz since we
choose R=4. Rolloff factor is chosen to be 0.46. The higher rolloff factor is, the more

relaxed the filter is and the less number of taps will be needed. That would also lead to
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more excess bandwidth (total bandwidth needed will be [ -(1+rolloff) MHz, (1+rolloff)
MHZz]). In our system this rolloff factor is another degree of freedom in design; but let’s
fix it for simplicity. The last parameter that is adjustable is the filter order, we choose the
lowest filter order that satisfies the side-band from [1.5MHz, 2MHZ] to be 40dB less than
the main-lobe, as shown in Fig. C-4. You may try to use Matlab function

>>help rcosfir (or firrcos)

to do the task. Then aMatlab script can be written to automatically determine the lowest
filter order given different choices on Rolloff, windowing method, etc. Here we just try
some deferent filter order and found 22 is the minimum one satisfying our specification.
Other rolloff factor results to higher or the same filter order. This justifies our choice of

roll off factor of 0.46.

Once the filter coefficients are found one can specify them in a Digital Filter
block in Simulink, which basically does the same thing as the Digital Filter Design block.
But we won't try that approach here. Thefilter coefficients can be exported to workspace

choosing File>Export in Fig. C-4, as also shown in Fig. C-5.
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Fig. C-5 Exporting coefficients to workspace vector A

With the two filters designed above, and a channel noise power of 0.1 (i.e. 0.05

for both I-channel and Q-channel), we get the following system performance in Fig. C-6.

05

05

In-phase Amplitude
! [an]
In-phase Amplitude

a) b) c)
Fig. C-6 Floating-point performance of the BPSK

a) Eye diagram of the transmitted signal, b) eye diagram of the received signal, c) scatter
plot before the demodulator

It can be seen that the Tx rRC filter caused some ISI as shown in Fig. C-6-a. The
eye is further closed by AWGN noise as shown in Fig. C-6-b. Therefore, the

constellation points become blurred in the scatter plot in Fig. C-6-c. Asindicated in the
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right-most display of Fig. C-3 is the hit error rate display. The error rate calculation
block is set in such a way so that 100 bit errors are detected before we stop the
smulation. Assuming bit error comes in Poisson process, then the real BER in the

following interval with .95-confidence level [3].

[(100—1.96\/ﬁ% . (100+1.9&/1oo%) oI % (BER)

=[0.804,1.196] x 0.00084
=[0.00067,0.00106].

The simulation takes about 30 minutes to finish.

C.5 Building pseudo-floating-point system in System Gener ator

The floating-point system built in the preceding section can now serve as our
system reference. The next step isto impose the architecture information into the system.
Xilinx System Generator blocksets (Version 2.3) are used to realize the architecture
choice. Historically, we have used the granular blocks of Simulink, such as multiplier,
adder etc. for this step. However it turns out it's just easier (for the rest of the BEE or
INSECTA flow), though not essential, to build the system directly from System
Generator library. Note that the blocks in SysGen library only support fixed-point data-
type (but with double over-ride functionality in simulation). This won’'t cause much
difficulties here since we can just choose al the word lengths to be very high whenever
possible [3]; when this is done, we call the system pseudo floating-point system with

architecture information. Thisisagood way to validate the architecture choice.

Choosing the architecture correctly is an important task [46]. For example, in our
example for the filter structure one can use the built-in FIR block in System Generator

DSP library, which is based on distributed arithmetic to save area. But it is often not
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power-efficient since the pre-stored partia products need to be frequently loaded from
the memory block. Without too much justification, let’s use the Delay, Cmult, AddSub,
Upsampler, Downsampler, and Gateway In/Out block only to build the system. We want
to minimize the number of such blocks in our design. Therefore we explore the linear
phase property of the rRC filter. Furthermore the center tap can be normalized to 1 to
save another Cmult. The resulting structure is shown in Fig. C-7 and Fig. C-8. A gain of
value A(12) (the 12" element of vector A) is used in order to bring the total transmitting

power the same (one can think it as analog gain, so it does not consume Cmult).
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Fig. C-7 Pseudo flpt system in system generator
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Fig. C-9 Mask parameters of LP rRC filter

Fig. C-8 and C-9 show the detailed structure of the LP rRC filter, and its mask.
We have set al the WL to be exceptionally high (60 bits). Simulation indicates the
pseudo flpt system and origina flpt system performs the essentialy the same—the

numerical differenceis much less than what we care about.

