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Abstract. Complex Hadamard matrices, consisting of unimodular entries with arbitrary phases,
play an important role in the theory of quantum information. We review basic properties of com-
plex Hadamard matrices and present a catalogue of inequivalent cases known for the dimensions
N = 2,...,16. In particular, we explicitly write down some families of complex Hadamard
matrices for N = 12,14 and 16, which we could not find in the existing literature.

1. Introduction

In a 1867 paper on ‘simultaneous sign-successions, tessellated pavements in two
or more colors, and ornamental tile-work’ Sylvester used self-reciprocial matrices,
defined as a square array of elements of which each is proportional to its first
minor [1]. This wide class of matrices includes in particular these with orthogonal
rows and columns. In 1893 Hadamard proved that such matrices attain the largest
value of the determinant among all matrices with entries bounded by unity [2].
After that paper the matrices with entries equal to £1 and mutually orthogonal
rows and columns were called Hadamard.

Originally there was an interest in real Hadamard matrices, H;; € R, which
found diverse mathematical applications, in particular in error correction and cod-
ing theory [3] and in the design of statistical experiments [4]. Hadamard proved
that such matrices may exist only for N = 2 or for size N being a multiple of 4
and conjectured that they exist for all such N. A huge collection of real Hadamard
matrices for small values of N is known (see e.g. [5,6]), but the original Hadamard
conjecture remains unproven. After a recent discovery of N = 428 real Hadamard
matrix [7], the case N = 668 is the smallest order, for which the existence problem
remains open.

Real Hadamard matrices may be generalized in various ways. Butson intro-
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duced a set H(q, N) of Hadamard matrices of order N, the entries of which are
g-th roots of unity [8,9]. Thus H (2, N) represents real Hadamard matrices, while
H (4, N) denotes Hadamard matrices' with entries +1 or 4i. If p is prime, then
H(p, N) can exist if N = mp with an integer m [8], and it is conjectured that they
exist for all such cases [14].

In the simplest case m = 1 Hadamard matrices H (N, N) exist for any dimen-
sion. An explicit construction based on Fourier matrices,

[Fi]., = \;Ne“j—l)(’“—l)?? with j ke {l,...,N}, (1)
works for an arbitrary IV, not necessarily prime. A Fourier matrix is unitary, but
a rescaled matrix Fy = v/ N F} belongs to H(N, N). In the following we are going
to use Hadamard matrices with unimodular entries, but for convenience we shall
also refer to Fy as Fourier matrix.

For m = 2 it is not difficult [8] to construct matrices H(p,2p). In general,
the problem of finding all pairs {q, N} for which Butson-type matrices H(q, N)
do exist, remains unsolved [15], even though some results on non-existence are
available [16]. The set of p-th roots of unity forms a finite group and it is possible
to generalize the notion of Butson-type matrices for any finite group [17,18,19].

In this work we will be interested in a more general case of compler Hadamard
matrices, for which there are no restrictions on phases of each entry of H. Such
a matrix, also called biunitary [20], corresponds to taking the limit ¢ — oo in the
definition of Butson. In this case there is no analogue of Hadamard conjecture,
since complex Hadamard matrices exists for any dimension. However, in spite of
many years of research, the problem of finding all complex Hadamard matrices of
a given size N is still open [21,22].

Note that this problem may be considered as a particular case of a more gen-
eral issue of specifying all unitary matrices such that their squared moduli give a
fixed doubly stochastic matrix [23,24]. This very problem was intensively stud-
ied by high energy physicists investigating the parity violation and analyzing the
Cabibbo-Kobayashi-Maskawa matrices [25—28].

On one hand, the search for complex Hadamard matrices is closely related
to various mathematical problems, including construction of some x-subalgebras
in finite von Neumann algebras [21,29-31], analyzing bi-unimodular sequences
or finding cyclic n-roots [32,33] and equiangular lines [34]. Complex Hadamard
matrices were used to construct error correcting codes [15] and to investigate the
spectral sets and Fuglede’s conjecture [35—38].

On the other hand, Hadamard matrices find numerous applications in several
problems of theoretical physics. For instance, Hadamard matrices (rescaled by
1/ VN to achieve unitarity), are known in quantum optics as symmetric multiports
[40,41] (and are sometimes called Zeilinger matrices) and may be used to construct
spin models [34], or schemes of selective coupling of a multi-qubit system [42].

Complex Hadamard matrices play a crucial role in the theory of quantum in-
formation as shown in a seminal paper of Werner [43]. They are used in solving

!These matrices were also called complez Hadamard matrices [10—13].
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the Mean King Problem [44,45,46], and in finding ‘quantum designs’ [47]. Fur-
thermore, they allow one to construct

a) Bases of unitary operators, i.e. the set of mutually orthogonal unitary opera-
tors, {Uk}évjl such that U, € U(N) and TYU,IUZ = Néy for k,l=1,...,N?,

b) Bases of mazimally entangled states, i.e. the set {|\Ilk>}ff:21 such that each
|¥1) belongs to a composed Hilbert space with the partial trace

1

Trn (|We)(Wr]) = N

and they are mutually orthogonal, (U |U;) = & [48],

¢) Unitary depolarisers, i.e. the set {Uk}gjl such that for any bounded linear
operator A the property Zgjl U]ZAUk = N Tr A1 holds.

The problems a)—c) are equivalent in the sense that given a solution to one
problem one can find a solution to the other one, as well as a corresponding scheme
of teleportation or dense coding [43]. In particular Hadamard matrices are useful
to construct a special class of unitary bases of a group type, also called ‘nice error
basis’ [49, 50]

Another application of Hadamard matrices is related to quantum tomography:
To determine all N2 — 1 parameters characterizing a density matrix of size N one

needs to perform k > N + 1 orthogonal measurements. Each measurement can be

specified by an orthogonal basis ®, = {|¢§u)> N set for u = 1,...,k. Precision

of such a measurement scheme is optimal if the bases are mutually unbiased, i.e.
they are such that

2 1
If the dimension N is prime or a power of prime the number of maximally unbiased
bases (MUBSs) is equal to N + 1 [51,52], but for other dimensions the answer to
this question is still unknown [53,54,55]. The task of finding (k + 1) MUBs is
equivalent to finding a collection of k mutually unbiased Hadamards (MUH),

k 1
1= ’ \/N

since the set {1, H;/v/'N, ..., H,/v/N} forms a set of MUBs. Here Hy denotes
the set of complex? Hadamard matrices of size N.

The aim of this work is to review properties of complex Hadamard matrices
and to provide a handy collection of these matrices of size ranging from 2 to 16.
Not only do we list concrete Hadamard matrices, the existence of which follows
from recent papers by Haagerup [21] and Dita [22], but also we present several
other Hadamard matrices which have not appeared in the literature so far.

{HiGHN} HiH e My, i>j=1,... k-1, (3)

2Similarly, knowing unbiased real Hadamard matrices one constructs real MUB’s [56].
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2. Equivalent Hadamard Hatrices and the Dephased Form
We shall start this section providing some formal definitions.

DEFINITION 2.1 A square matrix H of size N consisting of unimodular entries,
|H;ij| = 1, is called a Hadamard matriz if

HH' = N1, (4)

where T denotes the Hermitian transpose. One distinguishes
a) real Hadamard matrices, Hij € R, for 4,5 =1,..., N,
b) Hadamard matrices of Butson type H(q, N), for which (H;;)? =1,

c) complex Hadamard matrices, H;; € C.
The set of all complex Hadamard matrices of size N will be denoted by H .

DEFINITION 2.2 Two Hadamard matrices H; and H» are called equivalent, writ-
ten Hy ~ Ho, if there exist diagonal unitary matrices Dy and Dy and permutations
matrices P, and P, such that [21]

H, = DyP, Hy P,D>. (5)

This equivalence relation may be considered as a generalization of the Hada-
mard equivalence in the set of real Hadamard matrices, in which permutations and
negations of rows and columns are allowed.?

DEFINITION 2.3 A complex Hadamard matrix is called dephased when the en-
tries of its first row and column are all equal to unity?,

Hy; = H; =1 for ¢=1,...,N. (6)

Remark 2.1 For any complex N x N Hadamard matrix H there exist uniquely
determined Eiiagonal unitary matrices, D, = diag (Hy1, Ho1, ..., Hn1), and D, =
diag (1, Hyi1 H1o, ..., H11 Hin), such that [DC]L1 =1 and

is dephased.

Two Hadamard matrices with the same dephased form are equivalent. Thus the
relevant information on a Hadamard matrix is carried by the lower right submatrix
of size N — 1, called the core [9].

3Such an equivalence relation may be extended to include also transposition and complex
conjugation [28]. Since the transposition of a matrix is not realizable in physical systems we
prefer to stick to the original definition of equivalence.

4In case of real Hadamard matrices such a form is called normalised.
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It is often useful to define a log-Hadamard matrix ®, such that
H}d = ez@kl 5 (8)

is Hadamard. The phases ®y; entering a log-Hadamard matrix may be chosen
to belong to [0,27). This choice of phases implies that the matrix ¢®/27 cor-
responding to a Hadamard matrix of the Butson type H(q, N) consists of zeros
and integers smaller than g. All the entries of the first row and column of a log
Hadamard matrix @, corresponding to a dephased Hadamard matrix, are equal to
Z€ero.

To illustrate the procedure of dephasing consider the Fourier-like matrix of size
four, [Fyljx := eh2m/4 where j,k € {1,2,3,4}. Due to this choice of entries the

matrix Fy is not dephased, but after operation (7) it takes the dephased form Fj,

1 —1 —i 1 1 1 1 1

~ -1 1 -1 1 1 i —1 —1
Fa=1 5 1 1| o=ty 1 1 1| (9)

1 1 11 1 —i -1 i

The corresponding log-Hadamard matrices read

12 30 0 00O

~ 2r 12 0 2 0 2 | 0 1 2 3
®i="rl3 21 0| ®1="10 20 2 (10)

00 00 0 3 21

Note that in this case dephasing is equivalent to certain permutation of rows and
columns, but in general the role of both operations is different. It is straightfor-
ward to perform (7) which brings any Hadamard matrix into the dephased form.
However, having two matrices in such a form it might not be easy to verify, whether
there exist permutations P, and P» necessary to establish the equivalence relation
(5). This problem becomes difficult for larger matrix sizes, since the number of
possible permutations grows as N!. What is more, combined multiplication by
unitary diagonal and permutation matrices may still be necessary.

To find necessary conditions for equivalence one may introduce various invari-
ants of operations allowed in (5), and compare them for two matrices investigated.
In the case of real Hadamard matrices and permutations only, the number of
negative elements in the dephased form may serve for this purpose. Some more
advanced methods for detecting inequivalence were recently proposed by Fang
and Ge [57]. It has been known for many years that for N = 4,8 and 12 all
real Hadamard matrices are equivalent, while the number of equivalence classes
for N = 16,20,24 and 28 is equal to 5,3,60 and 487, respectively. For higher
dimensions this number grows dramatically: For N = 32 and 36 the number of in-
equivalent matrices is not smaller than 3,578,006 and 4, 745, 357, but the problem
of enumerating all of them remains open — see e.g. [58].

To characterize a complex Hadamard matrix H let us define a set of coefficients,

A = {AN = Hiijijlﬁil = (ivja kvl) S {17 e '7N}><4} ) (11)
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where no summation over repeating indices is assumed and p stands for a compos-
ite index (4, 7, k,1). Due to complex conjugation of the even factors in the above
definition any concrete value of A, is invariant with respect to multiplication by
diagonal unitary matrices.® Although this value may be altered by a permutation,
the entire set A is invariant with respect to operations allowed in (5). This fact
allows us to state the Haagerup condition for nonequivalence [21],

LEMMA 2.1 If two Hadamard matrices have different sets A of invariants (11),
they are not equivalent.

The above criterion works in one direction only. For example, any Hadamard
matrix H and its transpose, HT, possess the same sets A, but they need not to be
permutation equivalent.

Some other equivalence criteria are dedicated to certain special cases. The
tensor product of two Hadamard matrices is also a Hadamard matrix,

HieHy and Hoe Hy =— Hi® Hy € Hyn (12)

and this fact will be used to construct Hadamard matrices of a larger size. Of
particular importance are tensor products of Fourier matrices, Fiy ® Fn € Hyn-
For arbitrary dimensions both tensor products are equivalent, FN®Fyr ~ FyyQFy.
However, their equivalence with Fj;n depends on the number theoretic property
of the product M - N : the equivalence holds if M and N are relatively prime [59].

To classify and compare various Hadamard matrices we are going to use the
dephased form (6) thus fixing the first row and column in each compared ma-
trix. However, the freedom of permutation inside the remaining submatrix of size
(N —1) does not allow us to specify a unique ‘canonical form’ for a given complex
Hadamard matrix. In other words we are going to list only certain representatives
of each equivalence class known, but the reader has to be warned that other choices
of equivalent representatives are equally legitimate. For instance, the one param-
eter family of N = 4 complex Hadamard matrices presented in [21,22] contains
all parameter-dependent elements of H in its lower-right corner, while our choice
(65) with variable phases in second and fourth row is due to the fact that such an
orbit stems from the Fourier matrix Fy.

