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Why Mathematical Modeling?

Key Component of All Advanced Monitoring,
Control and Optimization Schemes

Process Synthesis and Design (offline)
Operation scheduling and planning

Process Control

- Soft sensing / Inferential measurement

- Optimal control (batch operation)

- On-line optimization (continuous operation)

- On-line control (Single loop / multivariable)
Online performance monitoring Fault diagnosis
/ fault prognosis
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* Plant Wide Control Framework
=a ong Term Scheduling Market
and Planning | Demands /
] Raw material
[Layer 3] On-line Optimizing availability
Control Plant-Model
Setpoints i PV Mismatch
Model Predictive Con‘[['_ql_J'—
Setpoints l T PV
ﬁ& Operating constraint Control |<7
MV | PV
Load
| Plant | ~ Disturbances
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‘ Models for Plant-wide Control

ggregate Production
Rate Models

[Layer 3] teady State / Dynamic
First Principles Models

ynamic Multivariable Time
Series Models

SO Time Series Models,
ANN/PLS/Kalman Filters
(Soft Sensing)
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Mathematical Models

Qualitative

>Qualitative Differential Equation
»Qualitative signed and directed graphs
»Expert Systems

Quantitative

»Differential Algebraic systems

> Mixed Logical and Dynamical Systems
»Linear and Nonlinear time series models
> Statistical correlation based (PCA/PLS)

Mixed
»Fuzzy Logic based models
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White Box Models

First Principles / Phenomenological
/ Mechanistic

= Based on
= energy and material balances
= physical laws, constitutive relationships
= Kinetic and thermodynamic models
* heat and mass transfer models

= Valid over wide operating range
= Provide insight in the internal working of systems
= Development and validation process:

difficult and time consuming
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i Example: Quadruple Tank System

Z—ﬁ=—ﬂ«/2g +&1/2_q +}/1—k1v1

|
Tank3 Tank 4 Al Al 4
d a a K
1 r d a -4
Ll R
i I oh (L-7)k
2 oy -G 29k, + —V e,
T 9 § U o AR
—— Manipulated Inputs:v, and v,
| | Measured Outputs:h, andh,
[ ]
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i EXGmple: Non-iSOTher'mal CSTR 11T Bombay

Reaction: A—— B
Material Balance

V‘f; — F(C,y~C,)~Vhk exp(—E / RT)C,
Enery Balance
ar

+(-AH,, Whkexp(-E /RT)C,
Heat Tranfer to Cooling Jacket

a/:b+l
Q= E L @F I2pC)
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Example: Fed-Batch Fermenter

d(xv) _

pA u(S, S)XV (X : Biomass Conc.)
a’(jfl/) FS,r —0,(5,5)XV (S5, :Substrate -2 Conc.)
% =7(5, 5,)XV - kPV (P :Product Conc.)
av
ar 2 (V' :Reactor Volume)

0.0865,5,
2.0+5,+0.030357

0,(5,5,)=u(5,5,)/105 ;. n(5,5,)=1177e%"%2u(5,,5,)

#(‘51152) =

©
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Fixed Bed Reactor

= Material Balances (Distributed Parameter System)

a(;:tA — _V| aaizA kloe EllRTrC
9Cs __,, 9
ot 0z

~E,/RT, —EZIRT,
+K,,€ C, —kye

= Energy Balances

aT JaT, (_AH rl)

TN G [...Reactor Temp. ]
ot 2z  p,C,,

(-AH,) g u,
2 e ®/RC, +p Y (T,-T)

mepm m~pm Vr

aT. aT. U
CATNSTCLT L HE
ot 9z p,CoV,

pmj ¥ j
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Grey Box Models

Semi-Phenomenological

Part of model developed from the first principles
and part developed from data

Example: dynamic model for reactor model using
energy and material balance and Reaction kinetics
modeled using neural network

Better choice than complete black box models
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Example: Stirred Tank Heater-Mixer

4-20 mA
Eldd Water v
cv-li @ Cold Water i
| Floth:v-z
oo l
1 Heater Coil -
- |
420mA —---- | Thyriger | L. F===

Control

Input : w w
- - @ @

Experimental Setup: Schematic Diagram
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Example: Stirred Tank Heater-Mixer

ar, ( )+ QL)

dat Kt Y e,

ah, _

- [F F(L,) - F]

dr, _ 1 F(T,-T)+FA(T, T)—7UA(7;_7:”'")

dt  hA P,
Q(L,)=7.979I, +0.989I72 -0.0073L}
F(L,)=3.9+27I,-071I7 +0.0093}

U=1395T/m* ks : F(h)=k(h-h
I, : % current input to thyrister power controller
I, :%current input to control valve
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. Stirred k Heater-Mi
Example: Stirred Tank Heater-Mixer
Heat Input to Tank 1 Charecteraisation of Control Valve CV-2

4500 4500 o datat

. — cubic
g 000 4000
x
H 3500 _ s
£ 3000 ° £
5 F 3000
g £
; 2600 % 2500
1
g 2000
5 § 2000
5 1500 -
T"u o 1500
£ 1000 1000,

500 500

1o 20 30 a0 % 20 40 60 80 100

% Current input to the power module % valve opening
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Model Validation: Input Excitations

Input Perturbations

o N M OO ®

H_gatgr irﬂmt_ﬁm&

o

200

600 800
Sampling instant

400 1000

-
o]

—_
(2]

—_
»

Valve two input(mA)

-
N
o

1/18/2006
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Model Validation:

Level Variations

65

60}
55}
50F
45F

Height(cm)

35 ll\
0y 7
250

20

—— Model Predictions
—— Measured Output

0

1/18/2006

200

600
Sampling instant

400 800 1000
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Model Validation: 11T Bombay
Temperature Profiles

345

340 —— Model Predictions
Measured Output

335

330

Tank 1 Temp(K)

Sampling Instant

Model Predictions
Measured Output

Tank 2 temp(K)

0 200 400 800 1000

600
Sampling instat
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Dynamic Models for Control

= Linear perturbation models: Regulatory
operation around fixed operating point of mildly
nonlinear processes operated continuously.
Developed using
Local linearization of white/gray box models
Idenftification from input output data

Why use approximate Linear Models?

Linear control theory for controller synthesis and closed
loop analysis is very well Developed

For small perturbations near operating point, processes
exhibit linear dynamics
= Nonlinear dynamic models: strongly nonlinear
systems, operation over wide operating range,
batch / semi-batch processes

1/18/2006 System ldentification 18
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i LOCC[I Lineariza-‘-ion 11T Bombay

Given alumped parameter model
dX/dt = F(X,U,D) .Y =6(X)
and steady state operating point (X ,U,D),
we apply Taylor series expansion around (X ,U ,D)
to develop linear perturbation model
ax/dt =Ax+Bu+Hd . y=<Ck
Perturbation variables

X(1)=X(®)-X ;y(t)=Y(1)-Y ;
u(t)=U(t)-U ; d(t)=D(t)-D :

1/18/2006 System ldentification 19
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i LOCGI Linear‘izaTion IIT Bombay

where
A=[0F/oX]; B=[oF /oU]:
H=[F/3D]. ¢ =[06/0X]
computedat (X,U,D)

Transfer Function Matrix:

Can be obtained by taking Laplace transform
together with assumption x(0)=0

(i.e. initial state of the process corresponds
to operating steady state)

y($)=6,(s)u(s)+6,(s)d(s)
6,(s)=ClsI -AI'B ; 6,(s)=C[sT-AI"'H
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Perturbation Model for CSTR

Consider non-isothermal CSTR dynamics

i

ditA: fl(CA,T Fch’CAO’T ”) -

dT -
t =f (CA’T F’ ! AO' cm)

coolant flow rate |

States (X)=[C, T] MeasuredOutput (¥) =[T]