Here be careful that since the original system has both | and Q channels, the noise
power indicates the sum of | and Q noises. So, we should choose noise power to be 0.1/2
to get the same BER as previous floating point. The reference system is also modified so
contain only the I-channel. With this modification the pseudo-flpt system and flpt system

do exactly the same thing up to each cycle—so called “ cycle accurate’.
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A long duration [0, 29 is used for the simulation, the BER is found to be
0.0007795, i.e. 2s x IMHz x 7.7795 x10* = 1559 errors. So the 0.95 confidence interval

estimate of BER is

[(1559 —1.961/1559) {es0 (1559+1.96v 1559%[55 9] x BEIi)

=[0.951.05] < 0.0007795
=[0.00074,0.00082].

The simulation takes about 8 hours to finish.

C.6 Building fixed-point System using FFC

Now al the algorithm and architecture decisions have been made in our design.
What is left is to decrease the word lengths presented in the previous section, and to
determine all the overflow and quantization modes. The goa is to have this done

automatically, which resultsin the floating-point to fixed-point conversion (FFC) tool.

In order to have the conversion, one needs to first identify the node where the
difference between fixed-point and floating-point systems will be checked. This is
practically done by inserting a Specification Marker block from the FFC library that is
also located in H:\ffc\ffc_package\ffc_lib.mdl. From Chapter 3, we know that a natural
node to place the marker is the one after gateway-out block of the receiver, which is the
only strong decision-making block in the system. At this node, the bit error rate solely
caused by quantization noise can be detected. Theoreticaly, placing the Spec Marker
here is a good choice. However, as described in Chapter 4, in practice it is often less

attractive due to the long simulation time to fulfill the estimate of a BQER accurately. In
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fact since it is normally necessary to have BQER less than BER at least the same number
of input samples as the one in previous section are needed to get a high-confidence
estimate. That corresponds to long simulation duration for each run, which istoo long as
many iterations need to be performed. In general, the total BER with both channel noise
and quantization noise is not the sum of the flpt BER (without QN) and this BQER,
because a dlicer (demodulator) block is a nonlinear function of noise power (it is a Q-

function of SNR).

From Chapter 3 and 4, a much more robust node to place the Specification
Marker block is the one before the 2-PAM demodulator. One reason is that we know the
rest of the receiver following this node (the only block left is just a demodulator, i.e. a
dicer) does not have word lengths to be determined. Another reason is that the
MSE(fIpt-fxpt) at this node gives a good indication of the BER performance after the
demodulator. In fact, assuming QN and channel noise cause uncorrelated Gaussian noises
at thisnode, it is equivalent to think their sum as atotal noise power. So one just needs to
make sure the QN power much less than the channel noise power at this node to quantify

the statement “fxpt system differs only little from flpt system”.

A system with the marker specified is displayed is Fig. C-10. Compared with the
previous design in Fig. C-7, many of the unnecessary blocks have been eliminated here.
For example since we aready have the pseudo flpt system in System Generator blocks,
the first version of the system designed in pure Simulink block set has been deleted. You
can leave those blocks there with possibly a slow-down of simulation speed. This newer

version is named ffc_tutorial_v2.mdl. One can see that a specification marker has been
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placed before the demodulator. In addition you can find some supporting Matlab filesin
the same directory ( H:\ffc\systems\ffc_tutorial1\ ); they are:

System_init.m

ffc_setting.m

and A.mat.
In order to continue the demonstration yourself you need to copy ffc_tutorial_v2.mdl,
system_init.m, ffc_setting and A.mat into a working directory of which you have write-
access. To prevent possible hazard H:\ffc is secured as read-access only. After the copy
you can go to that directory and start the conversion tool yourself by typing in

>>ffc
If you have your own design to FFC you might want to have a directory for that design
specificaly. In that directory you should have a file named “system init.m” that
initializes your pseudo flpt system, and a file named “ffc_setting” to save FFC design

parameters. In our current example, system init.m basically loads the filter coefficients
A.
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Fig. C-10 ffc_tutorial_v2.mdl file.