Identifying matrices equivalent with respect to (5) we denote by

OGN = Hn/~ (13)

every set of representatives of different equivalence classes.

Interestingly Gy is known only for N = 2, 3,4, 5, while the problem of finding all
complex Hadamard matrices for N > 6 remains unsolved. In particular, compiling
our list of Hadamard matrices we took into account all continuous families known
to us, but in several cases it is not clear, whether there exist any equivalence
relations between them.

5Such invariants were used by physicists investigating unitary Kobayashi-Maskawa matrices
of size 3 and 4 [25-28].
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3. Isolated Hadamard Matrices and Continuous Orbits of

Inequivalent Matrices

In this and the following sections we shall use the symbol o to denote the Hada-
mard product of two matrices,

[Hio HQ]i,j = [Hl]i,j ) [HQ]i,j ) (14)
and the EXP symbol to denote the entrywise exp operation on a matrix,
[EXP(R)]M = eXp([R]i,j> . (15)

3.1. ISOLATED HADAMARD MATRICES

DEFINITION 3.1 A dephased N x N complex Hadamard matrix H is called iso-
lated if there is a neighbourhood W around H such that there are no other de-
phased complex Hadamard matrices in W.

To have a tool useful in determining whether a given dephased complex Hadamard
matrix of size N is isolated, we introduce the notion of defect:

DEFINITION 3.2 The defect d(H) of an N x N complex Hadamard matrix H
is the dimension of the solution space of the real linear system with respect to a

matrix variable R € RN 2,

Rlyj = 0, jG{Q,...,N}, (16)
N Ri,l = 0, iG{l,...,N}, (17)
> HipHjj(Rig— Rjx) = 0, 1<i<j<N. (18)

k=1
The defect allows us to formulate a one way criterion:

LEMMA 3.1 A dephased complex Hadamard matrix H is isolated if the defect of
H is equal to zero.

If N is prime then the defect of Fly is zero, so the Fourier matrix is isolated,
as earlier shown in [20, 62]. For any composed N the defect of the Fourier matrix
is positive. For instance, if the dimension N is a product of two distinct primes,
then d(F,,) = 2(p — 1)(¢ — 1), while for powers of a prime, N = p* with k > 2,
the defect reads

d(Fp) = p*'k(p—1) —p] + 1. (19)

An explicit formula for d(Fy) for an arbitrary composed N is derived elsewhere
[63]. In that case the Fourier matrix belongs to a continuous family, as examples
show in Sect. 5.

The reasoning behind the criterion of Lemma 3.1 runs as follows:
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Any dephased complex Hadamard matrices, in particular those in a neighbour-
hood of a dephased complex Hadamard matrix H, must be of the form

HoEXP(i- R), (20)

where an n x n real matrix R satisfies ‘dephased property’ and unitarity conditions
for (20):

RL]‘ = 0, jE{Q,...,N}, (21)

N Ri1 = 0, ie{l,...,N}, (22)

—i -3 Hy g Hjpet(Roe=fon) = 1<i<j<N. (23)
k=1

We will rewrite these conditions using a real vector function f, whose co-
ordinate functions will be indexed by the values (symbol sequences) from the
set Z, related to the standard index set by a fixed bijection (one to one map)
B: I —{1,2,...,(2N — 1)+ (N? — N)}. The set Z reads

7 = {(1,2), (1,3), ..., (1,N)} U {(1,1), 2,1), ..., (N,1)}
U{(i,j,t) . 1<i<j<N and t€ {Re, Im}}. (24)

For simplicity of notation we further write f;, i € Z to denote fg(;-

Similarly, a fixed bijection a : {1,...,N} x {1,...,N} — {1,...,N?} al-
lows matrix indexing the components of a real N? element vector variable R, an
argument to f, and we write Ry, to denote Ry (k-

The (2N — 1)+ (N? — N) element function vector f is defined by the formulas:

fay = Ruij, je{2,...,N}, (25)

N f(i,l) = Ri,la 1€ {1,...7N}, (26)

fijRe) = Re( — - ZHikaMei(Ri,er,k)) , 1<i<j<N. (27)
k;l

Jijm) = Im( — - ZHi,ij,kei(Ri’k_Rj’k)> , 1<i<j<N. (28)
k=1

Conditions (21), (22), (23) can now be rewritten as
f(R)=0, (29)

where the «(i, j)-th coordinate of a real variable vector R represents the i, j-th
entry of the corresponding matrix R sitting in (20).

The value of the linear map Dfy : RN R(2N_1)+(N2_1), being the differ-
ential of f at 0, at R is the vector
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[Df0<R)](1,j) = R, Jj€{2,...,N}, (30)
[Dfo(B)]1y = Rip, ie€{l,...,N}, (31)

N
[Dfo(R)] 5 jre) = Re(zHi,kﬁj,k (Rik — Rj,k)) ,  1<i<j<N, (32)
k=1

N
[Dfo(R)] s jmmy = Im(ZHi,ij,k (Rijs — RM)), 1<i<j<N, (33)
k=1

where again indexing for f defined by [ is used.

It is clear now that the kernel of the differential, {R € RN* Dfo(R) = 0},
corresponds to the solution space of system (16), (17), (18), in which R now takes
the meaning of an input variable vector to f, with indexing determined by a.

Note that the (N? — N)-equation subsystem (18)

N
> HipHjp(Rig—Rjp) =0, 1<i<j<N, (34)
k=1

is solved at least by the (2N —1)-dimensional real space spanned by 2N —1 vectors,
defined by

1 for (k,0) € {1,...,N} x {j} _
Ry, = . ]6{2,...,N}, (35)
0 otherwise,
and 1 for (k1) € {i} x {L,...,N}
or (K,t) € 11y X 1,..., )
Ry, = { . ZE{L...,N}, (36)
’ 0 otherwise,

that is, by vectors, if treated as matrices (with the 7, j-th entry being equal to the
a(i, j)-th coordinate of the corresponding variable vector), forming matrices with
either a row or a column filled all with 1’s and the other entries being 0’s.

If the defect of H equals 0, then the overall system (16), (17), (18) is solved
only by 0, the differential Df, has full rank N2, i.e. dim(DfO(RN2)) = N2 and
we can choose an N? equation subsystem

f(R) =0 (37)

of (29) such that the differential Df at 0 is of rank N2, i.e. dim(Df, (RN2)) = N?,
and thus fsatisﬁes the inverse function theorem. The theorem implies in our case
that, in a neighbourhood of 0, R = 0 is the only solution to (37), as well as the
only solution to (29).

Also in this case, let us consider the differential, at 0, of the partial function
vector fY, given by (27), (28). This differential value at R, DfY,(R), is given
by the partial vector (32), (33). Since the ‘remaining’ differential, corresponding
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to the dephased ‘property condition’ part of f, defined by (30) and (31), is of
rank (2N — 1), the rank of DfY, is equal to N2> — (2N — 1). Recall that from
considering above the minimal solution space of system (18), it cannot be greater
than N2 — (2N — 1). Were it smaller, the rank of Df, would be smaller than N2,
which cannot be if the defect of H is 0, see above. _

Then one can choose an N? — (2N — 1) equation subsystem fY(R) = 0 of
system fY(R) = 0, with the full rank

dim(DfY%(RN*)) = N2 — (2N — 1), (38)

thus defining a (2N — 1) dimensional manifold around 0. This manifold generates,
by (20), the (2N —1) dimensional manifold containing all, not necessarily dephased,
complex Hadamard matrices in a neighbourhood of H. In fact, the latter manifold
is equal, around H, to the (2N — 1)-dimensional manifold of matrices obtained by
left and right multiplication of H by unitary diagonal matrices,

{diag(eml, ., €ONY L H - diag (1, e, eiﬁN)} (39)
3.2. CONTINUOUS ORBITS OF HADAMARD MATRICES

The set of inequivalent Hadamard matrices is finite for N = 2 and N = 3, but
already for N = 4 there exists a continuous, one parameter family of equiva-
lence classes. To characterize such orbits we will introduce the notion of an affine
Hadamard family.

DEFINITION 3.3 An affine Hadamard family H(R) stemming from a dephased
N x N complex Hadamard matrix H is the set of matrices satisfying (4), associated
with a subspace R of a space of all real N x N matrices with zeros in the first row

and column,
H(R) = {HoEXP(i-R) : RER}. (40)

The words ‘family’ and ‘orbit’ denote submanifolds of R2%* consisting purely
of dephased complex Hadamard matrices. We will often write H(aq,...,qy) if
R is known to be an m-dimensional space with basis Ri,..., R,,. In this case,
H(ag,...,an) will also denote the element of an affine Hadamard family:

H(oq,...,00,) = H(R) £ HoEXP(i-R) (41)
where R = a1 - Ri+...4+am Ry

An affine Hadamard family H(R) stemming from a dephased N x N complex
Hadamard matrix H is called a mazimal affine Hadamard family when it is not
contained in any larger affine Hadamard family H(R') stemming from H,

RcR = R=TR. (42)

Calculation of the defect of H, defined in the previous section, is a step towards
determination of affine Hadamard families stemming from H:
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LEMMA 3.2 There are no affine Hadamard families stemming from a dephased
N x N complex Hadamard matriz H if it is isolated, in particular if the defect of
H is equal to 0.

LEMMA 3.3 The dimension of a continuous Hadamard orbit stemming from a
dephased Hadamard matriz H is not greater than the defect d(H).

A lower bound d.(N) for the maximal dimensionality of a continuous orbit of
inequivalent Hadamard matrices of size N was derived by Dita [22]. Interestingly,
for powers of a prime, N = p¥, this bound coincides with the defect (19) calculated
at the Fourier matrix, which provides an upper bound for the dimension of an orbit
stemming from Fy. Thus in this very case the problem of determining d.(N)
restricted to orbits including F is solved and we know that the maximal affine
Hadamard family stemming from F is not contained in any non-affine orbit of a
larger dimension.

Finally, we introduce two notions of equivalence between affine Hadamard fam-
ilies:
DEFINITION 3.4 Two affine Hadamard families stemming from dephased N x N
complex Hadamard matrices Hy and Hy: H1(R') and Ha(R"), associated with real
matrix spaces R’ and R” of the same dimension, are called permutation equivalent
if there exist two permutation matrices P, and P, such that

Hy(R") = P,-H(R)- P,, (43)

i.e. there is one-to-one correspondence, by row and column permutation, between
the elements of Hq(R') and Hy(R").

Note that permutation matrices considered in the above definition must not
shift the first row or column of a matrix.

DEFINITION 3.5 Two affine Hadamard families H;(R') and Hy(R”) stemming
from dephased N x N complex Hadamard matrices H; and H,, associated with
real matrix spaces R’ and R” of the same dimension, are called cognate if

VBe HyR") IAecH(R) B~AT, (44)
VA€ H(R) IBecHy(R") A~BT. (45)

The family H(R) is called self-cognate if
VBecH(R) JAc HR) B~AT (46)

4. Construction of Hadamard Matrices
4.1. SAME MATRIX SIZE: REORDERING OF ENTRIES AND CONJUGATION
If H is a dephased Hadamard matrix, so are its transpose H', the conjugated

matrix H and the Hermitian transpose HT. It is not at all obvious, whether any
pair of these is an equivalent pair. However, in some special cases it is so.
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For example, the dephased forms of a Hadamard circulant matrix C' and its
transpose CT" are equivalent since C' and CT are always permutation equivalent
(see also the remark in [21, p. 319)),

cr'=pPT.C. P, (47)

where C'is an N x N circulant matrix C;; = 2;_jmod Ny for some z € CV, and
P =lei,en,en—1,...,e3], where e; are the standard basis column vectors.

On the other hand, there are infinitely many examples of equivalent and in-
equivalent pairs of circulant Hadamard matrices C, C, the same applying to their
dephased forms.

Apart from transposition and conjugation, for certain dimensions there exist
other matrix reorderings that preserve the Hadamard structure. Such operations
that switch substructures of real Hadamard matrices to generate inequivalent ma-
trices have recently been discussed in [58]. It is likely that these methods may be
useful to get inequivalent complex Hadamard matrices. In this way only a finite
number of inequivalent matrices can be obtained.

4.2. SAME MATRIX SIZE: LINEAR VARIATION OF PHASES

Starting from a given Hadamard matrix H in the dephased form one may inves-
tigate, whether it is possible to perform infinitesimal changes of some of (N — 1)
phases of the core of H to preserve unitarity. Assuming that all these phases (P,
from (8) k,l =2,...,N) vary linearly with free parameters one can find analytical
form of such orbits, i.e. affine Hadamard families, stemming from e.g. Fourier
matrices of composite dimensions [60].

To obtain affine Hadamard families stemming from H, one has to consider all
pairs of rows of H. Now, taking the inner product of the rows in the 4, j-th pair
(1 <i< j < N), one gets zero as the sum of the corresponding values in the
sequence

(Hi,l . Hj,l s HZ"Q . Hj72 S e N Hi,N . Hj,N) . (48)
Such sequences will further be called chains, their subsequences — subchains.
Thus (48) features the i, j-th chain of H. A chain (subchain) is closed if its
elements add up to zero. As (1/v/N)-H is unitary, all its chains are closed. It is
not obvious, however, that any of these chains contain closed subchains.

