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BBeneuue

OrxpoiTue B 1965 1. ObIcTpOoro mpeodpasoBanua Dypbe ABUIOCH
MOIITHBIM CTUMYJIOM TIJIA Pa3BUTUA INCKPETHOTO TAPMOHITYIECKOTO aHa-
ausa [36, 15, 5]. Dosapmenne undpoBoil 1eKTPOHHOII BBIUUCTINTETb-
HOIl TeXHUKU CIIOCOOCTBOBAJIO MPOHUKHOBEHUIO B KJIACCUYECKUIT MIIC-
KPETHBIII TapMOHUYECKUI aHaIN3 APYTUX OPTOTOHATILHBIX IMpeodpa-
30BaHIil, TAKUX KaK OICKPEeTHOEe TpeoOdpas3oBaHUe YoO/IIIa, TUCKPEeT-
HOe TIpeoOpasoBaHue Xaapa, TUCKPETHOE KOCUHYCHOE, MILTO00pa3Hoe
u apyrue npeobpasosanus [4, 31, 10, 9, 12]. B ux uncie crout u mmc-
KpeTHoe mpeobpasoBanne Bumenknua—Kpectencona [30, 10].

B nocmeqane moaTopa DecATHICTHA OYPHO PasBUBACTCA (B OCHOB-
HOM, 3a py0eskoM) HOBBIl ammapar o6paboTKI CHTHAIOB — BEHBICTHI
(Bemmeckm) [34, 45, 40]. OTanunreapHOlt TepToil BEBICTOB ABIACTCA
X CIOCOOHOCTH OTHOBPEMEHHO XapaKTepPU30BaTb KaK YacTOTHLIE,
TaK I BpeMEHHBIE 0COOEeHHOCTH curHata. OTnpaBHOIT TOUKOIT JTAaBIHO-
00pa3HOro PasBUTHUA BeliBIeTHOII TeopuU MPUHATO CUUTATDL PAOOTHI
I1. Hobeumn [37, 38] (mepeBon mociieqHell KHUTT HAa PYCCKUIl A3LIK, ¢
HEKOTOPBIMU UCTPABIEHUAMN W TOTOJTHEHUAMU, COBCEM HeTaBHO BBI-
mies B ¢BeT mmof pemaxmmeii A. 9. Deryxosa [11]). Yemexu sToro Ho-
BOT'O HAITpaBIeHNA YNCTON W MPUKIATHON MaTeMaTUKNU CTOJIb CYIIe-
CTBEHHBI, ITO TOBOPAT O «BeliBIeTHOII peBomfonnu». 113 orpoMHOTO
KOJINUeCcTBa MyOIUKaluil mo »Toil TeMe cIeayeT BBILAEIUTHL MOHOTPa-
dbun [33, 44, 27, 8] u pyccrosasbrunble ctatbu [29, 28, 26, 3, 13].

OnHoil u3 mocaemHNX HAapPaOOTOK BelBIETHOII Teopum ABIAIOTCA
BeIIBIeT-TIAKeThl — HAOOPBl U3 HECKOJILKUX BEHBICTHLIX 0a3UCOB.

BeiiBneT-nmaxeTbl HO3BOJIAIOT [IoJIy4aThb Oe€TaJIbHBIC YaCTOTHO-BPEMEH-
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HbIC TOPTPETHI CHTHAIOB, BAPBIPYA paspelieHie (MacmTabHOCTD) Mo
BpEMEHI U 10 YacToTe. B »ToM cMBbICTIe aHaIN3 CUTHATIOB € TIOMO-
IIBIO0 BeiIB/IeT-TaKeTOB MOYKHO PacCMaTpPUBAThL KaK MOIIHOE TOMOIHE-
HIle K TpaautumonHomy aHaausy @ypbe. C apyroii cTOPOHBI, UCIOIb-
30BaHIe Cpa3y BcexX 0a3MCOB U3 BeiiBaeT-MaKeTa MPUBOIUT K KpaiiHe
N30LITOYHOMY TPEICTABICHUIO CUTHATA. DTO 00eCIednBaeT BO3MOIK-
HOCTH BBIONPATDL 13 MaKeTa OPTOTOHATBLHDLIN 0a3uc, aTanTupPOBAHHDII
K OTIpeIeIeHHOMY KJIacCy CUTHAIOB IWIN Jaske K OTOeIbHOMY CUTHATIY
[34, 35, 45].

B mocnemHme rombl OLLT pa3padOTaH HOBBII MOIX0O K OBICTPOMY
npeobpaszoBannio Pypbe, TP KOTOPOM Pe3yIbTATHI TPOME;KYTOUHBIX
BLIUICICHIIT UHTEPIPETUPYIOTCA KaKk KO3(DPUIMEHTH PasIoskeHuil
MO HEKOTOPBIM OpPTOToHATBHBIM Oasucam [21, 20]. Dpu miuHe mepn-
oga NN, paBHOIl 2°, B MPOCTPAHCTBE TUCKPETHLIX MEPUOONYECKUX CUT-
HAJIOB MOCTPOEHBI PEKYPPEHTHBIE MOCIEI0BATETHHOCTI OPTOTOHATD-
HBIX 0a31COB, UMEIOMINX OJTOYHYIO CTPYKTYPY. B Kaskmom OIoke cuT-
HAJIbI PA3INYaloTCA JUNIbL CABUTOM apryMeHTa. I3 6,10K0B, mpuHae-
JKAIIX PazHvim 6a3ucam PeKypPPEHTHOI TOC/IeI0BaTeTLHOCTH, (Hop-
MUPYIOTCA 0000IICHHDBIC BEIBICTHLIC 0A3MCHI. ITO 3HAUUTEILHO Pac-
HIpsaeT BO3MOKHOCTH M poBoil obpaboTkn curnamoB. B pabore [22]
C AHAJIOTUYHBIX MO3UINII MpoaHATN3MPOBAHO IUCKPETHOE Mpeodpaso-
BaHWe YOIIIIa.

B nmcceprammonHoil paboTe paccMaTpuBaeTcA 0osiee o0IIAA IO
cpaBHeHU0 ¢ [22] curyaumsa, korma mnmHa mepuoma N paBHa n’.
B npocTtpancTBe OUCKpeTHBIX N-MepHOINYECKUX CUTHATIOB CTPOATCA
HECKOJIBLKO PEKYPPEHTHLIX MOCTIeO0BATeILHOCTEl OPTOrOHATBHBIX Oa-

3ucoB. OUHAILHBLIM 0a31COM BO BCexX I1oCj1e10BaTeJIbHOCTAX ABJIA-
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eTcs OUCKpeTHBINT Oasuc Bumenxkuna-Kpecterncona. CooTBeTCTBYIO-
e 00OOIIEHNA OKA3a/IICh BO3MOYKHBIMU OJIaromapsa TOMY, YTO yiaa-
JIOCh Pa300paTbCA ¢ UCTOYHUKOM PEKYPPEHTHBLIX COOTHOIIEHUil I/
basucoB. Ecou B [21, 20, 22] mpu N = 2° Taknme COOTHOIIEHUs, IO
CYIIECTBY, Npedsasaasticy, TO Teeph OHU 6b600AMCA HA OCHOBE Pas3-
IMYHLIX (paxTopusanuit MaTpuiibl Bumenknna-IipecTeHCcOHA TOpAIKA
N = n’. DddexTuBHBIC pacdeTHBIC (POPMYIILI TOTYIAIOTCA TyTEM HC-
0/Ib30BAHUA MHICKCHOII TEXHUKN, KOTOA IPU YMHOKEHUT Pa3peskeH-
HO{I MaTpUIIBI Ha BEKTOP YOUPAIOTCA BCE OMEpPAIlUN ¢ HYJIEeBBIMU 3JTe-
MEHTaAMHI MaTPUIILI. D0C/Ie MOCTPOCHNA MOCTIeI0BATETBHOCTH OPTOTO-
HaJIbHBIX 0a31COB €CTeCTBEeHHBIM 00pa3oM (hopMUPYeTCsa 0000ITeHHBIIT
BeilBIeT-TIaKeT.

DOMBIIMHCTBO U3 OMUCAHHLIX BBIIIE OPTOTOHATILHBLIX MpPeodpaso-
BaHUIl MCIOJIb3YETCA € HeIbIo MOIYUeHUA CIeKTpa CUTHATIA A eTro
nambHeiteil mndposoit 06padboTku min aHaansa [12, 2]. s peutenns
TUX 3aJad 4YacTo TpedyeTcs yMeHUe yCTaHABINBATL CBA3b MEJKIY
CIeKTPAMI NCXOMHBIX CUTHAJIOB U CIEKTPAMU UX CABUTA, CBEPTKU U
KoppenAannu. B ciydae TUCKpeTHLIX mpeobpasoBanuit Pypbe, Yoiia,
BuenknuaKpecTeHcOHA 9TO He BLI3BIBACT 3aTPYIHCHIIT (CM., HAIIPH-
Mep, [30]). B obmem cayuae aToT Bompoc paccmoTpeH B [1, 14]. Domy-
YeHHbIe B HTHX paboTax pe3yJIbTaTbl OTPasKaloT CBOIICTBA IUCKPET-
HBIX OPTOTOHATILHBIX MpPeoOpa30BaHUil, ABIAIONINXCA COOCTBEHHBIMU
110 OTHOIICHUIO K HEKOTOPOMY OIlepaTopy caBura. B orandme oT Kaac-
CUYECKUX OPTOTOHAIBLHBIX MPeodpa30BaHIil, BeiiB/IeT-Ipeodpa3oBaHm A
He ABIAIOTCA COOCTBEHHBIMU 11O OTHOUIEHNIO K TPAIUIIMOHHBIM OTlepa-
TOopaM CIBHTa, I MO3TOMY pe3yabTaThl pabot [1, 14] k HUM HempuMe-

HIIMBEIL. O,ILH&KO BOIIPpOC O CII€EKTpaX CHUT'HAJIOB B BelIBJIETHBIX Oaslncax
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OCTaeTCA aKTyadbHBIM. B gacTHOM cirydae (s 6asmcos Xaapa) 5TOT

Bompoc u3ydascsa B [17, 18, 42].

Ilenpio nuccepTaiimoHHOIT pabOTHl ABIACTCA:

1) Bocmpoums opmozonasvrovie efisaemuvie 6a3ucv. 6 npo-
cmparncmee duckpemuvix N -nepuoduneckur cuznanos npu
N =n®.

2) Heeaedosams cnexmpanvroie c6oticmea JUCKpemmus cue-

HAA06 6 IMUT ba3ucar.

3) Yemanosumuv boaece mecnyro c6a3v meaxncdy Juckpemmvim

2APMOHUMECKUM GHAAUIOM U SEUBACTMHOT Meopuetl.

DpuBeneM KpaTKnii 0030p comepiKaHUA DUuccepTanui. JadoTa co-
CTOUT U3 IBYX IJIaB, PasOUTHIX Ha TPUHAIIATHL maparpadoB, IBYX
TaOJINI, IBYX PUCYHKOB U CIICKA JUTEPATYPBI. JOPATOK CCBLIOK Ha
TeopeMbl 1 (POPMY/IBI ONMPeIeTACTCA ABYMA UICIAMIL: TIepBOe UNC/IO0
yKasblBaeT HoMep maparpada, BTopoe — HOMep TeopeMbl min (hop-

MyJabl B maparpade. DyMmepanusa naparpadoB cKBO3HAA.

DepBas 1aBa MOCBAMICHA TUCKPETHOMY TpeodpasoBaHuio BueH-
KnHa-[pecTeHCcOHA. Da OCHOBE HeTLIPEX BapUAHTOB (PaKTOPU3AIINI
MaTputibl pyuknuit Bunenknaa-KpecTeHCOHa MOCTPOCHBI YeThIpe pe-
KYPPEHTHBIX MMOCTIEI0BATE/ILHOCT OPTOTOHAIBLHBIX 0a31COB B IIPO-
CTPAHCTBe OUCKPeTHBIX N-Tepuoandeckux cuUrHaaoB mpu N = n°.
C moMmomibio »TUX TOCIeI0BATETIBHOCTEl 0a31COB MOTYUYEHBI YeThIPe
BapHaHTa OBLICTPOTO MpeodpasoBanua Bumenknna-IpecTeHCcOHA.

B ImepBoOM Haparpacbe BBOOUTCA TEPMHNHOJIOTUA MW OIINCBIBAXOTCHA

OCHOBHDBIE OO'BLEKTHI AUCKPETHOI'O TapMOHHNYECKOI'0 aHaJIN3a. ,D;aeTCﬂ
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ompefesieHIie I OCHOBHBIE CBOMCTBa IEePEeCTAHOBKI reverse n olepa-
il TOPa3pATHOTO CJIOYKEHNA U BhlUNTaHuA 1o Momyrio n [30]. Dpu-
BOIATCA HeoOXOAUMbIe CBemeHnsa o PYHKUUAX U MaTpuie BumeHKn-
Ha—Kpecrercona [6, 32, 30, 10]. Marpuua Bunenknua—Kpecrercona
nMeeT MopAmok N = n® u ABIAETCA S-if KPOHEKEePOBOIl CTEeMeHbIo Ma-
tpunbl Oypbe nopagxa n. OHa CTaHIAPTHBIM IPUEMOM PaCKIAIbIBa-
eTcsa Ha MHOKHTeTN (dakxropusyercs) [39], mpudeM cOMHOYKUTEIN B
TaKOM Pa3/I0sKeHNN JOMYCKAIOT IepecTaHOBKY B JII000M mopsake. Bol-
HeIAIOTCA OBa MOPAIKa COMHOKHITEIell, COOTBeTCTBYIONINE B YCTOAB-
meiics TePMUHOIOTHH IIPOPEAKNBAHIIO 10 YAaCTOTEe U MIPOPEHKIBAHIIO
o BpeMeHn. IXpome Toro, marpuia Burenknaa—KpecTeHcoHa MosKeT
OLITHL ABYMs CIOCODAMI IIpemcTaBIeHa B BIOe 0OBIUHOI CTelmeHn pas-
peskeHHOIl Marpuibl mopanka N [39, 24].

Bo BTOpoM 1 TpeThbeM maparpadax Ha OCHOBe MpencTaBIeHNI Ma-
Tpunbl Bunenknna-KpecTercona B Bume s-if cTemeHn 6OJIBIION pas-
PesKeHHOI MaTPUILI CTPOATCA ABE MOCIEIOBATEILHOCTI OPTOTOHAIDL-
HBIX 0a31COB B IIPOCTPAHCTBE MUCKPETHLIX [N-IepHoInYecKnX CHUrHAa-
a0 mpu N = n®. s 6a3uCHBIX CUTHAIOB YKa3bIBAeTCs SIBHBII BHI
I NPUBOOATCA pPeKyppeHTHBIe (PopMyabl mepecdera. OCoOEHHOCTHIO
5TuX (POPMYT ABIACTCA MOCTOAHCTBO MHIEKCAINNI OA3MCHBIX CHTHA-
JIOB Ha KasKIOM yPOBHE.

B uerBepToM maparpadpe ommcaHbl B ABHOM BHIe OBICTpBIE all-
TOPUTMBL PA3IOKEHNA CUTHATA 110 BCeM IIPOMESKYTOYHBIM Oa3mcaM.
Da 3aK/II0OUNTEILHOM »Talle BLIYNCTIAIOTCA Kod(DMUINEHTh pasIoske-
HIA 110 6asucy Bunenknna—Kpectercona. [JaeTcs ¢Tporo MareMmarTi-
YeCKNi aHAIN3 MOHATHA YaCTOTHL I7I8 JUCKPeTHBIX (pyHKInl Buien-

I-CI/IHa*I‘{peCTeHCOHa7 BBCOCHHOT'O Ha MHTYUTHUBHOM YpPOBHE€ B MOHOT'Da~



dbun [30, c. 79-84].

B naTom u mectom maparpadax Ha 0CHOBe Pa3ToKeHNT MaTPUIIbI
Bunenknua-KpecTerncona Ha momapHO pasanyHble MHOMKUTETIN CTPO-
ATCA ellle IBe PeKypPpPeHTHBIE MOC/TIeI0BATEIbHOCTH OPTOTOHAIbHBIX
0a31mCcoB. DOTYyUeHBI ABHBIC (DOPMYJIBI 171 OA3MCHBIX CUTHAIOB. DO0-
Ka3aHo, YTO Oa3MCHbIe CUTHAIBI KayKIOTO YPOBHA pasOMBalOTCA Ha
OJTOKI, B KayKIOM U3 KOTOPBIX CUTHAJIBI PA3INvdaloTCA JIUNIb CIBITOM
aprymenTa. OTMedaeTcsa, UTO MOCTPOEHHBIE OPTOTOHAJIbHBIE 0A3MCHI
C TOYHOCTBIO JO HyMepalllll CHTHATOB COBMAJal0T ¢ basmcami, Io-
CTPOEHHBIMU B § 2, 3.

B cenpmom maparpadye ¢ TOMOIIBIO pasmosKeHnit M0 MTOCTPOEHHBIM
BBIIIIE OPTOTOHATIBHBIM Oas3mcaM TOTYYEHBl IBa aJIrOPUTMa OBICTPOTO
npeobpasoBanna Burenknna- Kpectercona (mpn n = 2 aHATOTUIHDLI
pesyabTaT mpusemeH B [22]).

B BocbMoM maparpade ycTaHABANBAETCA CBA3D MEMKIY UeTBIPbM
BapumaHTaMn (pakTopmsannnm MaTpuibl Bmmenkuaa-Kpectercona,
IpeaCcTaB/IeHHBIMI B § 1. Dpu 9TOM MPOACHAETCSA POJIb MEePEeCTAHOBKI

reverse B (POPMUPOBAHUN MATPUII-COMHOKUTETE.

Bropas riaBa mocssineHa BoIrpocaM OCHAIEHUA IIUCKPETHOTO rap-
MOHIIUeCKOT0 aHasIm3a BeiiBIeTHOIl Teopueil. DoIyueHbl BellBIeTHBIE
Pa3IoyKeHNsI MPOCTPAHCTBA OUCKPETHBLIX MePpUOAUYeCKUX CUTHAJIOB.
M3y4aioTca crmeKTpaJIbHBIe CBOIICTBAa CUTHAIOB B BelBIETHBHIX Oas3i-
cax.

B neBsiToM 11 gecaToM maparpadax moKasbIlBaeTCsA, KaK, I0Ib3YACh
II0CIeI0BATEIbHOCTHIO OPTOTOHATIBHBIX 0a311COB, c(hopMUPOBATH 0000-
IIeHHBI{I BeiiBIeT-nmakeT. leTalbHO HCCIeOyIOTCA BeliBIeTHBIe DA31ChI

Xaapa-Kpecrercona, cBsi3aHHBIe ¢ TPOPEIKUBAHIEM TI0 BpeMeHN (§9)
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1 npopeskuBaHmeM mo wactore (§10). BeiacHaercsa cTpykTypa Beii-
BJICTHBIX TOIMPOCTPAHCTB. BrIBomATCA (DOPMYILI AEKOMIIO3UIINT U
PEKOHCTPYKIIUN. DPeaiaracTca «HAUBHBIN®» TOIXOd K MOCTPOCHIIO
OPTOTOHATBLHLIX BeHBICTHLIX 0a3MCOB, UCIOIBL3YIOMINI pasIosKeHIe
CUTHAJIA M0 COOCTBEHHLIM COBUTAM. DPU HTOM MOACHACTCA POJIb OIle-
parnit mopa3pAIHOTO CJI0KEHNA U BHIYUTAHUA IO MOIY/TIO N IIPU TTPO-
PEKUBAHIII 10 YacToTe. B ciaydae n = 2 »Tu BOIpOCH! (3a MCKIIOUe-
HIIeM MOIYJIApHOil apudmeTnkn) paccMarpusanncs B [19, 20].

B omummammatom maparpade BBOOUTCA MOHATHE CIEKTPA CHUT-
Hata B Oasucax Xaapa-KpecteHcona. Borumcasiorca cmeKTpbl Xa-
apa-RpecTeHcoHa CABUTOB €IMHUYHOTO UMITY/IbCA — HJI€MEHTOB ecTe-
CTBEHHOT'0 OPTOHOPMUPOBAHHOTO 0asica B MPOCTPAHCTBE IUCKPET-
HBIX TePUOANYecKUX CUTHAI0B. [[oKas3pIBaloTCA aHAJIOTU U3BECTHBIX
TeopeM O CIEeKTpe CABUTa, CBEPTKU U KOppEeIANuU B OaszmcaX Xa-
apa-IipecTeHcoHA. DPpHU PTOM, B 3aBUCUMOCTH OT 0asuca, B KaueCcTBE
omepaTopa CABUTAa MOKeT BBICTYIATh HUKINYECKUIl WIN N-UIHBINT
caBur. CoOTBETCTBEHHO, CBEPTKA U KOPPETALNA MOYKET ObITD IINKIH-
yeckoll mwau n-uwunoit. [Ina 6asuca Xaapa-KpecTeHcoHa, cBA3aHHOTO
C TPOpeKMBaHIEM TI0 YacToTe, B KadecTBe OMepaTopa CABUTA BHICTY-
maeT N-UYHBII COBUT. YCTaHABINBAeTCA, YTO CIBUT CUTHATIA TTPUBO-
IUT K COBUTAM BHYTPHU OJIOKOB €ro CIeKTpa ¢ OTHOBPEMEHHBLIM IIO-
BOPOTOM CIEKTPATbHBIX KOA(P(PUIMEHTOB B KOMILICKCHOI TIOCKOCTH,
a CBepTKa U KOPPEeTANNA OBYX CUTHATIOB — COOTBETCTBEHHO K IIO-
OJIOUHOII CcBepTKe U KOPPETANNN UX CIeKTpoB. B cayuae dasuca Xa-
apa—RpecTeHcoHa, CBA3AHHOTO C MPOpPEKUBAHUEM TIO BPEMEHH, OTle-
paToOpoOM COBUTA ABIAETCA MUKINYecKUil caur. s cmekTpa caBura

B »TOM Oasuce MOJIYUYEH Pe3yIbTaT, aHAJTOTUYHDLIN CIydaio TPopeski-
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BaHUA [0 acToTe. 1715 CIIeKTPOB CBePTKI U KOPPEIALUN Pe3yIIbTaThL
boJsiee TOHKIe: CBePTKa I KOPPEJANUA IBYX CUTHATIOB MIPUBOIAT CO-
OTBETCTBEHHO K MOAUMDUUNPOBAHHOI CBePTKe U KOPPEIALIH COOTBET-
CTBYIOIINX 0JIOKOB X CIEKTPOB (MOTU(pUKALNA 3aKII0YAeTCA B TOM,
YTO MU BBIUNCIEHUI OCYUIECTBIACTCA MOBOPOT YAaCTH CJIATAeMBIX).
B ciayuae n = 2 (maa aucKkpeTHBIX 6as3nucoB Xaapa) TeopeMbl O CABUTe
I CBepTKe n3ydaanch B [18].