Comparing with figure 6 a specification marker and a resource estimator block are
included.  Furthermore some blocks supporting the floating-point design are
eliminated/added to speed up/support simulation.
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Model Info
v at the beginning of simulation this subsystem
test the average signal energy at the output
Running of DAC. Then it normalize the signal energy to
Sum the perfect analog case, given by sum(A.A2) =
L 2 0.49997.
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0 —™—s
> — : )
—% L Running | |
22 Sum
0™ 23
stlr‘t_

Fig. C-11  Anaog gain subsystem in ttc_tutorial_v2.mdl

Another modification is replacing the first A(12) gain to the analog gain block
and adding the impulse input in front of the Tx rRC filter. Altogether they make sure the
average signal power to be transmitted is the same as the floating-point system. Here the

average power of the transmitted signal x(n) is

E[x(n)°]
=E[()_S(n-m)- An)?]
m

=" > E[S(n-m) S(n-1)]- AnA
m |
=22 Om AnA
m |
2
=2 An” =|Al>
m
We have used the fact that the signal after modulator is a zero mean random

process choosing from {1, -1}. Thus the signal power is just the 2-norm square of the

filter coefficients. Sometimes the quantization of transmitter filter could increase the
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transmitting power. Without normalizing the transmitting power the comparison of

performances between floating-point and fixed-point systemsis unfair.

To FFC this small system takes about 5 minutes. FFC tool sequentially asks you
to input some important information you want to choose, such as design names. On the
other hand it might be too lengthy to answer all the questions sequentially. Then you
need to create an ffc_setting.m file in the directory and set the parameter “ask_question”
to be 0. At one point it also asks you to change the model simulation time. You can
input the simulation start and stop time as [0, 1/1€3] (to change ssimulation time right
click your model window, and click Simulation Parameters, where you can see the
parameter Start Time and Stop Time). This will make the ssmulation duration to be 1ms,
which results in 1001 output samples at the Spec Marker. That is enough to have a good
MSE estimation, assuming the flpt-fxpt difference error is a stationary random process.
The assumption is justified since each quantization error is assumed to be stationary. |If
you use ffc_setting.m, you can see the parameters “sim_start_time” and “sim_stop_time’

are set to be 0 and 1/1€3 separately.

Another required important user input is the MSE level you want to choose. You
can either manually do a couple tries to understand the relationship between your system
performance (e.g. BER) and MSE. You can aso do what Section 3.5.2 of Chapter 3 has
suggested. On the other hand, in the following we use a different approach, which is
mostly analytical. Since the signal power before the demodulator is at about 0.6 (you can
estimate it by placing an eye-diagram scope before the demodulator, and see the signal

power), the physical noise (PN) power before the dlicer of the BPSK system is about
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PN power =
(Matlab command line input)
>>fzero(‘1/2*erfc(1/sqrt(2)*sqrt(.6/x)) — 7.795e-4", 0.1)
= 0.0600.
So suppose the BER deterioration due to quantization noise is 10% of the original BER,

i.e. the find BER to be less than 7.995x10* x(1+10%) = 8.57x10™ we need the
guantization noise power (QNP) to be

QNP power =

(Matlab command line input)

>>fzero(‘1/2*erfc(1/sqrt(2)*sqrt(.6/(x+.06))) — 7.795e-4*(1+.1)", 0.1)

= 0.001.
Thus we need MSE < QNP power =0.001. To be robust, we assume there could be
modeling error and estimation error, thus we set

MSE = %2 QNP power = 0.0005.
Next the grouping rules need to be defined. Without grouping, all Xilinx blocks are
independently adjustable to find the minimum hardware cost. That would result a
problem of too large optimization space (and turns out to be unnecessary in turns of
design optimality). You can type
>>help_ffc(‘rules’)

to understand more about the rules. The rules used for the following conversion in this

section are[1, 2.1].

With the setting described above we achieve a fxpt system of about 356 slices as
shown in Fig. C-12. A fina simulation of duration [0, 1s] produces 811 errors; so the

BER of thefina fxpt system BER iswithin .95 confidence interval

[(811—1.96\/811%31 L @ 1.964811%81 % (BER)

=[0.93, 1.07]x0.000811
=[0.00076,0.00087].
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It is therefore of high chance the resulting fxpt system has BER less than the targeted

8.57x10%.
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Fig. C-12 The final fxpt system.
With BER ~ 8.11x10, and ~ 356 FPGA dlices.