Manipulated Inputs(V) =[F FT -

UnmeasuredDisturbances (D,) = [C'A;] _ [Cooling water
MeasuredDisturbances (0,) = [T, ] = i
1/18/2006 System ldentification 21
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CSTR: Model Parameters and HT Bombay
Steady state Operating Point

V (Reactor volume )=1m> ; F (Inlet flow) =1m3/min;

Cao( Inlet concentration of A)=2.0 kmol/m;

To (Inlet temperature) =50 Oc : F (Coolant flow) =15 m3/min ;
Co(Specific heat of reacting mixture) =1cal/(gK)

Tcin (Coolent Inlet Temperature )=92 OcC;

Coc (spacific heat of coolent )=1cal /(gK):

o (Reacting liquid density) =10° g/m3; p.( Coolent density )=10° g/m3;
- AH.,c (Heat of reaction) =130 x 10° cal/kmol ;

a=1.678x10%ca/ /min ; b=05; E/R=8330.1K

Ca(Concentration of A) =0.265kmol/m3 Operating Steady
T(Reactor Temperature)=121°%¢ | " State
1/18/2006 System ldentification 22
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i Discrete Dynamic Models

Computer control relevant discrete models
x(k+1)=dx(k)+Tu(k)
y(k) = Cx(k)

-
®=exp(AT) : T =[exp(A7)Bdr
0
Definition
7-2
) =exp(/1T)=1'+7¢+j(I>2 F e

Note: Assumption of piece-wise constant inputs
holds only for manipulated inputs and NOT
for the disturbances or any other input

1/18/2006 System ldentification 23
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i Transfer Function Matrix

q-Transfer Function Matrix: Can be obtained by taking
g-transform together with assumptionx(0) = 0

y(K) =6,(g)u(k)
6,(9)=Clgr -o]'r
g : Shift Operator
qlf ()} =f(k+1) © q{f(K)} = f(k-1)

Alternatively, taking z - fransform on bothe sides of difference equation
zx(z2)-x(0)=dx(z)+Tu(z)
When x(0) =0
x(z) = [zI - @] 'Tu(z)
y(z)=Cx(2) =[2L- 0] ' Tu(z)
6,(2)=C [zI -®]'T" :Pulse Transfer Function

1/18/2006 System ldentification 24

12



Computation of System Matrices

Compouation Method1:

Let A=WAY ! where A is diagonal matrix
with eigenvalues appearing on maion diagonal
¥ : matrix with eigenvectors of A as columns

® = Yexp(AT)¥!

.
r= ‘P{ | exp(Ar)dT}P'lB
0

Compouation Method 2:
@(#) = exp(At)is solution of ODE - IVP
ap

o= AN ; @(0)=1T

Taking Laplace Transform
SP(s) - D(0) = Ad(s) = d(s) = [sT - @] = &(T) = L [(sT - o) '],

.
= {j exp(Ar)d T:|B
0
When A isinvertible matrix T = [exp(AT)- I |48 =[®-IT]4'8
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CSTR: Continuous Perturbation Model

Continuous linear state space model
c,(t)-¢ F(H)-F
0| | 0-{ze 7]
-7.56 —0.09} x(f){ 0 1.735
852.72 b5.77 -6.07 -70.95
y(t)=10 1x(r)
Laplace Transfer Function

-6.07s-459 -7095s5+9435
s+179s+35.8 s°+179s+3583

dx/df={

6,(5) =[
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}u(r)

J
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Models for Computer Control

Computer controlled system / Distributed
Digital Control system

Manipulated
Inputs From

Control Computer

1/18/2006

System ldentification
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Measured Outputs
To Control

Computer

b sl

27
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Digital Control: Measured Outputs

Automation Lab
11T Bombay

Output measurements are available only
at discrete sampling instant {f, = AT: k=012,....}
Where T represents sampling interval

w

Measured Output
» N
[N S

[
.

I
>

10
Sampling Instant

Continuous Measurement
from process

1/18/2006

:

System ldentification

3.

Measured Output
)
N ES -3 @, @
*
%

S
*

10 15
Sampling Instant

20

Sampled measurement
sequence to computer

28
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i Digital Control: Manipulated Inputs

In computer controlled (digital) systems
Manipulated inputs implemented through DAC
are piecewise constant

u(t)=u(t,)=u(k) for t,<t<t.,

* i
29

2
g
8 24 L8
3 * B
< 24 * A 329
3 - >
324 224
] £

=

Input Sequence Continuous input profile
Generated by computer generated by DAC

1/18/2006 System ldentification 29

Automation Lab
IIT Bombay

i CSTR: Discrete Perturbation Model

Discrete linear state space model
Sampling Time (T) = 0.1 min

Xk +1) = [ 0.185 - 0.008}((/() J{ 0.0026 0.134
73.492 1333 -0.7335 -1797
y(k)=[0 1x(k)
Discrete g-transfer function model

6 ()| ~607q-459  -70.95¢+9435
P97 2+179q+35.83 ¢ +179q+35.83

6.0 =| " 6.07q'-459q° -70.95q" +943.5q°
P 1141797 +3583¢7 1+1.79q" +35.83q7

}u(k)
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Black Box Models

Data Driven / Black Box Models

Static maps (correlations)/ dynamic models
(difference equations) developed directly from
historical input-output data

Valid over limited operating range

Provide no insight into internal working of systems

Development process: much less time consuming
and comparatively easy

1/18/2006 System ldentification 31
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i Black Box Models o

Dynamic Models: Given observed data

Set of past Inputs: UK = [u(1) w(2) .. w(k)]
Measured Outputs: Y9 =[y(1) y(2) .. y(k)]

we are looking for relationship
y(k) = QUHD y*D )t (k)

such that noise (residuals) e(k) are
as small as possible

0e R’ represents parameter vector

1/18/2006 System ldentification 32

16



Automation Lab
IIT Bombay

Tools for Black Box Modeling

+

Linear Difference equation (time
series) models

Principle component analysis (PCA) /
Projection Of latent structures (PLS) /
Statistical models based on linear correlation
analysis of historical data

Artificial Neural Networks/Wavelet Networks
Excellent for capturing arbitrary nonlinear maps

Fuzzy Rule Based Models
Quantification of qualitative process knowledge

1/18/2006 System ldentification 33
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Steps in Model Development

+

Selection of model structure
Planning of experiments for estimation of
unknown model parameters

= Design of input perturbation sequences

= Open loop / closed loop experimentation
Estimation of model parameters from
experimental data using optimization
techniques

Model validation

= Prediction capabilities

= Steady state behavior

1/18/2006 System ldentification 34
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i Model Structure Selection

Issues in Model Selection

Process application (batch / continuous)

Time scale of operation

Type of application
(scheduling/optimization/MPC/Fault Diaghosis)
Availability of physical knowledge /

historical data

Development time and efforts

Model granularity decides how well we can
make control / planning moves or diagnose
/ analyze process behavior

1/18/2006 System ldentification 35
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Data Driven Models

Development of linear state space/transfer
models starting from first principles/gray box
models is impractical proposition.

Practical Approach
Conduct experiments by perturbing process
around operating point
Collect input-output data
Fit a differential equation or difference
equation model

Difficulties
Measurements are inaccurate
Process is influenced by unknown disturbances
Models are approximate

1/18/2006 System ldentification 36
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Discrete Model Development
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Excite plant around the desired operating
point by injecting input perturbations

2 4 6 0 12 14 16

s
Sampling Instant

Input excitation for
model identification

1/18/2006

System ldentification
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2o o __o
<

Measured Output

p
K

N

P’ @O

10
Sampling Instant

r

Measured output

esponse

37
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CSTR: Input Excitation

PRBS: Pseudo Random Binary Signal

Manip Input Excitati

17
_g 16 E
P | B
38 14

13 v s

0 10 15 20
Sampling Instant

z 11
*E 1.05
E 1
go.ss
T o9

0.85 . .