Let us now construct a closed subchain pattern for H. For each chain of H, let
us split it, disjointly, into closed subchains:

(Hi,kis) 'Hj,kﬁs) , Hi,kés) . Hj,k§5> s e , Hi,k:jl) .Hj,k;(f(i)> , (49)

where s € {1,2,...,7;;} designates subchains, 7; ; being the number of closed
subchains the 4, j-th chain is split into

Ti,j

U {kgsk...,k;fg)} ~ {1,2,...,N},

s=1
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p®) being the length of the s-th subchain,

{k?”, - k;f;f)} N {k?‘”, o k;(‘{j)} — @, if s # s,
and splitting of {1,2,..., N} into {kgs), . >k,()2)} is done independently for each
chain of H, that is the k-values above in fact depend also on 1, j.

A pattern according to which all the chains of H are split, in the above way,
into closed subchains, will be called a closed subchain pattern.

A closed subchain pattern may give rise to the affine Hadamard family, stem-
ming from H, corresponding to this pattern. The space R, generating this H(R)
family (see Definition 3.3), is defined by the equations:

RL]' = 0, jE{Q,...,N}, (50)
Ri = 0, iefl,...,N}, (51)

(as H(R) is made of dephased Hadamard matrices) and, for all 1 <i < j < N
and s € {1,2,...,7;},

(R = Ro) = - = (R, =Ry ) 2

where the sets of indices {kgs), .. .,kz(jz)} correspond to the considered pattern
splitting of the ¢, j-th chain into closed subchains (49). Recall that the sets of k’s
depend on i, j’s, ommited for simplicity of notation.

If the system (50), (51), (52) yields a nonzero space R, then H(R) is the affine
Hadamard family corresponding to the chosen closed subchain pattern. Actually,
any affine Hadamard family stemming from H is generated by some space R
contained in a (probably larger) space R', corresponding to some closed subchain
pattern for H. The respective theorem and its proof will be published in [60].

It may happen that the system (50), (51), (52), for pattern P, defines
space R, which is also obtained as the solution to (50), (51), (52) system shaped
by another pattern Py ), imposing stronger conditions of type (52), as a result
of there being longer subchains in P, composed of more than one subchain
of Pl(H), for a given pair ,j. If this is not the case, we say that R is strictly
associated with pattern Py(#). Then the subchains of the i, j-th chain of H(R) =
H o EXP(i- R), R € R, distinguished according to pattern P;1:

(Hi7k§5)Hj7k§s) exp (z . (ngs) — Rj7k§5))) ;

Hi,kés)Hj,kés) exp <’L . (Ri,kés) — Rj,kés))> ,

Hi,k(s) Fj,k(s) exp (l : (Ri,k(s) - Rj,k(si) ))) (53)
P

p(s) p(s) p(s)
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rotate independently as R runs along R satisfying (52).

Maximal affine Hadamard families stemming from H are generated by max-
imal, in the sense of (42), solutions to (50), (51), (52) systems shaped by some
specific closed subchain patterns, which we also call mazimal. We have been able
to find all of these for almost every complex Hadamard matrix considered in our
catalogue. To our understanding, however, it becomes a serious combinatorial
problem already for N = 12. For example, for a real 12 x 12 Hadamard matrix,
each chain can be split in (6!)? ways into two element closed subchains only.

Fortunately, as far as Fourier matrices are concerned, the allowed maximal
subchain patterns are especially regular. We are thus able to obtain all maximal
affine Hadamard families stemming from Fy for an arbitrary N [60], as we have
done for N < 16.

An alternative method of constructing affine Hadamard families, developed
by Dita [22], is presented in Sect. 4.5. We also refer the reader to the article by
Nicoara [20], in which conditions are given for the existence of one parameter
families of commuting squares of finite dimensional von Neumann algebras. These
conditions can be used to establish the existence of one parameter families of
complex Hadamard matrices, stemming from some H, which are not assumed to
be affine.

4.3. DUPLICATION OF THE MATRIX SIZE

Certain ways of construction of real Hadamard matrices of an extended size work
also in the complex case. If A and B belong to Hy then

H:[ﬁ _g}eﬂm. (54)

Furthermore, if A and B are taken to be in the dephased form, so is H. This
method, originally due to Hadamard, can be generalized by realizing that B can
be multiplied at left by an arbitrary diagonal unitary matrix

E= diag(17eid1,...7eidN*1).

If A and B depend on a and b free parameters, respectively, then

w4 s )

represents an (a + b + N — 1)-parameter family of Hadamard matrices of size 2N
in the dephased form.

4.4. QUADRUPLICATION OF THE MATRIX SIZE

In analogy to (54) one may quadruple the matrix size, in a construction similar to
that derived by Williamson [61] from quaternions. If A, B,C, D € Hy are in the
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dephased form then

A B C D
A -B C -D
A B -C -p | €Mw (56)
A -B —C D

and it has the dephased form. This form is preserved, if the blocks B, C' and D are
multiplied by diagonal unitary matrices E1, Fo and E3 respectively, each containing
unity and N —1 free phases. Therefore (56) describes an [a+b+c+d+3(N —1)]-
dimensional family of Hadamard matrices [22], where a, b, ¢, d denote the number
of free parameters contained in A, B, C, D, respectively.

4.5. GENERALIZED METHOD RELATED TO TENSOR PRODUCT

It is not difficult to design a similar method which increases the size of a Hadamard
matrix by eight, but more generally, we can use tensor product® to increase the size
of the matrix K times. For any two Hadamard matrices, A € Hx and B € Hyy,
their tensor product A ® B € Hi . A more general construction by Dita allows
to use entire set of K (possibly different) Hadamard matrices { By, ..., Bx} of size
M. Then the matrix

AuBi ApEyBy . . AixExBgk
0 — ) ) .. . (57)
Ax1B1 AgoFsBy . . AxxExBrk

of size N = KM is Hadamard [22]. As before we introduce additional free phases
by using K — 1 diagonal unitary matrices E;. Each matrix depends on M — 1
phases, since the constraint [Ek]l’1 =1 for k = 2,..., K is necessary to preserve
the dephased form of H. Thus this orbit of (mostly) not equivalent Hadamard
matrices depends on

K
d=a+) bj+(K-1)(M-1) (58)
j=1

free parameters. Here a denotes the number of free parameters in A, while b;
denotes the number of free parameters in B;. A similar construction giving at
least (K —1)(M — 1) free parameters was given by Haagerup [21]. In the simplest
case K - M = 2 -2 these methods give the standard 1-parameter N = 4 family
(65), while for K - M = 2 -3 one arrives with (2 — 1)(3 — 1) = 2 parameter family
(69) of (mostly) inequivalent N = 6 Hadamard matrices.

The tensor product construction can work only for composite N, so it was
conjectured [29] that for a prime dimension N there exist only finitely many in-
equivalent complex Hadamard matrices. However, this occurred to be false after
a discovery by Petrescu [62], who found continuous families of complex Hadamard

5Tensor products of Hadamard matrices of the Butson type were investigated in [39].
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matrices for certain prime dimensions. We are going to present his solution for
N =7 and N = 13, while a similar construction [62] works also for N = 19,31 and
79. For all primes N > 7 there exist at least three isolated complex Hadamard
matrices, see [21, Thm. 3.10, p. 320].

5. Catalogue of Complex Hadamard Matrices

In this section, we list complex Hadamard matrices known to us. To save space
we do not describe their construction but present a short characterization of each
case.

Each entry H, provided in a dephased form, represents a continuous (2N — 1)-
dimensional family of matrices H obtained by multiplication by diagonal unitary
matrices:

H(ala"'ua]\faﬁZ?"'vﬂN) = Dl(ala"'vaN)'H'D2(627"'76N)7 (59)
where

Dl(al,...,aN) = diag(eml,...,eia”),
Dy(Bay ..., BN) diag(l,ewz7 .. .,ewN).

Furthermore, each H in the list represents matrices obtained by discrete per-
mutations of its rows and columns, and equivalent in the sense of (5). For a given
size N we enumerate families by capital letters associated with a given construc-
tion. The superscript in brackets denotes the dimension of an orbit. For instance,
Féz) represents the two-parameter family of N = 6 complex Hadamard matrices
stemming from the Fourier matrix Fg. Displaying continuous families of Hadamard
matrices we shall use the symbol e to denote zeros in phase variation matrices.
For completeness we shall start with a trivial case.

51. N=1
FO = p =[).

5.2. N=2
All complex 2 x 2 Hadamard matrices are equivalent to the Fourier matrix Fy [21,

Prop. 2.1, p. 298],

11
R =FY = [1 _1]. (60)

The complex Hadamard matrix F5 is isolated. The set of inequivalent Hadamard
matrices of size 2 contains one element only, Go = {F>}.
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53. N=3

All complex 3 x 3 Hadamard matrices are equivalent to the Fourier matrix F3 [21,
Prop. 2.1, p. 298],

1 1
w w? |, (61)
w?  w

=R =

—_ = =

where w = exp(i - 27/3), so w3 = 1. F3 is an isolated complex Hadamard matrix.
The set of dephased representatives can be taken as Gg = {F5}.

54. N=14

Every 4 x 4 complex Hadamard matrix is equivalent to a matrix belonging to the

only maximal affine Hadamard family F, 4(1)(a) stemming from Fy [21]. The F| 4(1) (a)
family is given by the formula

1 .
FV(a) = FyoEXP (z Ry (a)) , (62)
where
1 1 1 1 1 1
1 w w? w -1 —
Bo= w2 1 w2 11| (63)
1w w? w —1 7
with w = exp(i - 27/4) = i, so w* = 1
RF4(1) (a) = (64)
Thus the orbit stemming from Fj reads
1 1 1 1
1 1 g-efe —1 —g.¢l0
Fzg )(a) = 11 -1 1 1 (65)
1 —i-eit -1 gq-¢
The above orbit is permutation equivalent to
~ F - Fy | [F -D(a) - F;
Fil)(a) _ [ 2]1,1 2 ‘ [ 2]1,2 (o) - Fy (66)

[F2]2,1 Fy ‘ [FZ]Q,Q -D(a) - Fy |7
where D(a) is the 2 x 2 diagonal matrix diag (1, ).

This orbit is constructed with the Dita’s method [22], by setting K = M = 2,
A = B; = By = Fy, Es = D(«) in (57). It passes through a permuted Fj:

F4 = ﬁ4(1)(ﬂ_/2> . [61’63762,64]T7 (67)
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where e; is the i-th standard basis column vector, and through Fo ® Fy = F:fl)(()).

Note that Fy and F ® F, are, according to [59], inequivalent.

The F4(1) orbit of (62) is symmetric, so it is self-cognate. Replacing a by a + 7
yields Fil)(a) with the 2-nd and 4-th column exchanged, so F4(1)(a) o~ Fil)(a +7).
The set of dephased representatives can be taken as Gy = {Ff)(a) cael0,m}.

55. N=5

As shown by Haagerup in [21, Th. 2.2,p. 298] for N = 5 all complex Hadamard

matrices are equivalent to the Fourier matrix F5,

1 1 1 1 1

1 w w? w w
s = Féo) = |1 v w w w |,

1 wd wt w

1 w* w w? w

(68)

where w = exp(i - 27/5) so w® = 1. The above matrix Fj is isolated. The set of

dephased representatives can be taken as G5 = {F5}.
56. N=6

5.6.1.  Orbits stemming from Fg
The only maximal affine Hadamard families stemming from Fg are

FP(a,b) = FsoEXP (i-RFég)(a,b)),

(FéQ)(a,b)>T — FsoEXP

7~
<.
=y
o2
&
—
B
S
N~—
~—
~—

where
1 1 1 1 1 1 7
1 w w w wt Wb
o= 1 w? w 1 w? wt
6= 1 w1 w1 w |
1 w* w 1 wt w?
1w wt w w? o w |
with w = exp(i - 27/6) so w® = 1, w3 = —1, and
o o o]0 o o]
e a ble a b
[ ] [ ) [ ] [ [ ] [ )
RFé2>(a’b) “ | e a ble ab
[ ] [} [ ) [ ) [ ) [}
e a b|le a b |

The above families (69) and (70) are cognate. The defect (see Def.

d(Fs) = 4.

(72)

3.2) reads
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At least one of the above orbits is permutation equivalent to one of the orbits
obtained using the Dita’s method: either

[F3]1,1'F2 [F5]1 5 - D(on) - [F3]1,3'D(052)'F2

) I
ﬁézx)(al:%) = [F3]2,1 By [F3]22 -D(aq) - Iy [Fsb,g -D(ag) - Fy | (73)
[F3]3,1 By | [F3]35 - D(w) - Py [F3]3,3 D(ag) - Fy

where D(a) is the 2 x 2 diagonal matrix diag(1,e*®), by setting K = 3, M = 2,
A=1F3, By =By = B3 =F,, y = D(a1), E3 = D(az) in (57), or

=(2) [ [y B | [Fo]y o - D(Br, Ba) - B
Fop (B1,52) = (ol F5 | [Falys  D(B, ) - Fs

(74)

where D(f31, 32) is the 3 x 3 diagonal matrix diag(1,e*, ¢#%2), by setting K = 2,
M = 37 A= FQ, Bl == B2 == F3, E2 = D(ﬂl,ﬁg) in (57)

The above statement is true because the orbits (73) and (74) pass through
ﬁéj)(o, 0) = F3® Fy and ﬁég (0,0) = F>® F3, both of which are, according to [59],
permutation equivalent to Fg. Thus (73) and (74) are maximal affine Hadamard
families stemming from permuted Fg’s. These orbits were constructed in the work
of Haagerup [21].