You can choose Format->show Port Data Types to see the fxpt data-types used
for the fina system. In fact, it is probably surprising to find that some of the constant
multipliers have coefficients to be zero now (since the constant value is too small to be
represented by the smal WL fxpt datatypes). These logics will be automatically

eliminated in the fina placement-and-routing stage.

C.7 Multiple specifications

The FFC conversion in the preceding section is subject to one M SE specification
constraint. The FFC tool can handle multiple specifications, some of which can even be
non-M SE type. Recall that the transmitter filter frequency response in [1.5MHz, 2MHZ]
should be less than -40dB, it is natural to set this as the second specification. Thus one
more Spec Marker block is inserted in the system, and saved to ffc_tutorial_ v3.mdl as
shown in Fig. C-13. This Spec Marker chooses “user specified spec. calculation
function” as the specification type, and use “simulation_function” as the specification

calculation function name. A snap shot of the block mask is shown in Fig. C-14. Thus
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there is an associated Matlab function “simulation_function.m”. This function is written
to calculate the highest frequency response in interval [1.5MHz, 2MHz]. Figure C-15
shows the frequency response of the resulting system. The simulation to show BER is

again about 8 hours for duration [0, 19].

Rancom
Irteger

™ Error Ral
rror rale 0.000538
1

LP rRC fiter Rxcalculanun

I LP RC fitter

Fig. C-13 386 dlicesand BER ~ 8.36 x10™.
With .95 confidence interval of [7.8 x10™, 8.9 x10™]; till of good chance within 8.57
x10™ spec.
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prefized by 'spec_marker_fxpt_".

— Parameters

Specification Type ILIser zpecified spec. calculation function j

Specification calculation funchion name

|$imulatinn_functicun

to warkspace variable number [please enter positive interger number
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Fig. C-14 New specification Marker parameters
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Fig. C-15 Tx rRC filter frequency response satisfies the -40 dB spec.

The conversion takes about 20 minutes, which is considerably more than the case
if there is MSE spec only. Thisisin general the situation. The speed-up for MSE spec
results from the careful anaysis of the relationship between the MSE and wordlengths in

Chapter 2 and 3.

C.8 Somefurther Analyses
Rules [1 2.1] results eight groups of fractional wordlengths. Let’s see what if we

apply more or lessrules.

If rules[1.1 2.1] are chosen, only 4 groups are resulted (notice from help_fcc that
rule 1.1 supercedes rule 1) and the conversion only takes about 2 minutes. The system

takes 493 FPGA dices with BER ~ 7.95x10™ which is about 30% increase over the
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design in Section C-7. The performance is compatible. This proves that more rules will

speed up the conversion, but introduce loss of optimality.

However that does not mean we should include no rule or grouping in our design.
In fact if we chose [1 2] as the rules, 30 groups are resulted, and conversion takes about
20 minutes to finish. The resulting system has 377 slices and BER ~8.36x10*. This
system actually consumes about 6% more resource than the one in section 7! The reason
behind it is when groups are so small, the modeling of their analytical hardware-function
and M SE-function suffers high error. The error causes uncertainties in optimal decision.
Of course it should be emphasized that small 6% difference almost gives the conclusion
that having 30 groups won't improve the fxpt conversion much than having 8 groups, at

least for this system.

Similar ssimulation is done for multi-criteria FFC case. Choosing [1.1 2.1] as the
rule a system of 650 slices with BER ~ 8.2 x10*. So there is a 60% reduction in
hardware cost by applying rules [1 2.1] instead of [1.1 2.1]. The gain here is conversion

time, only 5 minutes as opposed to previous 20 minutes.

All the experiments so far use rule 8 that sets “saturation” as overflow mode
everywhere. However, since the integer wordlengths are chosen well, it isin general too
conservative to use rule 8. An alternative isto use rule 8.1, which sets “wrap-around” as
the overflow mode everywhere. The resulting two systems take 256 dlices and BER ~
8.11 x10™ (rule [1 2.1 8.1]), and 287 Slices and BER ~ 8.36 x10™ (rule [1 2.1 8.1]),

respectively. Comparing with the previous conversions that uses rule 8, the new results
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save about 25% dices! The simulation result are however exactly the same. So these

two results should be our final designs.