0 10 15 20
Sampling Instant
1/18/2006 System ldentification 38
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Inlet Conc.(mod/m3)

Measured Temperature (K)

CSTR: Identification Experiments

Effect of Inlet Concentration Fluctuations On Reactor Temperature

10

Automation Lab
IIT Bombay

0
Sampling Instant
1/18/2006 System ldentification 39
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STR: Noise Component
Unmeasured Disturbance Component in Measured Outputs
3
2
< 1
o
Q
=)
€ o0
3
G
S 4
=
=
1]
= -2
E:
-3
-4 T M L
0 50 100 150 200
Sampling Instant
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Two Non-Interacting Tanks Setup

Cv2

Pumpl Pump2

Non Interacting Tank Level Control setup

1/18/2006 System ldentification
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Automation Lab
Input Output Data
Raw Input and output signals
6.5 r T r r
<
é 6
5 55
=
S5 5
o
4.5 L L L L
0 50 100 150 200 250
—~ 14}
<
£
= 12
=}
Q.
£ 10}
0 50 100 150 200 250
Time
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Perturbation Data for Identification

Input and output signals

5
go
>
(@)
-1 ) ) ) )
0 50 100 150 200 250
2 L
2 o
£
-2
0 50 100 150 200 250
Time
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Impulse Response Model

Consider T.F. Zg; = g(s)withimpulse input

Yimpuse (1) = (1) =L [9(5)]
ConvolutionIntegral: y(t) = T g(r)u(u—-7)dr

For piece -wise constant inputs

y(kT) = E g(r)a’r}u[(k -DT ]+ D_T _q(r)a’z'}u[(k -2+

Y= 5| [ otedee uth =)=, g, Dtk )
J=1 J=1

-
Impulse Response Coefficients: g, = D g(r)dr}
0

1/18/2006 System ldentification
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Impulse Response Model

Impulse Response Model
y(k) = 39,0k~ )= 2. ,97u(k)
Defining transfer operator &(g) = igjq’f
y(K) = &(q)u(k) J

v'Current output y(k) is viewed as weighted sum of all

past inputs moves.

v'Impulse response coefficients determine weighting
of each past move

v'6(q) is open loop BIBO stable if

2‘9/‘ <
J=

1/18/2006 System ldentification 45
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Discrete Model Forms

Finite Impulse Response (FIR) Model
For openloop stable systems
9 > 0 ask — e

y(k) = ﬁ gulk-j)
Discrete Transfer Function Model
y(g™") b q' +b,q?+..b,q?
u(g?)  l+aq'+.aq”
Example
y(g") _ b q'+bq?
ulg?) 1+a q'+aq?
which is equivalent to
y(K)=-a,y(k-1)-a,y(k-2)+ fu(k-1) + bu(k -1)

1/18/2006 System ldentification 46
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* Output Error (OE) Model

Data collected through experiments
Set of N output Measurements

yN ={y(k): y(0),y (D), y(2),.cc... y(ND}
Set of Input Sequence
UM ={u(k): u(0),u),u(2),......., u(N)}
Output / Measurement Error Model -
y (k) = @R +Vk) -

-

1/18/2006 System ldentification
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* Estimation of FIR Model

Consider FIR model with n coeffieints
y(k) =qu(k-1) +......+ g,u(k -n) + v(k)
Using experimental data we can write
y(n) =gu(n-1)+....+ g,u(0) + v(n)
y(n+1) = gu(n) +....+g,u(l) + v(n+1)
y(N) =g,u(N-1)+ ...+ g,u(N-n) + v(N)
Arranging in matrix form

y(n) un-1) wu@n-2) .. w0) [ag v(n)
y(n+1) _ uln) uln-1) .. u(1) g, . v(n+1)
y(N) u(N-1) . .. uN-n)|ag, v(N)

1/18/2006 System ldentification
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Least square estimation

Resulting model is linear in parameters

Y=A0+V
Least square parameter estimation
6="0'vTv=""[v-Ael [y -ae)

6=[a"A]"aY
Let the noise sequence{ v(k)}have zero mean and let ©; represent

true value of the parameter vector,i.e.
Y=A06;+V

6=[a"Al'ay =[a7A]'AT[A6, +V]
-0, +[ATA]'ATV
El6|-e. +[a7Al'ATEV]-8,

1/18/2006 System ldentification 49
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Estimated FIR Model e

)0 0035
%)
0£ 003
o
).0Q 0.025
@
Qo 0.02
03
)08 0.015
S
0.01
0.3
£ 0.005
204
0 0
=
Qo
£ -0.005
1.0~
-0.01
0.
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FIR Model Fit

1/18/2006

Sampling Time

System ldentification
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Estimated step Response

Step response can be estimated from
impulse response coefficients

Unit Step Response Coefficient : a, = igj
J=1

Unit Step Response

Automation Lab
IIT Bombay

Unit Step Response

1/18/2006

System ldentification

Unit Delay
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Features of estimation
Thus, the least square estimation generates an
unbiased estimate of model parameters when £[V]=0
If {v(k)}is white noise sequence with variance %, then
Cov[V]=E|WT |= 021
covlf)= E[(é —e Jé-6 )T}
=[aTA'aATEwT AlaTA]" = o2[ATA]
o? canbe estimated as
=—V'V="(Y-AB) (Y-A6
0" =N N ( ) ( )
Thus, estimated parameter covariance matrix is
~ A A 1 A A 71
Covi9,8(= - (VTV|]ATA
YT,
1/18/2006 System ldentification 53
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Difficulties with FIR Model "™

Advantages: Method can be easily extended
to multiple input case

Difficulty:
Variance Errorsin FIR Model Parameters
var(g,) e [1/(N-n)]

Variances of parameter estimates can be
reduced by increasing data length (N)
Disadvantages:
v'Large number of parameters for MIMO case
v'Large data set required to get good parameter
estimates, which implies long time for experimentation.
Alternate Model Form

b, q" +...+b,q”?

k)= “u(k)+v(k)~.
o= 2 i~
Output Error
1/18/2006 System ldentification 54
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Parameterized OE model
Two tank system under consideration is expected
to have second order dynamics
K,
— P
X = s s Y™
which is equivalent to 2'nd order discrete time model
-1 -2
x(ky= A9 TRI" )
l+ag +ay9q
Since time delay (dead time) was found fobe d =1
_ bq'+bg®
W)= T g
which is equivalent to
x(k) =-a, x(k-1) - a,x(k -2) + Au(k - 2) + b,u(k - 3)
y(k) = x(k) + v(k)
1/18/2006 System ldentification 55
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Parameter Estimation

x(k) : true value Y(K) : measured value
v(k) : measurement noise / disturbance

Difficulty: Only {y(k)} sequence is known. Sequence
{x(k)} is unknown

Consequence: Linear least square method can't be
used for parameter estimation

Given (a,,a,,8,b,,x(0),x(1),x(2)) andd =1
we can recursively estimate x(k) as
x(3) = —ax(2) - a,x(1) + u(1) + bu(0)
x(4) =-ax(3)-a,x(2)+ bu(2)+ bu(1)
X(N)=-ax(N -1)—a,x(N -2)+ bu(N - 2) + bu(N - 3)
v(k)=y(k)-x(k) for k=34,..N

1/18/2006 System ldentification 56
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Parameter Estimation

Nonlinear Optimization Problem
Estimate (a,,a,,4, b, x(0), x(1)) such that

#[e(0)...e(h)] = SV

is minimized with respect to (a,,a,,4,6,, x(0), x(1))
v(k) = y(k)-x(k)
x(k)=-ax(k-1)-a,x(k-2)+bu(k-2)+bu(k-3)
Simplification : Choose x(0) = x(1) = 0
Identified Model Parameters
y(K) = [B(Q)/A@)u(k) + v(K)
B(q) = 4.567e-006 q"-2 + 0.01269 q"-3
A(qQ)=1-1653q¢"-1+0.6841q"-2

