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Abstract: The a l g e b r a i c  s y s t e m  c o n s i s t i n g  
of f i n i t e  set of e l emen t s  w i th  t w o  i n t e r n a l  
o p e r a t i o n s  of a d d i t i o n  and m u l t i p l i c a t i o n  
h a s  been s t u d i e d .  For t h e  above s y s t e m  which 
s a t i s f i e s  a l l  t h e  axioms of t h e  f i e l d s  
excep t  f o r  t h e  a x i o m  of a s s o c i a t i v i t y ,  which 
may, b u t  need n o t  b e  s a t i s f i e d .  t h e  name 
s p u r i o u s  G a l o i s  f i e l d  and t h e  symbol SGFCq3 
h a s  been proposed. Such an  approach  h a s  
a l lowed to  show t h a t  t h e  s p u r i o u s  G a l o i s  
f i e l d s  form a class of a l g e b r a i c  sys t ems  
c o n t a i n i n g  a1 1 t h e  i somorphic  G a l o i s  f i e l d s  
as i ts  smaller s u b c l a s s .  S o m e  p r o p e r t i e s  of 
SGFCq3 have  been p r e s e n t e d  and s o m e  domains 
o f  t h e i r  a p p l i c a t i o n s  also p o i n t e d  o u t .  The 
au tho r  f o l l o w s  t h e  n o t a t i o n  commonly used i n  
cod ing  t h e o r y  C21, E41. 

I .  I n t r o d u c t i o n  

The i d e a  of t h e  s p u r i o u s  Galois f i e l d s  
h a s  appea red  i n  t h e  context. of s o f t w a r e  
i mpl emen ta t i  on of computi ng i n  f i n i  te f i el d s  
u s i n g  t h e  Zech ' s  l oga r i thm:  i t  t u r n e d  o u t  
t h a t  t h e  program r e a l i z i n g  a d d i t i o n  i n  GFCq3 
also w o r k s  a f t e r  r e p l a c i n g  t h e  Zech ' s  
l o g a r i t h m  by a n o t h e r  similar f u n c t i o n .  
g i v i n g  u n p r e d i c t a b l e  r e s u l t s .  Thus t h e  p l a n  
of t h e  paper is as follows: s e c t i o n  I1 
c o n t a i n s  t h e  d e f i n i t i o n  of s p u r i o u s  G a l o i s  
f i e l d s ,  s e c t i o n  I11 gives t h e  r u l e s  of 
computi ng i n SGFC q3 , and def  i n e s  condi ti ons  
which c o u l d  a l l o w  t h e  GFCq3 t o  b e  s p u r i o u s .  
s e c t i o n  I V  d e s c r i b e s  s o m e  p r o p e r t i e s  of 
SGFCq3 , and s e c t i o n  V shows how t o  s o l v e  t h e  
problem of s o f t w a r e  implementa t ion  of 
o p e r a t i o n s  i n  SGFCq3 t o  o b t a i n  t h e  u s e f u l  
tool f o r  s t u d y i n g  t h e  p r o p e r t i e s  of t h e  
s p u r  i ous  G a l  oi s f i el ds .  

11. D e f i n i t i o n  of s p u r i o u s  G a l o i s  f i e l d s  

Let  

<SF.+,'> c13 

be an  a l g e b r a i c  s y s t e m  c o n s i s t i n g  of 
non-empty, f i n i t e  set of e l emen t s  i n  which 
t w o  i n t e r n a l  b i n a r y  o p e r a t i o n s  c a l l e d  
a d d i t i o n  and mu1 ti pl icati  on r e s p e c t i  v e l  y ,  
are d e f i n e d  and le t  

c a r d  SF=q. q=pm, p-prime. m-pos i t ive  
i n t e g e r  21 

be s a t i s f i e d .  
The s p u r i o u s  Galois f i e l d ,  denoted  by  

SGFCq3. is t h e  sys t em Cl3, s a t i s f y i n g  t h e  
axioms: 

S.1. 3 0 E SF V a E SF a+O=O+a=a .  

S . 2 .  V a E SF 3 -a E SF a+C-a3=C-a3+a=O. 

S.3. V a. b SF a+b=b+a. 

s.4. 3 -1 E SF c-1=1 if p=2 

S.5. <SF*.'> is a n  a b e l i a n  m u l t i p l i c a t i v e  

group,  SF* d e n o t i n g  SF-<O>. T h i s  a x i o m  
i mpl i es SF=<O. 1 , w. a?. . . , aq-2>, 

or -1 wCq-l'& i f  p > 2 1 ,  

t h a t  
wq-l , 

S.6 V a . b . c  E SF Ca.Cb+c>=a.b+a .c l  

&ICb+c>.a=b. a + c . a l .  