Another subject mentioned in Section C-7 and Chapter 4 is robust programming.
A robust MSE spec was chosen there. Let's see what if MSE is chosen to be 0.001
directly. It gives 338 slices and BER ~ 8.46 x10“*—about 7% reduction in hardware
resources causes the .95 confidence interval of BER to be [0.00079, 0.00090]. The BER
becomes much more likely to be greater than 0.000857 (recall thisis 10% more than that
of the floating-point system). The small hardware reduction is usually not worth the risk
of breaking the specification. The other possible situation is the specification is aso
flexible in the first place, in which case having a constraint on the spec is in some sense
robust programming itself. The message here is to be careful on choosing the MSE spec
level: you should understand there could be both under-modeling error and estimation
error associated with the specification function; therefore it is usualy wise to be a little
conservative. After al, this example showed 3dB “relaxation” in MSE only causes a
variation on hardware about 7%. Thisisamost aways the situation, due to the function
characteristics of objective and constraint functions, being quadratic and exponential ,

respectively.

C.9 Animportant remark

The most important remark here is that in our design procedure above, we only
did quditative justification on choosing the agorithms (say data modulation scheme,
upsampling rate R, filter type, etc.) and architectures (say filter specification, filter form).

To have a good design these “parameters’ need to be justified using careful analysis or
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smulations. Nevertheless the purpose of this tutorial is to get you familiar with the
design process, and mainly on using FFC tool. So these design dimensions have not been

explored fully here.

On the other hand higher-level decision (such as algorithm) made without
considering the lower-level discrepancies could turn out to be unfavorable when the
lower-level design (such as choosing circuit) space is explored. For example, we decided
the number of filter taps to be the smallest one satisfying the 40dB attenuation
requirement. This was chosen since it saves hardware and results less latency. However
it's fairly possible that with fixed-point data types, too high word lengths are needed to
maintain the 40dB attenuation because there is not much room left for WL reduction. By
relaxing the number of taps to a few more, one might dramatically drop the number of

bits needed for each tap; therefore save total hardware cost.

So ideally algorithm, architecture, and fixed-point datatypes should be optimized
jointly, maybe with other design variables such as circuit level flexibility, in order to get
the truly “best” design. The bad newsis a problem like this could easily become too hard
to solve. That's exactly the reason design of alarge system is almost always divided into
different levels, and different blocks. One always tries to reduce the inter-dependency
between these levels and blocks to make each of the smaller problems more tractable.
Our introduction of MSE specification as a global justification on FFC problem is based

on this argument.

Of course one needs to bear in mind that quite often by considering the inter-

dependency more carefully one can achieve large improvements. Examples include
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Trellis-coding (coding and modulation jointly considered), our approach on FFC problem
in some sense (different WLs jointly considered), channel coding (where agorithm is
directly done in number theory, which is already fixed-point), etc. But this interesting

trade-off is beyond the scope of this tutorial.

C.10 Conclusion

By building a smple base-band digital communication system, we showed a
design procedure, starting from algorithm to fixed-point implementation, in our design
environment combined with Matlab, Simulink, Xilinx System Generator. One major
topic is on how to use our floating-point to fixed-point conversion tool. Table C-1

summarizes the conversions done in this tutorial .

Grouping gi‘i Max( [H(1.5MHz, |Conversion time| # of Frac. Slices BER (ML

Rules Iepvel 2MHz)|) (minutes) WL groups estimate)

Flpt i <-400B . - 18005 00078
sys (or-)

[1218] 0.0005 - 5 8 ~356 ~0.00081

[128] 0.0005 - 20 30 ~377 ~0.000836

[1.12.18] 0.0005 - 2 4 ~493 ~0.000795

* [1218.1] 0.0005 - 5 8 ~265  ~0.00081

[1 218  0.001 - 5 8 ~338 ~0.000846

|

[1.12.18] 0.0005 <-40dB 5 4 ~650 ~0.00082

[1 228 0.0005 <-40dB 20 8 ~386 ~0.000836

* [12181] 0.0005 <-40dB 20 8 ~287 ~0.000836

TableC-1 Summary of conversionsin thistutorial.
Targeted BER for converted systems is 0.000857. “—* means not applicable. “*” means
the design is considered to have good performance while relatively less conversion time.
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