1/18/2006 System ldentification
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OE Model

OE(2,2,2): Measured and Simulated Outputs

y(k)

1/18/2006 System ldentification
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OE Model : Autocorrelation ™™

Auto Cotrelation for OE(2,2,2)

;] S A

o6F-1-t4-1-r4-1-F1-1t-t4-1-F}-F+1

o4bH-1-t4-1-t4-1-F1-t-t4-1-F1-F11

o2bH-1t-t4-1-t4-1-F1-1t-t14-1-F1-F11

Sample Autocorrelation

0 Confidence
Interval

|
|
I
-0.2 . .
0 5 10 15 20
Lag
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Unmeasured Disturbance Modeling

= The measured output y(k) contains

contributions due to
= Measurement errors (noise)
= Unmeasured disturbances

= TIn additions modeling (equation) errors arise while
developing approximate linear perturbation models

Thus, in order to extract true model parameters
from the data, we need to carry out modeling of
unmeasured disturbances (or noise)
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i Noise Modeling
y(k) = &(q)u(k)+v(k)

. \
~
-
-

Note: Information about unmeasured
disturbances in the past is contained in the
output measurement record. Thus, an obvious
choice of model structure is

y(k) = Flu(k-1),...,u(k-m),y(k-1), ..., y(k-p) ]+ e(k)

“
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i Equation Error Model

A discrete linear model, which captures
the effect of past unmeasured disturbances,
can be proposed as
y(k)=bulk—d -1)+..+b,ulk—d -m)
—ay(k-1)-..—a,y(k -n)+e(k)
d: Time delay / dead time
How many past outputs do we include in
the model? We can choose n such that
» error e(k) becomes uncorrelated with y(k) and
contains no information about past disturbances
= Error e(k) is like a random variable
uncorrelated with e(k-1), e(k-2),...
How do we mathematically state above requirement?
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White Noise

Let us define auto-correlation in a random
process {e(k): k=1,2, .} as

R (7) = covle(k), e(k -7)]

lim
= e (/v 52 ze(k)e(k 7)
Equation error sequence e(k) in ARX model

should be independent and equally distributed
random variable sequence, i.e.

r(7)= c? for =0
70 for t=11+2....

Such sequence is called discrete time white noise
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i Example: Whr‘-e NOiSe 1T Bombay

Mean = O Variance = 1

" ! ll “h

i ),
| u "h I 1’”]“ ’.
Wil " I

) 50 100 150 200

Sampling Instant
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White Noise: Autocorrelation
Sample Autocorrelation Function (ACF) of White Noise
1 1 1
| | |
0.8 -~ IR SRR SRR
5 | | |
§ 06} -------fo-oooo- oo et
s | | ‘
3 1 1 1
S 04F------- o ————— I—————— == b
> | | |
< | | |
K | | |
202l R e
© | | |
n ! | !
0 s . |9 T T st 4+t ¢
° L L ° L L ‘
1 1 1
_02 Il Il Il
0 5 10 15 20
Lag
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Consider 2'nd order ARX model withd =1
y(k)=-ay(k-1)-a,y(k-2)+bu(k -2)+ bu(k - 3)+e(k)
Advantages:
v Sequences {y(k)} and (u(k)} are known

v'Linear in parameter model - optimum can be
computed analytically

We can recursively estimate y(k) as
y(3) =-ay(2)-ay(1) + fu(1) + b,u(0)
y(4) =-ay(3)-ay(2) + fu(2) + bu(1)

YN) = —ay (N -1) - @y (N —2) + hu(N - 2) + (N -3)
e(k) = y(k)- P(k) for k =34,...N
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ARX : Parameter Identification

Arranging in matrix form

y(n) -y -y(0) u(1) u(0) |q
yn+1)| | -y(@) -y u@) u®) e
. . . . b,
y(N) | [-y(N-1) -y(N-2) u(N-1) u(N-2)]b,
Resulting modelis linear in parameters
Y=AO+e

Least square parameter estimation
A Min min
0= _e'e=

°] e
6=[a"A]" Ay

[Y—A6]'[Y - A6]

Automation Lab
IIT Bombay

e(2)
| e(3)

e(“l.\l)

Choose model order n such that sequence {e(k)} becomes white noise
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ARX. Or'der- 5€|ec1'ion 11T Bombay
55X 10 ARX Order Selection
il Time Delay
(d)=1

Objective Function Value

3

4
Model Order
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ARX: Or'der- SeleCTion 11T Bombay

Auto Cotrelations for ARX(2,2,2)

Sample Autocorrelation Sample Autocorrelation
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ARX: Or‘deri Selec-l-ion 11T Bombay

Auto Cotrelation for ARX(6,6,2)

Sample Autocorrelation
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ARX: Identification Results
ARX(6,6,2): Measured and Simulated Output
3
>
0.06
0.04
o002k
3 0
-0.02
-0.04
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6'th Order ARX Model

Identified ARX Model Parameters
A(q)y(k) = B(q)u(k) + e(t)
A(q)=1-0.8135q1!-0.1949 g2 - 0.07831 g3 + 0.1107 q*
+0.03542 q° + 0.01755 q*
B(q) = 0.00104 g2 + 0.013 g3 + 0.01176 g* + 0.004681 q*>
+0.002472 q¢ + 0.002197 q”7

Error statistics

Estimated Mean : E{e(k)} = 4.8813x107

Estimated Variance : 42 = 2.5496 x10"*
{e(k)} is practically a zero mean white noise sequence
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ARX: Estimated Parameter Variances
Value Value ~
6— o
-0.8135 0.0674 0.001 0.0009
a b
-0.1949 0.0868 0.013 0.0011
a, b,
-0.0783 0.0863 0.0118 0.0014
a, b,
0.1107 0.0863 0.0047 0.0015
a, b,
0.0354 0.0871 0.0025 0.0015
as b,
0.0175 0.0484 0.0022 0.0013
d, b,
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ARX Model e

Auto Regressive with Exogenous input (ARX)
y(k)=bulk-1)+..+b,ulk—m)
—aylk-1)-..—a,y(k—-n)+e(k)

Using shift operator (q), ARX model can be

expressed as . JECIERE -
y (k) =29 geury s L ey
Alg™) AlgT) S
1y 1 T =-~.. | Noise
Alg)=1+aqg +..+a,q Model
Blg)=hg'+..+b,g"
where e(k) is white noise sequence
Disadvantage
Large model order required to get white residuals
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Noise Models 11T Bombay

b
Alg™)
e(k) : Zero mean white noise process with variance 4*
Auto Regressive (AR) Model
v(k)=—-av(k-1)-..—ayv(k—n)+e(k)
Alternatively, if poles of A(q) are inside unit circle,

v(k) = e(k)

then, by long division

1 -1 -2 -1
m=1+/11q +/1Zq + e =H(<7 )

v(k) = H(g)e(k) = z he(k-1)

Moving Average (MA) Process
v(k) = e(k)+ he(k -1)+...he(k —n)
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ARMA Model e

AR and MA models can be combined to formulate
a more general ARMA model
v(k)=-av(k-1)-..—ayv(k-m)+e(k)+celk-1)+..+c,elk—m)
c(g™)
or v(k)= —~e(k)
Alg™)
e(k): Zero mean white noise process with variance #

If poles of A(q) areinside unit circle, then, by long division

clg™h) =] -2 =
=1+ + + o =H(g™)
Ag) hg~ +hg g
Advantage: Parsimonious in parameters
(significantly less number of model parameters required
than AR or MA models for capturing noise characteristics)
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Example: Colored Noise

v(k) =

0.8¢"-04g° .
1-15¢7"+0.8¢°*

White Noise Passing Through Filter

(k)

Filter Output
=]

1/18/2006

50

100 150

Sampling Instant
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Properties
Of e(k)
Mean =0
Variance = 1