B nBenaguatom maparpade ycTaHaBINBAeTCA B3alMOCBA3b Gasl-
coB Xaapa KpecTercoHa, ¢BA3AHHBIX ¢ TIPOPEKIBAHNEM 110 YaCTOTE I
MPOpEKIBaHNEM 10 BpeMeH. KiTiodeByio posIb 3mech urpaet mepecta-
HOBKa reverse. BomuTcs moHATue gorapudMudecKu aBTOPeBePCHOTO
crexTpa Xaapa KpecTercoHa. YcTaHABINBACTCSA CBA3L MEKIY CUTHA-
JTaMII, IMCIONIIMI B PasIn4HbIX Oasncax Xaapa Kpectercona onnaa-
KOBBI{l CIIEKT], IIPH YCIOBIUI, YTO HTOT CIEKTD ABIATCA Jorapid M-
HeCKI aBTOPEBEPCHBIM. B KauecTBe WLTIOCTPALMN BBIYICIEH CIHEKTP
Xaapa-KpecTercona KycouHO-INHETHOTO CUTHATA, CBA3AHHBIN C IPO-
PEKUBAHIEM TIO BpeMeHH. DoacunTaHa PasMEePHOCTD MHOKECTBA JIO-
rapudMuIecKn aBTOPEBEPCHBIX CIEKTPOB. AHATOTHYHOE MCCIIeI0Ba-
HIle B 9aCTHOM CJIydae n = 2 mpoBeneHo B [17].

B tpunannarom maparpadpe npencTaBieHbl 1Ba 0600MEHHBIX KPAT-
HOMACHITAOHBIX aHAIN3a [0 OCHOBAHIIO N MIPOCTPAHCTBA TUCKPETHBIX
N-nepuogndeckux curtanaoB npu N = n®, KoOTopble IPHBOIAT K Oa-
sucam Xaapa-Kpecrercona. Tem caMbIM ycTaHABINBAeTCA CBA3DL IIO-

JYUeHHBIX Pe3YIbTaToB ¢ obieil BeiiBrerHoil Teopueit [11, 26, 27].
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Ha 3alluTy BBIHOCATCA C/JICAVIOIIII€ OCHOBHBIE DE3V/IBTATHI.

1) B npocmpancmee duckpemmnovir N -nepuoduveckus cuzna-
206 npu N = n® nocmpoennv, pexyppenmuvie nocaedoca-

meaAvHoCmMU OPpMmo2OHAADBHHLT bazucos.

2) C' nomowwio smuxr nocaedosamesvrocmeds 6a3ucos no-
CINPOEHDBL UEMBIPE  BAPUAHA  OBICMPO20 NPEOODAZOBAHUS

Buaenxuna—Kpecmencona (BB BK).

3) Yemanosaeno, wmo 6 mpouecce peaAu3GUUL GAZOPUMMOG
LB BK emopozo poda eviuucaaromces x0adhpuruenmaol cel-
GACTNHYIE PAZAOAHCEHUT (6 HACTAHOCTIU, DABAOAHCEHUT NO

basucam Xaapa—Kpecmencona).

4) Hoxazanv. meopemuvt 0 cnexmpe cdeuza, c6epmEL U Koppe-
AAUUYL JUCKPEMHBLET cuHano6 6 basucar Xaapa—Kpecmen-

COHA.

5) Yemanosaena ceasv meancdy bazucamu Xaapa—Kpecmenco-
HA, CBAZAHHDIMU C NPOPEHCUBIHUEM MO HACTOME U NPOPE-
HCUBAHUEM NO BPEMEHU, 6 TOM YUCAE € UCTLOALIOGUHUEM

NOHRATNUA JlOZGpU&M’U/%GC%’U, asmopecepcHozo cnexmpa.

6) Bocmpoenvt dea 0606uenHOT KPAMHOMACULMAOHDIT AHA-
AU3G NO OCHOBAHUIW0 N npocmparcmea duckpemuvix N -ne-

puoduveckur cuznanros npu N =n’.

OcHOBHBIE Pe3YIbTATLI AUCCEPTAINI OMYyOJUKOBAHLI B padoTax

[16, 23, 24, 25, 41, 43).
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ABTOp NPUHOCUT INIYOOKYIO OJIar0HapHOCTL CBOEMY HaydHOMY PY-
rKoBomuTenio mpodeccopy B. D. MamoseMoBy 3a momouib B IIOCTa-
HOBKe 3afad I aHaIl3e pe3yIbTaToB, a TaKse 3a IOCTOAHHOEe BHII-
MaHIe B TedeHIe BCero BpeMeHH paboThl Ham OuccepTammeil. ABTop
Takske BBIpajkaeT MPU3HATEILHOCTL PYKOBOIOHTETIAM I yYaCTHHKAM
C.-DeTepOdyprekoro TOpomcKoro ceMuHapa «Bcelteckn m ux mpumio-
skermsa» (http://www.math.spbu.ru/user/dmp) 3a xKoHCTPYKTHBHEBIE

3aMedYaHusdI U1 O6Cy}K,H,€HI/I€ MaTepHnajla OJUCCEPTANN.

DaboTa BBIMOJTHEHA NPU (PUHAHCOBOII TOAIEpyKKe DOCCUIICKOTO

dbonna GpyHIAMEHTATBHBIX nccaenoBannil (rpant 99-01-00747).
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I'maBa 1
InckpeTHoe ImpeodpasoBaHIe

Bunenkuna—Kpecrencona

§ 1. b penBapuTe/sibHbIEe CBeOEeHUSA

1.1. Obosnaunm uepes Cy auHeilHOe MPOCTPAHCTBO KOMILICKC-
HO3HAUHLIX [V-Tlepuoandeckux (pyHKINII 1eT0UNCIeHHOTO apTyMeHTa,
x=x(j), J € Z. Inementst npoctparcTBa Cy 6ymeM HA3LIBATD CUZHA-
aamu. B Cy oOBIYHBIM CIIOCOOOM BBOOUTCA CKATAPHOE MPOU3BEICHIIE

" HOpMa:

=

-1

(r.g) =) «(@)yG), el = (v2)

12

Il
o

Emnanmuaeim N-ieprnoandecKnM MMITYIbCOM Ha3bIBAeTCA CUTHAT
dn(J), paBHBLT enuHNIe, Korga j meanTcs Ha N, I PaBHLIH HY/IIO TN

OCTATIbHBIX j € Z. B uactHOCTH, 01(]) = 1.

Cuctema caBuroB oy (j), On(j — 1), ..., On(j — N + 1) obpasyet
opToHOpMUIPOBaHHLI 6asnc B Cy, Tak 94T0 110001l CUTHAI & DOy CKAeT
IpeIcTaB/IeHIe

N-1
x(j) = x(k)on(j — k) VjeZ. (1.1)

>~
Il

0
I13 (1.1) m weTHOCTH d) CTemyeT, uTo mpu dpuxcupoBadHbiX [, € Z

N-1

(On(-=1), on(-=1))y =Y on(ji—=1)ox(l' = j) =don(l' = 1).

j=0
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. ki . v
Domossum ug(j) = wy, roe wy = exp(2mi/N) — xopeun N-ii cTe-
meun u3 1. Cursamst uo(j), ui1(j), ..., uxy—1(j) obpasyor eme omus
oproroHanabublii 6aszuc B Cy, KOTOPLIIl HABLIBACTCA IKCNOHEHUUAAD-

HoiM. OPTOTOHATTHLHOCTD CACAYeT U3 daeMeHTapHoil hopMyIbI
1 N—
NZ W =6x(p)  VpeEZ (1.2)
j=0

Ouesnnno, uto ||ui]|> = N mpu Beex k = 0,1,..., N — 1. JTioboit

CHUTHAJI ¥ MOKHO IIp€OCTAaBUTL B BHUOE

N-1
x(j) = X (k) ug(j) VieZ
k=0
rne X (k) = N_1<x,uk>.
1.2. B namprelimeMm cunTaem, uto N = n®, rme n U s — Ha-
TypajibHble YICTa, OTANYHBIE OT ennHuibl. Domoxnm N, = N/n”,

A, = n*7'. B wactioctu, Ny = N, N, = 1, A} = 1, Ay = n,
A,y =N, ,mpurv =0,1,...,5s.

DOCTOAHHO OYIAYT MCIOIB30BATLCA CICAYIONIe 0003HATeHUA: |
—— meJstasl 9acTh BellecTBeHHoro uncia o; (k), =k — |[k/n|n — octa-

TOK OT OeJICHNA IeJIOr0o YICJIa k Ha HaTypaJIbHOE 7.

Joboe uncmo j € {0,1,.... N — 1} MOKHO mpeIcTaBUTH B BILIE
< s—1 . s—2 .
J = Js—11 + Js—2n + ...+ Jos
roe j, € {0,1,...,n—1} mpuscex v =0,1,...,s—1. [Ina obosnauenmns

9Toro pakTa OyIeM UCIOIb30BaTh CACAYIONIYIO (DOPMY 3aIluCH:

j = (j8—17j8—27 <o ajO)n'
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Dycte Tarke k € {0,1,...,N — 1}, k = (ks—1,..., ko). Bopas-
PAIHOT cymmot, no mModyaro n ducen j u k HasbIBaeTcA YNCI0 | =
= (ls—1,...,lo)n, Taxoe, ato l, = (j,+k,)n, v =0,1,...,s—1. Kparro
9TO COOTHOIICHIeE 3amuchBaeTcda Tak: [ = jk. OgeBumno, uTo ome-
pamma “07 me BpIBoouT U3 MHOKecTBa {0,1,..., N — 1} 1 obramaer

CJIeIyIOoImMN CBOIICTBaMU:

JE0=j  JDREl) = (TR DL

n

Yucmo j* Ha3pIBAETCA N-UUHO NMPOMUBONLOAOHCHHIM HTUCTY J, €CIIH

JDj* = 0. Derpymno BumeTs, uTO ecmu j* = (ji_i.....J})n, TO U3
yerosus (j, + jiy, =0, v=0,1,...,5 — 1, cenyer
. . n— jl/a jl/ # 07
Jy = <_]1/>n -
0, J» = 0.
Yucemo jOk := jUk* maspBaeTca nopaspaduoll pasnocmvio no mo-
dy.nro n.

SpI/IBe,H,eM HEKOTOPBIC CBOIICTBa IopaspsaoHOro CJIO;KEeHUA 1 BbIIU-

TaHUA, KOTOPble TTOTPEOYIOTCA B JaTbHeNeM.

1) GOk)DEk=4, (GTk)Tk=7;

(1)

) (ORI H) = ot

(3) j&k =0 Torma u ToIBKO TOrdA, KoTda j = k;
(4) In(jG k) =0n(j — k).

DpoBepum, Hampumep, cBoiictso (2). Umeem

(GOR)O(IOE) Z( —(l, = kyYa) 0" =



=0

<

CsoiicTBo (1) caenyer u3 onpenenenns nopaspAIHoil pasHocTH, (3)
—u3 (1), (4) — u3 (3).

Baduxcupyem ¢ € {0,1,...,N — 1}. Orobpasxenun j — jgq
nj = jq j € {0,1,...,N — 1}, HaseIBalOTCA COOTBETCTBCHHO
n-cdeuzom 6npaco u n-cdeuz2om 64€60 Ha Beandnny ¢. OTMeTHM, UTO
N-COBUTH, TaK 7Ke Kak I OToOpaskeHne j — j*, ABIAIOTCA IepecTaHOB-
rkamu MHOKecTBa {0,1,..., N — 1},

Beemem ermre ofiHy crennaabHYIO mepecTaHoBKY. DycTh p € {0, 1,

., A1 — 1} opu HexkoTopom v > 1. 3anumuieM YnCI0 p B N-UIHOM

Kome: P = (Py—1,Pv—2, - -+ D0)n. OBO3HATIIM

revl/(p) = (p()apla <. 7p1/—1)n-

Omepamus rev, COMOCTaBIACT UNCAY P UHCIO rev,(p), n-UdHbI Koo
KOTOPOTO paBeH IepeBepHYTOMY N-MYHOMY Komy d4mnciaa p. llmentu-
(dbuKaTop rev cBA3aH CO CJIOBOM Teverse, a MHICKC I Y rev yKasbIBaeT
Ha KOJIIYEeCTBO PEBEPTUPYEMBIX N-UYHBIX paspagoB. OUeBHIHO, UTO
rev, (rev,(p)) = p. Do onpenenennto revi(p) = p mpu p € {0,1,...,
n — 1}. Domoskum tarke revy(0) = 0.

Onepanus rev, npu v > 2 ABIAETCS IMePECTAHOBKOI MHOKeCTBa

{0,1,..., A1 — 1}

JIemMma 1.1. Cnpacedauco pexyppermmoe coommoueHUe
revy(0) =0,
rev,(nl+ o) = oA, + rev,_1(1) (1.3)
npu l € {0,1,...,A, =1}, 0 €{0,1,...,n =1}, v=1,...,5.
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HoxasaTteabcTtBo. Ipu v = 1 dopmyra (1.3) TpuBnanbHa.

Dyers v > 2. Umeem nl + 0 =1,_9n* "' 4+ ... +lyn + 0. 3HaunT,
rev,(nl + o) = on’ Ve lgnt T 4+, =0, + rev,_1(l).

JlemMma moxaszama. m

D0 cymecTBY, TeMMa 1.1 omuchIiBaeT OBICTPLII aITOPUTM BBIULC/TE-
Hus revg(k) cpasy masa scex k =0,1,..., N —1. B taba. 1 memorcTpu-
pyeTcs, Kak, Moab3yach semmoit 1.1 mpu N = 23, sorumcants revs (k)

misa Beex kK =0,1,...,7.

Tadbnwma 1

v rev,(k) mpu k =0,1,...,2" =1

1.3. Danomuum, uto N = n®. Bossmem j, k € {0,1,..., N — 1},

j = (j8—17j8—27 <. 7j0)n7 k= (ks—l, kg_Q, RPN 7k0)n7 n TIOJIOYKUM
s—1
{k,j}s =) kv j.
v=0
CurnaJist
vp(j) = wihidls  p=0,1,...,N -1, (1.4)

Ha3LIBAIOTCA duckpemuovimu hynryuamu Burenrxuna—Kpecmencona.

Dopmymoit (1.4) curHamer vi(j) ompemeIeHB Ha OCHOBHOM IEPUOJIE
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J € 40,1,....N — 1}. Hamee oun mpomomkaiorcsa N-Teprnoandeckin

Ha Bce IIeJIbie j € Z.

Ilpennoskenne 1.1. Cuznanvt vy, vy, ..., Uy_1 00pasyrom opmo-
eonaavrorii 6azuc 6 Cy. Bpu omom ||vp]|> = N npu ecex k =
—0,1,....N—1.

HoxasateanbctBo. Ipuk,l € {0,1,..., N —1} cormacuo (1.2)

nMeeM

(Vg v) Zw{kn}s {Lits — Z an v=o(kv=l)jv _

Js—1=0 Jo=0

s—1 n—1 s—1
— H Z wflk”_l”)h =n’ H dn (K
v=03,=0 v=0

Otcioga o4eBUIHBIM 00pa3oM CIeayeT Tpeoyemoe. B

IIpennoskenne 1.2. Lasuc vy, Vi, ..., UN_1 ABAACTNCA MYALNU-

NAUKGMUSHBIM 6 oM cmoicae, wmo npu k.l € {0,1,..., N — 1}

vr(7) vi(d) = vm(J),

2de m = k@l.

HeficTBuTenbho, yaurbiBasd, uto wh = 1, mpu j € {0,1,..., N —1}

[moJrydaeM

. . ] ] S:l ku ll/ n .l/ N
vp(j) w(j) = Wikt il = romotlrbnde — (.

1.4. BBemem kBampaTHYIO MaTpuily Vy ¢ ameMeHTaMu

Vnlk, jl = vi(y), k,j=0,1,... ., N — 1. (1.5)
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OTMmeTnM, 4To 30eCh I Jajlee NHIEKCH CTPOK I CTOIOLOB KBaIpaTHOIL
Marpuinl nopagka N usmersiorces ot 0 go N — 1. Dameit 6mmscaiimeii
1e/IbI0 ABIACTCA (PaKTOPU3AIIA MATPUIBL V.
Ob6oszraunm yepes F, marpuny Oypbe n-ro mopsAmKa ¢ 3aeMeHTaMI
. ; . S
Fulk,j]=wh, k,j=0,1,....,n -1, u gepes F— ee 510 KpOHeKe-

pOBY cTemeHb (cM., Hampumep, [7, c¢. 80-82]).
Ilpennoskenne 1.3. Cnpasedauso pasencmeo Vy = FAS].

HorkaszaTtenbcTBOo. BocmoabsyeMmca caedyionuM oonmM Qak-
TOM: eCc/TN KBajpaTHaa Marpunia B mopamka N = n® paBHa KpoHeKe-
POBY IPOU3BEICHNIO § KBaApaTHBIX MaTpuil Ay, Ay, ..., A; mopanka n,

T.e. B = Al @ Ay @ --- @ Ay, TO »JIeMeHT MaTpuibl B ¢ HHIEK-

camu k = (ks_1,ks—2,. .. ko)n, 7 = (Js—1J5—2, -+, J0)n BBIUHCIACTCA
1o (popmyIe
Blk, j] = Ailks_1, Js—1] Aa[ks—a, js—2] - - - As[ko, Jo]- (1.6)

D OCKOJIbKY £ = F,oF,©---@F, 108 cuty (1.4) u (1.5)

v
5 pas

FAS][]{,]] - Fn[ks—lajs—l] Fn[ks—Qajs—Q] e Fn[koajO] —

= wibdls =y (5) = V[k, 5]
VTBepikIoeHne DOKa3aHO. W

Dycerb E, — emuHUYHAA MaTpuUlla N-ro mopAaka. Ipu v = 1,

2

s .-y S TIOJTOKUM

(s —vl/) pas (v :rl) pas
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Ilpennoskenne 1.4. Mampuya Vy donycraem daxmopusayuro
Ve=T\Ty---T;. (1.7)

HoxrxaszaTtenbcTBo. Bocmonbsyemcsa dpopmytoit

(A1 @Ay @ @A) (A1 @ Agip @ - @ Ayy) = (1.8)

= (A1 A1) @ (A2Agp) @ - @ (A Ayy),

CIpaBeIINBOIl 1A TPOM3BOILHBIX KBaIpaTHBIX Marpuil Ap, As, ...,

Ay mopanxa n. Cormacuo »Toil popmyte

(s —vl) pas (s —3) pasa

(S—VQ)pasa

Tenepn sAcHO, UTO

Ocraercs coctaTbeA Ha npearosKenmne 1.3. m

113 onpenenenus T, u (1.8) caenyert, uro 1,1, =T,T, npu v # p.
DTO 3HAYUUT, ITO COMHONHCUMEAU 6 Npacoll wacmu (1.7) moocro ne-

pecmasums 6 arwbom nopadre. B qacTHOCTH,

Vy =T, Ts_y---Ti. (1.9)
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BBenem xBagpatryto Matpuily D nopamka N X N, onpenenaseMyIo
CCAYIOMINMI PAaBEHCTBAMI:
p=0.1,....Ny—1, l.¢g=0.1,....,n—1; (1.10)

Dlk,j] =0 npu ocrambubix k,j € {0,1,..., N — 1},
Ilpennoskenne 1.5. Cnpasedaiuco npedcmasaenue
Vy = D’ (1.11)

HoxasaTteabctBo. [IBa paBencrsa (1.10) MOKHO 006 BEINHITE

B OJHO CJICOYIOIIIM 00Pa30M:
D[INy + p, mn + q] = F,[l, q] Ex,[p, m], (1.12)

pom=0,1,....Ny =1, [,¢q=0,1,....n—1.

DoxaseM, 9To cooTHomeHne (1.12) momyckaeT 0bobuIeHIE:
D"[IN, + p, mA, 11 +q] = FY[, q] Ex, [p,m], (1.13)

pm=0,1,....N,—1, l,gq=0,1,... ., A,,1—1, v=1,...,5s.

HoxaskeM CIpaBeqINBOCTL paBeHcTBa (1.13) nHmykumeit mo v. Dasoii
MHIYKINH CJIYKAT caydaii v = 1 — B sToMm caydae (1.13) cosma-
naeT ¢ (1.12). DpomenaeM UHIYKIMOHHBIN mepexon oT v — 1 k v. s

pom=0,1,....N, =1, 1,¢g=0,1,....A,11 — 1 umeem

=

-1
DY[IN, +p, mAyp1+q) = > D[N, +p, r] D" '[r, mA, 41 +q].

r

Il
o
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Speﬂ,CTaBI/IM NHOCKCBI l, g, T B CJIeAYIOIIEM BHOE!
| = ZIA,, 4+ l”, ¢ = QIAV 4+ q”, - 74//]\71/_1 4"+ 7“/,

tme I, ¢, € {0,1,....n—1}, ", ¢",v" € {0,1,....A, =1}, " €
€ {0,1,...,N, — 1}. Torma B cuny (1.12) 1 HHIYKIIOHHOTO TPEIIIO-

JIOGKEeHUA IMOJIYIUM

D"[IN, +p, mA, 41+ ¢] =

n—1A,—1N,—1
— Z D[I'N1+(I"N,+p), (" N,+r" ) n+r"]x

1—( pl'=0 p""=(

~

X DV_I[T”N,,_l 4+ (Tllln 4+ 7”/), (mn 4+ QI)AV + q//] —

n—1A,—1 N,—1

=> > > EJ'TEN["NAp. "Nt x

=0 r"=0 r""=0

> F#—H[T”,q”] EN,,_l[TI”n + 7“/, mn + q/] —
= Fn[lI7 ql] ng_l][lllv qll] ENu [P, m] = F#][lv q] ENu [P, m]

Utak, cupaBeqanBocTh paBeHcTBa (1.13) yeraHoBIeHa. Dpu v = s

oIy daeM
D[, q] = F¥I[1. q], l,g=0,1,....,N — 1.

B cumy npenmoskenns 1.3 mocsenHee paBeHCTBO paBHOCIIBHO (1.11). m

Kax Bumno u3 (1.10), ctpoxu marpuist D pasébuTsl Ha n 6I0KOB
10 n°~! CTPOK B KasKIOM. D PH 9TOM HadaIbHON CTPOKOil B [-M 61I0Ke
AsaAerca [-sa crpoka Marpuubl F,,, nononsenHasa (N — n) HyIamm, a
KayKIad CIeIyIonasa CTPOKA HTOr0 0JI0KA MOJIYyYaeTCA U3 TpeIblayIeil

C MOMOIIIBI0 HNUKJINYECKOTO COBUTA HA 11 MO3UIIIIT BIIPaBO.
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AHaTornvuHble MAHUMYIAINN MOJKHO TPOU3BECTU U CO CTOIOIIAMI
marpunsl Fj,. A umenno, mocrpoum Mmarpuiy C mopaaka N X N cite-

OVIOMINM 00Pa30M:

C[pn—i_la qN1+p] :Fn[17Q]7
p:O,l,...,Nl—l, l,q=0,1,...,n—1; (114)
Clk,j] = 0 mpu octampabix k,j € {0,1,..., N —1}.