111. Computation i n  SGFCq3 

Let  Q=<O.l,. . . ,q-2>. From t h e  axioms S. 5. 
and S. 6 i t  f o l l o w s  t h a t  m u l t i p l i c a t i v e  
o p e r a t i o n s  c a n  be c o n c i s e l y  d e s c r i b e d  u s i n g  
t h e  fo rmulae  

To perform a d d i t i o n  i n  SGFCq> one  must 
know t h e  d i s c r e t e  i m p l i c i t e  f u n c t i o n  

C 6 3  

d e f i n e d  on t h e  set <-m.O,l.. . . ,q-2> and 
t a k i n g  t h e  v a l u e s  from t h i s  s e t .  H e r e .  t h e  
symbol -Q) d e n o t e s  an  e lement  of t h e  set 
d i f f e r e n t  from t h e  o t h e r  e l emen t s ;  t h i s  
symbol is used t o  express w-"O. 

m e n  I g i v i n g  

SZC-d=O f o r  p22. c 73 
By t h e  a x i o m  S .  4 w e  g e t  

SZC03=-w i f  p=2. 

SZC C q-1 3 /21  =-a) i f p> 2 .  

C 8 3  

C Q3 

The v a l u e s  of t h e  f u n c t i o n  SZCx3 f o r  X;rc-m, 
G O  i f  p=2 and G < q - l ) / a  i f  p > 2  must a l l  b e  
d i f f e r e n t  b u t  t h e y  can  b e  chosen  a r b i t r a r i l y  
so as to sa t i s fy  t h e  c o n d i t i o n  

s 2 c  #X c103 

because  t h e r e  i s  o n l y  one  i d e n t i t y  e lement  
o f  t h e  groupoid  <SF. +>. 

I t  s h o u l d  b e  no ted  t h a t  t h e  f u n c t i o n  
SZCX) f u l l y  de t e rmines  t h e  p r o p e r t i e s  of t h e  
groupoid .  I t  is proposed t o  name t h e  
f u n c t i o n  SZCd s p u r i o u s  Zech ' s  l o g a r i t h m .  

Addi ti v e  oper  a t i  o n s  are per f  or med 
accord ing  t o  t h e  r e l a t i o n s  
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0 i f  SZIr-sI=-oo. 

C123 ar i f  as=o, 
as i f  w r = 0 ,  

min<r .s>+SZlr-s ICmod q-13 

i f  o:o s#O and SZ(r-s(#-m. 

v r , s e  Q or+as= 

0 I 
I V .  S o m e  p r o p e r t i e s  of SGFCq3 

To c a l c u l a t e  t h e  number of a l l  p o s s i b l e  
SGFCq3's i t  is n e c e s s a r y ,  w i th  C73tC103 
s a t i s f i e d ,  t o  s o l v e  r e l a t i v e l y  s imple  
combi n a t o r i  a1 pr ob1 em. I ts sol u t i  on is a s  
f 01 1 o w s  : 

9-2 k 
Cq-23! C-13 / k !  i f  p=2, 

C133 k =2 [ q-3 k 

nsC q3 = 

Cq-33! C C-13 Cq-2-k3/k! i f  p > 2 ,  
k =O 

nsCq3 d e n o t i n g  t h e  number of a l l  p o s s i b l e  
SGFCq3 ' S .  Table  I w a s  c a l c u l a t e d  u s i n g  t h i s  
formula  f o r  t h e  f i r s t  18 v a l u e s  of q .  

Table  I 

9 nsC q3 

2 1 
3 1 
4 1 
5 3 
7 53 
8 265 
9 2119 

11 148329 
13 1601 9531 
16 32071 101 049 
17 51 31 3761 6783 
19 1 385471 56531 409 
23 19690321 886243846661 
25 992392223066689871 71 4 3  
27 5934505493938605432851 51 3 
29 41 541 538457571 63802996059099 
31 3364864615063302680426807870189 

J a 5 8 l 3 7 3 8 3 6 8 3 5 7 7 7 7 3 2 3 7 7 4 2 8 2 3 5 4 8 1  

I t  is t h u s  p o s s i b l e  t o  c o n s t r u c t  nsCq3 
d i f f e r e n t  SGFCq3.8. Among them t h e r e  are  
a l l  t h e  i somorphic  GFCq3's. For a g iven  q 
t h e  m u l t i p l i c a t i o n  t a b l e  is  t h e  s a m e  f o r  a l l  
SGFCq3, each  SGFCq3 having  a d i f f e r e n t  
a d d i t i o n  table.  The d i s t r i b u t i o n  of SGFCq3 
e l emen t s  i n  t h e  a d d i t i o n  t a b l e  can  be  v e r y  
v a r i o u s ,  b u t  a l l  t h e  a d d i t i o n  t a b l e s  a re  
s y m m e t r i c a l  re la t ive t o  t h e  d i a g o n a l ,  
because  t h e  groupoid  <SF.+> is commutative. 