7

Sample Autocorrelation

Automation Lab

. . IIT Bombay
Colored Noise: Autocorrelation
Sample Autocorrelation Function (ACF)
! : : : : :
| | | | |
08 77777 a4 — = L= - — — — — - — = l— — — — — 4
l l l l l
O [~
| | | | |
oafl 1 A T N
| | | |
Y] B S S X I S F I
: T : T;'I :
Y — ‘ s srfr=""
1 I ¢ ll I I
02k - - R S—
| | | |
04F -1 B N I I R
l l l l
_06 1 1 1 1
0 5 10 15 20 25 30
Lag
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Parameterized Models

ARMAX: Auto Regressive Moving Average with
exogenous input (ARMAX)

y(k)=bulk—-d -1 +..+b,ulk—d—-m)
~ay(k-1)-..~a,y(k-n)
+e(k)+celk-D+..+c.e(k-r)

_Bgh) 4 Clg™)
or  ykh=" @07 u(k)+~ s e(k)

Box-Jenkins (BJ) model: most general representation
of time series models

y(k)= ﬁgg_lg g ulk)+ ggg :1 ; e(k)

{e(k)} is white noise sequence in both the cases
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Parameter Identification Problem

Given input output data collected from plant

yN ={y(k): y(0),y(), y(2)......... y(N)}
UM ={u(k): u(0),u(L), u(@),......, u(N)}

Choose a suitable model structure for the
time series model and estimate the parameters
of the model (coefficients of A(q), B(q), C(q)
polynomials) such that some objective function of
the residual sequence e(k)

¥e(0),e().......e(N)]
is minimized.
The resulting residual sequence {e(k)} should be a
white noise sequence
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ARMAX: One Step Prediction

Consider 2'nd order ARMAX model withd =1
y(k)=-ay(k-1)-a,y(k-2)+bu(k-2)+bu(k -3)
+e(k)+celk-1)+ce(k-2)

2 -3 -1 -2
(k) = bg _:rbzq _ U(k)+1+61<7_1+62<7_2 e(h)
1+aq¢ +ayq 1+aq¢ +aq

Difficulties:

v Sequences {y(k)} and {u(k)} are known but {e(k)} is unknown

v'Non-Linear in parameter model - optimum can't be
computed analytically

Solution Strategy
Problem solved numerically using nonlinear
optimization procedures
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Inevitability of Noise Model ™"

Crucial Property of Noise Model :
Noise model and its inverse are stable and
all its poles and zeros are inside unit circle

v(k) = H(q)e(k) = z he(k—1)
H(q)is stableie. 3| <
e(k) = H ™ (gWw(k) = z he(k-1)

k

< oo

H'(q)is stableie. 3
/=0

Key problem in identification is to find
such H(q) and a white noise sequence {e(k)}

Note : H(q) is always ‘monic’ polynomiali.e.h, =1
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Example: A Moving Average Process

Consider a first order MA process
v(k) = e(k) +ce(k-1)
where {e(k)}is a white noise sequence
ie.H@) =1+cq’ = qTHhas apoleatq=0and zeroatq=-c¢
Then, H(g) = L;l - S -e g ifil<t

and e(k) can be recovered from measurements of v(k)
e(k) = X (-¢) vk ~1)

Inversion of Noise Model plays a crucial role
in the procedure for model identification
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One Step Prediction

Suppose we have observed v(t) upto t <(k -1) and
we want to predict v(k) based on measurements upto time (k-1)

v(k) = i/v,e(k —/)=e(k)+ ih,.e(k —/) = e(k)

P(k|k-1)=3 he(k-7) ase(k)has zero mean
/=1

V(k | k —1): Conditional expectation of
v(k) based on information upto (k -1)
V(k | k-1)=v(k)-e(k) = [H(g)-1le(k)
_H(g)-1
RO

Pk | k-1) = [H(g)-1W(k) = g—/%v(k -7
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One Step Output Prediction ™™

Suppose we have observed y(t) and u(t) upto t <(k -1) and
We have y(k) = 6(q)u(k) + v(k)
and we want to predict y(k) based on information upto time (k-1)
y(k| k-1)=6(q)u(k)+V (k| k-1)
= 6(g)uk) +[1- H™ (@)W (K)
However, v(k) = y(k) - 6(q)u(k)
Yk k=1)=6(q)u(k)+[1- H7(9)]y(K) - 6(q)u(k)]
Rearranging we have

Pk k-1) = HH@)6(@)u(k) + 1 - H @)y (k)
or

H( @) (k| k-1)=6(g)u(k)+[H(g)-1ly(K)
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ARX: One Step Predictor T Bombay

Consider 2'nd order ARX model withd =1
-2 -3
| B9 thg p 1 p
y(k) L+ ag’+a,qg? u(k)+ l+a¢'+a,g° e(k)
One step ahead predictor for this modelis

which is equivalent to difference equation
Ykl k-1)=-ayk-1)-a,y(k-2)
+bu(k -2)+ bu(k-3)
Advantage : All terms in RHS are known
Residual at k'thinstant can be estimated as

e(k)=y(K)-y(k|k-1)
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ARMAX: One S-‘-ep Pr,edic_l_or 11T Bombay

Consider 2'nd order ARMAX model withd =1
2 -3 -1 -2
y(k) = % u(k)+ % e(k)
1+aq¢ +ayq 1+aq¢ +ayq
One step ahead predictor for this modelis

-2 -3 -1 -2
cx o[ 80 rbg 10 [G-a) +e-a)?]
Ykl ) L+c1c71+c2c72 u(k)+ l+qgl+6¢° y (k)

which is equivalent to difference equation
Pk k=1)= -k —1] k-2)-c, (k-2 k-3)
+{u(k -2)+ bu(k -3)
+a-a)ytk-1)+(c, - a,)y(k-2)
Residual at k'thinstant can be estimated as
e(k) = y(K) - Pk | k-1)
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ARMAX: One Step Predictor "™

Alternatively, using residuals at previous instances
elk-1)=[y(k-1)-y(k-1| k-2)]
e(k-2)=[y(k-2)- p(k-2| k-3)]

we can rearrange one step predictor as
Ykl k-1)=-ay(k-1)-a,y(k-2)+Bu(k-2)+ bu(k-3)
+elk -1 +ce(k-2)
e(k) = y(K) - Pk | k1)
We can start prediction with initial guesses
e0)=¢1)=0
and, given model parameters (a,,a,,4,5,6,6,),
we can generate sequence {(k)}
using sequences {y(k)} and {u(k)}.
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2'nd Order ARMAX Model

Optimization formulation

Estimate (a,,a,,b,5,,¢,,¢,) such that objective function

¥ = S[e(9F = X[y -tk k-DF

is minimized with respect to (q,,a,,4,5,,¢,.¢,)
Identified Model Parameters
A(q)=1-1651q9"-1+0.68q"-2
B(q) = 0.001748 q"-2 + 0.01154 q"-3
C(q)=1-0.8367 q"-1+0.2501 q*-2
Residual {e(k)} Statistics

Estimated Mean : E{e(k)} = 4.3601e - 003

Estimated Variance : 1 = 2.6813e - 004
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2'nd Order ARMAX Model

ARMAX(2,2,2,2): Measured and Simulated Ouputs

e(k)
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ARMAX: Autocorrelation

Auto Cotrelation for ARMAX(2,2,2,2)

| | |

| | |

| | |
o foees - SRR

c | | |

9 | | |
§ 06} -------f-------- e oo

£ 1 1 1

o I I I
g 04p-——--—- . o SRR

<C | | |

@ | | |
gogf - e R

(4] | | |

0 . At [ t

IEINE N S R

| | |

I I I

-0.2 - : :
0 5 10 15 20

Lag
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Comparison of Model Predictions