DeTpyaHO BUAETHh, 4To Marpuia C' ecTb TPAHCIOHUPOBAHHAA Ma-

tpuna D. HefictButensno, cormacuo (1.10) nmeem

DT[pn + q, INy + p] = F,[l, q],
p=01,...,Ny -1, 1,¢=0,1,....n—1;

DT[j, k] =0 npu octampubix j,k € {0,1,..., N — 1},

aTo coBmagaeT (1.14), eciu momeHATL MecTamu [ 1 ¢ (HYKHO yUIeCTb,
uto F, = FnT) A U3 cUMMETPUYHOCTH MaTpuibl Vy U mpeacTaBie-

ausa (1.11) momydaem
Vy=Vy =(D")" = (D")".

DPUXOIUM K CACAYIONIEMY Pe3yIbTaTy.

Ilpennoskenne 1.6. Cnpasedauso pasencmaeo

Vv =C". (1.15)
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§ 2. bepBas mociienoBaTeIbHOCTL OPTOTOHAJIBHBIX

0asmncoB

2.1. Da ocuose npenctasmenns (1.11) moctpoum B Cy mpu N = n’

TOCICIOBATEILHOCTL OPTOTOHATBHLIX 6asucoB {h,(k; j) ]ivz_()l, v =

= 0,1,...,s, Tak, 9T06er ho(k;j) = on(7 — k) um hy(k;j) = vi(j).
Curnamst h,(k; j) kax saementsl npoctpancTBa Cy 6ymem 0bo3HaTaTH
h,(k); v-it 6asuc sammmenm B Buzme BekTop-cTooua i, = (h,(0), 7, (1),

ooy hy (N — 1))T. D 0JTOKIM
h,=D"hg, v=1,...,s. (2.1)

Cormacuo (1.11), hy = Vyhg. Domapsysacs (1.5) u (1.1), mepennmem

[mocjaennee paBeHCTBO B Pa3BEPHYTOM BUIIIEC:

N-1 N-1
ho(ks ) =Y Valk o (G =1 = > ueD) Sw (i = 1) = v ().
1=0 1=0
DazdepeMcA ¢ TPOMEKYTOUHBIME OasucaMu hy, ..., hs_ 1. Dpesae

YeM IIOKa3aThb, YTO 2TO OelicCTBUTEIBHO 6aSI/ICbI7 IIOJIYYUM sABHOE IIpE€Od-

CTaBJICHUIC OJIA 0a3UCHBIX CUTHAJIOB.

Teopema 2.1. Cnpasedruco pasencmeo

Ay—|—1_1
h(IN, +p)= ) Wl ho(pAsi +q). (2.2)

q=0

p=0,1,....N, -1, [=0,1,...,A,,1—1, v=1,...,5s.

Hoxasateanbctso. U3 (2.1) u (1.13) momydaem

Au—l—l_lNy—l
BN, +p)= Y 3" DUIN, +p.mAuis + gl ho(mAyg +q) =

g=0 m=0
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= FYL q) ho(pA, i1+ q),

p=0,1,....N, -1, [=0,1,...,A,,1—1, v=1,...,5s.
{la(J}l/

1%
OcTtaeTcs OTMETUTD, YTO F7£ ][l, q] = wn """, Teopema mokazaHa. W

Teopema 2.2. Bpu xanxncdom v =1,...,5s —1 cucmema cuznaros
h,(0), hy(1),..., hy(N — 1) obpazyem opmozonarvroi 6aszuc 6 Cy.
Bpu amom ||h,(k)||* = n* npu ecex k =0,1,..., N — 1.

HoxaszatenbcTBo. dycrs p,p € {0,1,....N, — 1}, LI €
€ {0,1,...,A,41 — 1}. Dokaskem, uro ecan p # p' wan [ #1', 1o

(hy(IN, + p), ho (N, + p')) = 0. (2.3)

Dpu p # p' (2.3) HemocpencTBerHo caenyeT u3 (2.2), HOCKOIBKY B
5TOM CJIydae HOCHTEIN YKa3aHHLIX CHTHAIOB He IepeceKaloTCHl.

Dycte p = p', Torma B cuy (2.2), (1.4) u npemtoskerns 1.1 mveem

1/—|—1_1

A
(h(INy + ) b (N +p)) = Y w00 = A5, (1= 1),
q=0

Dpu | #I' mpuxomnm x (2.3). Dpu I = ' noayuaewm ||h, (IN, + p)||? =
= AI/—I—l =n".

TeopeMa JOKa3aHa. i

2.2. s (1.11) caenyet, uto h, = Dh,_y, v =1,...,s. 91a dop-
mysa 1 popmyra (1.12) mo3BoIA0T 3amucaTh pasBepHYTYIO CXeMY e~

pexoma oT Oasuca h,_; k 6asucy h,:

ho(k):5]\7('—k), k‘:O,l,...,N—l;



p=0,1,....Ny—1, [=0,1,....n—1, v=1,...,5s.

Cxema (24) IIO3BOJIAET CTPOUTH IIOCJIEO0OBATEIBHOCTE OPTOTOHAJIb-

HLIX 6a31CcoB h, PEKYPPEHTHO, He MOIL3YACH IpeacTaBaeHneM (2.2).

§ 3. Bropas mociiemoBaTe/IbHOCTH OPTOTOHAJIBHBIX

0asmncoB

3.1. Da ocuose npencrasmenns (1.15) moctpoum B Cy mpu N = n’

ele ONHY TOCIEIOBATEILHOCTH OPTOTOHATIBHBIX 0a3mcoB {¢, (k; /) ]ivz_()l,

v =0,1,...,s, tak, 9T0bnl {4(k;j) = On(j — k) u &(k; ) = vr()).
Curuamst €, (k; j) xax smemenTsl npoctparcTsa Cy 6ymeM obo3HaIaTh
&, (k); v-it Gasuc sammmenm B Buzme BekTop-cromoua &, = (£,(0),&,(1),

cy EU(N — 1))T I ONIPEeIeNIIM €ro CIeLyIOUIM 00pa3oM:
£, =C"y, v=1,....s. (3.1)

Kax u B mpenpiayuieMm maparpade, MoKaxeM, U9TO TOCTPOCHHDLIE
TaKUM 00pPa3oM CUTHAJIBI 00Pa3yIoT OPTOTOHATbHDBIEC 0A3UCHI, TTPeaBa-

PUTEJILHO IIOJIYUUB OJIA HUX ABHOC IIpE€OCTABJICHUE.

Teopema 3.1. Cnpasedruso pasencmeo

1/—|—1 1

E (P11 +1) = Z Wit & (gN, + p), (3.2)

[=0,1,....,A, =1, p=0,1,....N, -1, v=1,...,s.
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NoxasaTedbcTBo. KRak 6bLT0 mokasaHo Ha c. 24, €' = DT,

Orcrona, Bocmomb3oBasmncsh (1.13), momyamm

CY[pAyi1 +1,qN, +m] = D'[¢N, +m, pA,1 +1] = F¥[q, 1] Ex [m, p],
(3.3)
l,q=0,1,....A,1—-1, pm=0,1,...,N,— 1.

BammcaB ¢ y4eTOM TOT0 BbIpaskeHNs (POPMYIY (3.1) B Pa3BepHYTOM
wi‘]al}u _ w;{ll,q}y

BUIe U NPUHAB K CBedeHNIO PaBeHCTBO F[”][q,l] =

npuzneM K (3.2). Teopema moxaszana. m

Teopema 3.2. bpu xanxncdom v =1,...,5s —1 cucmema cuznaros
E,(0), &(L), ..., &(N — 1) obpasyem opmozonasvrvid 6azuc ¢ Cy.
Bpu amom ||&,(k)||> = n” npu ecex k=0,1,...,N — 1.

HoxaszaTeabcTBo. Beuty (3.1) yrBepykaeHne TeopeMbl paBHO-
CIIBHO TOMY, 9TO CTPOKHI MaTpuiibl C¥ momapHo OPTOrOHATILHBL I KBa-
IpaT HOPMBI Kajmooil 13 HIX paBeH n”. DTo ycIoBHe KOPOTKO MOJKHO
sanncars tak: CY(CY)* = n"Ey, toe (C*)* — conpskennas k CV
MaTpHIIA.

13 Teopemsr 2.2 u dopmynsl (2.1) caenyet, ato DY(DY)* = n"Ey.

A nocxombky C' = DT, 1o
C(Cry = (D")T((D"))T = [(D*)' D))" = nEn.

TeopeMa JOKa3aHa. i

3.2. Bamnuem dopmyny (3.3) mpu v = 1:
Clpn + 1,gN1 + m] = Flq,l] En,[m, p], (3.4)

l,qg=0,1,....n—1, pm=0,1,...,N; — 1.
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I3 (1.15) caenyet, ato &, = C¢,_y, v = 1,...,s. DTo PaBeHCTBO
B COBOKYIHOCTH ¢ (opMysIofi (3.4) mo3BoIsfeT 3alcaThb pasBepHYTYIO

cxXeMy mepexoma oT basuca £, 1 K basucy &,:

fo(k):5]\7('—k), k‘:O,l,...,N—l;

n—1
Solpn+1) =) w6 1(gN1 +p), (3.9)

q=0
[=0,1,....,.n—-1, p=0,1,....,Ny—1, v=1,...,s.

CxeMma (35) IIO3BOJIAET CTPOUTH IIOCJIEO0OBATEIBHOCTE OPTOTOHAJIb-

HBIX 6a31COB &, PEKYPPEHTHO, He MOIb3YACh MpencTaBiacHneM (3.2).

§ 4. bpicTpoe npeobpas3oBaHIe

Bunenknna—KpecTeHcoHa mmepBoro poaia

4.1. JIioboit curuan x € Cy MOMKHO PA3TOKUTL MO OPTOTOHATL-

oMy basucy h,(0), h,(1), ..., h,(N —1) opu xamoom v = 0,1,...,s:
N-1

v=>w,(k)hy(k). (4.1)
k=0

Bnecs v, (k) = n~"{x, h,(k)). B sactrOCTH,

?

=

o) = S 2 ()l — k) = (k). k=0.1,... N—1.

J

Il
o

Cormacao (2.4)

n—1

l‘,,(lNl —|—p) =n" W;lq<xa hl/—l(pn + Q)> =
q=0
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n—1

1
== w, M wmi(pn +q).
n 4=

DPUXOIUM K CJIeOyIoleil peKyppeHTHOIl cXeMe BeIUnuCIeHnAa Koaddu-

IIeHTOB pasmoskeHnii (4.1):

vo(k) =a(k), k=0,1,...,N—1;
n—1

1
x,(INy + p) = ~ Z w i, (pn + q), (4.2)

q=0
p=0,1,....Ny—1, [=0,1,....n—1, v=1,...,5s.
Dpu v = s moaydaeM pasIoyKeHNe CUTHATa r 1Mo 0asucy BureHkuHa -

Kpectencona (1.2):
N-1

e() = 3 wu(k) (). (4.3)
k=0
DOMYyTHO BBIYUCIAIOTCA KO0>DPUIUEHTHI Pa3IoikeHnil Mo BceM IMpo-

MEKYTOYHBIM OasucaM.

Dopmyta (4.2) momyckaer obpalieHme:

n—1

T,—1(pn+q) = Z W 2, (IN] + p), (4.4)
1=0

p=01,....Ny—-1, ¢=0,1.....n—1, v=s,s—1,....1.
OcuoBHas poab GopMyant (4.4) 3aka09aeTCA B TOM, 9TO € €€ IOMO-
IIHI0 BBIUICIAIOTCA 3HAUCHNA CUTHATA T, 3aJaHHOTO B BuIe (4.3), Ha
OCHOBHOM mepuoze, a nMmenno: x(k) = zo(k), k=0,1,..., N — 1.

4.2. AHaJOIrIYHO CHUTHAT & MOKHO Pas/IOKHUTL [0 OPTOTOHAIDL-

HoMy Gasucy &,(0), &,(1), ..., & (N — 1) mpu kaskmom v = 0,1,...,s:

=

1

0

>~
Il
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Bmecs y,(k) = n~{(x,&,(k)). Kospdbuunentor pasmosxennii (4.5) B

cuay (3.5) BBIUICIAIOTCA O PEKYPPEHTHOI cXeMe

n—1

y(pn+1) = Zw Y—1(gN1 + p), (4.6)
q=0

n—1 p=0,1,....,Ny—=1, v=1,...

1=0,1,..

° 0

Dpu v = s moaydaeMm

T.e. ys(k) = x45(k) mpu Bcex k =0,1,..., N — 1. DomyTHO BBIYNCIA-
10TCA KoM DUINEHTH Pas3/IoKeHnl M0 KayKIOMY MTPOMEKYTOUHOMY
basucy &,, KOTOpble, KOHEYHO, OTJINYHBI 0T KO3(PPUINEHTOB pasiIo-
JKeHII 0 TPOMEsKYTOUHBIM Oasucam h,,.

Dopmyta (4.6) momyckaer obpamieHme:

Yo1(gN +p) = an yo(pn +1), (4.7)

g=0,1,....n—=1, p=0,1,....Ny—-1, v=s,5—1 1.

9 PECEERERY

C momornpio (4.7) MOKHO BLIMHC/INTD 3HAUCHIA CUTHATA T, 3aTaHHOTO
B Buze (4.5) mpu Hexotopom v € {1,...,s}, Ha OCHOBHOM mepHoIe.
Borancanrenpusie cxemsl (4.2) u (4.6) HazoBeM 6vicmpuimu npe-
obpazosaruamu Busenxuna—Kpecmencona nepeozo poda, CBI3aHHBI-
MII COOTBETCTBEHHO € MPOPEHCUGAHUEM TO “ACTROME T NPOPEHCUGH-

HUEM TLO BPEMEHU.
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4.3. DanoMHUM, UTO
vp(j) = wikils ke {0,1,...,N —1}.

B sroit popmyite crenend {k, j}s n3MeHseTCA HEMOHOTOHHO MPH BO3-
pactanuu j ot 0 mo N — 1. Dampumep, npu n = 2, s = 3,

k=2=1(0,1,0)y numeem

YUT06BL JOOUTHCA MOHOTOHHOCTH, 3amuiieM 11 vk () Apyroe mpeacTa-
BJIeHUE

) S ke, (Gu+dpp1nt.. Ajsn®Y)
Uk(])ZWnl,ouu v s )

ObosraunM creneHb depes (7). Torma
wlj) = gt (18

CuntaeM, 4To aprymeHT j usmenserca or 0 mo N, Tak 4To K03(-
dgurmmenT j; MoskeT paBHATbeA (0 wium 1. Dpu »ToMm, ecn jg = 1, To
Js—1 :]5_2:...:]020.

Domosxum pu l =0,1,...,5s =1

Jlemma 4.1. Cnpasedauco pasencmaeo

s—1

oe(d) = nasjs+ Y aigi. (4.9)
=0
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HoxazaTeabcTBo. lMeem

s—1 s s—1 s—1 s—1
— E ’k‘y E :jlnl—y — E :kyjsns—y + E ’k‘y E :jlnl—y —
=0 l=v =0 =0 =v
s—1

s—1 l
::71j5a&—1+‘§E:jl§E:A57ﬁ_y ::na5_1j54‘:£:(Ujb
=0 v=0

=0
qTOIITp€6OBaHOCb}TTaHOBHTb.l

Jlemma 4.2. Cnpasedauco pexyppernmmoe coOmHoweHue

-1 l
ar=(n-1)Y a,+Y k. I=1....5s-1 (4.10)
v=0 p=0

ayg = k@

HoxaszateanbctBo. Dopmyra (4.10) casana co cxemoii [op-
Hepa, OJHAKO ee MOKHO BBIBECTU U HEMOCPEICTBEHHO. SaIluiieM

v

Za,,:Zan”p—Zan”p—i—Zk (4.11)

v=0 v=0 p=0 v=1 p=0

OtmeTuM, 4TO

Zan”p—Zan”Hp—nZaV (4.12)

v=1 p=0 =0 p=0
Obvenunusas (4.11) u (4.12), npuxomum x (4.10). m

CnemctBue. Dpul € {1,...,s— 1} BumogHAETCA HEPABEHCTBO

-1
ap > (n—1) ay,. (4.13)

v

Il
o

Teopema 4.1. bpu sospacmanuu j om 0 do N dpynunuus oi(j)

uzmengemes om 0 do nas_1, MOHOMOHHO He YOVIGAA.
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HoxasaTteabctBo. Cormacto (4.9), ¢ (0) =0, o (N) = nas_;.
Octaercsa nposeputsb, 9T0 ¢ (j) < @r(j+ 1) mpun j=0,1,..., N — 1.
DyeTb j = (Js—1, Js—25 «-+» Jo)n. Torma ¢p(j) = ZZS:_OI a;j;. Ecmn
Jo € {0,1,....n—2}, 1O

s—1

pe(J+1) =ao(jo+1) + Zazjz > or(J)-
=1

DPEdNoIoKUM, 4To jog = n — 1. B eayuae jo = jy = ... = jo1 =
=n—1, j, <n—1 opu mexoropom p € {1,...,s — 1} umeem
s—1

k(] +1) = ay(jp +1) + Z aiji-
l=p+1

Cormacao (4.13)

pe(i+1) —er(j) =ap—(n=1) ) a>0.

Daxoner, ecau ) = N — 1, To

or(J+1) —er(j) =nas1 —(n=1) Y a =

=a,_1 — (n—1) a; > 0.

Teopema mokaszaHa. m
4.4. Depennmrem popmyay (4.8) B Bume

2mi

ve(7) = exp (5 or())-

Dpn GUKCHPOBAHHOM j KOMIUICKCHOE YICIO Ug(j) JIeKNT Ha emn-
HITYHOII OKPY#KHOCTH KOMILIEKCHOI IIOCKOCTH I €T0 apryMeHT pa-
BeH (27/n) ¢k (7). CormacHo Teopeme 4.1 5TOT apryMeHT IpH BO3pacTa-

uun j ot 0 mo N usmenserca ot 0 1o 27as_1, MOHOTOHHO He YOLIBas.
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Hpyrumn caoBami, opu Bospactatuit j ot 0 o N Touxa vy (j) oberaet
eINHIYHYIO OKPY/KHOCTD (4_1 pa3. YHUCIo G, 1 eCTeCTBeHHO NPUHATD
38 9aCTOTy DUCKpeTHOl (GyHKmun v ().

DamoMHIM, 4TO as_; = kon® ™' 4+ kin® "2 4+ ... + ke_i. DocKoIbKY
E = ken® ' 4+ keon®2 + ... + ky, To a,_; ecTb IeIoe dICTIO,
N-MYHBIT KON KOTOPOro paBeH IePeBePHYTOMY N-UYHOMY KOLY Y-
craa k. Ipyrumn caoBami, as_1 = revg(k). Taxnm obpasoMm, mpuxomnm
K CICIYIOUEMY Pe3yabTaTy: wacmoma gynkuyuu vi(j) pasua revy(k).

Tenepb GpyHKINN OPTOrOHATILHONR MYILTUIINKATUBHOI CHCTEMBI
Vg, U1y « .., UN_] MOYKHO VIOPAZOYNTH 110 BO3PACTAHIIO TaCTOTHI, IIO-

JIOSKUB

Palk(]) = Urevs(k)(j)a k‘ZO,l,...,N—l.

OueBngno, uro dactota Pali(j) pasra k. Qopmyma (4.3) npurumaet

BII

=

-1

x(j) = x5<revs(k‘)> Pali (7).

>~
Il
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§ 5. birounble opTOroHaJIbHBbIE O0A3UCHI, CBA3AaHHbLIE

C IIpopeKUBaAaHNEM IIO0O HaCTOTe

5.1. O6parumcsa k daxrtopusannu (1.9). DocTponm Ha ee 0CHOBE B
npoctpancTtBe Cy nmpu N = n® mocienoBaTe/IbHOCTL OPTOTOHAIBLHLIX
6asucos {f,(k; j) iy, v =0,1,...,s, Tax, arobnt fo(k;j) = oy (j—k)
n fs(k;j) = vi(j). Curnamnst f,(k; j) xax smemenTs npoctparcTsa Cy

oymem obosnauarh f,(k); v-it 6asuc sannmeM B BIIe BEKTOP-CTOIONA

fo=(£,00), f,(1), ..., fu(N = 1))T 1 ompemeanM ero (popMyIoil

fV:TI/TI/—l"'Tlan 1/21,...,8. (51)

Cormacuo (1.9), f; = Vi fo, nin, B passepuyToMm Buze, fs(k;j) = vi(j).
DazbepeMcA ¢ MPOMEKYTOUHBLIMU Oasucamu fi,..., fs_1. Obo3Ha-

unm (Q, =1,7T,_1---T.

Jlemma 5.1. Bpu scex v =1,...,s cnpasedausa popmyira
* v
QVQV =n EN7
*
ede ()), — conpasxcenmnas no omuouwenuo x (), mampuya.

HoxaszaTeabCTBO. DPErKIe BCETO OTMETHM, UTO cortacHo (1.2)

F,F}=nkFE,. danece B cuy (1.8)

TT, =(Ea®FEn® - QE,QF, QEa®---Q Ey) X
(s —vl/) pas (v :rl) pas

X (B, OB, @ @ E,0Ff @ E, @0 E,)

g

~

(s —v) pas (v —1) pas
(

~

s — V) pas (v —1) pas
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DaKoHeII,
QQ =T, T,_---TyT}--- T TF =n"Ey.

JlemMma moxaszama. m

D0 CYyHIECTBY YCTAHOBICHO, YTO CTPOKU MATPUILI (), TTOTApHO Op-
TOTOHATTBHBI U KBaJIpaT HOPMBI KayKION 13 HUX paBeH n”. YUNTHIBad

cootHotenne f, = (), fy, IPUXOOUM K TaKOMY BBIBOLY.

Teopema 5.1. Bpu scex v € {0,1,...,s} cuenaaw f,(0),
fo(1), ...y fu(N = 1) obpasyrom opmozonarvnwoii bazuc ¢ Cy u

N> =n", k=0,1,....,N —1.
5.2. U3 (5.1) crenyer, uto

fo.=T,f,_1, v=1,...,s. (5.2)

DaccMoTpuM Marpuity 1, 6oee meTaabHO.

Jlemma 5.2. Mampuya T, umeem caedyrowyro cmpyxmypy:
Tl(np+ o)A, +1(np+ 7)A, +1] = W],
[=0,1,...,A,—-1, p=0,1,....N,—-1, o,7=0,1,...,n—1;
T,[k,j] =0 npu ocmasrvwwz k,j € {0,1,..., N —1}.
HoxasateanbctBo. CormacHo onpenesenuio 1, u (1.6)

T[k, j] = Enlks—1.js—1] - -+ Enlky. ju] X

X Fn[ky—lajy—l] En[ky—QajV—Q] e En[k()ajO]-

10 BBIpasKEHNE OT/INYHO OT HYJIA TOJIBKO TOrOda, KOrOa

kpy=3u p=01,....v=2v.v4+1,...,5s—1 (5.3)
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Badurcupyem k = (ks—1,ks—2,...,ko)n = (np + ky—1)A, + [, tme
[ € {0,1,...,A, =1}, p € {0,1,...,N, — 1}. VcaoBue (5.3) BoI-
MOJTHACTCA IJIA MHAEKCOB j Buma j = (np + j,—1)A, + | 1 Toabko
s #Hux. Ipu stom T, [k, j] = w1 Ygasammbre akrThl cooTBeT-

CTBYIOT yTBepiHKIOeHUIO JIeMMEL. B

CnemctBue. B crpoxe marputel T, ¢ uagexcoMm k = pA, 1+
+0A,+! OTINYHBL OT HYJ/IA JUIIb N JIeMeHTOB. D eHYy/IeBble 3/ IeMeHThI

1 o 20 (n—1)o
NPUHUMAIOT 3HaueHuA 1, wl, w:’, ..., Wy :

Dopmyta (5.2) m memMa 5.2 HO3BOIAIOT 3allCaTh Pa3BEPHYTYIO

cxXeMy mepexoma oT Oasuca f,_; K 0asucy f,:

fo(k‘):&\f('—k‘), k:()ala"'aN_l;

n—1

Foll 4+ 0D, +pAya) =Y Wi foa(l+ (np+7)A,), (5.4)
=0

1=0,1,....A,—1, p=0.1,....N,—1, o=0,1,....n—1,

v=1,...,s.