A change of the phase a by 7 in the family FéQ) corresponds to the exchange of
the 2-nd and 5-th column of Fé2)(a, b), while a change of b by = is equivalent to the

exchange of the 3-rd and 6-th column of FéQ)(a, b). This implies the (permutation)
equivalence relation

FG(Q)(a, b) ~ Féz)(a +7,b) ~ FéQ)(a, b+m) ~ FG(Q)(a +m,b+m). (75)

5.6.2. 1-parameter orbits
There are precisely five permutation equivalent 1-parameter maximal affine Hada-
mard families stemming from the symmetric matrix Dg,

1 1 1 1 1 1

-1 2 - — 1
1 ¢ -1 @& -1 —i
Do=11 i i -1 i —i| (76)
1 -4 — 12 -1
1 2 -2 — 1 -1
namely
DM (e) = DgoEXP (i-RDéU(c)), (77)
where
[} o [ ] [ ) [ ) o
[} [ ] [ ] [ ) [ ) [ ]
o o [ ] c cC L]
RDél)(c) - e o —Cc o o —C (78)
e o —C o e —C
e o o Cc Cc e
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and
P -D(¢)- PT = DgoEXP (7, PR (c)PlT) : (79)
6
Py-DP(e)- Pf = DgoBXP (i PRy ()P ), (80)
6
Py-DP(e)- Pf = DgoBXP (i PRy (c)PY), (81)
6
Py-DP(¢)- PT = DgoEXP (7, - PiR ) (c)PL ) : (82)
6
where
Pl [61,63,62,66,65,64], (83)
Py = [e1,e4,e3,€2,¢6,¢5), (84)
Py = [e1,e6,€2,¢€3,¢€4,€5)], (85)
P4 - [61365364763762766] (86)
and e; denotes the i-th standard basis column vector.
We have the permutation equivalence
Dél)(c +7) = pPT. Dél)(c) -P_ for P_ = lej,eq,es3,¢e5,€e4,e€5]. (87)
Also T
1 1
p{(=e) = (D{10)) (88)
thus

{Dél)(c) ce [0,27r)} and {(Dé”@))T ce [0,27r)}

are equal sets, that is Dél) is a self-cognate family. None of the matrices of F6(2) and

(FG(Q))T of (69) and (70) are equivalent to any of the matrices of Dél). Obviously,
the above remarks apply to the remaining orbits stemming from Dg.

The Dél) orbit was presented in [22] in the Introduction, and its ‘starting point’
matrix Dg of (76) even in the earlier work [21, p. 307] (not dephased).

5.6.3. The ‘cyclic 6 roots’ matrix
There exists another, inequivalent to any of the above 6 x 6 matrices, complex
Hadamard matrix derived in [21] from the results of [32] on so-called cyclic 6
roots. _

The matrix C’éo) below is circulant, i.e. it has the structure

[5((;0)] = Z(j—jmod6)+1, Where =z = [1, i/d, —1/d, —i, —d, ,L-d]T (89)

LB ()" (90)
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is the root of the equation d?> — (1 —/3)d +1 = 0.
The matrix 6‘éo) and its dephased form C’éo) read

1 id  —d  —i  —d i
id' 1 id  -d - —d
~o | —dt ddt 1 id  —d  —i
G = | Zi —a' id' 1 id —d (91)
—d - —d i 1 4d
L id —d i —d id 1
11 1 1 11
1 -1 -d - & d
0 1 a1 @ @
& = |1 Zge a2 S & el (92)
1 d? —d® d* 1 —d
1 4t 4 —d? —d -1

The circulant structure of 56(30) implies that it is equivalent to (~((;()))T7 S0 Céo) o~

(Céo))T (see (47)). Thus C’éo) ~ Céo) (= 5'((50) ~ CN'éO)).

No affine Hadamard family stems from Céo). However, we do not know if the
cyclic-6-roots matrix is isolated since the defect d(CéO)) = 4 and we cannot exclude
existence of some other orbit.

5.6.4. The ‘spectral set’ 6 x 6 matrizc

Another complex Hadamard matrix found by Tao [35] plays an important role in
the investigation of spectral sets and disproving the Fuglede’s conjecture [36, 38].
It is a symmetric matrix Séo), which belongs to the Butson class H(3,6), so its
entries depend on the third root of unity w = exp(% - 27/3),

11 1 1 1 1
1 1 w w ? W
(0) 1 w 1 w? W w
S = 1 w w? 1 w w? (93)
1 w? w? w 1 w
1 w? w w? w 1
Thus the corresponding log-Hadamard matrix reads
000 O0O00O0
0011 2 2
2r 10 1 0 2 2 1
®ss = 3101201 2 (94)
02 2101
021210

Its defect is equal to zero, d(Sg) = 0, hence the matrix (93) is isolated. Spectral
sets allow to construct certain Hadamard matrices for other composite dimensions
(see [37, Prop. 2.2.]), but it is not yet established, in which cases this method
yields new solutions.
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57. N=7

5.7.1.  Orbits stemming from Fy
F7 is an isolated 7 x 7 complex Hadamard matrix,

1 1 1 1 1 1 1 7
1 w w? w w* w Wb
1 w? wt W ow wd W
F;, = F7(0) =1 v w w w w w|, (95)
1wt w w w? wh Wl
1w w o w W wt w?
L1 Wb w® wt W w? w |

where w = exp(i - 27/7), so w” = 1.

5.7.2.  1-parameter orbits

There are precisely three permutation equivalent 1-parameter maximal affine Ha-
damard families stemming from the symmetric matrix being a permuted ‘starting
point’ for the 1-parameter orbit found by Petrescu [62],

r1T 1 1 1 1 1 1 7
1 w wt Sowd w? ow
1w w w w W ow
Pr= |1 w w w w w w |, (96)
1w w v w w w
1 v vl w o w owt W
11 w w w W W wt ]
where w = exp(i - 27/6), so w® = 1, w® = —1. They are
PY) = P oEXP (z : RP<1)(a)) : (97)
7
where _ -
[ ] [ ] [ ] [ ] [ ]
e a a L] ° o o
e a a o o
RP7(1>(G) = e e ¢ —q —qa e e (98)
[} [ ) [ ) —Qa —Q [ ) [}
[} [ ) [ ) [} [ ) [ )
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
and
(1) T _ : T
Pi-PPa)-Pf = ProEXP (i PR, (a)PY ), (99)
7
Py -PY(a)-PT = ProEXP (i~P2RP(1)(a)P1T), (100)
7
where

Py = [e1, e7, e3, e4, €6, €5, €2], Po = [e1, ez, €7, e, €5, e4, €3], (101)
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and e; denotes the i-th standard basis column vector.
The above orbits are permutation equivalent to the 7 x 7 family found by

Petrescu [62]. They all are cognate, and the P7(1) orbit is even self-cognate since
T
1 1
PP(a) = (PP() . (102)
Also
P7(1)(—a) = PT~P7(1)(a) -P for P = [e1, ey, €5, €2, €3, €7, €g], (103)

S0 P7(1)(—a) ~ P;l)(a)

Due to some freedom in the construction of family components the method of
Petrescu allows one to build other families of Hadamard matrices similar to P7(1).
Not knowing if they are inequivalent we are not going to consider them here.

5.7.3.  The ‘cyclic 7 roots’ matrices
There exist only four inequivalent 7 x 7 complex Hadamard matrices, inequivalent
to Fy and the 1-parameter family found by Petrescu (see previous subsection),
associated with nonclassical cyclic 7 roots. This result was obtained in [21] and is
based on the catalogue of all cyclic 7 roots presented in [32].

The two matrices 5%), éé%) correspond to the so-called ‘index 2’ solutions to
the cyclic 7 roots problem. They have the circulant structure [U] ij = T(i—jmod 7)+1s
where

e =1,1,1,4d 1,d d for C, (104)
z=1,1,1,4d 1,d d for CY (105)
and
341 _
d:%ﬁ such that d2+§d+1:0:>d~d:1. (106)

The corresponding dephased matrices are denoted as C'%) and ng):

21 d4dd1d1 13 2y 01 01 01 1 1 13
11 dd 1 d 1 1 d?* 1 d d*' d 1
11 1 dd 1 d 1 d' d' d 1 1 d
€% -8d 1 1 1 dd 17 c%=81 d2 d2 d' d*' 1 d'7Z (107
1 d 1 1 1 dd 1 1 4t 1 4t d o d
d 1 d 1 1 1 d 1 d=2 d' d' d2 od 1
d d 1 d 1 11 1 d' d=2 1 d? 4t odt
24 gt oat 1 a4t o1 o1 3 21101 01 01 1 1 3
11 dt 4t o1 a1 1 d 1 d' d d' 1
11 1 4t a1 dt 1 d d d' 1 1 d
eV -gdar 1 1 1 dt d*t 1 c =81 & & d d 1 d
1 4 1 1 1 dt 4t 1 1 d 1 d da' da
' 1 4t 1 1 1 1 & d d & d 1
' 4t 1 4t 1 11 1 d & 1 & d d

—
=
o
o0

=
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There holds C\%) = C\9) (<= ¢ = €19 and the matrices C\%), C{°) and %),
5%) are equivalent to (C’SX)T, (C~'§?4))T and (C’;?B))T, (5;?3))T respectively (see (47)).
The structure of 6’?2, 6’%2 related to ‘index 3’ solutions to the cyclic 7 roots

problem is again [U]ij = Z(j—jmod7)+1, Where z is a bit more complicated. We
put:

z =11, A B, C, C, B, A" for C\), (109)

¢ =1,4 B, C C, B A" for C, (110)

where A = a, B = ab, C' = abc are products of algebraic numbers a, b, ¢ of modulus
equal to 1 (see the final remark 3.11 of [21]). Their numerical approximations are
given by

a ~ exp(i-4.312839) (111)

b ~ exp(i-1.356228) (112)

¢ =~ exp(i-1.900668) (113)

(114)

and then

A = a ~ (—0.389004) + i - (—0.921236) (115)

B = ab =~ (0.817282) + 1 - (—0.576238) (116)

C = abc =~ (0.280434) 4 i - (0.959873) (117)

Again, C’%, C’é% denote the dephased versions of Cv'éoc), 5§0D), which read:

21 4B c¢cc B A°S 2 1 a4 Bt ¢ ¢t Btoa S
A 1 A B C C B A1 1 A"t B~ ¢t ¢t B!
B A 1 A B C C B-t' A1 1 A-' Bt (Cc-t' (Ot
el = E ¢ B A 1 A B Cz769=80c* B A 1 A B! C!
¢cC C¢C B A 1 A B c-t Cc' B' At 1 A-' B!
B C C B A 1 A B-* Cc-' Cc-* B' A-! 1 A1
A B C C B A 1 A-' B-' Cc-* Cc-' B! A! 1
(118)
Then
2, 1 1 1 \ 1 \ 1 3
Q 1 A2 B-1 A-1BC-! A1t A-'B-1C A
o B BT B® |AB'C 1| C1 BC B é
) —81[ABCT[ABC | C° AC? 1
2 1 A1 [oht AC—?2 c—2 AB~1C—! 1BC 1 %
dITTAac| BC c! AB~1C! B2 \ 1S
1] A°B |A'B'C| A' |ABC'| B! | A°Z
2 3
1 1 1 1 1 \ 1 | 1
61 a2 a=1h~1! alc ! afl a lc ‘ a"'b
Q 1| atb? a"2b~? a b 2c ! | a" b e a b 1lc a"tc
— ’E‘ 1 a71071 —1b 2 —l a72b72672 a—lb 20 2 a—lb—lc—l a*l 119)
E 1 a/—l 71b 1 71 a—lb*Zsz a72b QC 2 a—lb*‘zc—l a—lc—l
AT a e aflb’lc a" b7 lc7! [ a b 2c7! a=2b"2 a"1b!
1 a"'b a"lc a ! a"tc! a"1pb~1t ‘ a2
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and
2 1 1 1 1 1 1 1
6 1 A? B AB~IC A ABC-1 [ A2B~1T
Q 1 B B? A-'BC C B*C-! | ABC!
o) — 8 T[AB'C[A'BC| C° [AC°| O© A
Q 1 A C A-1C? Cc? A-'BC | AB~C
41 [ABC T | B2C? c A'BC | BZ B 5
1| A2B~' | ABC! A AB~C B A?
2 1 1 1 1 1 1 1
6 1 a? ab ac a ac™! | ab~!
Q 1 ab a?b? ab’c abc abc™! | ac™!
=8 1| ac abZc | a?b?c? | ab’c? abc a (120)
2 1 a abc ab’c? | a?b?c? | abc ac
A7 [ac Tt [ abc | abc ab’c a’b? ab 2
1] ab~t | ac™? a ac ab a?