Measured and simulated model output

0.6
0.4} .
0.2} .
OR
< 02 ;
>
-0.4 J
-0.6 ARMAX(2,2,2,2) |' 1
—— ARX(6.6.2)
-0.8 — Plant 7
— OE(2,2,2)
_1 L L L L
0 50 100 150 200 250
Time
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Comparison of Models

Step Response

0.4}
g
>0.2 ]
0 1 1 1 1
0 10 20 30 40 50
Sampling Instant
Impulse Response
0.03f — OE(2,22) -
—— ARX(6,6,2)
<0.02 — ARMAX(2,2,2) H
=
0.01F 1
0 ) ) ) ) )
0 5 10 15 20 25 30 35 40 45
Sampling Instant
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Comparison of Models: Nyquist Plots

0.6

0.4}

0.2f

(=]
T

-0.2f

-04f

-0.6f

1/18/2006

— OE(@2,2,2)
—— ARX(6,6,2)
—— ARMAX(2,2,2)

-0.1
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Prediction Error Method

Given data set
Z, ={(y(K),u(k)): k =12..N},
Model
y(k)=6(q.0)u(K)+ H(g,0)e(k)
Optimal1-step predictor

Yk k=1)=H"(9,0)6(g.0)u(k)+[1-H(g,0)ly (k)

One step prediction error is defined as

e(k,0) = y (k) - y(k | k-1,6)

Parameter Estmimation by Prediction Error Method

Find @ that minimizes objective function

14 2
v@e,z,)= Nkz_:le(k,e)
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PEM: Parameter Estimation

_Min
)

Typically, the resulting parameter estimation
problem is solved numerically using
(a) Nonlinear optimization
(b) Gauss Newton Method
If it is desired to emphasize certain
frequency of interest, then, we can minimize

14y 2
Ve,z,)= Nkz_leF(k,e)

where ¢, (k) = F(g")e(K)
F(g")represents afilter
Alternate Choice of Objective Function

1 2
V(H,ZN):N/(Z_IS(k,H)
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Model Order Selection

Model order determined by minimizing
Akaike Information Criterion (AIC)

ALC(B,) = Nln[l S ek, éN)Z} +2n
N i

n :Number of model parameters
AIC = {Prediction Term} + { Model Order term}
v'Prediction Term: estimate of how ell the model fits data
v'"Model Order Term: measure of model complexity
required to obtain the fit
AIC strikes a balance between low residual variance and
excessive number of model parameters, with smaller values
indicating more desirable models
Basic Idea:
Penalize model complexity (measured by n) and obtain a
model, which is reasonable w.r.t. variance errors and model
complexity
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ARMAX: State Realization ™™
x(k+1)=Ddx(k)+Tu(k)+L.elk)
y(k) = Cx(k)+e(k)
- 1 0 .. O b ¢ —aq
- 0 1 .. O b, G —a,
o= .. .. o | 3T = DL =
-a,, 0 0 .. 1
-a,, 0 0 .. O b, ¢, —a,
c=[1 0 .. 0]
6)=50) =clar ~oI'T ; Hig)= G D =clgr-ol'L 1T
Interpretation as a State Observer
x(k+1| k)= dx(k| k-1)+Tu(k)+ L. [y(k) - Cx(k | k-1)]
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Connection with IIT Bombay
Steady State Kalman Estimator

Steady state form of Kalman prediction estimator
(for large time) is given as

X(k+1|k)=Ddx(k| k-1 +Tu(k)+ Le(k)
e(k)=y(k)-CcxX(k| k-1)
L =dPCT (R, +cP.CT)?
P =0Pd +R -LCPD
Thus, development of time series model can be viewed as

identification of steady state Kalman estimator without
requiring explicit knowledge of noise covariance matrices (R,R; )

Steady state Kalman gain £, is parameterized through H(q)
and estimated directly from data.

1/18/2006 System ldentification 99

Automation Lab

MIMO Sys-l-em Tdentification 11T Bombay

= ARX Model:

Method for ARX parameter identification can be
extended to deal directly with multivariate data
» OE / ARMAX / BJ Models:

Typically, an n x m MIMO system is modeled as
n MISO (Multi Input Single Output) systems

yv:(K) =6 (Pu(K) +.....+ G, (), (k) + H.(g)e; (k)

/=12,...n

MISO models are combined to form a one MIMO
model

= Input excitation: Inputs can be perturbed
sequentially or simultaneously
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Identification Experiments T Bombay
on 4 Tank Setup
[
| |
Input 1 S B v I Input 2
U% Tan|k1
o | e |y
P I N " |Output 2
Output1] |
Schematic of Quadruple Tank Process
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4 Tank Setup: Input Excitations

Manipulated Input Sequence

Input 1 (mA)

0 200 400 600 800 1000 1200

Input 2 (mA)
o

0 200 400 600 800 1000 1200
Time (sec)
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4 Tank Setup: Measured Output
Meaured Output
-5} , , , , , ,
0 200 400 600 800 1000 1200
4
< 2f
£y
[aV)
© -2
>
34}
-60 200 400 600 800 1000 1200
Time (sec)
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Splitting Data for IIT Bombay
Identification and Validation
Input and output signals
.
,
,'. N . L \
e 0 500 1000 N \
— - Samples
Identification Data [Validation data]
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i MISO OE Model e

MISO 2'nd Order Model
y1(1) = [B1(q)/ Ay(q)uy(1) + [Ba(q)/ Ax(q)Iua(t) + ey(t)
B1(q) = 0.1393 q1 + 0.04704 q*2
B2(q) = 0.002375 q! + 0.01105 q2
Al(q) =1-0.2454 q' - 0.6571 g2
A2(q) = 1 - 1.887 g1 + 0.8903 g2
Estimated using Prediction Error Method
Loss function 0.114719  Sampling interval: 3
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i OE Model: va“da-'-ion IIT Bombay

Measured and simulated model output

3t — o0e221 Fits 87.07%
— Validation data

1100 1150 1200 1250 1300 1350 1400
Time
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Residual Autocorrelation: ARX
Sample Autocorrelation Function (ACF) of arx20201 for y1
08—~~~ Fi T P
<
S ! ‘ !
5 l l l
° 06F-—— "1 e A
o | | |
S | | |
(S} | | |
S 04F--—--—--- H e P
3
< l l l
Q | | |
S 02f i SR
E | | |
(] | | |
v O_.“‘_.. —t o e ? P oo [®
-0.2 : : :
5 10 15 20
Lag
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Residuals Autocorrelations

Sample Autocorrelation Function (ACF) of armx441 for y1 Sample Autocorrelation Function (ACF) of bj33331 for y1
] ] ] T T T
| | | | | I
o8fF———-— 4+ - === l— === - F———-—-4 08k --——-- e
s ! ! | s 08 | | |
= | | | £ | | I
3 06F -~ T - e 3 06— ——- e it et
£ | | I £ | I |
3 I I I s L. __ [ T
L TTTT T [ T £ 04 I I |
< ! ! | N | | |
Q ! ! ! = 02f—----— R I
%0.2'77777 77777 I goz | | |
8 | | [N @ ; 5 —
. T PR B P ) &) e T3 T
o= T °3 ) ! | | |
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-0.2
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Measured and simulated model output

2-
0]
>~
-2F
bj3333189.89%
4} | — armax44418679%
— Validation data
— arx20201 86.83%
-6 1 1 1 1 1 1
1100 1150 1200 1250 1300 1350 1400
Samples
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ARMAX Model e

ARMAX (4'th Order)
A(Q)y1(1) = By(q)uy(t) + Ba(q)ua(t) + C(q)ey(t)
A(q)=1-0.6236 q'-0.8596 q2 - 0.0758 q + 0.568 q*
B,(q) = 0.08324 q' + 0.02757 q2 + 0.02681 q*3 - 0.1214 ¢**
B,(q) = 0.004045 g + 0.03261 q2 - 0.01841 q3 + 0.0201 q*
C(q)=1-0.4695 q'-0.8017 q2 - 0.1065 q3 + 0.4855 q**
Loss function 0.0243707
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i Box-Jenkins Model

y(1) = [B(q)/F(q)Iu(t) + [C(q)/D(q)]e(t)