Dpu v =1 dopmyra (5.4) npurEMaeT BuI

n—1
filnp+o0) = ngT fo(np + 1), (5.5)
=0
c=0,1,....n—1, p=0,1,...., N} — 1.

5.3. SOHyt{I/IM ABHOE€ IIpeacCTaB/ICHUEC IIJI5A 0a3UCHBLIX CUTHAJIOB.

s »Toro morpedyeTca ogHO BCIOMoTraTelIbHOoe yTBepskaeHue. Qdo-

1%
sHAUNM V), = 7“, v=1,....s.
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Jlemma 5.3. Bpul,q € {0,1,...,A,—1}, 0,7 € {0,1,...,n—1},

v €{2,...,5} cnpasedausv. Fopmyant
VAu[lﬂ q] = VAU+1 [l7 q] = w;ar VAU_H[Z + O-Aw q -+ TAV]? (56)
Va gl = Va, [nl,ngl = w, 7" Va,, [0l + 0,nq + 7]. (5.7)

HoxaszateanbctBo. Cormacuo (1.5) u (1.4)
Va, g =wi mpn 1, €{0,1,...,A,41 —1}. (5.8)
Ecau l,q € {0,1,...,A, — 1}, 10
{Layvar ={l, ¢}y ={l+0A,, ¢+ 7A}, —07 =

={nl,ng}, ={nl+o,ng+ 7}, —or.
Otcrona n u3 (5.8) ciaenyer Tpebyemoe. m

Teopema 5.2. Hmeem mecmo asHoe npedecmasaenie

Ayp1—1

fl/(l +pA1/—|—1) = Z VAU_H[la Q] fO(q +pAI/+1)7 (59)

q=0

[=0,1,....,A, =1, p=0,1,....N, -1, v=1,...,s.

HoxasaTeabcTBo. Ipu v =1 dopmymra (5.9) npurnMaer BuI

—_

n—

fill+np) =Y w! folg+ np),

I=0,1,....n—1, p=0,1,....N, — 1.

Il
o

DTO COBIAIACT C (5.5), ecan 3aMeHUTb | Ha o u ¢ Ha 7. CoemTaeMm

NHIYKINOHHBII mepexon oT ¥ — 1 K V.
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Bosbmewm nunmexc [ € {0,1,...,A,,; — 1} u Bocmonb3yemcs TeMm,
ato | = oA, + ' npu wexoropwix I € {0,1,...,A, — 1} u o €
€ {0,1,....,n — 1}. Da ocroBarun (5.4), NHIYKIIOHHOTO IPEIIOIO-

skeHnA u (5.6) morydaem

fl/(l +pA1/-|-1) = fy(ll + O-AV +pAI/—|—1) =

=0
n—1 Ay—1
=> i { Yo VAl g1l + (A, | =
=0 q'=0
n—1A,—1
= VAU-l—l[ll + oAy, ql + TAV] fO(ql +7A, + pAy—i—l) =
=0 ¢'=0
Apsr—1
= Z VAU+1[Z7 Q] fO(q + pAu—i—l)-
q=0

TeopeMa JOKa3aHa. i

5.4. Ecan cpaBunth mpassle dactn dopmyt (5.9) u (2.2), To
MOYKHO YOEeIUTbCSA, UTO OHU COBIATAIOT. DTO CIedyeT N3 paBeHCTBA
(5.8) u ompenemenus 6asuco fy u hy. Takum obpasom, npu xaxcdom
v=20,1,...,s 6a3ucvt f, u h, udenmuunv, ¢ mounocmuvro do nepe-

HYMEPaUUL basucHvx cuznanros. TouHee,

hl/(lNI/ +p) - fl/(l +pAI/—|—1)7

p=0,1,....N, -1, [=0,1,...,A,,1—1, v=1,...,5s.

I'maBuoe oTanume »TUX 0a31COB 3aK/II0YACTCSA NMEHHO B CIIOCODE

NHICKCAINN NX YJICMCHTOB. SYMepaH,I/IH CUTHAJIOB Oasuca f,/ II03BO-
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JIAeT eCTeCTBeHHBIM 00pa30M X CIPYIIUPOBATH, BLIIE/TINB OJIOKH, KO-
TOpbIEe OIMHAKOBLIM 00PA30M MPeodPa3yIOTCA COIVIACHO CXeMe PEeKY]P-
peHTHOTO Tepexoma (5.4).

DOACHUM ATy CXeMy. DpeanosaraeTcsa, 4To dasuc f, | pa3douT Ha
A, 0670K0B; 07I0KN ToMeueHbl mHIekcoM [. Kasxapiit Takoii 070K co-
mepskuT N, | »7JIeMeHTOB ¢ BHyTpeHHeil mHmexcarueit np + 7. Co-
rmacHo (5.4) 6ok ¢ mHIekcoM | Gasmca f,_; moposkmaeT n GI0KOB
dasuca f, ¢ uagexcamu [ 4+ cA,, ¢ = 0,1,...,n — 1, mpudemM B Ka-
JKIOM TaKoM O/Ioke HaxoguTca [V, »7IeMeHTOB ¢ BHYTDEHHUM HHICK-
coM p. Duc. 1 mmocTpupyer cxemy BeTBieHns (5.4) mpu N = 32
KBampatamu BbiaeneHbl 010Ku. Unco BHYTPH KBaJapaTa MOKa3biBaeT,

CKOJIBKO 9JICMCHTOB (CI/II‘HaJIOB) COIEpPsKUTCA B JaHHOM 0JI0Ke.

9
3 3 3
1 1 1 1 1 1 1 1 1
Puc. 1

Hemenne 6a3mcoB Ha 0JI0KI Ha3bIBaeTCsA CeKINOHNPoBaHmeM. [aH-
HBIII IIpHeM HrpaeT KI0YEBYIO POJIb MPH HOCTPOEHNN OPTOrOHAID-
HBIX BeilBIeTHBIX 0a3mcoB. DomapobHee »TOT BOIPOC OYIEeT OCBellleH B

riase 1.



— 49 —

5.5. Uccrenyem Oasucel f, 6oslee meTaabHO.

Ilpennoskenne 5.1. Cnpasedausor dopmyav

Ay—|—1_1
FA0:)= Y on(i—q) v=0.1....s (5.10)
q=0
n—1 A,—1
foloA,;j) = wor In(j—q—TA,), (5.11)
=0 q=0
co=1,...,n—1, v=1,...,s

HoxasateanbctBo. QPopmyra (5.10) oueBugHa. DpoBepum

(5.11). Cormacuo (5.9) u (5.8) numeem

-1 (r+1hH)A
Fo0A: ) Z Z VAUH oA, q] folds ) =
=0 ¢'=1A,
n—1 (T—|—1)A n—1 Ay—-1
W N(j —q¢)=) W > on(j—q—TA),
=0 ¢=1A, =0 q=0

qToO U Tpe6OBaJIOCb yCTaHOBUTL. W

Ecan orpaHnYmTBCA OCHOBHBIM mepuomoM, To dopmyast (5.10)

1 (5.11) MOKHO mepenncarh Tak:

1 mpu j=0,1,..., A, —1,

fl/(o;j) =
0 opu 7 =A4A,,....N—=1;
)
wi™ mpn j=T1A,, .. (T+1)A, -1,
fo(oA;j) = < T=0,1,...,n—1;
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Teopema 5.3. Cnpasedauso moacdecmaeo

fl/(l +pA1/+1;j) = f,/(l,] _pAV—I—l)a

I=0,1,.... M1 —1, p=0,1,....,N,—1, v=1,...

HoxaszaTeabcTBo. B coorBercTBum ¢ (5.9) mveem

Ayp1—1

i)=Y Vaulldov(i—q).

q=0

D 0rTOMY

Ayp1—1

Follij =pAvi) = D Va,lbdlow (i = (g +pAu)) =

q=0

Ayp1—1

= Va,all gl folg + pAuiisg) = full + pAuia; d).

q=0

TeopeMa JOKa3aHa. i

(5.12)

TakuMm oOpasoMm, curHaiabl [-ro 070Ka B Oasuce f, MOIyUaiOTCA

HOEe Ay iq.

3 curHata f,(l;j) ¢ moMombio ¢OBHTA apryMeHTa Ha UICIO0, Kpat-

Teopema 5.4. bpu j € {0,1,...,N — 1} swnoanaemcs coomuo-

wernue

fv+1(0AV+1§j) = f,,(OA,,; I_]/nJ)v

HoxaszaTennbcTBO. Bocmomb3syemcsa TeMm, 4TO

n—1

on(Li/n]) = on(j=r), j=-N+n,...,N-1

r=0

(5.13)

(5.14)
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Opu j € {0,1,...,n — 1} obe gactu B (5.14) paBHLI ennHmIe, a NP

je€{n,...,.N=1} U{=N +n,...,—1} pasusl uwymo. OrmeTnm, 4To

mpu j =N u j=—N +n — 1 paserctso (5.14) Hapymaercs.
Cormacuo (5.11) u (5.14) mpu j € {0,1,..., N — 1} umeem

foloAy; Li/n]) =

n—1 A,—1
= Wl 5N<L(j—qn—7'A,,+1)/nJ> =
=0 q=0
n—1 A,—1n-1
= Wl In (] — (qgn+r) — TA,,+1> =
=0 q=0 r=0
n—1 1/—|—1 1
(.U 5]\7 ] - ql - TAI/—H) = fl/—l—l(O-Ay—l—l;j)'

o

TZO q/:

TeopeMa JOKa3aHa. i

§ 6. birounble opTOoroHa/IbHBbIE 0A3UCHI, CBA3AaHHbLIE

C IIpopesKnBaHreM I1I0 BpeMeHHU

6.1. Bropyio mociienoBare/IbHOCTL OPTOrOHAIBHBIX OaszucoB B Cy
npu N = n® obosuaunm {g,(k;j)}ry', v = 0,1,...,s. Ona cTpo-
ITCA Ha OCHOBe pasioskenus (1.7) tak, arobor go(k;j) = on(j — k)
gs(k; 7) = ve(j). Curnamnst g,(k; j) xax smemenTsl mpocTpascTBa Cy
oymem obosHavaTh ¢, (k); v-if 6asuc 3amnmeM B BIIe BEKTOP-CTOIONA

9v = (9,(0),9,(1),..., g, (N — 1))T I ompemeanM ero (gpopmysIoii
gy = 5—1/+1T5—1/—|—2"'T5907 1/21,...,8.

Tak ke, KaK 1 B IpeabIayieM maparpade, T0Ka3bBACTCA CICIYIONIee

yTBeps;KIeHe.
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Teopema 6.1. Bpu xaocdom v € {0,1,...,s} cuenasrv ¢,(0),
g (1), ..., g (N = 1) obpasyrom opmozonarvrui 6asuc ¢ Cy wu

lg, (B> =n", k=0,1,...,N — 1.

6.2. Cormacao geMmme 5.2
Ts—y—i—l[(np + O-)AS—I/—I—I + la (np + T)As—l/—l—l + l] = wyoz-Ta (61)

1=0,1,....0 1 =1, p=0,1,....Ny_ps — L.

Ormernm, uto A;_py1 = N, 1 Ny_p1y = A,. Domenas B (6.1) me-

CTaMUI WHIEKCBL p U [, TOIy9IM
To—pi[(nl + )N, +p,(nl +7)N, +p] =wi’, (6.2)

I1=0,1,....A,—1, p=0,1,...,N, — 1.

DaBeHCTBO ¢y = Ts—yy1 gy—1 1 popmyIa (6.2) TO3BOIAIOT 3aMnCaTh

pasBepHYTYIO cXeMy mepexona oT dasuca ¢, 1 K 0a3ucy ¢,:

go(k):5]\7('—k), k‘:O,l,...,N—l;

n—1

g,,((nl +0)N, —|—p> = ZWZT Jv—1(INy,_1 + 7N, + p), (6.3)

=0

[=0,1,...,A, -1, p=0,1,....N, -1, o=0,1,...,n—1,
v=1,...,s.

Dpu v =1 dopmyra (6.3) npuHEMaeT BUI

n—1

g1(o N1 +p) ZZWZTQO(TNl-l—P)a (6.4)
=0

p:O,l,...,Nl—l, 020,1,...,n—1.
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6.3. SOHyt{I/IM ABHO€ BBIDasKCEHUE IIJIA 0a3UCHBIX CUTHAJIOB.

Teopema 6.2. Hmeem mecmo npedcmasaenue

Ay—|—1_1
gl/(lNI/ +P) - Z VAU_H[la Q] gO(QNI/ +p)7 (65)

q=0

[=0,1,....,A, =1, p=0,1,....N, -1, v=1,...,s.

HoxasaTteabcTBo. Dpu v = 1 dopmyma (6.5) coBmamaer
¢ (6.4), ecmn 3amenuts [ Ha 0 u ¢ Ha 7. CoemaeM MHIYKINOHHDLI

mepexon oT ¥ — 1 K V.

Bosbmewm nunmexc [ € {0,1,...,A,,; — 1} u Bocmonb3yemcs TeMm,
ato | = I'n + o npu mekoropeix o € {0,1,....n — 1} u l' €
€ {0,1,...,A, — 1}. Ounpascs Ha (6.4), HHIYKINOHHOE IPEIIONIO-

senie 1 (5.7), sammnmem

g (N, +p) = g, ((nl' + )N, +p) =

=0
n—1 A1
= WZT{ > V. q190(d Ny + 7N, +p)} =
=0 /=0
i1 A,—1
= Va,ulln+o, ¢dn+1g((¢n+7)N, +p) =
=0 ¢/=0
Apsr—1
= Z VAU+1[Z7 4] 90(¢N, +p).
q=0

TeopeMa JOKa3aHa. i
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6.4. Ecan cpaBrnTh mpassle dactn dopmyra (6.5) u (3.2), To
MOYKHO YOEeIUTbCSA, UTO OHU COBIATAIOT. DTO CIedyeT N3 paBeHCTBA
(5.8) u ompenenernsa 6asucoB gy u . Taxum obpasom, npu Kaxcdom
v =0,1,....5 6a3zucvt g, u &, udenmuurv. ¢ mouynocmuro do nepe-

HYMEPaUUL basucHvx cuznanros. TouHee,

fu(pAqul + l) - gl/(lNI/ +p)7

[=0,1,....,A, =1, p=0,1,....N, -1, v=1,...,s.

Tak sxe, Kak U B caydae ¢ daszmcamu f,, HyMepalusa CUTHATIOB
0asmca ¢, MO3BOJIAECT OCYHIECTBUTHL CEKIIMOHUPOBAHNE, pa3measdsa Oa-
3UCHBIC CUTHAJILI Ha OJIOKI, KOTOPBIE MPeo0Pa3yIoTCA COIIACHO cXeMe
peKyppeHTHOTO Tepexona (6.3).

DOACHUM HTY CXeMy. DPeanosaraeTcsa, 4To 0asuc ¢, | pasdouT Ha
A, 0670K0B; 07I0KN ToMeueHbl mHIekcoM [. Kasxapiit Takoii 070K co-
nepskuT N, | »7IeMeHTOB ¢ BHYTpeHHell nuaexcamueit 7N, + p. Co-
rmacHo (6.3) 6ok ¢ mHIekcoM | basmca ¢,_ MOpoyKIacT n OIOKOB
dasuca ¢, ¢ nagexkcamu nl +o, 0 =0,1,...,n— 1, npudeM B KayKI0oM
TaKkoM OJIoKe HaxomutTca [N, »7IeMeHTOB ¢ BHYTPEHHUM HHICKCOM D.

DpuBeneHHBIl paHee puc. 1 WITIOCTpUpyeT cXeMy BeTBieHusa (6.3)

mpu N = 32
6.5. IIsyunm Oasucel ¢, moapobHee.

Ilpennoskenne 6.1. Cnpasedaiusovr dopmyav

gl/(Oa]):éNU(])a V:()717757 (66)
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g (N3 5) Zw” on,_ (7 —7N,), (6.7)

HoxaszaTteabctBo. Popmyna (6.6) paBHOCIIbHA 0UEBUIHOMY

COOTHOIIIEHIO
Ayp1—1

S v — V) = by, ()): (6.5)

q=0

Dposepum (6.7). Cormacuo (6.5), (5.8) u (6.8) nmeem

n—1A,—1
g (oN,; j) = Vaulo, gn+ 7] go((qn + T)N,,;j) —
7=0 ¢=0
n—1 A,—1
= Wl > (=N = gNa) = D Wi, (= TV,
=0 q=0 —

9TO 1 TPeOOBAIOCh YCTAaHOBUTD. W
Dopmyta (6.7) moxaspiBaeT, B YaCTHOCTH, YTO CUTHAT ¢, (0 N,; j)
ABaeTcsa N, -TepHoIIIecKIM.

I3 (6.7) caemyeT Taxske paBeHCTBO

91/+1(0-N1/—|—1;j) - gl/(O-Nl/;nj)a (69)

eiticTBUTETHHO,

g (oN,;nj) = Zw” Ox, (n(j —TN,41)) =

n

—1
= Wy Oy, (j - TNVH) = 9u+1(UNu+1;j)-
0

T=
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Teopema 6.3. bpu v € {1,....s} sunoanarwomes moowdecmea

9u(IN, +p;7) = g,(IN,; j — p), (6.10)

1=0,1,.... A1 —1, p=0,1,...,N, —1;

g (0N, G —kN,) =w, " g,(0N,: ), (6.11)

o=1 n—1

., ke

PECEERERY

HoxasaTteanbctBo. CormacHo (6.5)

Ay—|—1_1
g(INyj) = > Va,,[l.qlon (i — aN).
q=0
TaK 4YTO
Ay—|—1_1
G(INsij=p) = D Va,lldldn(j— (aN, +p) =
q=0
Ay—|—1_1
= > Va,ulldlgo(gNy +pi ) = 9o (IN, + p3 ).
q=0

Tosxaectso (6.10) ycTaHOBICHO.
Depexons k (6.11), saduxcupyem j u BBemeM DUCKPETHYIO QYHK-
o h(7) = wl dy,_,(j — TN,). Dra dyHKIUA n-TIepuognvHa, IIO-

ITOMY

—_

i
L

n—

hir+k)=>» h(r) VkeZ. (6.12)

3
Il
<
3
Il
<
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C yuaerom (6.7) momydaem

—_

n—

gy(UNy;j _ kNV) — wg(T—I—k)—ak 51\71/—1 <] _ (7- + k)NV> =

3
Il
<

n—1 n—1

= w Z h(r+k)=w " Z h(r) =w, "% g,(cN,: 7).
=0 =0

TeopeMa JOKa3aHa. i

§ 7. beicTpoe mpeobpas3oBaHIe

Bunenknna—KpecTeHcoHa BTOpOro poaa

7.1. JI1060ii curHAI & MOYKHO Pas3iIos;KUTh [0 OPTOTOHATILHOMY Oa-
sucy f,(0), f,(1),..., f,(N — 1) opu xamzmom v € {0,1,...,s}:

-1

=" 2, (k) . (k). (7.1)

0

=

>~
Il

Bnecs v, (k) = n""(z, f,(k)). B sactrOCTH,

=

o) = S 2 ()l — k) = (k). k=0.1,... N—1.

J

Il
o

Cormacao (5.4)

-1

l‘,,(l + O-AV +pAV‘|‘1) =n"" Zw;m—<x7 fl/—1<l + (np + T)AV>> =
=0

3

1
== Zw;” 1 (I+ (np+1)A,).
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DPUXOIUM K CJIeOyIoleil peKyppeHTHOIl cXeMe BeIUnuCIeHnAa Koaddu-

IIeHTOB pasmoskeHnii (7.1):

vo(k) =a(k), k=0,1,...,N—1;

n—

—_

r,(l+0A, +pA,4) = w, " x,,_1<l + (np + T)A,,), (7.2)

S|
o

T

1=0,1,....A,—1, p=0.1,....N,—1, o=0,1,....n—1,

v=1,...,s.

SpI/I IV = $ II0JIyHaeM pa3JiIosKeHHne CUT'HaJla & IIO 6&31/1Cy Bunenknna—

Kpectencona (1.4):

e(j) = 3wk uilh). (73

DOMYyTHO BBIYUCIAIOTCA KO0>DPUIUEHTHI Pa3IoikeHnil Mo BceM IMpo-
ME/KYTOUHBIM Oa31caM.

Dopmyta (7.2) momyckaet o6pameHMe:

Ty, 1(1 + (np + 1) Z Wi, (L + oA, + pA,4), (7.4)

[=0,1,...,A, -1, p=0,1,....N, -1, 7=0,1,...,n—1,
v=s,5s—1,...,1.

OcuoBHas poab GopMyal (7.4) 3aKI09aeTCA B TOM, 9TO € €€ IOMO-

IIHIO BBIUICIAIOTCA 3HAUCHNA CUTHATA T, 3aJaHHOTO B BuIe (7.3), Ha

OCHOBHOM mepuoze, a nMmenno: z(k) = zo(k), k=0,1,...,N — 1.
7.2. AHAJOIMYHO CHTHAT T MOKHO Pas/IOsKUTh II0 OPTOrOHATIDL-

HoMy Gasucy ¢,(0),¢,(1),...,¢,(N—1) mpu xammom v € {0,1,...,s}:

xr = yu(k) g, (k). (7.5)
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Bmecs y, (k) = n7"{(x,g,(k)). Kosdduunentsr pasmosxenniti (7.5) B

cuay (6.3) BBIUICIAIOTCA IO PEKYPPEHTHOI cxXeMe

yo(k) =a(k), k=0,1,...,N—1;

)

[=0,1,...,A, -1, =0,1,....,.N,—-1, o=0,1,...,n—1,
v=1,...,s.
Dpu v = s moaydaeMm
N-1
v(7) = ) ys(k) v (3),
k=0

T.e. ys(k) = x45(k) mpu Bcex k =0,1,..., N — 1. DomyTHO BBIYNCIA-
10TCA K03(PPUIIEHTEI PasIoKeHNl M0 KajkIoMy IIPOMEAYTOUIHOMY
6asmcy ¢,, KOTOpble, KOHCYHO, OTINYHLL 0T K03(p(PUINEHTOB pasiIo-
JKeHII II0 IIPOMEsKYTOYHBIM OasucaM f,.