Gene ra l ly ,  a d d i t i o n  i n  SGFCq3 is no t  an  
associative o p e r a t i o n  excep t  for SZCxl=ZCx3, 
namely, i f  SZCx> becomes t h e  Zech ' s  
l oga r i thm.  However, t h e r e  e x i s t  SGFCq3's 
c o n t a i n i n g  a s u b s e t  of e l emen t s  f o r  which 
a d d i t i o n  is a s s o c i a t i v e .  Th i s  s u b s e t  is 
formed by one  or m o r e  s u b f i e l d s  of GFCq) 
"implanted" i n t o  SGFCq3. 

I t  has  been observed  t h a t  for q>5.  f o r  a 
c e r t a i n  number of SGFCqI's. which a re  n o t  
GFCq>'s. t h e  a d d i t i o n  t a b l e s  have  a f o r m  of 
l a t i n  squa re .  These SGFCq3 's. f u r t h e r  c a l l e d  
l a t i n  s q u a r e  SGFCqI's, s e e m  t o  be  m o s t  
i n t e r e s t i n g  for a p p l i c a t i o n s .  

Although a d d i t i o n  i n  t h e  l a t i n  s q u a r e  
SGFCq3 wi th  SZCxlZZCxI is n o t  a s s o c i a t i v e ,  
t h e  e q u a t i o n s  

a+x=b, y+a=b C143 

have t h e  unique  s o l u t i o n  f o r  each  p a i r  
a ,b&,  because  i n  t h i s  case t h e  groupoid  
<SF. +> becomes a quas i  -group. 

I t  h a s  been noted  t h a t  each  l a t i n  s q u a r e  
SGFCq3 s a t i s f i e s  t h e  c o n d i t i o n  

SZCx3SZCq-l-x3+x Cmod q-13. C 1 5 1  

Taking i n t o  account  C153 i t  can  be  e a s i l y  
proved t h a t  f o r  p > 2  

SZCO3~:cC5q-113Cq-lI1/8 Cmod 23.  C163 

L e t  now (3 be  a gene ra to r  of <SF*. . > , 
t h e n  p=wk, C k , q-13=1 and 

Therefor  e 

kSZ'Cx>=SCkxCmod q-133 Cmod q-13 C173 

Thus knowing SZCx3 for one  l a t i n  s q u a r e  
SGFCqI i t  is p o s s i b l e  t o  c a l c u l a t e  o t h e r  
f u n c t i o n s  SZ'Cxl de te rmin ing  up t o  
CpCq-l31/m new l a t i n  s q u a r e  s p u r i o u s  G a l o i s  
f i e l d s ,  p C . 3  d e n o t i n g  t h e  E u l e r ' s  f u n c t i o n .  

The for mu1 ae C 1.51 i C  1 7> can  cons i  de r  ab1 y 
s i m p l i f y  t h e  w o r k  of f i n d i n g  a l l  t h e  l a t i n  
s q u a r e  SGFC q3 ' s. 

To c a l c u l a t e  t h e  number of a l l  p o s s i b l e  
l a t i n  s q u a r e  SGFCq3's one  must a t t a c k  t h e  
problem much m o r e  compl i ca t ed  t h a n  t h e  
l a t t e r  i n  c a l c u l a t i n g  nsCq3. However, t a b l e  
I1 estimates t h i s  number. I t  shou ld  be  no ted  
t h a t  a l l  t h e  GFCq3.s be long  t o  t h e  ensemble 
of l a t i n  s q u a r e  SGFCq3 ' S .  

Tab le  I I .  

number of number of 
l a t i n  s q u a r e  SGFCq3 i somorphic  GFCq3 

2 1 1 
3 1 1 
4 1 1 
5 2 2 
7 4 2 
8 3 2 
9 12 2 

11 56 4 
13 224 4 
16 631 2 

8 
6 

17 c .  10 

10 
19 c.  10 

4 
12 
8 
6 

4 
5 

23 c. lo5 
25 c.  lo6 4 

7 
7 
8 

27 c. 10 
29 c .  10 
31 c.  10 
32 c. 10 

c E 1 1 . 1 0 0 1  
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Frank ly  speak ing  it is d i f f i c u l t  t o  s t a t e  
w i t h  f u l l  c e r t a i n t y  t h a t  t h e  c o e f f i c i e n t  c 
w a s  chosen p r o p e r l y .  