The matrices C’% and CSB are symmetric and are related by complex conjugation,

0 0
iy =il

All four cyclic 7-root Hadamard matrices are isolated [20].

58. N=38

5.8.1.  Orbits stemming from Fg

The only maximal affine Hadamard family stemming from Fy is the 5-parameter
orbit,

5 .
F{a,b,c,d,e) = Fy o EXP(i - Ry (a,b, ¢, d, ), (121)
where
2 1 1 1 1 1 1 1 1 3
1w w2 w wt w ws W’
1 w2 w* w 1 w?  w? wb
1w wl w wt W w? W
By = 1wt 1wt 1 owtr 1wt (122)
1w w2 w owt o w wS Wl
1wl wt w? 1 wé  wt  w?
1w wl wh wt wP w? w
and w = exp(i - 27/8), so w® = 1, w* = —1, w? = 4, and
2 L] L[] L] L] [ ] ° ° [ ] 3
e a b c e a b c
e d e d e d e d
_ e ¢ b c—a+e|e® e b c—a+te
RF£5) (a,b,¢,d,e) = P . T e e . (123)
e a b c e a b c
o d e d e d e d
e ¢ b c—a+e|e® e b c—a+te

The family Fés) is self-cognate. The above orbit is permutation equivalent to the
orbit constructed with the Ditd’s method [22],

By Py (1) | (B - Dlas, au,05) - Fy (a2)
2]y, - By (o) ‘ [Py - Das, au, a5) - F{MY (az)

ﬁ8(5)(a1,...,a5) = s

(124)
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where
1 1 1 1
1 1 et —1 —geto
sz )(a) =11 -1 1 -1 (125)
1 —gefr —1 el

is the only maximal affine Hadamard family stemming from Fy and D(as, ay, as)
is the 4 x 4 diagonal matrix diag (1,3, e?®4, ef@s).

Eq. (124) leads to F> ® Fy for iy = ... = a5 = 0, which is not equivalent to Fyg,
see [59]. However, ﬁéf)) (0,0, (1/8)2m,(2/8)2m,(3/8)27) is permutation equivalent
to Fg, since

By = F(0,0,(1/8)2,(2/8)2r, (3/8)27) - [e1, €3, €5, €7, €5, ¢4, c6,e5],  (126)

where e; denotes the i-th column vector of the standard basis of C®. Thus (124)
generates the only maximal affine Hadamard family stemming from permuted Fg.

The matrix ﬁg(s)(w/Q, 7/2,0,0,0) yields the only real 8 x 8 Hadamard matrix,
up to permutations and multiplying rows and columns by —1. It is dephased, so
it is permutation equivalent to Fo ® Fy ® F5.

Therefore all appropriately permuted tensor products of Fourier matrices, Fo®
F, ® Fy, F, ® Fy and Fg, although inequivalent [59], are connected by the orbit
(124).

59. N=9
5.9.1. Orbits stemming from Fy

The only maximal affine Hadamard family stemming from Fy is the 4-parameter
orbit,

F(a,b,c,d) = FgoEXP(i-RFQ(4>(a,b, c, d)), (127)
where
2 1 1 1 1 1 1 1 1 1 3
1w w2 w o wt w W W W
1 w2 wr wt w® w w wb W’
1w wb 1 w3 wb 1 w?  wb
Fo=61 w w¥ w w w w8 w w Z, (128)
1w w wl w2 w w wd w?
1 wh w? 1 wb w3 1 wé w3
1w W w ow wd Wt wt w?
1 w® W wt w® wt wd w? w
with w = exp(i - 27/9), so w? = 1, and
2 L[] L] L] L] L[] L] L] ° L] 3
e a b|e a b|le a b
e ¢c d|e ¢ d|je ¢ d
L] [ ] ° [ ] L] L] ° [ ] [ ]
RF(4) (a,b,¢,d) = e a ble a ble a b (129)
9 e ¢c d|e ¢ d|e ¢ d
L] L] L] L] L[] [ ] L] [ ] [ ]
e a b|e a ble a b
e c d|e ¢ d|le ¢ d




A Concise Guide to Complex Hadamard Matrices 159

The orbit F9(4) is self-cognate. Observe that its dimension is equal to the de-
fect, d(Fy) = 4, which follows from (19). It is permutation equivalent to the

4-dimensional orbit passing through a permuted Fy, constructed using the Dita’s
method,

2 3
(F3li1 - Fs | [F5ly 0 D(ou,az) - Fs | [F3]y 5 D(a3, o) - F3
EBY(ar,...,as) =4 [Fsly, - F5 | [F3lo, - D(ar,a2) - F3 | [Fsl,5 - D(as,aa) - F3 5, (130)
(F5]31 - F3 | [F3l30 - D(a1,a2) - F3 | [F]5 5 D(as,o4) - F3

where D(a, (3) is the 3 x 3 diagonal matrix diag(1,e*®, ®3).
The matrix F9(4)(0, 0,0,0) = F3 ® F3 is not equivalent to Fy [59], but

Fg = ﬁ9(4)<(1/9)27r, (2/9)27(, (2/9)27T, (4/9)27() . [61,64,67,62,65,68,63,66,69]T,

(131)
where e; are the standard basis column vectors. Thus both inequivalent permuted
matrices, F3 ® F3 and Fy, are connected by the orbit (130).

5.10. N =10

5.10.1.  Orbits stemming from Fig
The only maximal affine Hadamard families stemming from Fig are

Fa,b,c,d) = FipoEXP (z-RFl(g)(a,b, ¢ d)), (132)
(4) T - T
(Flo (a,b,c,d)) = FyoEXP z-(Rng)(a,b,c,d)) . (133)
where
2 1 1 1 1 1 1 1 1 1 1 3
1w w2 w o ow' w w Wl w® w?
1 w? w* wb wd 1 w? wt ws  wd
1w wh w? w? w® wd w w? W
4 8 2 6 4 8 2 6
Fo=B 1 s w1l oW w1 e (134
1 ws w? w® w? 1 wl w2 wd  wt
1w wr w wd w w? w? wb w?
1 w® wb wt w? 1 wd wb  w? w?
1w wd W wt w® w! wd w? w
with w = exp(i - 27r/10), so w'® = 1, w® = —1, and
2 3
L] L] L] L] L] L] L] L] L] L]
O e a b ¢ d|e a b ¢ d ;
2 e o o o o |0 o o o o
Qe a b ¢ d|e a b c dg
~ 1 ° L] L] [ ] o [ ] [ ] [ ] °
RFl(é) (a,b,¢,d) :g e a b ¢ d|e a b ¢ d4° (135)
go e o o o 0o o o o o
Be a b ¢c d|le a b ¢ d
3 L] L] L[] L[] L] L] L] L[] L[] L] S]
e a b ¢ d|le a b ¢ d

The affine Hadamard families Fl(é) and (Fl(é))T are cognate. At least one of them
must be permutation equivalent to an orbit constructed using the Dita’s method,
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either:
~ FQ} ~F5 ‘ [FQ] -D(Oél Oz4) ~F5
F® (ar,. .. _ [l 1.2 AL 136
10A(0417 7044) [FQ]QJ iy ‘ [FQ]Q’2 'D(Oq, . "a4) Fs | ( )
where D(aq, ..., ay4) is the 5 x 5 diagonal matrix diag(1,e1, ... e¥), or
Y 137
103(/613"'354) ( )

such that its 4, j-th 2 x 2 block is equal to [F5], ;- D(a) - F», where i, € {1...5},
D(a) is the diagonal matrix diag(1,e®) and o = 0,31,...,064 for j = 1,2,...,5
respectively.

This is because ﬁ1(§1)4(0) = Fh®F5 and ﬁl(gj)g(O) = F5®F, are, according to [59],
permutation equivalent to Fig, so both Dita’s orbits are maximal affine Hadamard
families stemming from permuted Fig’s.

5.11. N=11

5.11.1.  Orbits stemming from Fip
The Fourier matrix Fjq is an isolated 11 x 11 complex Hadamard matrix

2 1 1 1 1 1 1 1 1 1 1 1 3
1 w w? w3 w? w® w® w? w8 w?  wlo
1 w? w? w® w®  wlo w w3 w® w? w?
1 ws w® w? w w? w’ wld w? w® w8
1wt w8 w w® w? w? wl  wl® w3 w?
Fi1 = Fl((f) = 1 w® w0 wt w? w3 w’ w? w’ w wb s (138)
1 w6 w ’LU7 wZ wS ,w3 ,wg 'UJ4 wlU ’lU5
1w’ w?  wl Wb w? w? w® w w8 w?
1w w® w?  wl® W’ w? w w? wb w3
1 w? w? w® w3 w wl0 w8 wb w? w?
1 w9 W w8 w? wb w® wt w3 w? w
where w = exp(i - 2m/11), so w'! = 1.

5.11.2.  Clyclic 11 roots matrices
There are precisely two ~ equivalence classes of complex Hadamard matrices,
inequivalent to Fii, associated with the so-called nonclassical ‘index 2’ cyclic 11
roots. This result is drawn in [21, p. 319].

The classes are represented by the matrices 6;224, CN'E)}B below, their respective
dephased forms are denoted by Cﬁ))A, Cﬂg- Both matrices have the circulant
structure [U]; ; = Z(;—jmod 11)+1, Where

x=1[1,1¢e 1,1, 1, ¢ ¢, ¢ 1, € for 5’?324 (139)
x=,1,2111¢&c¢ee¢el e fo C (140)
and
5 V11
e = —gti- Yo (141)
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(142)
yields a

11B

(0)

C

matrix equivalent to the original one (see (47)). The matrices are given by:

(0)
114>

0
Cis -

equivalently to C

SO Cﬁg

(0)
114
~(0
Ciip —

c

(0)
1143

Applying transposition to C

(0)

11B

C
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There holds

(143)
(144)
(145)
(146)

- - o -
L S T T T T R TR U e I |
) VYV W) - - -
V| = O~ Q]
() () ) .
n T 7T I INNNNNNNNYNYNYNYNNNND
[T T s T I T AR — ™
) vV Y () - o~ - N = o= B - B
R S S Gy
(R VI VUV V W
- - - — — © © v
o= = = ]
(VIR ) ) - - -
=l OOV = HA = O U= O v Oy
W) ) W)
- oo - -
= = H A - o
~ v L © © 111661141,‘64 e O o
0 NSNS ee @ ceE
S - -
U H = O WO O =] - -
vV VY ] ) 161616%1,111,, 111_6761166768
VUrd = O U O~ O Lo ©
- o - -
Ll = A A - — —
—H ot H U U UH U o YV o © oo T e T S H ] H VU~ Y
I I R I ° © ©
[V VYUY YW
- - - -
S v v o o= = o~ T 7 7 T ~ ~ ~
o © o © ) a N - T T B R T VR SV SR VR
o= =]
— 0 U UH U~ O~ (W) VU VU U VUV QO
T el mm T s T i BV Y YUY
OV UH O H U~ A ) ) SRR - o oo N oA oo -
= _6,1_6,,1,
v oW ) v oW ) NN~
VU UH U O Q - - (U OU0 Uy Ty 0
L R I I T T R |
) ) vV - o
O U~ O =~ O Y — U = YA H U - - -
) v v Sl v~ Vv v~
- - - o ) ) )
O~ O~ 0 VUV | AA| A~A—A] |
) ) VRV - o R I B o
o= [} )] [a\]
Vo O OO U~ v VUV L v T VT Y Uy © Uy
- - o -
L T T T I T IR R I |
o U o -H - U U VU~ W (] LV W Y O ™~~~ R e e B e e B B e e B

N C00000000000000F N CO00000000000000F N CO00000000000000F N 000000000000 000F

(0)
Cita =
0
C;l)B =
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5.11.8.  Nicoara’s 11 x 11 complex Hadamard matrix

Another equivalence class of 11 x 11 Hadamard matrices is represented by the
matrix communicated to the authors by Nicoara:

2 1 1 1 1 1 1 1 1 1 1
1 —a —a —a -1 -1 —a~! —a7! -1 -1
1 —a a —a —a -1 -1 -1 -1 —a!' —a?
1 -—a —a -1 a -1 —a —a7? -1  —a? -1
1 —a —a a -1 —a -1 -1 —a~?! -1 —a~?!
N =81 -1 -1 -1  —a -a 1 —a ' -1 -1 —a' 7, (147)
1 -1 -1 —a -1 1 —a -1 —a~! —at -1
1 —a? -1 —a~ ! -1 —a~t -1 —a~t a"?! —a"? —a?
1 —a ! -1 -1 —a~t -1 —a~' a?! —a~! —a? —a?
1 -1 —a~! —a? -1 -1 —a~!' —a? —-a? —-a? a2
1 -1 —a~t -1 —a~! —a7? -1 —a"? —a? a2 —a~?
where
3 V7
= 2 _;. X 148
a 1 (148)
The above matrix is isolated” since its defect d(N1((1) )=0.
5.12. N =12
5.12.1.  Orbits stemming from Fiq
The only maximal affine Hadamard families stemming from Fjs are:
9 . . .
F1(234(a, b,e,d,e, fog,h,i) = Fiao0EXP (7, . RFSL (a,..., z)) , (149)
9 . . .
F1(21)B(aa b,c,d,e, f,g,h,i) = Fig0EXP (’L . RFS)B (a,... ,z)) , (150)
9 . . .
Fl(ng(a, b,c,d,e, f,g,h,i) = Fig0EXP (’L . RFI(?C(a, .. ,Z)) , (151)
9 . . .
F1(233(a, b,c,d,e, f,g,h,i) = Fig0EXP (7, . RF1(3>D (a,... ,z)) , (152)

r© N\
123(a,b,0,d767f,g,h,2) - FlQOEXP

7. (Rngg(“""’i)>T> ,
i (RF(Q) (a,...,i))T),

i (RFl(gg(a,...,i))T>,

T
(Fl(g)C(a’7b7 ¢, da€7f7ga h,Z)) = F12 o EXP

N NN

£ N
< 12D(a,b,6,d,€7f,g,h,l)> - FlQOEXP

"R. Nicoara, private communication
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where

(153)

O NNNNNNNNNNNNNNNNND

- O ", )
“5535% %SG e
S oo A S 0o A

"3 3333733333

@ © @ © M

~5%5%5 %% ~B%%
IR NN s WS3m5
35335385

0w S o © o ¢ o &~

® —
33333333333
14wOow 14wsw 14wOow 14wsw
™M © © o

SEEE SRS NES

N ¥ © ®© N © ®©

S S
“3333y s ea;

o ~
N Mmoo~ oo SO

~ 333333333373

HoH A A
N @00000000003000a0t
Il

3
<3

(154)
(155)
(156)

INNNNNNNNNNNNNNNNND

e—a-+g
e—a-+1
e—a-+g
e—a+1
e—b+1i
f d—a+i
f d—a+i

d
d

d—a+h

c—a+g d
c—a-+1
c—a+g d
c—a-+1

c

c—a-+1
c—a-+1

2, and
b
b
i

b
b

h

7
%

f
I

e—a-+1

e—a-+g

e—a+1
e—b+1i
d—a+1i
d—a+1

d
d

1, wb = -1, w?
d

c—a-+1
c—a+g
c—a-+1t
d—a+h
c—a-+1
c—a-+1

L]
c

b
f

/g

i) =

9 (a,..
Fop

and w = exp(i - 27/12), so w'?
R



164 W. Tadej and K. Zyczkowski

2 3
[ ] L) ° L] L] L] L] L] L) [ ] L) [ ]
e a b c d a e c b a d c
e € o f e ¢ o f e ¢ o f
e g b g d g e g b g d g
e h e c—a+h e h e c—a+h e h e c—a+h
. e i b f—e+i d i e f—e+i b i d f—e+i
RFS)D(O’""’%)_ e o o . e o o . e o o ° (157)
e a b c d a e c b a d c
e ¢ o f e ¢ o f e ¢ o f
e g b g d g e g b g d g
e h e c—a+h e h e c—a+h o h e c—a+h
e i b f—e+i d i e f—e+i b i d f—e+i

Thus we have three pairs of cognate families, and the Fl(g,)q family is self-cognate.
At least one of the above orbits is permutation equivalent to the orbit constructed

using the Dita’s method,
ng)(a12 --:ag) = 158)
D) | [F3)L - Dl as,a6) - F{(a2) | [F3], 5 - Dlar, as, ag) - Fi" (as)
g [Fg 21 FAE ) (a1) [F3]22 - D(au, as, a6) ~F£1)(a2) [F3]23 D(a7,ag7ag) F( )(ag) é
[Falyy - Fi(e1) | [Fsls s - Dlaa,as,06) - i (az) | [Faly 5 - Dlar, as, a9) - T (as)

where D(a, 3,7) denotes the 4 x 4 diagonal matrix diag (1, €, ¢, ?7) and F4(1) ()
is given by (62).

It passes through Fl(Q)(O) F3 ® Fy, which is, according to [59], permutation
(9

equivalent to Fig, so F},y’ is a maximal afﬁne Hadamard family stemming from a

permuted Fio. It also passes through F12 (w/2,7/2,7/2,0), which is dephased, so
it is a permuted F3® F»>® F5. Thus permuted and inequivalent Fio and F3® Fo® Fj
(see [59]) are connected by the orbit of (158).

Note also that a similar construction using the Dita’s method with the role
of F3 and F4(1) exchanged yields a 7-dimensional orbit, also passing through a
permuted Fis: Fy ® F3, which is a suborbit of one of the existing 9-dimensional
maximal affine Hadamard families stemming from Fy ® F3.

5.12.2.  Other 12 x 12 orbits

Other dephased 12 x 12 orbits can be obtained, using the Dita’s method, from Fj
and dephased 6 x 6 complex Hadamard matrices from section 5.6., for example:
[Fay 1 - P (o1, 02) | [Faly 5 Dleu, ., as) - DI (ag)

(8) »
FD (alw-*vo‘s) = )
C[Folan - FP (a1, a2) [Fo]y5 - Dl(as, ..., as) - DS (as)

@ (Bl FP(0,0) | (Bl Dlas,. . ar) - O
FCiy(a1,...,a7) = @) o
(Folyq - Fg (o, 02) | [Foly, - D(as, ..., a7) - Cg

[Fa)yy - FP(on,02) | [Fa]y - D(os, ... ar) - S

FS(7)(a1,‘.‘,a7) = s
12 . [F2]271 . FG(Z) (al,ag) ‘ [FQ]Q)Q . D(Ozg7 ey Ct7) N Séo)

) Wy "
[F2]y 4 - Dg “(a1) ‘ [F2]y 0 - D(es, ..., a7) - Dg (a2)
By - DEY () [ [Falyg - D, .. a7) - D (a2)

DD (on,...,07) =

[B]y, - D (1) | [Ba)y - Dlag, ... a6) - CF

(6) _
pc'®(ay,...,a¢) =
12 [Falyy - DS (1) | [Falys - D(az,...,a6) - CF”
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#
[Falyg - DS (o) | [Faly g D(on, - 06) - 55
[Falyy - D (1) | [Faly g - Dias, ..., ag) - S

DS (an,...,a5) =

[Ba)y O | [Falyy - Dlen,... a5) - CF)

" [F2]2,1 . CG [Fz]Q,Q N D(Ocl, e ,a5) . Céo) “
(5) _ [F]yy O | B2y Dlaa, .. a5) - S
0512 (Oq,...,oc{,) = (0) (0) 5
" [F2]2,1 gen [F2]272-D(a1,...,a5)'56
B, -S9O | (F],, D .50 #
[ 2]1,1 6 [ 2]1,2 (o1,--.,05) - S

S5 (a1, .. a5) =
2 [Faloy - S5 | 2l - Dlar,... a5) - S

cc®)(a,. ..

Q
ot
&
I
c

where D(fy, ..., [s) denotes the 6 x 6 diagonal matrix diag(1,¢e%, ..., e#%),

5.13. N =13

5.13.1.  Orbits stemming from Fi3

The Fourier matrix F3 is an isolated 13 x 13 complex Hadamard matrix

21 1 1 1 1 1 1 1 1 1 1 1 1

1 w ’LU2 ’LU3 w4 ’LU5 wG U}7 ’11}8 ’LU9 wlO wll ’11}12
1 ,w2 ’LU4 w6 71)8 ”LUlO ’LU12 w ”LUS ’LU5 UJ7 '71)9 ’LUll
1 ,w3 U}G 'UJ9 U)12 ﬂ)2 'LUS ,wS ,wll w w4 ,w'? wl()
1 w4 ,wS ,w12 w3 w7 U}ll w2 U)G ,wl() w w5 ,wg
1 ’LU5 wlO w2 ,w7 w12 ,w4 w9 w ,w6 wll ’LU3 wS

Fi3 = Fl(g) _ 1 wb  w'? wd Wl wt w0 w3 w?  w? W w w’
1 w7 w ,w8 wZ ’LU9 w3 wlO w4 wll ,w5 w12 wG
1 wS ’LU3 wll wG w ’LU9 U}4 w12 ’LU7 ’U}2 wlO ’LU5
1 ,w9 ’LU5 w wlO ”LUG 'LU2 wll ”LU7 ’LU3 w12 '71)8 ’LU4
1 wlO ’11)7 'UJ4 w wll w8 w5 ’Uj2 U)12 w9 wG ’11)3
1 wll ,wg ’U.)7 w5 wd w w12 wlO ’LU8 w6 w4 ,w2
1 w12 wll wlO w9 w8 ’U.)7 wG U)5 ,w4 w3 ’LU2 w

where w = exp(i - 27/13), so w'3 = 1.

5.13.2.  Petrescu 13 x 13 orbit @

There exists a continuous 2-parameter orbit P1§
matrices found by Petrescu [62],

165

(159)

of 13 x 13 complex Hadamard

» (161)

(2) _ ,
P13 (6, f) = P13 [¢] EXP 1 - RP(Q) (6, f) 3 (160)
13
where
2 3
1] 1 1 1 1] 1 1 1 111 11
21| —1 10 —t5 5 e —it®  at —alS [ 10 ¢ 222
Q 1| 10 -1 5 —t5 | —it® @> —alS 15 | 16 g4 22 428
Q1| 5 T L 2 R T L L S Sl
21| & —t5 t10 o U e e A A B S S S
8 1| 45  —it5  @t? @ | -1 t10 —t° G
Piz = 8 1| —it® it —it?® @2 | 410 -1 t5 —t5 | ¢22 428 g1 416
Q1| @2 —@? a5 —i5 | —if t5 -1 e I e S
Bl e t5 -5 10 —1 [ 38 422 416 4d
Q| 3 t4 +16 t16 128 128 122 122 $t20 410 410 4T0
i 1 16 $16 t4 t4 122 122 128 128 $10 420 410 410 z
4 1 128 128 122 122 $16 $16 4 4 $10 410 420 410
1

122 122 128 128 4 4 $16 +16 $10 410 410 420
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and t = exp(i - 27/30), so t3 = 1, !5 = —1, and

R;ﬁ)(&f) = (162)
L] L] L] L] L] L] L] L] L] L] L] L] L] 3
° ° . f f e e et+G(f) e+G(f)|o o o o
. . . f f e e e+G(f) e+G(f)|eo o o o
. f f . . e+G(f) e+G(f) e e e o o o
. f f . . e+G(f) e+G(f) e e e o o o
. —e —e —e—G(f) —-e—-G(f) . . —f —f e o o o
. —e —e —e—G(f) —-e—G(f) . . —f —f e o o o
o | —e—G(f) —-e—G(f) —e —e —f —f . . e o o o
o | —e—G(f) —e—G(f) —e —e —f —f . . e o o o

where

G(f) = arg(— C°S2(f) —l—i-g\/?—cos@f)) - 2% (163)

Since the function G(f) is nonlinear, the above family is not an affine Hadamard
family, but it is not clear whether it could be contained in any affine Hadamard
family of a larger dimension.

Due to some freedom in the construction of family components the method
of Petrescu allows one to build other similar families of Hadamard matrices. Not
knowing whether they are inequivalent we are not going to consider them here.

5.13.3.  Clyclic 13 roots matrices

There are precisely two =~ equivalence classes of complex Hadamard matrices,
inequivalent to Fi3, associated with the so-called ‘index 2’ cyclic 13 roots. This

result is drawn in [21, p. 319].

The classes are represented by the matrices 01(2247 Cfg)B below, their respective
dephased forms are denoted by C{gl‘, Cg)B. Both matrices have the circulant
structure [U]; ; = Z(;_jmod 13)+1, Where

r = [1,¢7¢ ¢ ¢CF¢CECETcced d for éfg)A (164)
v = [, d d d d dd d ddd d d for C9, (165)
and
—1+V13\ . V130 +2V13
© = ( 12 )“'( 12 ) (166)
-1-+/13 . 130 — 2V/13
d = ( 12 >+"( 12 ) (167)
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g?c, k = A, B yields a matrix equivalent to the original
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N=14

5.14.

Orbits stemming from Fi4

5.1/.1.

The only maximal affine Hadamard families stemming from Fy4 are:

\}
[a\]
~
—
N—
VR
&~
N
I N
=<
67 d7
d’ <
Ca -~
<=
S as
ey K
(S
R N—

Fuy 0 EXP (1,
Fiy 0 EXP (z

T

Fl(g) (a,b,c,d, e, f)

<F1(2)(a, b,c,d, e, f))

where

3
i(n&

S o~ o n A

[a ]
5335333333333

1
13

12

S 0w o % S 0o+

[a]
3333337333333

—

0 ~ q

0 99~ N oo m
~“3333333333333

11

o o~ S o a &
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) N — o
w0 ™ S
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obtained by permuting one of Dita’s constructions: either

(175)

,ag) - Fr
yag) - Iy

[Fo]yy - F7 [ [Falyq - D(u, - ..