Dopmyta (7.6) momyckaer obpaiieHme:

n—1

Yy—1(IN,_1 + TN, +p) = Z wl’ y,,((nl +o)N, + p), (7.7)

=0

l1=0,1,....A,—1, p=0,1,....N,—1, 7=0,1,...,n—1,

v=s,5s—1,...,1.

C momorpio (7.7) MOKHO BLIUHCINTD 3HAUCHIA CUTHATA T, 3aTaHHOTO

B Buze (7.5) mpu HexotopoMm v € {1,..., s}, Ha OCHOBHOM mepHoTe.
Cxewmer (7.2) u (7.6) Ha3OBeM bvicmpumu npeobpasosaruamu Bu-

aenkuna—Kpecmencona 6mopozo poda, CBA3aHHBIMI COOTBETCTBEHHO

C NPOPEHCUBAHUEM TLO HACTNOME U NPOPEHCUBAHUEM N0 6PEMEHU.
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7.3. B §4 0bL10 yCcTaHOBIEHO, UTO YacTOTa OUCKPeTHONl (DyHK-
nnn Bumenknaa Kpectercona vy pasaa revy(k), n ato GyHKInm op-
TOTOHATBHON CHCTEMBL Vg, U1, ..., Uy_| MOKHO IePeyIopAI0INTh, II0-
noxuB Palp(j) = Vrev,k)(j). Dpu sT0M wacrora dymrmum Paly(j)

paBHa k. B »1ux obosmauennax dopmyta (7.3) npumer Buao

=

-1

x(j) = Xy (revs(k‘)) Pali (7). (7.8)

>~
Il

s mudpoBoit 00pabOTKN CUTHATIOB CIEAYeT HCI0JIb30BaTh NMEHHO
pasnosienne (7.8), mockoabKy OasucHble (pyHKuNN BrtenkuaaKpec-

TE€HCOHa B 9TOM Pa3JIOKEHHNN YIIOPAOOYEeHbI 110 BO3PpAaCTaHNIO 9aCTOTHI.

§ 8. CBA3L YeThIpEX BapUAHTOB (paKTOpH3AIUU

MaTpuilbl Bunenkuna—KpecreHcoHa

8.1. Benem xBamparuyio marpuily I, mopsamka A, ¢ 3JIeMeH-

TaMI

1, ecan j = rev,(k),

Rk, j] =
0 npu octampubix k,j € {0,1,.... A, 1 — 1}.

B wactnoctu, Ry = 1, Ry = E,. OueBunno, uto R, — cuMMeTpUYIHAA
MaTpuia u

R,R, = Ea (8.1)

v+1°

HeitctBue R, ompenendeTca Tak:

y=Rax < y(k)==z(rev,(k)), k€ {0.1,....A, 1 —1}.
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B cBasu ¢ sTum marpuiia [, Ha3bIBACTCA MAMPUUET PEGEPCHBIX NeEPe-
cmanosok. Ecin A — kBampaTHas MaTpuia nmopagka A, i, TO YMHO-
skenne R, A peBeptupyet cTpoku MaTpunbl A, a ymHoskenune AR, pe-
BePTUPYET CTOJIONBI MaTPUIbl A.

DaM nmoTpedyeTcsa DOMOTHUTEeIbHAA MH(MPOPMAIIA O TePeCTAHOBKE

reverse.

Jlemma 8.1. Cnpasedauco coommnowenue
rev,(0A, +1) =nrev,_ () +o (8.2)
npu l € {0,1,...,A, =1}, 0 €{0,1,...,n =1}, v=1,...,5.

HoxasaTeabcTtBo. Ipu v = 1 dbopmyra (8.2) TpuBnaibHA.

Dyctb v > 2. Donoykum ' = rev,_i(l). Cormacuo (1.3)
rev,(nl' + o) = oA, +rev,_(I'),
9TO PABHOCIILHO
nl' + o0 =rev, <0A,, + rev,,_l(l')).

VuanteBas, uro rev,_i(I') = [, npuxoonm « (8.2). m

8.2. YeTaHOBIM CBA3b MEH KLY YeTBIPbMS BapuaHTaMu (paKTopu3a-
mun (1.7), (1.9), (1.11), (1.15) marpumnst dysrunit Brtenkuaa-Kpec-

TeHCOHa V.

Teopema 8.1. Bpu xaxcdom v = 1,...,s cnpacedauso pacen-

cmeo

T, = (Rs_ys1 @ Ry_1)D(Ry_y @ R)). (8.3)
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HoxaszaTtenbcTBo. Cormacuo gemme 5.2
TV[pAV—H + OA,, + la qAI/—I-l + TA,, + m] = ENu[pv q] Fn[aa 7_] EAu [l7 m]v

I,m=01,...,A,—-1, o,7=0,1,....,.n—=1, p,gq=0,1,... , N,—1.

Obo3HAYNM IpaByIo JacTb paBeHcTBa (8.3) depes A, m moxaskeM,
uyro A, = T,. 9pulm = 0,1,...,A, — 1, o,7 = 0,1,...,n — 1,
p,g=0,1,...,N, — 1B cumy (1.3), (8.1) u (1.12) umeem

ApA g1+ 0A, +1,gA 41 +TA, +m] =

= Drevs_pi1(pn+0o)A,+rev,_1(l),revs_ (@) Ay 1 +rev, (TA, +m)] =
= D[(0As—yy1+revy_,(p)) A, +rev, (1),
revs_,(q)Ay11 + nrev,_1(m) + 7] =
= D[o N+ (revs_, (p)A,+rev, (1)),
(revs_y () A, +1ev,_1(m))n+ 7] =
= Flo.7] En,[reve_, (p) Ay + rev,_1(1). rev,_, (¢) A, + rev,_i(m)].

OcTamoch 3aMeTHUTD, 9TO
En[revs_,(p)A, +rev,_1(1),revs_,(¢) A, +1ev,_1(m)] =

= Ey, [revs_y(p),revs_,(q)] Ea,rev,_1(l),rev,_1(m)] =
= ENI/ [p7 q] EAI/ [l7 m]
Teopema moxaszaHa. m

DokaseM, Kak ¢ momoupbio (8.3) momyunts daxtopusaimio (1.7)
u3 (1.11). Derpyano Bunets, uto Vy = RVy R, (310 caenyer us (1.5),

(1.4) u ompenemernusa omepamnn {-,-},). C yaerom (8.1) nmeem
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Vv = R,D°R, =
= R;D(Rs_1 @ R1)(Rs—1 @ R1)D(Rs_2 @ Ry)(Rs—2 @ Ry)D x ...
oo X (Re @ Ry_9)D(Ry @ Ry_1)(R1 @ Ry—1)DR; =

— T\ LTy T, \T..

Hamee, Tparcnornpy (8.3) n npuHIMasA Bo BHIMAHIE CHMMETPIY-

HocTh Matpun 1), n R, n pasesctso C' = D', moaygaem
T,=(Rs—y @ R,))C(Rs_py1 @ Ry_1). (8.4)
C momomnpio (8.4) MoskHO BuiBecTHn (haxTopusannio (1.9) usz (1.15):
Vv = R,C°R, =

= R;C(R1 @ Rs_1)(R1 @ Rs_1)C(Ry @ Rs—9) - - - (Rs—1 @ R))CR, =

=TT ---T7.
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I'maBa 11
InckpeTHoe ImpeodpasoBaHIe

Xaapa—KpecTeHcoHa

§ 9. basuc Xaapa—KpecreHcona, cBa3aHHBII C

IpopeskKnuBaHueEM 110 BpeMeHHn

9.1. Da puc. 1 6LLTO MOKA3aHO, KaK Ha TOPU30HTATIBLHBIX YPOB-
uax v = 0,1,...,s mociaemoBarebHO (POPMUPYIOTCA OPTOTOHATILHDIE
oasucet fo, f1, .-, fs @ go, 91, ---, gs. KoIUIecTBO OPTOTOHATILHBIX
0asucoB B Cy MOKHO 3HAUUTETHHO YBEIUYUUTDL, €CAU HCIOTb30BATD
BEPTUKATBHYIO COCTABIAIONIYIO. DTO IeMOHCTPUPYETCA Ha PUC. 2 Ipu
N = 3. Cursasabl, HaXOOAIINeCA B BHCAYNX 06JI0KAX, BO BCEX YOTHI-
pex MpeacTaB/IeHHBIX MpuMepaX 00pasyioT OpTOrOHAIbHBIE 0a3MCHI.
HeficTBUTE/TBHO, OPTOTOHAIBHOCTh CUTHATIOB V-TO YPOBHS WN3BeCTHA.
Cursassl KayKIOTO BHCAIEro 610ka (v + 1)-To ypoBHSA ABIAIOTCA JINI-
HellHBIMII KOMOMHAIIMAMI CHUTHAJIOB HEKOTOPOTo 0JI0Ka V-T0 YPOBHA
I [T09TOMY OHI OPTOTOHATBLHBI CUTHAJIAM U3 OCTAJIbHBIX OJIOKOB -TO
YPOBHA.

Oproronanbubie 6asuckl B Cp, obpasoBaHHbBIe U3 OJ0KOB BCeX
ypoBHell ¥ = 1,...,, OyaeM Ha3bIBATb 0000ULEHHBLMU BETLEAECTHBIMU
bazucamu. amee MBI TeTaabHO paccMOTPUM 0OOOIIEHHBIE BeiiBIOT-

HbBIE 6a3I/ICbI7 COOTBETCTBYIOIINE CXEME BETBJICHUA (a) Ha pHuc. 2.



f58f

27 27
9] [9][9 9] [9] |9
3] [3][3 3] [3][3
1] [1][1 1] [1][1

(2) (b)

27 27
9] [9] |9 9 9 9
3| [3][3 3| (3] [3][3][3]]3
1] [1][1 1] [1][1
(c) ()

Puc. 2

9.2. Bragajle BOCIOIb3yeMCA MOCIEI0BATEILHOCTHIO 0A3UCOB (o,
g1, ---,9s. Obosmaunm uepes V,, v € {0,1,...,s}, nuneiinyio 060-
J0YKY, HATAHYTYI0 Ha curHamisl ¢,(p), p = 0,1,..., N, — 1, a qgepes
W,,(U), o€ {l,....n—1}, v € {1,....s}, — auneiiuyo 060T0YKy,
HaTAHYTYI0 Ha §,(0 N, +p), p=0,1,..., N, —1. Do Teopeme 6.1 moxn-

(1)

n—1
npoctpancTtBa V,, W,/ ..., W,,( ) MOMapHO OPTOTOHATIBHBL MPU BCeX
vedl,....s}.
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Cormacuo (6.3) opu | = 0 umeem

n—1

g(oN, +p) =) Wi g 1(TN, + p). (9.1)
=0

p=01,....N,—1, o=0,1,....n—-1, v=1,...,s.

(0)

Orcroma, B "acTHocTH, ciaenyet, uro V, C V,_4 u W, C V,4

npu 0 =1,...,n— 1. Ecin ydecTb, 4TO pasMepHOCTbL BCeX MOIIMPO-
1 n—1

CTpPaHCcTB V), W,,( ), cees W,,( ) paBHa N, 1 9TO cyMMa 3TUX pa3Mep-

HOCTell paBHa pasMepHOCTH V1, TO IpuaeM K TpeIcTaBIeHITIO
Via=V,eWlhe. . awr (9.2)

O6osuaumv W, = WiV @ .o WiV, Torna dbopmymy (9.2) MosKHO

3amncaTb Kopode:
Voi=W,dV,, v=1,...,s. (9.3)
D OCKOIbKY
Vo =lin ({go(p)},, ) =tin ({on(- = p)},,') = Cw.
To B cuay (9.3) moydyaeM BefiBIeTHOE pasIosKeHIIe
Cy=WV=WigWVi=WaWypVy)=...=
=W esWes ... W, V. (9.4)

9.3. BeiicHUM CTPYKTYPY BeilBIeTHBIX MOIMTPOCTPAHCTB.

Teopema 9.1. Cnpasedaucvl popmysov

V,=Cy,, v=0.1,...,s; (9.5)



HoxasateanbctBo. Commacuo (6.10) u (6.6), mpu p =0,1,...,

N, — 1 umeem

9v(p:7) = 9,(0: 5 —p) = 0w, (j — p).

Otciona oueBugHbIM obpasom ciaenyer (9.5). B wactrocTm, V, =
= lin (gs(())) eCTb MOAIPOCTPAHCTBO KOMILTEKCHBIX KOHCTAHT, TaK Kak
9s(0;7) =1 B cumy (6.5).

ObosraunM mpasyio 9acTb (Gopmyrst (9.6) gepes G,(,U) 1 TTOKayKeM
BHadaJIe, ITO W,,(U) C G,(,U). DyCTh & € W,,(U). Torma

N,—1
l‘(]) = Z C(p) gV(ONV;j _p)'
p=0
Kak ormeuanocs B §6, curaanst g,(oN,; j) asaaorca N,_j-mepuoan-
qecknmi, mostomy x € Cy . Hamee B cumy (6.11)

i —N) = Y ) [waT aulo N — p)] = wir ().

p=0

(0) (0) (0)

DOIYUNIN, YTO & - Gy . Bkarouenue WV ( Gy CTaHOBJICHO.
’

DpoBepuM obpaTHoe BKIIOUeHIe. Bosbmem x € (). DOCKOIbKY

v e€Cy,_,, 0

Nu—l_l an,—l

x(j) = a(p) oy, (G—p) = > alp) gs1(0;5 —p).

p=0 p=0
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(0)

Do onpenenenuio G, npu 7 =0,1,...,n — 1 uMmeem
nN,—1
v(j) =wia(j —TN) =0l Y a(p) goa(0;5 —p— TN,) =
p=0
nN,—1
- ng Z a(p) gl/—l(TNl/;j _p)'
p=0

C03KuB 5T paBeHCTBa I MONEINB Ha n, Ha ocHoBaHmm (9.1), (6.11)

1 (6.10) momyunm

niN,—1
L1 :
l‘(]) Z an gv—1 TNI/;.] _p) =
p=0
1 nN,—1
= — a 91/ O'N,/,] p)
n
1 1 (k+1)N,—1
) 52 Z 91/ O-NI/L] p)
: = k’Ny
1 n—1 N,—1
i a(p+kN,) g, (0N, j—p—kN,) =
" k=0 p=0
1 Ny,—1 n-1
= (S wn™alp+kN) ) gulo Ny + 3 ).
p=0 k=0

~—

g g g
SHaunT, r € W,,( . Bxaouenne G,(,) C W,,( ), a ¢ HIM U TeopeMa,
IoKa3aHbI. N
9.4. CoracHo (9.4) JTI00011 CUTHAT ¥ JOMycKaeT IpedcTaBIeHIe

s n—1N,—1

r=ys(0)g:(0) + > > Y y(oN, +p)goN, +p).  (9.7)

v=1 oc=1 p=0



Yo(oN, +p) =n""(x,9,(cN, + p)).

VunteBasn (9.1), sannmem

n—1

yu(UNV +P) =n"" Zw;m— <x791/—1(7_N1/ +p)> -
=0

n—1

1 —oT
=~ an Y—1(TN, + p).

=0

Dpu »TOM

N-1

o(k) = (x,90(k)) = p_w(j)on(j — k) = x(k),

J

k=0,1,...,N —1.

Il
o

DPUXOIUM K PEKYPPEHTHOII cXeMe BRIUNCTIeHUA KO DUIIEeHTOB pas-

moskenns (9.7):

1
J(oN, = — w T y,_1(TN, , 9.8
yv(o N, +p) n};;; n Yp—1 (TN, +p) (9-8)
p=01,....N,—1, o=0,1,....n—-1, v=1,...,s.
Rosdduumentsr y,(p), p = 0,1,..., N, — 1, coorBeTcTByIOIIIE
nHaekcy ¢ = (, HUCHOIB3YIOTCA /1A BBIYHUCICHUA KO>(PPUINECHTOB

(v + 1)-ro ypoBHS.
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Obpamerne npeodbpaszoBanns (9.8) IPUBOANT K CIEAYIOUICH cXeMe:

n—1

yl/—l(TNI/ +p) = ZWZT yV(ONV +p)7

=0

p=01,....N, -1, 7=0,1,....n—1, v=s,5s—1,...,1.

DTa cxXeMa MO3BOJIAET BLIYNC/INTD 3HAUEHHUSA CUTHAIA X, 3a0aHHOTO B
Bume (9.7), Ha ocHOBHOM mepmome, a umenuo: x(k) = yo(k),
E=0,1,....,N — 1.

Dasmoskerne (9.7) HazoBeM pasaodcenuem Xaapa—Kpecmencona,
COAZAHHBIM € MPOPEHCUBAHUEM N0 6pemenu, a cxemy (9.8) — 6Owi-

cmpoim npeobpazosanuem Xaapa—IKpecmencona.

Otmetnm, ato0 B (9.7) 6asucHsle curHaist g, (o0 N, +p) MosxHO chop-
MupoBaTh 3 n — 1 curHana gi(oNy), 0 = 1,...,n — 1. 910 cmeayer
m3 (6.9) u (6.10). s obpasyomux curaanos ¢;(cNp) cormacuo (6.7)

uMeeTCs ABHOE IIpedCTaBJI€HNE

n—1

gi(oN;j) =D wiTon(j — ).
=0

9.5. @opmymay (9.7) MOYKHO BLIBECTH HEIOCPEICTBEHHO, 6e3 Hpu-

BJIe4YeHIIA BBICOKOIT TEOpUN!. SamnuueMm TORICCTBO

[0 +wnr(i = M) +wia( =2N) +. 4w le(j = (0= DN ]+



+ w1 (j—(n=1)N)] =
= 01 () + i () o+ )" ()
3nech
1 n—1 1 n—1 N-1
n(j)=—p @(j-1mN) =~ 2(q)on(j —¢—TN)
=0 =0 ¢=0
1 n—1 n—1 Ny—1
= - e(kNy +p)oy(j—p— (T +k)N)) =
720 k=0 p=0
1 Nl—l n—1 n—1
= — x(kNy + p) ) (]—p—(T+k)N1)—
n p=0 k=0 =0
Nl—l 1 n—1 n—1
= {5 yo(kN1+P)}{Z5N(J—P—TN1)}:
p=0 k=0 =0
Ni—1 n—1 Ni—1
=) np)> g7’ N +pij) = Zyl ) 91(pi ).
p=0 =0
Anamornuso npu o = 1 ,n—1
1 n—1
wga)(j) =) v Tx(j—TNy) =
=0
= N-1
== wp ) wQ)dn(j—q—71N)
n =0 q=0
n—1 n—-1 N;—1
_1 " otk S
=~ oy e(kNy +p)on(j—p — (T + k) V1)



Ny—1 1 n—1 n—1
=3 (S kN ) e ol N i) =
p=0 k=0 =0
Ny—1
= y1(oN1 +p) g1 (o Ny + p; j).
p=0

(1] (o2 .
Mt Bocmonb3oBatuchk dopmymoii (6.12). Craraemebre wg )(]) ABJIA-
10TCA BeiiBIeTHLIME cocTasaiomumn. O Bxonat B (9.7) mpu v = 1.

Curaamn vi(j) mpeobpasyercs Mo TAKOMY yKe MPABHIY

0 (5) = va(f) + 0 (G) + o+ wd (),

riae
1 n—1 1 n—1 Ni—1
v(j) == vlj=TN2) =~ yi(q) (g j—7Ny) =
=0 =0 ¢=0
1 n—1 n—1 No—1
=— Y1 (ENy 4+ p) g1 (ENy +p;j — 7Ny) =
"= =0 p=0
1 N2—1 n—1 n—1
=— y1(ENy +p) Y g1(0;55 —p = (7 + k)N) =
T
p=0 k=0 =0
N2—1 1 n—l n—l
= {5 yl(kN2+p)}{Zgl(07]_p_TNQ)}:
=0 k=0 =0
No—1 n—1 No—1
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n—1
7). 1 or
wé )(]) = EZW” v (j—7Ny) =
=0

1 .
=— Wiyt (kNo +p) g1(0: ) — p — (T 4+ k)No) =
20 k=0 p=0
No—1 1 n—1 n—1
— - —ok oT _
=3 {EY N+ ) P Y W Ve i) | =
p=0 k=0 =0
Ny—1
= (o Ny +p) g2(o Ny + p; ).
p=0

MBI  BOCIIO/IB30BAIIChL N-IIePHOONYHOCTBIO OUCKPETHON (DYHKINNI
h(t) =w?"g1(0;j —p — 7Ny) u dopmymoit (6.12). Craraemere wéa) (7),
oc=1,...,n—1,Bxomar B (9.7) npu v = 2. Curnaz vy(j) monBepraercs
HmaabHeilmeMy Ipeodpa3oBaHIIo.

OOmuil mar »Toro Mpolecca BLILVIAIUT Tak:
N ) U i
UI/(])_Uy—i—l(])+wy+1(])+---+wy+1 (]), v=1,...,8 .

3mech

OcymecTBUB Bee YKa3aHHBIC pasmorkeHnsa, npuaeM k (9.7).
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§ 10. Bbasuc Xaapa—KpecTeHcoHa, cBA3aHHBIII C

IpopesxkKuBaHHEM 110 YacCTOTe

10.1. SpOBe,H,eM AHAJIOTHYHOE HCCJIedOBaHME, MCIIOJIB3YA ITOCIIE-

TOBaTeILHOCTD 6as3ucoB [y, f1,..., fs. Obosnaunm uepes V,, v € {0,
1,...,s}, nuHeiiHy0 0607I0YKY, HATAHYTYI0 Ha curHAIBL f,(pA,11),
p = 0,1,...,N, — 1, a gepes W,,(U), o€ {l,....n—1}, v € {1,
...,S}, — muHeliHy0 00070UKy, HaTAHyTyI0 Ha f,(0A, + pA,i1),

p = 0,1,...,N, — 1. Do Teopeme 5.1 mommpocTpancTBa V,, W,,(l),
(n—1)

oy Wy MOTMapHO OPTOTOHATbHBL mpu Beex v € {1,...,s}. Co-

rmacHo (5.4) mpu | = 0 mveem

n—1

fl/(O-AI/ + pAI/—l-l) = Z WZT fl/—l(TAI/ + pAI/—i-l)? (101)
=0

p=01,....N,—1, o=0,1,....n—-1, v=1,...,s.
Orcioga, Kak 1 B IpeaplaylIeM maparpade, caeayeT IpeacTaBIcHIIe
Vo=V, awMaow®a. . owhb,
Obosznaunm W, = W,,(l) D...H W,,(n_l). VunteiBasg, uto Vg = Cy,
IPUXOAUM K BEBICTHOMY Pa3/IOKEHITIO
Cy=WV=WigWVi=WaWypVy)=...=
=W esWes ... W, V. (10.2)
10.2. BoiAcHUM CTPYKTYpPY BeEUBIETHLIX MOAMNPOCTPAHCTB. JaM
mOTPeOYIOTCA IBe JeMMbI, B KOTOPBLIX HCIOJIb3YIOTCA OIEPAINN II0-

pPaspAOHOTrO CJIIOKEHNA U BBIYUTAHUA 110 MOOYJ/II0 1 ABYX LEJIBIX HEO-

TpUOATEJIbBHBIX YHCEJI, IIpeaCTaB/ICHHBIX CBOMMHU 7N -NYHBIMU KOOAaMHI

(em. §1).
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Jlemma 10.1. Byemwv v € {1,...,s}, 0 € {0,1,....n—1}, p €
{0,1,...,N,—1}. Bpu awobwix 7 =0,1,....n—1uj=0,1,...,N—1

6BbINOAHAETNCA PAGEHCINGEGO

fl/(O-AI/ +pAI/—|—1; .]@?TAI/) = ngfI/(O-AI/ +pA1/—|—1; .]) (103)

HoxasateanbctBo. Cormacuo (5.12) u (5.11) numeem

f,,(OA,, aa JAVARE j@TA,,) = f,,(OA,,; (j@TA,,) - pAV—H) =

n—1 Ay—1
=) WY W ((TTAL) = pAL — g — AA,). (10.4)

A=0 q=0
Obosuauum uepes 7* 1emnoe unciao uz {0,1,...,n — 1}, Takoe, uro

71" =0. Torma
5N<(]67?7—A1/) — pAV—I—l —q— /\Ay> = 5N<(js—1As + ...+ jVAV+1+

+(j1/—1@7_)A1/ + jl/—QAI/—l + ...+ ]0) - pAI/—I—l — A, — Q> =
¢ 3

1, ecmn jo 1 Ag+ ..o+ A =pAsg, Jumr = AT

= < Jv—2Dp_1+ ...+ Jo = ¢ =

0 mpu octambhbix j € {0,1,..., N — 1}

\ /

— 5]\](] _pAI/—I-l — (A@T*)AV _ q) —

=y (] —pA, 1 — (ADT)A, — q). (10.5)
OtmeTuM, 4TO
W = g ARTRT o r DT (10.6)
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Doncrasaasa (10.5) u (10.6) B (10.4), moxyzaem

fl/(O-AI/ + pAy—i—l; ,]@?TAI/) =

A,—1n—1
o(AOT .
=wl’ an( n )5N<]—pA,,+1— (A@T)A,,—g) =
g=0 A=0
A,—1 n—1
= w7 ng On(j—pA, 1 —NA, —q) =
q=0 X=0

MBI BOCIIO/IB30BAIICH TeM, 9TO IpH (PUKCHPOBAHHOM T 0TOOpasKeHIe
A — AO7T ecThb mepectaHoBEa MHozkecTBa {0,1,...,n — 1}. Jlemma

JOKa3aHa. i

JIlemma 10.2. Bagurcupyem cuenan x u undexc v € {1,....s}.