B1(q) = 0.08196 q! + 0.1035 q2 + 0.1323 g3
B2(q) = 0.01197 q'! + 0.001306 g2 + 0.01304 q3
C(qQ)=1-1976 q1+ 1126 g2 -0.1453 q3
D(q)=1-2.096 q' +1.209 q2 - 0.1128 g3
F1(q) =1+ 0.3058 q! - 0.5066 q2 - 0.6204 q-3
F2(q)=1-0.897 q'- 0.9828 g2 + 0.8861q3
Loss function 0.0239039
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i ARMAX:State Realization

X(k+1) =@ x(k) +T x(k) +L.e(k)
Y(k) = C x(k) + e(k)
®=[06236 1 0 O
0859 0 1 O

00758 0 0 1
05680 0 0 O]

I =[0.0832 0.0040 L =[ 01541
0.0276 0.0326 0.0579
0.0268 -0.0184 -0.0307
-0.1214 0.0201 ] -0.0826 1:

c=[1 0 0 0]
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Recursive Parameter Estimation

Consider 2'nd order ARX model withd =1
y(k)=—ay(k-1)-a,y(k-2)+bu(k-2)+ bu(k-3)+e(k)
y(k) = ¢" (k)0 + e(k)

" (K)=[-y(k-1) -y(k-2) u(k-2) u(k-3)]
Arranging in matrix form

2 | [7@Ta] @] —
y(n+1) 0" (3) | a | |e@B) N introduced as
= b, + formal parameter

T to indicate that
y(N) | [¢"(M)]b.| [e(N)] |data up to instant

Y(N)=A(N)E +e(N) N has been used
Least square parameter estimation

(V) = [ANV) AW AV)Y
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RLS: Problem Formulation

Nhen an additional measurementisobtained on -line
,matrix A becomes

AN) | YN
MNHJ’ YW ”){y(NHJ

New estimate O(N +1) can be written as
AN +1) = [AT(N +DAN + 1) AT (N + 1)Y(N +1)

A(N+1):{

Thus, A(N) keeps growing in size as new data arrives.
Instead of inverting |A™ (N +1)A(N +1)| at every instat,
Can we rearrange calculations at (N+1) so that solution at
Instant N can be used to compute solution at instant (N+1)?

AN +1) = [AT (M)AIN) + o(N +1)g” (N + D]
<[AT (NY(N) + o(N +D)y(N +1)]
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Using matrix inversion lemma
[A+BCDI* = A1 - A18[c '+ DA B DA
and some rearrangement

Solution to above problem is given by
following recursive set of equatiosns
AN +1) = O(N)+ LIN)y(N +1) - y(N +1| N)]
where
PN +1IN) = ¢” (N +DI(N)
Estimator gain matrix L(N)is computed
by solving following Riccati equations
LIN) = PIN)p(N + 1)L+ 97 (N + D)P(N)p(N + )]
PN +1) = [T - LN)P" (N + )P(N)
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Inorder to obtain aninitial conditions to start RLS,

it is necessary to choose N = N, such that
A" (N,)A(N,) is nonsingular .
P(NG) = (A7 (N AN
O(Np) = PINGIAT (NG )Y (Ny)
Recursive canculations can be used for N> N,

Alternatively, recursive equations are begun with
the initial covariance matrix

P(0)=al and H(0)=0
where «is chosen large (= 10*) indicating that
we have not trust in the initial parameter estimatei.e. 9(0)=0
This choice ensures P(N) — [AT(N)/I(N)T1 as Nincreases

1/18/2006 System ldentification 116

58



Automation Lab
IIT Bombay

Time Varying Systems

For time varying systems, it is necessary to eliminate
the influence of old data. This can be achieved using an
exponential weighting in the loss function.

2

MORMIORUOT
Ais called as forgetting factor
RLS for this systemis given by,

Ok +1) = DUK)+ KRy (k +1) - 0" (k + 1DOK)]
K (k) = P(K)plk + DA+ (k +DP(K)p(k + D]
P(k+1) =T - K(K)p" (k +1)|P(k)/A
Asymptotic DataLength (ASL)=1/(1- 1)
2=0.999 : ASL=1000 ;1 =0.95: ASL =20
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RLS Application to 4 Tank Data

y(k)=-ay(k-1)-a,y(k-2)+bu(k-1)+bu(k-2)
+di, (k-1)+ d,u, (k- 2)+ e(k)

200 400 600 800 1000 1200 1400

1 1
o} 200 400 600 800 1000 1200 1400

2 T T T T T T
0 W
2 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400

Sampling Instant
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Tank 1 height in deviation variables
L=}

*

actual
estimated using RLS

1/18/2006

1
500

1
1000
Sampling Instant
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Model Parameters

al
a2y
bl|
b2
dif
d2 |

1/18/2006

200

400

600 800
Sampling Instant
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Extended Recursive Formulations (ELS)

OE Model
x(k) = a,x(k -1)+ a,x(k -2)+ bu(k -2) + bu(k - 3)
y(k) = x(k)+v(k)

Recursive OE Formulation uses regressor vector
oK) =[R(k-1) R(k-2) uk-1) u(k-2)]

ARMAX Model
x(k) = a,x(k-1)+a,x(k-2)+ bu(k -2)+ bu(k -3)
+e(k)+cqelk-1)+ce(k-2)

Extended Recursive Formulation uses regressor vector
p(k)=lyk-1) y(k-2) ulk-1) u(k-2) e(k-1) e(k-2)]
where e(k -1) ande(k - 2) represent

model residuals at previous instants
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Frequency Domain Analysis

= Time domain formulations of parameter estimation
problem
= Useful for carrying out parameter estimation
= Does not provide any insight into internal working of
optimization problem
= Frequency domain (power spectrum) analysis
= Based on Fourier transform of auto-correlation and cross
correlation function of signals

= Powerful tool for analysis (analogous to use of
Laplace transforms in linear control theory)

= Provides insight into various aspects of optimization
formulation

= Can be used for perturbation signal design and estimation
error analysis
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Stationary Process

Consider noise model v(k) = io he(k i)
where {e(k)}is a zero meanwhite noise p/rjocess with variance A2
Elv(h)}= S hEletk-)}=0
and auT:? covariance is

R(2) = EMK) vk - 1)t = 3. 3 A(1A())E etk 1) e(k — j - 1)}
t=0,/=0

"y io Jio ARk~ j—7) = A g At - 7)

Note: A(r)=0 /f r <0. Covariance R, (7)isindependent of & andis
uniquely defined by {A(k)}and 2*.
Such stochastic process is called 'stationary’ since
it has zero mean and auto - covariance is independent of time (k).
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Quasi-Stationary Process

y(k)=6&(q)u(k) + H(g)e(k)
= (deterministic) + (stochastic)
Since E{e(k)} =0, we have
E{y(k)}= 6(¢)u(k) and{y(k)}isnot a stationary process

Quasi-stationary process

A signal {s(k)}is said to be quasi stationary if it is subject to
() El{stk)}=m. (k) |m(k)<C Vk
(i) Eis(k)s(H)}=R.(k.1) |R.(k1)<C
Lim 1 N B
N — OON/(Z:]RS(ka_T) - RS(T)
R.(7) : auto - correlation function of signal {s(k)}
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Signal Spectrum and Cross Spectrum

Defining £ {f(k)}= NLin %%f(k) we have
Rl k=1
R.(7) = E{s(k)s(k -7)}
R, (7) = E{s(kw(k -7)}

We define power spectrum of signal {s(k)}

D (0)= SR.(r)e "

T=—00

and cross sprctrum between {s(k)} and {w(k)} as

o, (@)= YR, (e

provided the infinite sum exists.
®_(w)is always areal function of (w)
®_, (w)is,in general, complex valued function of @
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Power Spectrum (Contd.)