V. So f tware  approach  t o  computing i n  SFCq3  

The easiest w a y  t o  implement o p e r a t i o n s  
i n  SGFCq3 is t o  r e p l a c e  t h e  a b s t r a c t  
r e p r e s e n t a t i o n  of e l emen t s  of SGFCq3 by t h e  
set of i n t e g e r s  

F d O . 1 . .  . . , q - l >  C183 

and t o  a p p l y  t h e  b i j e c t i v e  mapping 

T :  S F + F  c193 

d e f i n e d  by t h e  f u n c t i o n  

x+l i f  wxzo. 

0 i f  ox=o. 
TC = c 203 

I t  can  b e  v e r i f i e d  t h a t  

V a , b  E SF CTCa.b>=TCa>;TCb>l 

&C TC a+b3 =TC a3 ZTC b> 1 . c213 

There fo re  t h e  mapping T is an  isomorphism, 
and t h i s  be ing  so, t h e r e  exists t h e  i n v e r s e  
maPPi ng 

T-' : F + SF c 22> 

w i f  x>o. 

0 i f  x=O. 
T-'Cd= C 231 

I n  t h i s  w a y  t h e  o p e r a t i o n s  i n  SGFCq3 can  be  
t r ans fo rmed  i n t o  s i m p l e  a r i t h m e t i c  
o p e r a t i o n s  on i n t e g e r s .  

For a l m o s t  a l l  a p p l i c a t i o n s  i t  is  
s u f f i c i e n t  t o  d e f i n e  f i v e  f u n c t i o n s  
r e a l i z i n g  t h e  p roduc t ,  k-th power. sum, 
mu1 ti p l  i cati  ve  i n v e r s e  and add i  ti ve  i n v e r s e  
of e l emen t s  of SGFCq3, denoted  r e s p e c t i v e l y  
PCx,y3, PRCx,k3. SCx,y3, M I C d ,  A I C d  and 
expres sed  as f o l l o w s  

C 2 4 3  

c 253 

C 263 

A I  C x> =TC -ox-' 3 . C 28) 

Taki ng i n t o  account  C 23 +C 123 and C 183 +C 28) 
one  o b t a i  n s  i mmedi ate1 y 

l+Cx+y-2 Cmod q-131 i f  x,y>O. 

0 i f  x=O or y=O, C 293 PC x ,  y3 = 

l + [ C x - l > . k  CmOd q-13 i f  x>O. 

0 i f  x=o. C 303 PRC x. k3 = 

q+l -x  i f  e l ,  

1 i f  x=l.  
M I C X l =  C313 

x+Cq-l3/2 Cmod q- l>  
i f  XZO and p>2.  

C 323 x i f  XZO and p=2. 

0 i f  x=o. 

C O  i f  s I x - y I = - m .  c 33) 

The fo rmulae  C29>+C333 can  b e  e a s i l y  
w r i t t e n  down i n  any  h igh- leve l  programming 
1 anguage. 

Concl u s i  on 

I t  can  be  hoped t h a t  t h e  s p u r i o u s  G a l o i s  
f i e l d s  can  f i n d  s o m e  a p p l i c a t i o n s  i n  t h e  
d i s c r e t e  mathematics,  coding  t h e o r y  and 
a l g e b r a i c  t h e o r y  of au tomata .  The e x i s t e n c e  
of a g r e a t  number of l a t i n  s q u a r e  SGFCq3's 
f o r  s u f f i c i e n t l y  g r e a t  q seems t o  b e  
i n t e r e s t i n g  f o r  c ryp tography  Cll. I n  s o m e  
domains one  can  also u s e  t h e  " l i n e a r  
r e c u r r i n g  r e l a t i o n s "  over  SGFCq3 , g e n e r a t i n g  
t h e  p e r i o d i c  sequences  havi ng t h e  proper ties 
d i f f e r e n t  from t h o s e  over GFCq3 C31. 

I t  is also notewor thy  t o  s a y  t h a t  t h e  
s o f t w a r e  based upon t h e  formulae  C293iC33> 
is u n i v e r s a l ,  namely. i t  can  b e  used t o  
compute i n  SGFCq3, GFCq3 and GFCp3 as w e l l .  
I t  has  been p r a c t i c a l l y  v e r i f i e d  t h a t  t h i s  
s o f t w a r e  is a u s e f u l  tool f o r  implementa t ion  
of coding  and decoding  p rocedures  of 
gener a1 i zed  cyc l  i c codes .  
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