Caedyrowue dea ymeeporcdenus IK6UBAAECHMMHDL:
x(]):x<l_]/AI/+1JAv+l>a ]:OalaaN_L (107)
v(jPq)=2(j), ¢=0,1,....,A, -1, j=0,1,....,N-1. (10.8)

HoxaszatenbcTBo. Dycrb j = pA,.1 + 1, tme l € {0,1,...,
Ay =1}, ped0,1,...,N, —1}. Ecin Bemmonusercs ycrosue (10.7),
To 2(j) = x(pA,+1). Bmecte ¢ Tem, mpu mobom ¢ € {0,1,..., A, 1—1}

B cuiIy Toro ske yeaosus (10.7) numeem
v(jF0) =2([GF D/ Avir]Avia) =

= x([(myﬂ + (l@q»/AleAvH) = z(pAys1) = 2(j),

T. e. BeIOMTHACTCA yeosue (10.8).
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Daobopor, cormacHo (10.8)
£() = 2(pAus +1) = 2(pAyi B1) = (pAya) =

= x(l_j/AV+1J AV—H)a
tak uTo u3 (10.8) cmenyer (10.7). Jlemma moxasana. m

Bameuanue. Yeaosue (10.8) paBHOCHIBLHO 60/Tee TPOCTOMY yCI0-

BII1O

r(jPA) =2(j), p=1...,v, j=01,....N-1 (10.9)

Hoctarouno nposeputs nmmnkamuio (10.9) = (10.8). Cragama oTme-

TUM, 9TO

r(jOTA,) =2(j), 7=0,1,...,n—1. (10.10)

Opu 7 =0 u 7 =1 310 0ueBUOHO. Dpu T > 2 Ha ocHoBaHuu (10.9)

Oy daeM
d(GHrA) = (T =DA)TA) =2 (T (= 1)A,) =
=...=z(DA,) =2(j).
VunteBasn (10.10), sannmem

(5 q) =2 (T (1A + .o+ 012 + o)) =

= x((]@ (-1, + ...+ (1 Ay)) @QOﬁl) =
= x(]'@(QV—lAV +...+ QIA2)> = .= x(j@QV—lAy) = x(])a
HTO " Tpe6OBaJIOCb YCTaHOBUTL.

Temepb MBI TOTOBBI OXapaKTepPU30BaTh CTPYKTYPY MOAMPOCTPAHCTB

V, n W,,(U).
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Teopema 10.1. Cuznan ¥ ABAACCA IAECMEHMOM NOINPOCTPAH-

cmea V,, mozda u moavro mozda, xozda evinoansemcs ycaosue (10.8).

,D; oOKa3aTeJIbLCTBO. D0 OIlpeneJIeHNIO, VV COCTOUT U3 CUTHaAJIOB

BIIQ
N, -1
e(j) = Y elp) ul0:5 = pALL).
p=0
D OCKOIbKY

' 1 mpu j=0,1,..., A, —1,
fo(0:)) =
0 opu 7 =A4A,41,....,.N—1,

TO 9JICMCHTDI VV ABJIIAIOTCA KYCOYHO-TIOCTOSAHHBIMNI beHI-CH,I/IﬂMI/I7 TOY-

Hee

r(j) =2(pA,q1) mpu j=pA,,...,(p+ 1A 41— 1,

p=0,1,....N, — 1.

SOCJIQH,HQQ yCJI10Bu€ MOJKHO 3allICaTb MHaA'e!:

x(j) = a(|j/Avs1]Avi1), j=0,1,....N—1.

Octaerca cocmarbes Ha demMmy (10.2). m

Teopema 10.2. Cnpasedausa popmyaa

wile) — {r eV, ‘ r(JPTA)) =wiTx(j) npu ecex

n

(10.11)
r=1,....n—1u j=0,1,...,N —1}.

(0)

HoxrkaszatenbcTBo. ObosHaunm udepes (G, ' MHOKECTBO, CTOA-

(0)

miee B mpasoii gactu (10.11), m mokaskeMm cHadasIa, 9TO W,,(U) C Gy'.
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DyCTh & € W,,(U). Tax xak W,,(U) CcCW,CV,_i1,tox €V, 1. Hamee

xr = Z ) fo(0A, + pAL ).

Cormacao (10.3)

N,—1
x(j@TA,,) = c(p) ful0 Ay + pAL41; j@TA,,) = wy @(j).

p=0

SHauuT, T € G,(,U). Brmrouenne W,,(U) C G,(,U) YCTaHOBIEHO.

(0)

DpoBepuM obOpaTHOe BK/IOUeHIe. IDyCTb & € (G

x €V, 1. YuntoBada, uto V,,_1 =V, @ W,,(l) E...P W,,(n_l), 3aIIIeM

. B wactHOCTH,

n—1 N,—1
r = Z c(Ap) fu(AA, + pAy).
A=0 p=0
B cuty onpenenenns G\ n (10.3) mpu 7 =0,1,...,n — 1 nmeem

= w " (A p) WX FL AN, + pA L j).

Cnosxus »TH paBeHCTBa M IIOOC/INB Ha 71, IIOJIYIUM

n—1 n—1 N,

iZw_” Z Z wATc Ap) fr(AA, +pAL L) =

=0 A=0 p=0

H
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T.€. ¥ € W,,(U). Brnouenne G,(,U) C W,,(U), a ¢ HOIM U TeopeMa,

JOKa3aHbI. W

10.3. Corracuo (10.2) JTI00011 CUTHAI 2 JOMyCKaeT MpeacTaBIeHIIe

s n—1N,—1

r = xs(o) fs(o) + Z Z Z xl/(O-AI/ +pA1/—|—1) fl/(O-AI/ +pA1/—|—1)-
v=1 oc=1 p=0

(10.12)

Bnecs x5(0) = NN, £(0)) = %
T, (oA, +pAyir) =0, f(0 AL + pAL)).

VunteBas (10.1), sannmem

(A, +pA,1) =n"" w, 7T, foo1 (TA, +pAL4)) =

= — Z (.U;O-T x,,_l(TA,, +pAy+1).

Dpu stom zo(k) = {(z, fo(k)) = x(k), k = 0,1,...,N — 1. Dpuxo-
OUM K PeKyPPeHTHOII cXeMe BLIYHICICHIA Ko3(D(UIIEeHTOB pasIosie-
aus (10.12):

xo(k) =a(k), k=0,1,....N—1;

1 n—
(A, + pA, 1) = - w;” Ty 1(TA, + pA,41), (10.13)
=0
p=01,....N,—1, o=0,1,....n—-1, v=1,...,s.
Rosdduunentsr z,(pA,41), p = 0,1,..., N, — 1, coorBeTcTByIOIIIE
nHaekcy ¢ = (, HUCHOIB3YIOTCA /1A BBIYHUCICHUA KO>(PPUINECHTOB

(v + 1)-ro ypoBHS.
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Obpamernne npeobpasosarua (10.13) mpusBoanT K ciremyiomneil

cxeMe:

n—1

xl/—l(TAI/ + pAy—i—l) = Z WZT xl/(O-AI/ + pAV—I—l)a
c=0

p=01,....N, -1, 7=0,1,....n—1, v=s,5s—1,...,1.

DTa cxXeMa I03BOJIAeT BBIUNCINTD 3HAUEHIA CHUTHATA &, 3aIaHHOTO
B Bume (10.12), Ha ocHoBHOM mepmome, a umenHo: x(k) = xg(k),
k=0,1,...,N — 1.

Dasmoskerne (10.12) HasoBeMm pazaoacenuem Xaapa—Kpecmenco-
Ha, C6AZAHHLM C NPOPEACUBEHUECM No wacmome, a cxemy (10.13) —
ovicmpuim npeobpazosanuem Xaapa—Kpecmencona.

Ormernm, uto B (10.12) 6asucubie curHamsl f,(0A, + pA,iq)
MOykHO copmupoBaTh u3 n — 1 curHama fi(cAy), o =1,....,n— 1.
D10 caenyer uz (5.12) u (5.13). s obpasyomux cursanos fi(oA)

COIJIACHO (5.11) nMeeTCcA ABHOe MpeIcTaBIeHIe
filoAy; ) E wiTon(j — )

10.4. ®opmyay (10.12) MOKHO BBIBECTH HEIOCPEICTBEHHO. DpH
9TOM MPOACHAETCA POJIb OTepallil MOPa3PAIHOTO CTOAKEHNA U BBIUL-
TaHUA MO MOIY/TIO N TP TPOPEKNBAHNN TI0 JacTOTe.

DauHeM ¢ OOHOT'O BCIIOMOI'aTE€JIBHOTO YTBEPKICHIA.

Jlemma 10.3. Cnpasedauco pasencmeo

f (pAV—l-l? ) fl/(o ]@pAy-H) (1014)
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HoxaszaTeabcTBo. Ipu v = s dopmyra (10.14) TpusnanbHa,

nockonnbky fs(0;7) = 1. Dyers v € {0,1,...,5s — 1}. B cumy (5.10)

A1
fv(07 j@pAl/—i-l) = fv(07 j@p*Av—l—l) = Z 5N<(j@p*A1/+l) - Q>7
q=0
rme depes p* obosHaueHo uenoe uncao u3 {0,1,..., N, — 1}, onpeme-

naemoe yerosueM pp* = 0. Ipu sToM
5N<(j@p*Av+l) - Q> - 5N<(|_j/AV—|—1J @p*)AV-H + <j>Au+1 - q) =

L, ecmn [j/Appi] =p 1 (J)a,, = ¢;

0 mpu octambhbix j € {0,1,.... N —1}
= 0n(j — PAv+1 — ).

SHAYUT,

Ay—|—1_1
FA0: GSOPA) = Y On(j = pAs —q) =

q=0

= fy(07] - pAI/—l—l) = fl/(pAV—l—l;j)‘
JlemMma moxaszama. m

13 (10.14) caenyet, 1To

FoPAL1; TERA ) = L (05 R)Auta; 5) (10.15)
pk=01,....,N,—1, v=0,1,....5, j=01,....N—1.

eiticTBUTETHHO,

fl/(pAV—l—l; j@kAl/—Fl) = fv(07 j@?kAl/-Fl@pAl/—Fl) —
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= fo(0; GG (RTP) A1) = fu (DT H) Dusis J)-

Mgt Bocmob3oBamncs TeM, uto (kO p)* = pOik.
n n

DepexoanM K HeIoCPeacTBeHHOMY BuiBoay (opmyiaet (10.12). Dpu

J€{0,1,...,N — 1} umeem

3
,_k
3

|
—

n—1 1n 1 1
— (.U;O-T} ]@7‘ = — wn ]j(]@?T):
n n

=0 =0

= () +uwl’G) +.. 4w G).

3mech

3
L
=
L

u(y) = % v(JGT) = % 2(q) folg; 55 7).

Il
o
Il
o

T

Donbsyace popmytoit (10.15) mpu v = 0 u (10.1), momydaem

=

n— -1

1 .
() folay 73 4) = ~ v(¢' D7) folds j) =
=0

n—1 N-1

Il
o
<

=0 ¢=0 T

x(np+ (KDT)) folnp+ ks j) =

I
4
Sk
e
g
+
=
-
5
——
4
I | =
=4 =
™
() —
=
=)
\]
g
+
=
-
N
——

Ni—1
=) 21(pAy) fi(pAs; ).
p=0

Anamornubno npu 0 = 1,...,n—1

H
3
|
—
T
—

w, Tw(gPT) folg: J) =

i
S|
&
37
Q
\]
Slr—‘
I
(an)

3
Il
<

=2
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1 —0 T o
= oy T kx(np—l—(k@ﬂ) folnp +k; j) =
"0 =0 k=0
Ni—1 n-1 1 n—1
= > { el pas ) S D e (7 A ) =
p=0 k=0 /=0
Np—1
= Z 1 (oA + pAg) fi(o A1 + pAy; 7).
p=0

(0)

Craraempie w, '(j) ABIAIOTCA BefBIeTHLIMI cocTapiaAnomumnu. OHO
BxomAT B (10.12) mpu v = 1. Curnamn v (j) mpeobpasyeTcs Mo TaKOMY

7Ke MPaBIITy

0(j) = va(h) + W) + ..+ wd V().

3mech
n—1 n—1 Nj—1
1 1 :
va(j) == > vi(jP7Ay) =— r1(qA2) filqAs: T TA) =
n n
=0 =0 ¢=0
1 n—1 N1—1
= 52 Z 21(qAs) f1<(q@T)A27 J) =
=0 ¢=0
=
= - w1 (DTN fild' Ay j) =
=0 ¢'=0

1 .
= - Z xl(pAg + (k@T)Aﬁ fi(pAs 4 EAg; j) =

=0 p=0 k=0
Ny=1 a1 1l
p=0 k=0 =0
Ny—1

=) wa(pAs) fopAs; )

p=0
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o) 1 —0T
wy(j) = =) e T A =

22(0 Ay + pA3) fa(0 Ay 4+ pAs; 7).
p=0

O0minit mrar »Toro mpoiiecca BBITVIAONT TaK:

w(i) = o)+l )+ 4wl 0G), v=1,.s -1,

rme

i
L

Uy (] @ TAI/—H);

S|
-3
[}

Uu+1(j) -

n—

Wy T, (JUTA 1)

M

(0) (o _ L
wl/—I—l(]) — 5

o

T=

OcymecTBUB Bee yKa3aHHBIE pasmoskeHns, npumeM k (10.12).

§ 11. ChnexkTpajabHble TeOpeMbI B Da3mcax

Xaapa—KpecrTeHcona

11.1. B aByx mpenpiayiinx mnaparpadax ObLIN MOCTPOCHBI OPTO-

roHaJILHLIC BellBIeTHLIe 0a3MChI Xaapa*erCTeHCOHa

{fs fl/ oA, +pA1/—|—1)
p=01,....N,—1, o=1,....n—1, 1/:1,...,5},

{95(0); g,(cN, +p),

p=01,....N,—1, o=1,....n—1, 1/:1,...,5},
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CBA3AHHBIE COOTBETCTBEHHO C IIPOPesKUBAHIEM II0 4YacToTe U Ipo-
peskuBanuneM mo Bpemenu. Crmocob Hymepannn 0a3iCHBIX CHTCHATIOB
OBLTT CBA3AH € PEKYPPEHTHLIMI COOTHOUIEHISIMI, HCIIOIb3YeMBIMI IS
IOCTPOCHNA HTHX 0a3MCoB. YKa3aHHBIE COOTHOIIEHIs, B CBOIO Ode-
peb, ObLIN MOIy4YeHbl KaK YaCTHBI cIydail 6omee oOMINX peKypPpPeHT-
HBIX COOTHOILIEHI{l, MpeaHasHAYeHHBIX HJ/IA IOCTPOCHUs IMOCIemoBa-
TeIbHOCTe!l OPTOrOHAIBLHBIX 0a31COB, BEAYIINX OT Oa3lca U3 COBUTOB
eINHIYHOTO UMITyJIbca K Oasucy ¢pyukiuii Burenknna—Kpecrencona.
/151 mosIy4eHnsA pe3yabTaToB, MPEICTAB/IeHHBIX B 9TOM I OBYX IIO-
clenyomux naparpadgax, HIKaKIX PeKyPPEHTHBIX COOTHOIICHIIl He
TpedyeTcs, I0ITOMY He0OXOIUMOCTD B CTOJIb CIeN(PUIecKOM CI0Co0e
HyMepalnn 0a3iCHBIX CUTHAIOB OTHIAIACT.

Dasncol Xaapa—KpecTeHcoHa NMEOT OPEBOBUIHYIO 0JI0YUHO-YPOB-
HEBYI0 CTPYKTYPY (cM. pumc. 2a), n ojiA naeHTHdUKaunm 0a3mcHOro
CUTHa/Ia OOCTATOYHO VKa3aTh €ro ypPOBeHb, OJIOK 1 HOMep BHYTpPH
6/10Ka (MMEHHO IUISl 5TOTO W HCIIOIL3YIOTCA MHICKCHL V, 0 I P COOT-
BCTCTBEHHO). II3IUIIHAA CJI0KHOCTD B MHICKCAINN MOYKET BLI3BATD
OOMOHUTEIbHBIE TPYIHOCTH B (GOPMYINPOBKE IIH TPAKTOBKE Ta/Ib-
HellnX pe3yabTaroB. B ¢BA3M ¢ »TUM, HauMHasd ¢ OAHHOTO IIapa-
rpacda, OymeM ICI0Ib30BaTh HOBBII, «00/IerIeHHBIII» CIIoC0D HyMepa-
NN CUTHAT0B B Oasmcax Xaapa KpecteHcoHa. Dymem mucarts f,(0)
BmMecto f,(0A,) n g,(0) BMecto g,(0N,). Dpu 5TOM, € YIETOM TO-
skaects (5.12) u (6.10), curnany f,(0A, + pA,41; j) 6ymer cooTBet-
CTBOBaTh 3amuch f,(0; j — pA,41), a curany g,(oN, + p; j) — 3a-
nuck ¢,(o; j—p). Curnanst f3(0) n g5(0) BolmenM 0co60: TOCKOTIBKY
f5(0;7) = ¢5(0;j) = 1, To maa »TuX CUTHATIOB OyIET HCIOIbL30BATHCA

oIHO obuice obosHaUeHNe c(j).
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B HOBBIX 0DOO3HAUeHNAX Oasuchl Xaapa-KpecTeHcoHa OYIYT BbI-

JIAZeTh CIeOYIOMNIM 00pa3oM:

{c(h); fuloy j—pAt),

(11.1)
p=01,....N,—1, o=1,....n—1, 1/:1,...,5},
c(j); gvlos j—p),
{ (11.2)
p=01,....N,—1, o=1,....n—1, 1/:1,...,5}.
3necs B coorBercTBn ¢ (5.11) 1 (6.7)
n—1 (T—|—1)Ay—1
folos 3y =Y wim Y dnl(i—q) (11.3)
=0 g=TA,
n—1
go(o:j) =Y wion, (i — TN,). (11.4)
=0

11.2. Isyunm nmoapodree dasuc Xaapa-KpecTeHcoHa, CBA3aHHDI

C IIpopesKNBaHUEM I10 YaCTOTeE.

Jlemma 11.1. Bpu o =1,...,n— 1 cnpasedausa popmyira

fulos ) = w5y (1i/Avi]), jE€Z (11.5)

HoxaszaTeabcTBo. Dpasasd dacthb (11.5) paBHa w!™ mpu j €
e{rA,, 7A,+1, ..., (t+1)A,—-1}, 7=0,1,...,n—1, u pasua 0 mpn
JE{A 1, Ay +1, ..., N—=1} (cnenyer yuects, uto N = A, N,).
Te ke 3HaUeHHA NMPH YKa3aHHBIX j IpuHHMaeT cortacHo (11.3) m
fv(0; j). Taxum obpasom, mpu j € {0,1,..., N — 1} pasercrso (11.5)

BepHO. OcTtaercsa nposBeputsh N-IepHoqMYHOCTE npaBoii act (11.5).



f81f

Ona cienyeT u3 TOro, 4To mpu Ja0doMm k € Z

J+ kN J J+EN J
= — kNI/) = kNV
A, A, o AI/—I—l AV—H "
JlemMma moxaszama. m
CnemctBue. 9pup=0,1,..., N, — 1 cnpaBeaIBo paBeHCTBO

fulos = pAypr) = w85y (/A 0] = p).

(11.6)

®opmymer (11.5) u (11.6) Heckombko ympomalores npu j € {0, 1,

.., N = 1}. A umenso, ecant j = (Js—1,---,J0)n, TO
{L‘J:j n v + +nj,+7J
A]/ s—1 v v—1,
TaK 4TO

J/AV] — , dv-1
wHlBvl = lv-1,

Jlemma 11.2. Bpu $urcuposanrnom q € {0,1,..., N —

¢ = (Gs—1y---q0)n, CNPAGEIAUBO PAGEHCTNGO

fV(O-; ]QQ) = wgaqy_l fI/<O-; ] - I_Q/AI/—HJ AI/—|—1>7

j=0,1,....,N—1.

(11.7)

1},

(11.8)

HoxasateanbctBo. Imeem j = [7/A 11| Avii+j—1A0+{j)A,,

¢=1q/Avi1]Avi1 + @1 Ay +{¢)a, . SHaunT,

joq= ([AZHJ@ [Afﬂj) A +

+ (Jv—1 = @w—1)n Ay + (<j>Ay@<Q>AU)-

Cormacuo (11.5) u (11.7) nonyuaem
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fl/(o-; JQQ) _w ojy-1=0v-1) 51\7 <|_.]/AI/+1J I_Q/AV—HJ)' (119)

Kak ormeuamocs B §1, mpu a, b € {0,1,...,N, — 1} cupaBemiuso

cooTHomeHue dy, (aJb) = oy, (a — D), mosToMy paBernctso (11.9) mpu-

HIIMaeT B

folos 59 q) = w7 [wi = 0w, (1) Avrr) = La/Avia])]-

VunteBasn (11.6) u (11.7), mpuxomum & (11.8). Jlemma moxaszana. m

CnemctBue. 9pup=0,1,..., N, — 1 cnpaBeaIBo paBeHCTBO

folo: JOPALL) = fulos § — pAL4), (11.10)
j=0,1,...,N - 1.