[ [F2]y - F7 | [Foly 9 D(v, -

'aa6)

(6
Fifh(on, .
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where D(az1,...,q4) is the 7 x 7 diagonal matrix diag(1,e*1, ..., e*), or

ﬁl(g)B(ﬂla o B6) (176)

such that its 7, j-th 2 x 2 block is equal to [F7]; ; - D(«) - F, where 4,5 € {1...7},
D(a) is the diagonal matrix diag(1,e*) and o = 0,51,...,06 for j = 1,2,...,7
respectively.

This is because ﬁfg%(ﬂ) = Fh®F; and ﬁl(z)g (0) = F;®F; are, according to [59],
permutation equivalent to Fi4, so both Dita’s orbits are maximal affine Hadamard
families stemming from permuted Fi4’s.

5.14.2.  Other 14 x 14 orbits

Other dephased 14 x 14 orbits can be obtained, using the Dita’s method, from Fj
and dephased 7 x 7 complex Hadamard matrices from Sect. 5.7., for example:

- [ 1By B | B, Dlas,... a7) - P (a)
FP14 (041,...,047) = (0) (1) ,
| By, B | By, Dl ... a7) - P (e
©) [ By FO | By, Doy, a6) - C8
F014k(041, ey Ozg) = (0) (0) 5
| [Py B | [Py, - Dl ... a6) - CY
®) [ Rl PP | [Bly - Dlas,.... as) - P (az)
PP14 (041,...,0(8) = (1) (1) s
L [F2]2,1 Pz (a1) [F2]2,2 D(ag,...,a8) - Py (a2)
™ [ B, -PP) | 1R, Dias,... a7) - CF)
PCMk(al,...,Oﬂ) = (1) (0) s
L [F2]2,1 Pz (a1) [F2]2,2 “D(ag,...,a7) - Cyy
W2 cO R -D(aq,...,« .l
08, (o vaq) = [ Gt | [Fhy Dler,. o) G |
L [F2]2,1 Cy [F2]2,2‘D(O‘17 sag) - O

where k € {A, B,C, D} and (I,m) € {(4, 4), (A, B),(A,C), (4, D), (B, B), (B, C),
(B,D),(C,C),(C,D), (D, D)} designate 7 x 7 complex Hadamard matrices asso-
ciated with cyclic 7 roots, and D(f1,...,s) denotes the 7 x 7 diagonal matrix
diag(1,¢e®1 ... e¥6),
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5.15. N =15

5.15.1.  Orbits stemming from Fi5

The only maximal affine Hadamard families stemming from Fj5 are:

F(ab.e.de, f.g.h) = FisoBXP (i Ry (a.bede, fg.h)), (177)
15

( (8) T . T
Fl5 (a7b7 c, dvea f7ga h’)) F15OEXP T- <RF(8)(aa ba C, daevfagvh>> I
15

where
21 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3
1 w w2 wd wt Wb wb wT w® w? wl0 wll wl!? 13l
1 w2 wt wb  w® wld w2 w4 w3 w® w w?  wll wl3
1 ws wb w?  w'? 1 w3 w® w?  w'? 1 w3 w® w? w2
1wt w®  w!2 w W ow?  wld w2 Wb w0 w4t w3 W wll
1 wb Wl 1 w®  wlo 1 w®  wlo 1 w®  wlo 1 w®  wlo
1wt w?  wd W 1 Wb wl? Wl w? 1 Wb w? Wl w®
Fis = 1w w Wb W wh w2 w? wll wd w0 w2 w? w w®
1w w W w? w0 w3 wll wt w!'? wd Wl Wb wd W
1w w?  wh? Wb 1 w? w? wh? Wb 1 w? w?  wh? WS
1wl wd 1 w0 b 1 w!® Wb 1 w® Wb 1 w0 b
1wl W’ wd w? wl® Wb w2 wd  w? wd w w2 ws wt
1 w2 w? Wb Wl 1 w2 w?  wb W 1 w2 w? Wb W
1w wll w® W wb w3 w w w2 w0 w8 Wb wt w2
1 wld w3 12 Ll 10 49 wd W’ wb Wb wt  wd w2 w
(178)
with w = exp(i - 27r/15), so w'® = 1, and
2 L] [ ] L] L] L] [ ] L] L] [ ] L] [ ] L] L] [ ] L] 3
e a b ¢ d|e a b ¢ d|e a b ¢ d
e e f g hle e f g h|le e f g h
° L] L] L] L] L] L[] [ ] ° L] L] [ ] [ ] L] [ ]
e a b ¢ d|e a b ¢ d|e a b ¢ d
e e f g h|le e f g h|le e f g h
[ ] ° L] [ ] ° L] [ ] [ ] L] L] L] L] L] L] L]
RF(8> (a,b,c,d,e, f,g,h) = e a b ¢ d|e a b ¢ d|e a b ¢ d (179)
18 e ¢ f g h|le e f g hle e f g h
L] L] L] L] L] L] L] L] L] L] [ ] L] L] L[] L]
e a b ¢ d|e a b ¢ d|e a b ¢ d
e ¢ f g h|le e f g hle e f g h
L] L] L] L] L] L] L] [ ] L] L[] L] L] L] [ ] L]
e a b ¢ d|e a b ¢ d|e a b ¢ d
e ¢ f g hle e f g hle e f g h

T
The families Fl(g) and (Fl(g)) are cognate. At least one of them can be obtained
by permuting one of Ditd’s constructions: either
2 (F3]y1 - F5 | [F3l 0 D(aa,...,04) - F5 | [F3]; 5 D(as,...,a8) - Fs 3

B (a1, a8) =4 [F3la1 - F5 | [F3lpp - D(ai,...,aq) - F5 | [F3]y 5+ D(as,...,as) - F5 5, (180)
(F3ls1 - F5 | [F3l30 D(ai,...,a4) - F5 | [F3]3 5 D(as,...,as8) - Fs
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where D(aq,...,a4) is the 5 x 5 diagonal matrix diag(1,e*!, ..., e*), or

ﬁl(g)B(ﬂla"'aﬁB)a (181)

such that its 4, j-th 3 x 3 block is equal to [F5]i7j -D(a, B)- F3, where i, j € {1...5},
D(a, B) is the diagonal matrix diag (1, e, e??) and

(a,B8) = (0,0), (B1,52), (B3,84), (B5,06), (Br,58)

for j =1,2,...,5 respectively. This is because ﬁf?A(O) = F3® F5 and ﬁl(gj)g(O) =

F5 ® F3 are, according to [59], permutation equivalent to Fis, so both Dita’s orbits
are maximal affine Hadamard families stemming from permuted Fi5’s.

5.16. N =16
5.16.1.  Orbits stemming from Fig

The only maximal affine Hadamard family stemming from Fig is the 17-parameter
orbit

1 .. .
F](67)(aa b7 c, d7 €, fagv ha 1,7, kv la m,n, 0,p,7") = F16 o EXP(Z : RF1(é7) (aa ey T))a
(182)
where
2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3
1 w U}2 wS ,w4 w5 wG w7 w8 wg wlO wll ,w12 w13 w14 71)15
1 w? wt wb w8 wl0  l2  gld 1 w? wh w6 w8 wl0  pl2  yl4
1w w0 w? w2 w®  w? w®  wd  wll wl? w w? w?  wll '3
1 w4 U}S w12 1 w4 wS w12 1 w4 71)8 71)12 1 w4 ,w8 ,w12
1 wd  wl0 w5 4 W wlt Wl wd w3 w2 w? w!2 w wh !l
1w w?2 w? wd  wlt wt  wl0 1 wl  wl?  w? w®  wlt wt wl0
5 5

FIG _ 1 w7 ’LU14 w® wl? w3 wlO w w8 wlo 71)6 71)13 w4 wll ,w2 w9
1 ws 1 w8 1 w8 1 w8 1 w8 1 w8 1 w8 1 w8 ’
1 w9 ’UJZ ,wll w4 w13 ’UJ6 ,LU15 wB w wlO w3 w12 w5 ,w14 w7
1 wlO w4 w14 ’LUS w? w12 71)6 1 w]O ,w4 71)14 wS w2 wl? w6
1 wll b w w2 w7 w2 wlB W w3 Wl wt  wl® wl0 B
1 w? W w? 1 wl?  ws w? 1 wl2  wd w? 1 wl2  wd w?
1 ,w13 wlO ’IU7 ,w4 w w14 wll w8 U}5 71)2 71)15 wl? wQ ,wﬁ w3
1 wld 2 pl0 8 wb wh w? 1 w12 10 8 wb wh w?
1 w15 'I_l)14 ,LU13 w12 wll wlO 71)9 wS ,w7 wG w5 4 w3 w2 w

(183)

with w = exp(i-27/16), so w6 = 1, w® = —1, w* = 4, and (where for typographic
purposes we denote e — a + k by
e—a
+k )7

so this is not a binomial coefficient)
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R _an(a,...,r) = (184)
blb
2 3
. L] . . . . . . . . . . . . . .
e a b c d e f g e a b c d e f g
e h 1 J . h i J e h i J . h i J
. e—a f—0b g—c . e—a f—0b g—c
o k I m d Tk ) m o k I m d Tk ) m
e n e n . n . n e n e n . n . n
c—a e—a g—a c—a e—a g—a
e 0 b +o 4 f +o e o b +o 4 f +o
. j—h . j—h j—h . j—h
¢ pt +p * P ¢ +p * Pt +p ¢ P ¢ +p
m—k e—a f-b g—c+m m—k e—a f—b g—c+m
s +r L +1 +r—k e +r 4 +1 +r—k
. L] . . L] . L] L] . L] . . . L] L] L]
e a b c d e f g e a b c d e f g
e h i J . h i J e h i J . h i J
e—a f=0 g—c e—a f—=b g—c
s k1 m 4 +1 +m e kI m Tk +1 +m
. n . n . n L] n . n . n . n . n
c—a e—a g—a c—a e—a g—a
e o b “+o d “+o f “+o ® o b “+o d “+o f “+o
. j—h . j—h j—h . j—h
e p i +p . p i Tp e p i T . p i +p
. m—k e—a f—-b g—c+m m—k e—a f—b g—c+m
e ! w4 +l -k |07 w4 4 + r—k

The 17-dimensional family Fj

17)
6

of N = 16 complex Hadamard matrices is self-

cognate. Note that this dimensionality coincides with the defect, d(Fig) = 17,
which follows from (19). The above orbit is permutation equivalent to the orbit
constructed with the Dita’s method:

17
Blg”

(011,..

L017) =

(®) ) #
[Falyy - FP (1, 05) | [F2)yn - Dlonn,. .., aa7) - F¥ (as, - ., on0)
(F2la 'Fg(S)(aL oo, 05) ‘ [F2]5 5 - D(oai,. .., 0a7) - ng)(a6,~--7a10)
(185)
where the only maximal affine Hadamard family stemming from Fjy: Fém such

that F8(5)(O) = Fg, is given by (121), and D(aqy,...,a17) is the 8 x 8 diagonal

. . ia
matrix diag(1,e*11, ...
This is because

, €ial7).

Fie = F$7(0,(1/16)2r, (2/16)2r,. .., (7/16)27) -

T
le1, €3, €5, €7, €9, €11, €13, €15, €2, €4, €6, €8, €10, €12, €14, €16)

(186)

where e; denotes the i-th standard basis column vector, so indeed (185) generates
the only maximal affine Hadamard family stemming from a permuted Fig.
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The above orbit also passes through ﬁl(éﬂ(ﬂ) = I, ® Fg, as well as through

permuted Fo R Fo® Fy and Fo® Fo® Fy® Fy, since ﬁ8(5) of (124), or the permutation

equivalent F§5) of (121), both pass through permuted F» ® Fy and Fh ® Fy ® Fb.
Note that all the tensor products Fig, Fo ® Fg, Fo @ Fo ® Fy and Fr ® Fo ® Fo ® Fo
are inequivalent [59].

6. Closing Remarks

Let us summarize our work by proposing a set of dephased representatives Gy
of equivalence classes of Hadamard matrices of size N = 2,3,4,5, and by enu-
merating the sets from the sum of which one should be able to extract such a
set of representatives for N = 6,...,16. The dots indicate that the existence of
other equivalence classes cannot be excluded. For instance, one could look for
new inequivalent families for composite N using the construction of Dita [22] with
permuted some of the component families of Hadamard matrices of smaller size.
We tend to believe that the compiled list is minimal in the sense that each
family is necessary, since it contains at least some matrices not equivalent to all
others. However, the presented orbits of Hadamard matrices may be (partially)
equivalent, and equivalences may hold within families as well as between them.

In the list of complex Hadamard matrices presented below, let {X](\}i)} denote

the set of elements of the family X](\?).
N=2 G = {F}.
N=3 G = {F"}.

N =4, Gy = {Ff)(a); a€ [0,7‘(‘)}.

N=5 G5 = {Fy.

T
M=o Gc () u ()} U v v s v
N=7, G c {Fu{PMyu{cucu ey u{cyu...
N=8, G c {FPyu ..
N=9, G c {FPyu ..

T
N=10, G c {FJ}u {(Ffé)) } U...
. Gn c {RYy u ey u (el u NPy u L

T
No1zo G (R U (ERL) Oy O () o {(R) "
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T T
{(r2)" v {(r)"} v roiy U pedy U (ps Dy

(DDD} U (DAY} U (DS u{ccyu sy ussHyu...