Note: Spectrum of signal s(t) represents
Fourier transform of auto-covariance function

Inverse Transform:
By definition of inverse Fourier transform
(Parseval's Theorem)

Els*(0l-R(0) =, [, (@)

Fundamental Modeling Problem

Given a disturbance with spectrum @, ()
Can we find a transfer function H(q) such that
the random process v(k) = H(q)e(k) has same
spectrum with {e(k)} being a white noise?
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Spectral Factorization

Main Result

Theorem : Suppose that @ () > Ois a rational function of cos(w)
(or e'”).Then there exists amonic rational transfer function of
z,R(z), with no poles and zeros outside unit circle such that

®,(0) = ZR(e”)

If the residue signal v(k) is weakly stationary, i.e.
cov[v(k),v(s)] is function of only (k-s) for any pair (k,s),
then spectral factorization theorem states that such a

random sequence can be thought of being generated by a

stable linear transfer function driven by white noise
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Spectrum of White Noise "™

2 for =0
0 for r=11,%£2,..

Case: 1 =1

Pxx - X Power Spectral Density

r:ae(T) = {

White Noise:
Uniform power
spectrum density
at all frequencies

Frequency
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Example: Autocorrelation for AR """

Numerical Estimate

R(@)= | Sytr-o)

Theoretical (with knowledge of 42)
Example: y(#)=0.5y(t -1)+e(t)

Ely(t)y(t -7)]= 05Ey(t Dyt - 7]+ Ele(t)y(r - 7)]

R (r)=05R (r-1)+R (7)

But,R . (7) = Ele(t)y(r-7)]=0ifr>0
=A2ifr=0
Forz=0: R (0)=05R (1) + #
Forz=1:R (1)=0.5R (0)

= R ()= 5 (05)
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Example: Autocorrelation Function
y(t)=05y(t-1)+e(t)
14
g 1.2+
& ' Case: X =1 |
£ o8/ !
g
__3 08 theoretical
2 04l
% 02
.'uEJ of —=—== = / !
Esfimate-.-~" o
02 45 40 s o0 5 10 15 20
Index
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Spectrum of a Stochastic Process

Consider a stationary stochastic process
v(k) = H(g™)e(k)
{e(k)}: zero mean white noise process with variance #
@, (0) = Z|H(e")

Example :
1
y(k)= W e(k)
| 1 2
@ =)
y(@) 1-05exp(—jo)

= F 1
[1+0.5cos(w)]? +0.25sin?(w)
we[0,7/T); z/T :Nyquist Frequency
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Spectrum: Colored Noise

Pxx - X Power Spectral Density

—— Theoretical
—— Estimated from data

y(t)=05y(t-1)+e
Case: % =1

1t
O 1 1 1 1 ]
0 0.2 0.4 0.6 0.8 1
Frequency
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Spectra for Linear Systems

Spectrum of mixed deterministic and stochastic signal
s(K) = u(k) + v(k)

{u(k)}: Quasi - stationary and deterministic signal with spectrum @ (o)

{v(k)}: Stationary stochastic process with spectrum @ (o)

E [s(k)s(k —1)| = E [u(k)u(k — 1))+ E [v(k)v(k -1)]
=R, (1) +R (7)
as Elulkwv(k-71)]=0
y(k) = 6(q)u(k)+ H(g)e(k)
{u(k)}: Quasi - stationary and deterministic signal
{e(k)}: Zero mean white noise process with variance 42

o, (0) = 6(e”) D, (w)+ F|H(e")’

@, (0)=6(e”),(v)
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Errors Analysis

True Behavior

Y(K) = 6(q)u(k)+ H(g)e(k)
Proposed / Identified Model

y(k) = 6(@)u(k)+ H(g)e(k)
Prediction error
£K) = A () (K) - E(@u(k)]
- A )6(9) - E@hutk) + H(ge(k)
Parameters estimated by minimizing

1y,
V(ngN) = 28 (kla)
N ia
{Tofal Error

of Estimation } = {Bias Error} + {Variance Error}
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Variance Errors

Asymptotic variance of estimates using PEM are
n o)
N @, (e)
TR n io
Varfite™)]= 2 Hee®)’
n:Model Order N:Datalength
Implications:
v'Variance errors can be reduced by
* increasing the data length (N)
= choosing high signal to noise ratio
Signal to Noise Ratio (SNR) = ;IZ:EZ"”;
v'Models with large number of parameters require
relatively larger data set for better parameter

estimation.
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Example: Input Selection

Random Binary Signal in frequency range [0,0.1]

1 L
<o
=}
-1 . .
0 50 100 150
Random Binary Signal in frequency range [0.3,0.5]
1 T T
<o
=}
-1 [ L L
0 50 100 150
Sampling Instant
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Input Spectrum
) Pxx - X Power Spectral Density
10 T T I I
—— RBSin[00.1]
—— RBSin[0.30.5]
10°}
10"
10 . . . .
0 0.2 0.4 0.6 0.8 1
Frequency
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Bias Error: Concept

Real systems are of very high order and
model is always chosen of lower order
Thus, bias errors are always present
in any identification exercise
Classic Example in Process Control

1
(105 +1)°

Identified FOPTD model : &(s) = (5051+1) g%

Process Dynamics:: 6(s)=
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Bias Errors: Concepts
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0 50 100 150 200 250 300 350

Step Response

—— FOPTD Model Step Response
—— PLant Step Response

Time (sec)
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Bias Error: Concept
\
A
.\‘
1 \. Nyquist Diagram
0.5}
§
£ 0 .
.(E“’ \.‘
. Model
0.5}
1 , , "= = Plant
-1 -0.5 0 0.5 1
Real Axis
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Bias Errors
Prediction error
e = A" (@l(9)- E @k + Higreh)
Parameters estimated by minimizing
V6,2 = L 5 e (k,6)
N iz
When datalength Nis large, we can write
_E o dimr1 o, _lim
RO=ELt]-,, " | L SEwa|- " Ve.2,)
By Parseval's Theorem
lim z
N WO.2))= [0 @
/2] e i 2 1
O e N R ) o
H(e™)
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Bias Error: Interpretations

Ge”)-6(e”) 5 dw

A .

2d>u<w)+<1>v(w>} s
e/[()

lim 0,]- ][

N — o o

. P .2
= Bias distribution of ‘5(6””)—5(6"”)‘ in frequency domain is
weighted by Signal To Noise Ratio

= Input spectrum can be chosen intelligently to reduce
variance errors in certain frequency regions of interest

= For Output Error model (i.e. H(q)=1),
hm f I A Iw
L= T e -éee)

Thus, &(e™) — 6(e™)if modelis not under - parameterized

2(I)l,(a))}a’a)
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Summary

= Grey box models
= Better choice for representing system dynamics.
= Provide insight into internal working of the system
= Development process time consuming and difficult

= Black Box Models
= Relatively easy to develop
= Provide no insight into internal working of systems
= Limited extrapolation abilities.

= Black Box Model Development

= Noise modeling is necessary to be able to extract the
deterministic component of the model properly

= Prediction error method used for parameter estimation
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Summary

= Black Box Model Development

= FIR and ARX models are relatively easy to develop but
require large data set for reducing variance errors

= OE, ARMAX or BJ models provide parsimonious
description of model dynamics but require application
nonlinear optimization for parameter estimation

= Variance errors are directly proportional to number of
model parameters and inversely proportional to data
length

= Frequency domain analysis provides insight into working
of PEM. Variance errors can be reduced by appropriately
selecting Signal to Noise Ratio

= Bias errors in certain frequency region of interest can be
reduced by appropriately choosing the spectrum of
perturbation input sequences
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