Jlemma 11.3. bpu j =0,1,...,. N—1, 0 =1,...,n—1 cnpased-
AUBO PAGEHCTNEO

fulos j°) = Fulo: j). (11.11)

3decwv, Kar 06viHO wepes J¥ 0003HANEHO HUCAO, N-UYHO NPONMUCONO-
NOACHOE YUCAY ].

HoxaszatenbcrBo. Eemu j € {A, 1, Ay + 1, ..., N =1},

o u j* € {Ayy, Ay +1,..., N — 1}, mostomy mpu Takumx j

(11.11) mpespamaerca B ToxmectBo 0 = 0. DycThb Temeps j € {TA,,

TA,+1,...,(t+1)A, — 1} opu vHexoropom 7 € {0,1,...,n—1}. D10

. . . ek »
BHAUNT, 9TO j = (T,Jy—2,. .., J0)n, HOOTOMY J* = (75,75 o ...y J0 )n-

Cormacuo (11.5) u (11.7) npu Taxom j nMeem

fulos %) = wim = w, 7" = fu(o; ).

JlemMma moxaszama. m
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11.3. Depeiinem K Oasucy Xaapa-IipecTeHcoHa, CBA3AHHOMY C

npopesxKnBanneM 110 BpDEMCHU.

Jlemma 11.4. bpu o =1,...,n— 1 cnpasedausa popmyira
go(05 j) =N oy, (), € Z. (11.12)

HoxasateanbctBo. Curran g,(o; j) B cumy (11.4) asaserca
N,_j-nepuonnuecknm. Tem ke cBoiicTBOM 006aJaeT I CUTHAT, CTOA-
uriit B mpasoii wactn (11.12). 3uaunTt, paserctso (11.12) gocraTouno
mpoBepuTh Ha ocHoBHoM mepuome {0,1,..., N, 1 — 1}.

Dycrs j = 7N, npu Hekoropom 7 € {0,1,...,n — 1}. To-
rma mpasasg dacThb (11.12) mpuamMaeT 3HaueHne w?’. DTO ke 3HA-
qeHne cortacHo (11.4) mpuaumaer u ¢,(0; j). DpH OCTAILHBIX j €
€ {0,1,...,N,_; — 1} pasenctBo (11.12) mpespamaercsa B 0 = 0.

JlemMma moxaszama. m

CnemctBue. 9pup=0,1,..., N, — 1 cnpaBeaIBo paBeHCTBO

ZU/NVJ

g(o;j—p)=w on,(J—p)s JEZL. (11.13)

Hoka3zaTeabCcTBO. DOKayKeM, UTO

on,(j—p) =w on,(j —p)- (11.14)

DOCKOIbKY B 00€UX YacTAX PTOTO PaBEHCTBAa CTOAT [V,_|-Tlepuoan-
JecKme IO j CUTHAJIbI, TO TOCTATOYHO MPOBEPUTHL €ro Ha Tepuroie
{p,p+1,...;,p+ N, 1 —1.9puj=p+7N,, 7=0,1,...,n— 1,
paBercTBo (11.14) BepHO. D0 0HO TaKyKe BEPHO U MPH OCTATLHBIX J
13 YKA3aHHOTO [eproia, OCKOIbKY B 9TOM ciydae obe dactu (11.14)
paBubl Hymo. Taxmm obpasom, paserctso (11.14) mpu p = 0,1,. ..,

N, —1 n j € Z ycTaHOBJEHO.
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Temeps (11.13) crenyer usz (11.12) u (11.14). m

@opmymer (11.12) u (11.13) nmpurnmaior 60ee TPOCTOH BUI NP

J€4{0,1,...,N —1}. A mmenno, ecant j = (Js—1,.-.,J0)n, TO

LJ iy b1 . .
\;Ny Js—11 + ...+ Js—v+1 70 + Js—vs

TaK 4YTO

Wl No] = s (11.15)
JIlemma 11.5. bpu ecex ueavixr j u p
gl j—p) = wi? g, (01 j = (p)w,)- (11.16)
HoxasaTteabctBo. Cormacao (11.12) mpu j, k € Z umeem
g(: j —kN,) = w7t gu(o3 ). (11.17)
Docxombky p = |p/N,|N, + (p)n,, TO
i—p=10—®xn)— /NN

Octaercsa Bocronab3oBarbesa dhopmyoit (11.17). m

Jlemma 11.6. bpu o =1,...,n— 1 cnpasedrusv. mosxcdecmaa
glos =j) = Glo: j) = gu(n—03 j), jEL (11.18)
HoxkaszaTelIbcTBO. DPOBEPUM, UTO
WEIN G (G) = w5y ), ez (11.19)

HeiictBuTenbro, ecan j = kN, npu HekoTopoMm k € 7, To JIeBasd I
npaBad dacTh (11.19) paBHa w;"k. DPpU OCTAIBHLIX ] € 7Z 0be JacTu

pasercTsa (11.19) paBHBI HyTIO.
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DepeiineM Kk qokazareancTBy pasercTBa (11.18). Cormacuo (11.12)

1 (11.19) umeem
glos —j) = wit Mgy (=) = w VN 6y () = oo ).
C mopyroil cTOpOHEL,

woLi/Ny] n—a)[j/Ny ]|

. o, (j) = w} on,(7) = gv(n — a1 ).

JlemMma moxaszama. m

11.4. JTioboit curnan x € Cy MOKHO pas3IoyKUTDh IO OPTOTOHATb-
HoMy Gasmcy (11.1):

s n—1N,—1

() =a+> Y > wl0p) fulos j—pAsi1). jEZ. (11.20)

v=1 c=1 p=0

KoadpdunuenTor Toro pasmnoskennsa cyTb koadduineHTsr Oyphbe:

1 N-1 1 N-1 .
Oé:sz:;x(])a xy(a,p):sz:;x(])fy(a;]—pAyﬂ)_

CoBOKYITHOCTD 3TuUX K03(pPPUIneHTOoB

Hf(x) = {OZ, xl/(o-ap)a
p=01,....N,—1, o=1,....n—1, Vzl,...,s}

obpasyet cnexmp Xaapa—Kpecmencona curHata x, c6A3GHHBLT ¢ NPO-
pearcusanuem no wacmome. JpeobpasoBanue v — Hy(x) HaspiBaeTCA
duckpemmnum npeobpazosanuem Xaapa—Kpecmencona ¢ npopesxcusa-
HUEM 10 “4ACTMOME.

Anamoruuso, ioooit curnan y € Cy momyckaeT mpeacTaBIeHIe

s n—1N,—1

y(]) =a+ ZZ Z yu(Uap) g,,(O'; J _p)7 J € 2. (1121)

v=1 c=1 p=0
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B,ILQCI)
N-1 N-1
= —1 (7) x( o, j—p).
o= x y
N .] ? v g .] p

n
J=0 J=0

CoBoxymHOCTB K03 dunnerToB pasaosxerns (11.21)

Hg(y) = {a7 ylf(o-ap)a
p=01,....N,—1, o=1,....n—1, Vzl,...,s}

obpasyet cnexmp Xaapa—Kpecmencona curHama y, c6A3aHHLIL ¢ NPO-
PEACUBAHUEM 1O SpeMmenu. DpeobpasoBanue y — H,(y) HasblBaeTCA
duckpemmnum npeobpazosanuem Xaapa—Kpecmencona ¢ npopesxcusa-

HUEM TLO BPEMEHU.

Borancnm CIIEKTPBI Xaapa*erCTeHCOHa CUTHaJIOB eCTeCTBCH-
HOTO OPTOHOPMHUPOBAHHOTO Oasuca B IIpoCTpaHCTBe (CN — CIBHUI'OB
CONHNYHOTO HMMIIYJIbCA.

Badurcupyem uncao ¢ € {0,1,.... N =1}, ¢ = (¢s—1,---,90)n-

Teopema 11.1. Cuenan dn(- — q) donycraem caedyrowee nped-
cmasaenue 6 bazuce Xaapa—Kpecmencona ¢ npopesxcusanuem no wa-

cmome:’

O (]_q __‘i‘zzn wy, 7 1f1/( ()AIH—l)v

v=1 o=1
20e py(q) = L9/ Avs1].

HokxaszaTedbCTBO. DPEICTABIM CUTHAT & = 0y (- — ¢) B COOT-

sercTBun ¢ (11.20):

s n—1N,—
5 (]_q _Oé"i_z l‘,,O'p fl/( pAy—i—l)

v=1 o=1 p=0
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N-1

1 1
Torma o = — Z5N]—q) N
j=0

ry(o,p) =n" Z5N1—q ) folos 5= pAui) =

=n"" f,(0; ¢ — pA,11).

VunteBasn (11.6) u (11.7), moxyzaem

vy(o,p) =0 w7y, (lq/Avir] — p) =

—v, 7 0qy-1

n=""wn , ecan p= |q/A 1],
0 opu octampabix p € {0,1,..., N, — 1}.
Teopema mokaszaHa. m

Teopema 11.2. Cuenan dn(- — q) donycraem caedyrowee nped-
cmasaenue 6 bazuce Xaapa—Kpecmencona ¢ npopexcusanuem no

GPEMEHU.

on(j—q) ——+28:Zn w7 g (o5 § = pul),

v=1 o=1

2de p,(q) = (q)w,-
HokxaszaTedbCTBO. DPEICTABIM CUTHAT Y = Iy (- — ¢) B COOT-

BercTBun ¢ (11.21):

s n—1N,—

1
Ni-g) =8+ yu(o,p) 9u(05 j = p).
v=1 c=1 p=0
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N-1

1 | 1
TomaﬁZN;M(J—Q) =~
N-1
yo(o.p) =n"Y On(j—q)Tulo; j —p) =n""Gulos ¢ — p).
=0

VunteBasn (11.13) u (11.15), momydaem

Yyu(o,p) =n""w, 7N, (¢ — p) =

—v, T 0qs—yp

n”w, T ecmn p = (q), ,

0 opu octampabix p € {0,1,..., N, — 1}.
Teopema mokaszaHa. m

11.5. BeracanM, Kak BBITVIAOAT T€OPEMBI O CTIeKTPe CABHUTA, CBEPT-
KII I KOppeaanun B basnucax XaapaIipecTeHCOHA.
Daunem ¢ 6asmca (11.1). VeTaHOBUM CBA3D MEyKAY CHEKTPAMI HIC-

XOOHOTO U N-UNYHO COBUHYTOI'O CHUT'HAJIA.

Teopema 11.3. Sagurcupyem ¢ € {0,1,.... N — 1}, ¢ =
= (Gs—15-+-+90)n- Bapady ¢ cuenarom © € Cy paccmompum cuenan
(j) =2(%q), j=0,1,....N = 1. Byemv Hy(x) = {o; x,(0,p)},
Hi(z) ={a; 2,(0,p)}. Toeda & =a u

i’y(O',p) = W;U(Jy—l T, <0‘7 p@ I_Q/Ay+1j>,

p=01....N, -1, o=1,....,.n—1, v=1,...,s.

Hoxasateanbctso. Cormacuo (11.20) u (11.10)

s n—1N,—1

oD =a+) Y Y w(0.k) f(os (505 kA ).

v=1 o=1 k=0
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Takx Kak

(]QQ)?ICAI/—Fl = ]@(Q@kAV—H) -

= ]@ ((I_Q/AV-HJ @?k)Ay—kl + q-1A, + <Q>Au>7

To B cuay (11.8) nmeem

r(jTq) =a+
s n—1N,—1
+ Z Z Z l‘,,(O', k) W;Uq”_l fV(O-; ] - (I_Q/AV—HJ @k)AV—H) .
v=1 o=1 k=0

Dpomssens sameny p = kD [q/A, 1], momydanm

x(]@q) =+

s n—1N,—1

+Y D w(o p L/ Avr]) w0, T o 5 — pALL).

v=1 oc=1 p=0
OCT&QTCH VueCTb €INHCTBEHHOCTE PA3JIOJKEHNA IO OPTOTOHAJIBHOMY

Oasucy. m

DepeiimeM K BOIPOCY O CHEKTpe CBePTKU. IycTh x, y € Cy; cur-

HaI 2, GOPMUPYEMBIil TI0 TPABIIY

N-1

) =) alk)y(iS k), (11.22)

k=0
j=0,1,...,N—1,

Ha3bIBaeTCA N-UYHOU ceepm%m’z CHUTHAJIOB T U V.

Teopema 11.4. Lycmv z — n-uunas c6EpMEaG CuU2HAA06 T U 1,

Hy(x) ={o; xy(o.p)}. Hp(y) ={5: wolo,p)}. Hy(2) ={y: 2(o.p)}.
Tozda v = afN u

z(o,p) =n" z, (o, q) yu(o, pq),
q:

o
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p=01....N, -1, o=1,....,.n—1, v=1,...,s.
HokazaTeabcTBO. Do Npedblayiieil Teopeme
y(iG k) = y(K* %) =
s n—1N,— »
=04+ > Y w0 15 [0 Ava)) folor K= 1A, L),
v=1 o=1 [=0
(11.23)

Cormacuo (11.10) u (11.11)

foloy B = 1A, 1) = fulos K OIA 1) =

= fulo; KOUA 1) = ﬁ(a; k—T"Ay).

Dpoussensa B (11.23) sameny ¢ = [*, ¢ yueToM NpenbIIyLUIero paBeH-

CTBa IIOJIYHIIM

s n—1N,—

1
y(iGk) =5+ oy, ¢ G L Avin]) Folo k=qA4a).

v=1 c=1 ¢=0
(11.24)

Kaxk ysxe ymomnuantocn, 6asmuc (1.1) ABIATCA OPTOTOHATIBHDBIM; KPOMe
Toro, cormacuo Teopenme 5.1 ||f, (o7 — ¢A,1)||* = n¥. Vunteisas stu
daxtol, a Takike dopmymsl (11.20), (11.24) u ompemenenne (11.22),
3aInnIeM

s n—1N,—

z(j) = afN + Z

v=1 o=

1
vy (o.q) Wi yo, ¢t P LI/ Avia]) n
q=0

Do B cuty (11.6)

ngy_1 y,,(O, q*@ Lj/Au+1J) =
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N,—1

=D wlo ¢ Op) e oy, (Li/Av] = p) =

= Z (o, p5a) fulos J—pAyp).

SHAYUT,

2(j) = apN +

s n—1N,—1 N, —
+) {n” (0, 4) yu (0, p@q)}fy(v; J—pAui1).

v=1 c=1 p=0 q=0

TeopeMa JOKa3aHa. i

Dycerb x, y € Cy. Curnan r, popMuUpyeMbIil Mo mpaBuIy

r(j) = a(k) (ke ), (11.25)

Ha3bIBaeTCsA N-UYHOU Koppeasuued CUTHAIOB T U Y.

Teopema 11.5. Lycmv r — n-uuHas Koppeafauus CuzHGA0G T
uw y, He(x) = {as w(op)}t. Hy(y) = {8 ylop)}t. Hy(r) =
={o; r,(0,p)}. Tozda 0 = afN u

N,—1

r(o,p) =n"Y_ x,(0.q) (0. ¢5p).

q=0
p=01,....N, -1, o=1,...,.n—1, v=1,...

HoxasaTtenabctBo. Curnaan (11.25) mpencraBiseT coboit n-md-

HYIO CBePTKY CUTHAJIOB T U U, TIe

v(j) =5(*), j=0,1,....,N—1.
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Cormacuo (11.10) u (11.11)

s n—1N,—1

vG) =B+ D> D Tlop) fulos j* = pAi) =

v=1 c=1 p=0

s n—1N,—1

= B-l— ZZ Z %(O-ap) fV(O'; J _p*Ay+1)-

v=1 c=1 p=0

Otcioma mo TeopeMme 11.4 momy4aem o = a3 N,

N,—1
r(o.p) =n" Y x,(0,q)v(o, pig) =
q=0

p=01,....N, -1, o=1,...,.n—1, v=1,...
Teopema mokasaHa. m

11.6. O6parumcs k BefiBaerHOMY basucy (11.2).

YcTaHOBIM CBA3D MEKIY CIEeKTpaMn HMCXOOHOI'0O N ITUKJINYECKHU

COBIHYTOI'O CUTHAJIA.

Teopema 11.6. 3agurcupyem ¢ € {0,1,... , N — 1}. Bapady c
cuznasom v € Cy paccmompum cuenan (j) = x(j — q). Bycmo

H,(x)={a; z,(0,p)}, Hy(T) ={a&; @,(0,p)}. Toeda & = v u
i‘V(O?p) = w;ﬂ'{(p—q)/NyJ Ty <0-7 <p - Q>NU>7

p=0,1,....N, — 1

, o=1,....n—1, v=1,...,s.

HoxasaTteanbctBo. Cormacao (11.20) u (11.16) nmeem

s n—1N,—1

j—g)=a+> > Y wlok)gloj—q—k) =

v=1 o=1 k=0
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= a4+ x,,(a, k‘) wgt(q"i'k)/NyJ gu<0; J - <q + k>Nu> :

Dpoussenem zamerny p = (q + k)y,. B sTom caygae k = (p — q)n, ©

{q;k} _ VH{QN: Q>NVJ _g/N] + vqm +]\<7}:_Q>NUJ'

OtmeTuM, 4TO

N, — ¢, 0, ecm p > () w, — ¢\,
{<Q> +{r—q) J: P =\ __Vo {9) J

Ny
1, ecau p < {q)n,

SHAYUT,

5] = g - [P =

(e ) =22

OxonuarenabHO [moJrydaeM

s n—1N,—1

i =a+Y Y Y w o p—qu,)w, TN g (00 j—p).

v=1 o=1 p=0
TeopeMa JOKa3aHa. i
DepeiizeM K BOIPOCY O CIEKTPe CBEPTKU. DAMOMHIM, UTO IIIKTH-

YeCKOoIl CBQpTKOfI CUTHAJIOB & U Y U3 (CN Ha3bIBaeTCsA CUTHAJTI 2 = X *x Y

C KOMIIOHE€HTaMU

=

-1

2(j)=) x(k)y(j—Fk). jeEL (11.26)

>~
Il

Teopema 11.7. Lycms 2z — YurAUNECKAA CEEPMEG CULHANAOS

ru 'y, Hg(x) = {04; :L‘,,(U,p)}, Hg(y) = {57 yy(U,p)}, Hg(z) =
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={7: 2(o,p)}. Tozday=afN u

zy(n—o,p)= n”{ Z%(U, q) Yoo, p—q) +

q=0
N,—1
+wl Y ay(o.q) (o, Ny+p—q)},
g=p+1
p=01....N, -1, o=1,....,.n—1, v=1,...,s.
HokazaTenbcTBO. D0 Teopeme 11.6
y(j—k) =y(—k— (=) =
s n—1N,—1
=043 D Iy (o (14 o) gulo: —k = D).
v=1 o=1 [=0

Coemaem s3ameny ¢ = (—l)y,. Torma | = (—¢)n, .
Opug=1,...,N, — 1 noaydaem <<—q>NU —I—j>NU ={j—q)n,,

{<_Q>NU+]'J _ {Ny—qujJ _ V’—q

1.
NI/ N]/ NI/ J +

Kpowme Toro, B cty (11.17)

glos =k = (=q)x,) = gu(0; =k = Ny +q) = wyi gu(05 ¢ — k).

TaxuMm 06pa30M, ClIaraeMoe C THOEKCOM ¢ MMe€T BUIL

wy =Ny (0 (G = @)w,) gu(os g — k). (11.27)

Dpu ¢ = 0 momygaem {(—q)y

, = 0; cmaraemoe ¢ nagexcom ¢ = 0
olj/Ny]

nMeeT BUI Wy, yo(0,{j)n,) gu(o; —k), aTo dopmamsHO cobma-

maer c (11.27).
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VunThIBas ckazaHHOe BbIIe 11 JeMMy 11.6, IpuxoanM K paBeHCTBY

s n—1N,—1
=B84+ > > w0y (6 (G — g, ) Tolos k—q).
v=1 o=1 ¢=0 1128
Kak ysxe ymomnuamoch, 6asuc (1.2) ABIseTcsa OpPTOTOHATIBHDLIM;
KpoMe Toro, cormacHo Teopeme 6.1 ||g,(0;- — ¢)||> = n¥. Onmpascs
Ha 5T (aKTsl, a Takyke Ha opmynst (11.20), (11.28) u ompemere-

are (11.26), sannmem

s n—1N,—

1
=afN+) vy(0.q)w, "Ny (0. (G — q)w,) n".
v=1 o=1 ¢=0

oL/ N

n y,,(g, <] - Q>Nu> =

= w, 7L/ w, oL 0/ v (o, (p = @)w,) on, ({G)n, — p)-
p=0

Cormacuo (11.13) u (11.18)

wy VI (Gw, = p) = wy VN Sy (G —p) = gu(n — 03 j = p),
OYTOMY
s n—1N,—1 N,—1
(=0 + Y3 S Y o)
v=1 o=1 p=0 q=0

x wy =0/ Ly (g (p— g)w,) } gu(n —o; j—p).
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Ocranoco 3aMETUTb, YTO

N,—1

> w0y (0,q) yu (o, (0= g)x,) =

q=0
p N,—1
=> w(o. ) ulop—q) +w) > wl0.q)ylo, Ny +p—q).
q=0 gq=p+1

TeopeMa JOKa3aHa. i

DamoOMHIM, YTO MUKINYECKOIl Koppeadlneili CUTHATIOB & U Y U3

(CN Ha3bIBacTCs CUT'HAJI ' ¢ KOMIIOHEHTaMI

N-1
= (k) y(k J € L. (11.29)
k=0
Teopema 11.8. Lycms r — UUKAUNECKAA KOPPEAAUUA CULHA-

awe x u y, H(x) = {a; x,(0,p)}. Hy(y) =45 wlop)}, Hy(r) =
={¢; 7”1/(07}9)}- Tozda o = ozBN U

N,—1

ry(n—o,p)= ny{ > w0 Q) Tlo, g = p) +
q=p
p—1
+w;"zxy(079)%(0 N, +q_p)}
q=0

p=01....N, -1, o=1,....,.n—1, v=1,...,s.

HoxasaTteabctBo. Curaan (11.29) ecTs nukaInIeckas cBepTLa
CUTHAJIa T C CUTHAJIOM

s n—1N,—1

v() == =8+>_ > Wlo.p)Gulos —j—p) =

v=1 c=1 p=0
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s n—1N,—1

=B04+> > > Wlo.p)gulos j+p).

=1 p=0
Mgt Bocmob3oBatuch dhopmyaoit (11.18).
DaitmeMm cmekTp Xaapa-IipecTeHcoHa CUTHaTa v, CBA3AHHBIN ¢
MPOpEKIBaHNIeM 10 BpeMeHn. Dpup = 1,..., N, — 1 cormacuo (11.17)

nMeeM

9o j+p)=w,"g(0: j+p—N,) =w,"g.(05 j — (N, — p)),

I0PTOMY
U,,(O,p) ZW;U%(UaNV_p)a
p=1,....N, -1, o=1,....n—1, v=1,...,s.