N=13, Gz c {Fr u{c91 u {9y u{r?}u.
N=14, Gy c {F9u {(Ffj))T} u {FPD}U
U Feroeryu  J {pci}u
ke{A,B,C,D} ke{A,B,C,D}
U {cci, v ...

(Lim)E{(A,A),(A,B),(A,C),(A,D),(B.B),(B,C),(B,D),(C,C),(C,D),(D,D)}
T
N=15,  Gis c {FP1 U {(Ff?) } U...

N = 16, Gis ¢ {F71u ...

Note that the presented list of equivalence classes is complete only for N = 2,3,4, 5,
while for N > 6 the full set of solutions remains unknown. The list of open
questions could be rather long, but let us mention here some most relevant.

i) Check if there exist other inequivalent complex Hadamard matrices of size
N =6.

ii) Find the ranges of parameters of the existing N = 6 families such that all
cases included are not equivalent.

iii) Check whether there exists a continuous family of complex Hadamard ma-
trices for N = 11.

iv) Investigate, if all inequivalent real Hadamard matrices of size N = 16,20
belong to continuous families or if some of them are isolated.

v) Find for which N there exist continuous families of complex Hadamard ma-
trices which are not affine, and which are not contained in affine Hadamard
families of a larger dimension.

vi) Find the dimensionalities of continuous orbits of inequivalent Hadamard ma-
trices stemming from F if IV is not a power of prime.

Problems analogous to i)—iv) are obviously open for higher dimensions. Thus a
lot of work is still required to get a full understanding of the properties of the set
of complex Hadamard matrices, even for one-digit dimensions. In spite of this fact
we tend to believe that the above collection of matrices will be useful to tackle
different physical problems, in particular these motivated by the theory of quantum
information [43]. Interestingly, the dimension N = 6, the smallest product of two
different primes, is the first case for which not all complex Hadamard matrices are
known, as well as the simplest case for which the MUB problem remains open [54].



A Concise Guide to Complex Hadamard Matrices 175

Acknowledgments

It is a pleasure to thank B.-G. Englert for his encouraging remarks which inspired
this project. We enjoyed fruitful collaboration on Hadamard matrices with I.
Bengtsson, A. Ericsson, M. Ku$ and W. Stomezytiski. We would like to thank C. D.
Godsil, M. Grassl, M. Rotteler, and R. Werner for fruitful discussions and P. Dita,
M. Matolesi, R. Nicoara, W. Orrick, and T. Tao for helpful correspondence. K.Z.
is grateful for hospitality of the Perimeter Institute for Theoretical Physics in
Waterloo, where this work was initiated. We acknowledge financial support by
Polish Ministry of Science and Information Technology under the grant PBZ-MIN-
008/P03/2003. We are indebted to W. Bruzda for creating a web version of the
catalogue of complex Hadamard matrices which may be updated in future — see
http://chaos.if.uj.edu.pl/~karol/hadamard

Bibliography

[1] J.J. Sylvester, Thoughts on inverse orthogonal matrices, simultaneous sign-successions, and
tessellated pavements in two or more colors, with applications to Newton’s rule, ornamental
tile-work, and the theory of numbers, Phil. Mag. 34, 461 (1867).

[2] J. Hadamard, Resolution d’une question relative aux determinants, Bull. Sci. Math. 17, 240
(1893).

[3] A.A. Agaian. Hadamard Matrices and Their Applications, Lecture Notes in Mathematics
vol. 1168, Berlin, Springer, 1985.

[4] A.S. Hedayat, N. J. A. Sloane, and J. Stufken, Orthogonal Arrays, Springer Series in Statis-
tics, Springer, 1999.

[5] A Library of Hadamard Matrices, web page of N.J. A. Sloane,
http://www.research.att.com/~njas/hadamard/

[6] Library of Hadamard matrices, web page of Jennifer Seberry,
http://www.uow.edu.au/~jennie/hadamard.html

[7] H. Kharaghani and B. Tayfeh-Rezaie, A Hadamard matriz of order 428, J. Comb. Des. 13,
435 (2005).

[8] A.T. Butson, Generalized Hadamard matrices, Proc. Am. Math. Soc. 13, 894 (1962).

[9] A.T. Butson, Relations among generalized Hadamard matrices, relative difference sets, and
mazimal length linear recurring sequences, Can. J. Math. 15, 42 (1963).

[10] R.J. Turyn, Complex Hadamard matrices, in: Combinatorial Structures and their Applica-
tions, Gordon and Breach, London, 1970, pp. 435-437.

[11] J. Wallis, Complex Hadamard matrices, Lin. Mult. Algebra 1, 257 (1973).

[12] S. Matsufuji and N. Suehiro, Complex Hadamard matrices related to bent sequences, IEEE
Trans. Inf. Theor. 42m 637 (1996).

[13] R. Craigen, W. Holzmann, and H. Kharaghani, On the asymptotic existence of complex
Hadamard matrices, J. Combin. Designs 5, 319 (1997).

[14] J.H. Beder, Conjectures about Hadamard matrices, J. Stat. Plan. and Inference 72, 7 (1998).

[15] 1. Heng and C. H. Cooke, Error correcting codes associated with complex Hadamard matrices,
Appl. Math. Lett. 11, 77 (1998).

[16] A. Winterhof, On the non-existence of generalized Hadamard matrices, J. Stat. Plan. and
Inference 84, 337 (2000).



176
(17]
(18]
(19]
20]

(21]

(22]

23]
(24]

25]
(26]
27]
28]
29]
(30]
31]
(32]

(33]

(34]
(35]
(36]
37]

(38]

(39]
[40]

W. Tadej and K. Zyczkowski

D. A. Drake, Partial \-geometries and generalised Hadamard matrices, Canad. J. Math 31,
617 (1979).

J.L. Hayden, Generalized Hadamard matrices, Designs, Codes and Cryptography 12, 69
(1997).

A.A. Pererra and K. J. Horadam, Cocyclic generalised Hadamard matrices and central rela-
tive difference sets, Designs, Codes and Cryptography 15, 187 (1998).

R. Nicoara, A finiteness result for commuting squares of matriz algebras, preprint
math.OA /0404301 (2004).

U. Haagerup, Orthogonal mazimal abelian x-subalgebras of the n X n matrices and cyclic n-
roots, Operator Algebras and Quantum Field Theory (Rome), Cambridge, MA International
Press, 1996, pp. 296-322.

P. Dita, Some results on the parametrization of complex Hadamard matrices, J. Phys. A:
Math. Gen. 37, 5355 (2004).

G. Auberson, A. Martin and G. Mennessier, Commun. Math. Phys. 140, 523 (1991).

I. Bengtsson, A. Ericsson, M. Kus, W. Tadej, and K. Zyczkowski7 Birkhoff’s polytope and
unistochastic matrices, N = 3 and N = 4, Comm. Math. Phys. 259, 307 (2005).

C. Jarlskog, Commutator of the Quark Mass Matrices in the Standard Electroweak Model
and a Measure of Mazimal CP Nonconservation, Phys. Rev. Lett. 55, 1039 (1985).

J.D. Bjorken and I. Dunietz, Rephasing-invariant parametrizations of generalized Kobayashi-
Maskawa matrices, Phys. Rev. D 36, 2109 (1987).

J.F. Nieves and P. B. Pal, Minimal rephasing-invariant CP-violating parameters with Dirac
and Majorana fermions, Phys. Rev. D 36, 315 (1987).

P. P. Dita, Global fits to the Cabibbo-Kobayashi-Maskawa matriz: Unitarity condition method
versus standard unitarity triangles approach, Mod. Phys. Lett. A 20, 1709 (2005).

S. Popa, Orthogonal pairs of *-subalgebras in finite von Neumann algebras, J. Operator
Theory 9, 253 (1983).

P. de la Harpe and V. R.F. Jones, Paires de sous-algebres semi-simples et graphes fortement
réguliers, C.R. Acad. Sci. Paris 311, 147 (1990).

A. Munemasa and Y. Watatani, Orthogonal pairs of *-subalgebras and association schemes,
C.R. Acad. Sci. Paris 314, 329 (1992).

G. Bjork and R. Froberg, A faster way to count the solutions of inhomogeneous systems of
algebraic equations, with applications to cyclic n-roots, J. Symbolic Comp. 12, 329 (1991).

G. Bjorck and B. Saffari, New classes of finite unimodular sequences with unimodular Fourier
transform. Circulant Hadamard matrices with complexr entries, C.R. Acad. Sci., Paris 320,
319 (1995).

C.D. Godsil and A. Roy, Equiangular lines, mutually unbiased bases, and spin models,
preprint: quant-ph/0511004, (2005).

T. Tao, Fuglede’s conjecture is false in 5 and higher dimensions, Math. Res. Letters 11, 251
(2004).

M. Matolcsi, Fuglede’s conjecture fails in dimension 4, Proc. Amer. Math. Soc. 133, 3021
(2005).

M. N. Kolountzakis and M. Matolcsi, Tiles with no spectra, preprint June 2004.

M. N. Kolountzakis and M. Matolcsi, Complex Hadamard matrices and the spectral set con-
jecture, Proceedings of the 7th “International Conference on Harmonic Analysis and Partial
Differential Equations”, El Escorial, 2004.

K.J. Horadam, A generalised Hadamard transform, preprint arXiv: ¢s.IT/0508104, 2005.

M. Reck, A. Zeilinger, H. J. Bernstein, P. Bertani, Experimental realization of any discrete
unitary operator, Phys. Rev. Lett. 73, 58 (1994).



(41]
42]
(43]
(44]
(45]

(46]
[47]

(48]
[49]
[50]
[51]
[52]
53]

[54]
[55]

[56]
[57]
(58]
[59]
(60]
(61]
(62]

(63]

A Concise Guide to Complex Hadamard Matrices 177

1. Jex, S. Stenholm and A. Zeilinger, Hamiltonian theory of a symmetric multiport, Opt.
Commun. 117, 95 (1995).

D. W. Leung, Simmulation and reversal of n-qubit Hamiltonians using Hadamard matrices,
J. Mod. Opt. 49, 1199 (2002).

R.F. Werner, All teleportation and dense coding schemes, J. Phys. A: Math. Gen. 34, 7081
(2001).

L. Vaidman, Y. Aharonov and D.Z. Albert, How to ascertain the values of o, oy and 0. of
a spin 1/2 particle, Phys. Rev. Lett 58, 1385 (1987).

B.-G. Englert and Y. Aharonov, The mean king’s problem: Prime degrees of freedom, Phys.
Lett. A 284, 1 (2001).

A. Klappenecker and M. Rotteler, New Tales of the Mean King, preprint: quant-ph/0502138.

G. Zauner, Quantendesigns. Grundzige einer nichtkommutativen Designtheorie, Ph.D. the-
sis, Wien, 1999.

A. Wijcik, A. Grudka and R. Chhajlany, Generation of inequivalent generalized Bell bases,
Quant. Inf. Procc 2, 201 (2003).

E. Knill, Group representations, error bases and quantum codes, preliminary reports,
preprint: quant-ph/9608049, 1996.

A. Klappenecker and M. Rotteler, Beyond Stabilizer Codes I: Nice Error Bases, IEEE
Trans. Inform. Theory, 48, 2392 (2002).

1. D. Ivanovié¢, Geometrical description of quantal state determination, J. Phys. A. 14, 3241
(1981).

W. K. Wootters and B.D. Fields, Optimal state-determination by mutually unbiased mea-
surements, Ann. Phys. 191, 363 (1989).

A. Klappenecker and M. Rotteler, Constructions of mutually unbiased bases, Lect. Notes
Comput. Sc. 2948, 137 (2004); preprint: quant-ph/0309120.

M. Grassl, On SIC-POVMs and MUBs in Dimension 6, preprint: quant-ph/0406175.

P. O. Boykin, M. Sitharam, P. H. Tiep and P. Wocjan, Mutually Unbiased Bases and Orthog-
onal Decompositions of Lie Algebras, preprint: quant-ph/0506089.

P. O. Boykin, M. Sitharam, M. Tarifi and P. Wocjan, Real Mutually Unbiased Bases, preprint:
quant-ph/0502024.

K.-T. Fang and G. Ge, A sensitive algorithm for detecting the inequivalence of Hadamard
matrices, Math. Comp. 73, 843 (2004).

W.P. Orrick, Switching operations for Hadamard matrices, preprint: math.CO/0507515,
2005.

W. Tadej, Permutation equivalence classes of Kronecker Products of unitary Fourier matri-
ces, Lin. Alg. Appl. (2006), in press, math.RA /0501233, 2005.

W. Tadej and K. Zyczkowski, A construction of orbits of complex Hadamard matrices gen-
erated by the Fourier matriz, preprint 2006.

J. Williamson, Hadamard’s determinant theorem and the sum of four squares, Duke Math.
J. 11, 66 (1944).

M. Petrescu, Ezistence of continuous families of complex Hadamard matrices of certain prime
dimensions, Ph. D thesis, UCLA, 1997.

W. Tadej et al., The defect of a unitary Fourier matriz, preprint 2006.