Dpu sroM, odeBunmHo, v,(0,0) = ¥, (0,0), o = 1,....n — 1,

v=1,...,s.

Do Teopeme 11.7 momy4aem o = 3N,

p—1
r,(n—o,p)= {Zx,,aq Yu (o, p—q)+z,(0,p)v, (0o, 0)+
q=0

N,—1
—HUZ Z xl/(0-7 Q) UI/(O-7 N, +p— Q)} =
g=p+1

p
= n”{w;" z,(0,9) g, (0, Ny +q—p)+x,(0,p) Yy (0, 0)+

3 nlo o a0}

q=p+1

TeopeMa JOKa3aHa. i
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§ 12. Jlorapmdmumuecku aBTOpeBepCHBbIE€ CIIEKTPbI

12.1. B »ToMm maparpade 0OyIeT ycTaHOBICHA CBA3L MEyKIY Oa3m-

camn Xaapa Kpectencona (11.1) u (11.2).

Teopema 12.1. Bycmv o € {1,...,n—1}, p€ {0,1,..., N, —1}.

Cnpasedauco moaxcdecmaeo

fV(O-; revs(j) - pAI/—l—1> = 9v (O; ] - I’QVS_V(]?)>, (121)
j=0,1,....N—1.

HokaszaTeAbCTBO. IDYCTb §J = (Js1se-vsJ0)ns P = (Ps—v—1,
..y Do)n- Cormacuo (11.13) ¢,(0; j — p) oTINYHO OT HYyIA TOTOA I

TOJIBKO Torma, Korma (j)y, = p, T.e. Korma jr = pr, k = 0,1,...,

v

Js—v

s —v — 1. 9pu Takux j B cury (11.15) umeem g, (o5 j — p) = wy

Iyerb | = (ls—1y.. o lo)ny ¢ = (Gs—p—15---,q0)n. Cormacuo (11.6)
fo(o; 1 — ¢A,11) OTINYHO OT HYJAA TOLAAa U TOJBKO TOTHA, KOLIA
I/Ay11] = ¢, e, xorma I, = ¢, p =v,v+1,...,s — 1. Dpn
oly—1

takux | B cuty (11.7) mmeem f, (051 — ¢A, 1) = wy

Bosbmem | = revy(j), ¢ = revy_,(p). Torma
ly=Js—1—p, pn=0,1,...,5=1;

Qu:ps—y—l—ﬂ, MZO,l,...,S—V—l.

B wactroctn, [,y = js—,. Domydaem, uto f,(0; revy(j)—reve_, (p) A1)
OTTIMYHO OT HyJIA TOUDa U TOABKO TOLHA, KOTOA js_1—y = Ps—1—p,

w=v,v+1,...,s — 1, wiu, 9To TO yKe camMoe, Korga j = pi, k =

Js—v

=0,1,...,s—v—1.9pusrom f,(0; revy(j)—revs ,(p)Api1) = wy
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WTax, MBI mOKa3aam, ITo

fl/(o-; revs(j) - revs—u(p)AV—l—l) = gl/(o-; ] - p)

DaBercTBO (12.1) momydaeTcs orcioma 3aMeHOil p Ha revy_,(p). Teo-

peMa OJOKa3aHa. H

Onpenenenne. CrnexkTp

H = {n; hy(o,p).
p=01,....N,—1, o=1,....n—1, Vzl,...,s}

HA30BEM A02GPUPMUYECKU GBTMOPEGEPCHDIM, €CTTH

ho(o,p) = h,(0,revs_,(p)), (12.2)
p=01....N, -1, o=1,....,.n—1, v=1,...,5s — 1.

Opu s =1 u s = 2 11000il CIEKTP MO OMpeIeTeHNIO ABIACTCA JIOTa-
pudMIIecKn aBTOpeBepCcHBIM. Dpu ¥ = s — 1 paBercTBo (12.2) BbI-

IIOJIHAETCA aBTOMAaTUUYCCKU.

Teopema 12.2. Lycmv cuenarve x u y uz Cy maxosv,, umo
Hi(x) = H,(y) =: H, u nycmv npu smom cnexmp H sessemcs

Aozapupmunecru asmopesepcrvim. Tozda neobrodumo

y(j) = w(revy(j)). (12.3)
j=0,1,....,N—1.

HoxasaTenbcTtBo. [l714 curHama y nmMmeem

s n—1N,—1

y(i) =nel)+ DY D hlo.q) gulos j—q).

v=1 =1 ¢=0
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Damomunm, uto ¢(j) = 1. Cnemaem 3aMeHY p = revy_,(¢) I BOCIOID-
syemes (12.2) u (12.1):

s n—1N,—1

y(]) = UC(J') + Z Z Z hl/<07 revs_,,(p)> 91/<0§ J— revs_,,(p)> -

v=1 c=1 p=0

s n—1N,—1

= ne(rev() + 3573 hlo.p) £ (05 vev, () = pAar) =

v=1 oc=1 p=0
= x(revs(j».
Teopema moxaszaHa. m
DTa TeopeMa B ONPeIe/IeHHOM CMBICIe obpaTuMa.

Teopema 12.3. Lycms x, y — cuznaavt, YdoGAemMEOPAIOWUE
yeaosuro (12.3), u nyemv Hp(x) = H,(y) = H. Tozda cnexmp H

ACAACTNCA JlOZGp’U,ﬁM’U,HGC%’U, asmopesepCHHBIM.

HoxasaTteanbctBo. Cormacuo (12.1)

x(revs(j» =

s n—-1N,—1

= ne(reva(1) + Y503 hu(o.p) oo revi(i) — pAigr) =

v=1 oc=1 p=0
s n—1N,—1

= nc(y) + ZZ Z h,(o,p) 9u<05 J— revs_,,(p)> =

v=1 o=1 p=0
s n—1N,—1

- ﬁc(j) + Z Z Z h,,(a, revs_,,(p)> g,,(a; J— p).

v=1 o=1 p=0
90 1O YCIOBUIO TEOPEMbI

s n—1N,—1

e(reve(7) = y(G) = nel) + Y>> hlop) gulos j = p).

v=1 c=1 p=0
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B CHJIy €OIMHCTBEHHOCTH Pa3/IOKEHUA II0 OPTOTOHAJIBHOMY 6&31/1Cy

(11.2) mpuxomum k (12.2). Teopema moxazana. m

12.2. DaccMoTpuM B KadecTBe MpUMepa KYCOUHO-IUHEITHDbIN CUT-

HaJ {, 3aJaBaeMblil Ha OCHOBHOM IePHOIe PaBeHCTBOM
y(iH)=j4, j=0,1,...,N—1.

Boruncanm cnextp Xaapa—KpecTeHcona curnaia i, CBA3aHHBIIN ¢ TIPO-

pesKHBaHUEM 10 BpeMeHH. DycTh H, (y) = {B, y,(o,p)}. Torma

N—
5~ 1lx—... N-1
N-1
Yol ) Yy gulos j—p)=n" ij NSy, (5= p).

7=0
Mgt Bocmob3oBatuch dhopmyoit (11.13).
OpencraBuM j B Bume j = IN,_; + TN, + ¢, tme ¢ € {0,1,...,
N, =1}, 7€{0,1,....n—1},1€40,1,...,A, — 1}. Donyunm

n"y,(o,p) = (IN,_1 4+ TN, + @) w, "oy, (¢ — p) =
=0 =0 ¢=0
A,—1n—1
= (TN, +IN,_1 +p)w
=0 7=0
Tak kak 0 € {1,...,n— 1}, 0o > w 7 =0. C yuerom sToro daxra

MIpuxoonuM K BbIPDasKE€HIIIO

A,—1n—1

n—1
Uu( Z ZTN w, :N,,HZTQJ;”
=0

=0 7=0
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n—1
Beenem obosnauerne z(o) = > tw, ", 0 =1,...,n — 1. Umeem
=0

n—1 n—1

z(o) = Zﬂu;” = Z(T + 1) w0 =

=1 =0
n— n—1
:w;U{ZTW;”—I—Zw;”}—n:wngz(a)—n,
= =0
OTKYZIA
n n o

= —=—(ictg— —1).

o) = — = e ™ )

Taxkum 00pazoM, OKOHYATEILHO MOTYYaeM

- N, . To
Bu(0p) = N1 2(0) = 5 (ictg = — 1),

p=01,....N,—1, o=1,....n—1, v=1,...,5.
Otmernm, 4TO ¥, (0,p) He 3aBHCUT OT p, HodTOMYy ciekTp H,(Y)
ABAACTCA 110 OIPENeIeHNI0 JorapimpMIYecKll aBTopeBepcHBIM. Ecan
MBI 0003HAYIM Yepe3 I CUTHAJ, UMeIOUIil Takoil jKe CIeKTp B Oa-

suce Xaapa—KRpecTeHcoHA ¢ MpopeKUBaHUEM IO YacTOTe, TO B CIITY

TeopeMbl 12.2 njsa ¥ 6ymeM IMeThb
z(j) =revs(j), j=0,1,...,N —1.

:aQHOCpeﬂCTBeHHO 9TOT pe3YHbTanhﬂHO 6HZHQquHTb HeJICTKO.

12.3. Obosnaunm 4vepes Ly JTHHEITHOe MHOYKECTBO JorapudmMmde-
CKI aBTOPEBEPCHBIX CIEKTPOB 1 4epe3 dim Ly — €ro pasMepHOCTD.

DamomuuM, uto N = n’.

Teopema 12.4. Cnpasediuso pasencmaeo

S5—

ol 1] . (12.4)

dim Ly = g [ns‘l + (2 + nT_l(l + (—1)5>)nl_
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HokaszaTenbcTBo. Ipu s =1 1 s = 2 TeopeMa BepHa. DYCTh
s >3 mnmv € {2...,5s—1}. Obosnaunm dvepes (, KOINIECTBO TeX
p € {0,1,...,n" — 1}, mma xoropeix rev,(p) = p. OueBugHo, UTO
Cok = n*. Copgr = nMHL el (= nl D2
Vemosusa (12.2) ¢ yaeToM 3aMevaHIA K OMPEIETCHIIO TorapidMi-

YECKHN aBTOPEBEPCHOI'O CIIEKTPaAa MOJKHO II€pPEIINCATh TaK:

hs_,,<a,p) — he_, (0, rev,,(p)) =0,
p:()ala"-,ny_l, 0'21,...,71—1, 1/22,...,8—1.

DTU yCIOBUA HpeILCTaBJIHIOT c000il TUHEITHYI0 OTHOPOIHYIO CUCTEMY,
COCTOAILYIO U3 5= Z (n¥ — () ypaBHeHHil ¢ ITNHEHHO HE3aBICIMBIMII

CTPOKaMI KoacbcbmmeHTOB D 0rTOMY

dim ,CN =

:2

Dpu s = 2l + 1 umeem

s—2 -1 -1 -1 I

S nl A =Nl Y alE] = an—1:22__1—1.

v=1 k=0 k=1 k=0

B »ToMm cayuae

n(n—1

2

S’
| — |
S|
|I—k
— |

[E—

I

[E—

I
TN

DO
s | =0
L]
=l =

I

[E—
N
| I |

dimLy =n® —

_ Z——I—nl“ _g: Q[ns—1+2nL551J ~1],

970 cooTBeTCTBYeT (12.4),
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Opu s =2l +2

s—2 i i

n—1 n—1

v=1

Docxombky [ = [(s — 1)/2], To

dim Ly = g[ns_l + (n + 1)nL551J —1],

9T0 TaKyKe cooTBeTcTByeT (12.4).

TeopeMa JOKa3aHa. i

B tabn. 2 mpuBenennl 3HadeHna dim Ly mpu HEKOTOPBIX N 1 S.

Taonuwma 2

n \ 5 1 2 3 4 5 6 7
2 2 4 7 13 25 43 79
3 3 9 21 57 147 417 1173
4 4 16 46 166 574 2206 8446
5 5 25 85 385 1685 8185 39685

§ 13. Tpwm momxoma K MOCTPOEHUIO OPTOTOHAJIBHBIX

BeliBJIeTHBIX Oa3lCcoOB

13.1. B §9,10 va npumepe dasucoB XaapaIipecTeHcoHa ¢ mpo-
peyKUBaHUEM IO BPEMEHH U MPOPEKUBAHUEM TI0 YacTOTe OLLIN IIPO-
TEeMOHCTPUPOBAHBI ABa MOAX0JA K MOCTPOCHIIO OPTOTOHATILHBIX Beii-

BJICTHBIX 0a3ucoB B mpoctpancTBe Cy npu N = n’. DepBolil moaxom
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OCHOBaH Ha MOCTPOCHHN PeKyPPEHTHOI MOCIeI0BATeILHOCTH OPTOro-
HaTbHBIX 6asucoB B Cy. Bropoit («HAUBHEBIN») MOAXOX HCHIOIB3YeET
pasIosKeHNe CUTHAIA 110 COOCTBEHHBIM COBHTAM.

B kmaccuyeckoM BeiiBmeT-aHaIm3e OjIs MOCTPOEHHIO BEBICTHBIX
0a3ICOB HCIOIb3YeTCA CIelnalbHasd MOCIeI0BATEILHOCTL BJIOGKEH-
HBIX [MOAIPOCTPAHCTB, KOTOPasi HA3bIBAETCs KPATHOMACIITAOHBIM aHa-
amzom [11, 40, 44, 29, u op.]. DokameM, 4TO OPTOTOHATbHBIE Oa-
sucot XaapaKpecrencona (11.1), (11.2) Taxyke MOYKHO MOIYINTH C
IOMOIILI0 KpaTHoMacIITabHoro aHammsa mpoctpancTtBa Cy mo ocHo-
BAHNIO 7. DTO 1 OyIeT TPETHUM IMOOXOIOM K MOCTPOEHHUI0 OPTOTOHAIDL-

HBIX BeliBaeTHBIX OasncoB B Cy.

13.2. BBemeMm cursaJinl

N,—1

991/(]) = Z 5N(j - k)

k=0

O6oszuaunm V, = lin ({goy(-—qN,,)}qu”arl_l), v=0,1,...,s. OueBugHo,

yro V, C Cy — mommpocTpaHCTBO KYCOUHO-IIOCTOSAHHBIX CHTHAJIOB
¢ OPTOTOHAIBHLIM GasmcoM {, (- — qN,,)}qu”arl_l, IpI4eM
VoC Vi C---CV,=0Cy. (13.1)

DaiimeM opToroHaJIbHOe IOMOJIHeHUe VV| MmoompocTpaHCTBa V)
oo Vi. s »Toro mMocTpouM OPTOrOHAJIbHBIN Oasuc B Vi, comepska-

I CUTHAT (0g. D OT0KIM

n—1
o0 =S Wil ei(j—gN), o=0.1,....n—L
q=0
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o
Curnasn zﬂ ) pUHAATeKAT V| U MOMapHO OPTOTOHATBHBI, TOCKOIBKY

n—1

(A7 ™) = N Y Wl o = Noy(o1 — o).

q=0
K Tomy ske mMX KOIHYeCTBO COBMagaeT ¢ pasMepHOCTbIO Vi. 3HAUUT,
(0') n—1 v 6 9
{7 102, OPTOTOHAJIBLHBII 0a3MC MOAMPOCTPAHCTBA V(. D PU 3TOM

n—1 -1

(i) = Y eli—gN)=1=) dn(i—k) = @o()-

=

>~
Il

q=0

Oboszraunm W, = lin ({1%0) "~1). Yuntsisaa, uto Vg = lin(yy), mo-
aydaeM Vi = Vg D Wi.

B obmiem cayvae npu v = 2,..., s TOJI0KIM

n—1

D (5) = ngq o(j—qN,), o=0,1,....n—1.

q=0

DeTpPyoHO MPOBEPUTDH, YTO TIpu (PUKCUPOBAHHOM U

W= BN, 1), U (= BN, o)) =

— iVp—1 571(0-1 - 0-2) 5Ay(k1 - k?)

(13.2)

s o1,09 € {0,1,...,n— 1}, ki ky € {0,1,..., A, — 1}. HeiictBu-
TeJIbHO, 0603HAUNM Uepe3 S IeByIo dacThb dpopmysl (13.2) u mpeobpa-

3yeM ee K BUIY

n—1

S = (3w = kN — i),

q1=0
n—1

Z WZQQQ 991/( - kQNV—l - QQNV)> -

q2=0
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n—1
= Z with= 22 (o, («—(kin 4+ q)N,), oo (- —(kan + ¢2)Ny) ).
q1,92=0
Dpu ki # ky cormacHo omnpenesieHnio o, numeeM S = (), 9TO COOTBET-

crByet (13.2). Dycrn k) = ky. Torma

—_

n—

S = N]/ W(Ul_gz)q - Nl/—l 571(0-1 - 0-2)7

n

Il
o

q

9T0 TaKyKe cooTBeTcTByeT (13.2).
OnpenennM MOOIPOCTPAHCTBO W kax JINHEHYI0 000I0UKY -
CTeMbI OPTOTOHAILHLIX CUTHAIOB {¢,(,U) (- —kN,,_l)}kA:”O_l. B cumy (13.2)

(n—1)

OO POCTPAHCTBA W,EO), W,El), ..., W, OPTOrOHAIBHBL. D OCKOIBKY
CUTHAJILL ¢,(,U)(j —kN,_1), k=0,1,....A, -1, 0 =0,1,...,n—1,
OpUHALIesKAT V, U X KOJIN4ecTBO A, ] COBIamaeT ¢ pasMepHOC-

TbIO V,, TO

V, =W ewl o awhh, (13.3)
OtmeTuM, 4TO
n—1 n—1 N,—1
oG =D euli—aV,) = on(j— (gN, + k) =
4=0 g=0 k=0
N,_1-1
= Z on(J = k) =vr10))
k=0
Kak ciencTBue, moaydaem W,EO) = V,_1. Ecaim obosnaunts W, =
- wao. . o W,En_l), to (13.3) mpumer Bux V, = V,_1 & W,,
v = 2,...,s. Kak ormeuasnoch, mocjiemnHee paBeHCTBO BePHO U TP

v=1.

Temeps mmeem

(CN:VSZWS@VS_lZWS@(WS_l@VS_Q)Z...Z
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=W W1 ... W & V.

D10 3HAUUT, uTO 1000t curnan x € Cy momyckaeT mpeacTaBIcHIe

s n—1A,—1

x(j) = apo() + ZZ Z o, ] — kNy_1). (13.4)

v=1 oc=1 k=0

Cpasaum dopmyast (13.4) u (11.20). Dpesme Bcero 0TMeTHM, 4TO
©vo(J) = ¢(j) = 1. Hanee, B cuy paserctBa N, = A;_, 4| I COOTHO-

mrennsa (11.3)

¢1(/U) (]) = wgq 51\7(] — k- qu—V—I-l) = fs—v—l-l(g; ])7
q=0 k=0

¢1(/0-) (] - kNI/—l) - fs—y—l—l(o-; ] - kAS—I/—I—Q)'

Dpuxonnm k Apyroii ¢popme sammcn pasmoskeHnsa (13.4):

n— 1Ns v+1— 1

r = ac+ Z Z Z oz k) fs—pir(o; - — kAs_pi9). (13.5)

v=1 o=1 k=0

Bunwo, aro gopmyma (13.5) aumb mopAakoM cIaraeMbIX 10 1V OTIN-
wqaercs ot (11.20).

TaxuMm o00pasoM, IEHOYKa BIOYKEHHDLIX MMOANpocTpancTB (13.1)
obecriednBaeT 0OOOIIEHHBIII KpaTHO-MaCHITAOHBINI aHaIN3 IIPOCTPAH-
ctBa Cy, mpuBomAmuii K pasmoKeHNI0 CUTHAIOB Mo basucy Xaapa—

erCTeHCOHa C IIpopesKNBaHUEM I10 YaCTOTeE.

13.3. DaccMoTpuM cIydail TpopesKNBAHIA 1O BPEMEHI. D OJTOMKUIM

Pv ( )_5Au+1( )

V, =lin ({o,(- - k)}kA:”f)’l_l), v=0,1,....s;
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n—1

) =D Wi (i — qAy),

q=0

Wi =lin ({07 = k) '). o=01..n—1 v=1..s

?

Ouesngno, uto V, = Cu,,,. B wactroctu, V; = Cy u Vy = lin(gy),

rae ¢o(j) = 1. Dpu sTom
Wwcwvic---CV,=Cy. (13.6)
Hamee, mpu dpukcupoBanHoM v € {2,..., 5}

(W (= k), O (= k)Y = Nyo1 8,(0) — 09) Oa, (k1 — ko)

s oy, 09 € {0,1,....n—1}, ki ke € {0,1,...,A, —1}. D70 mokassI-
BacTCA II0 TOH sice cxeMe, 9To 1 (13.2). DoCKoIbKY CHTHAIIDL ¢,(,U) (7—Fk),
E=0,1,....A, -1, ¢ =0,1,...,n — 1, npunagmzesxar V,, momapHo
OPTOTOHAILHLL I UX KOJIUYECTBO A, ] COBIAIAET ¢ Pa3MePHOCTDLIO V),

TO

V,=WOawl g, gwhl (13.7)

O =D eui = qAy) Z%H —qA) =0, (5) = wu-1(d).

q=0
Kax cmemcrBue, morydaeMm W,,(O) = V,_1. Ecin obosnaunte W, =
= W,j(l) D ... P W,,(n_l), Tto (13.7) mpumer Buz V, = V,_; @& W,
v=2,...,s5. 9Ta dpopMyIa BepHa u npu v = 1.
Tenepp umeem Cy =V, =W, BV, = ... = W,sW,_1E... WP

BVy. D10 3HaunT, uTo A1060i1 curaant x € Cy momyckaeT mpencTaBie-
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v(j) = Bpo(j) + B (k)i (G - k). (13.8)

Cpasaum dopmyst (13.8) u (11.21). Dpesme Bcero oTMeTnM, 49TO
©vo(J) = c(y) = 1. Jamee, cormacuo (11.4)

n—1 n—1
=) Wi Oa,, (= gA) =) Wi on, (= ¢Neup) =
q=0 q=0
= 95—1/—1—1(0; ])7

¢1(f7) (] - k) = gs—u+1(0; J— k)
Dpuxonnm k Apyroii ¢popme sammcn pasmoskenunsa (13.8):

n— 1Ns v+1— 1

x = fPc+ Z Z Z BYNk) gopar (o - — k). (13.9)

v=1 o=1 k=0

Bunwo, aro gopmyma (13.9) aump mopankoM cIaraeMbIX 10 ¥ OTIH-
wqaercs ot (11.21).

TaxuMm o00pasoM, IeHOYKa BIOYKEHHDLIX MOAIPOCTpaHcTB (13.6)
obecriednBaeT 0OOOIIEHHBIII KpaTHO-MaCHITAOHBINI aHaIN3 IIPOCTPAH-
ctBa Cy, mpuBomAmuii K pasmoKeHNI0 CUTHAIOB Mo basucy Xaapa—

erCTeHCOHa C IIpopeKuBaHUEM 11O BPDEMCHU.
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