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Recommended readings:

* A Digital Sgnal Processing Primer, Ken Steiglitz.

Addison-Wesley, 1996.

® The Computer Music Tutorial, Curtis Roads. MIT Press,

1995.

®* DSP First: A Multimedia Approach, J. H. McClelland, R.
W. Schafer, M. A. Y oder. Prentice Hall, 1998.
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Basic M athematics

® Complex numbers

(x+ jy) where x:red part
y :imaginary part

j:«/—_l

® Complex plane
x-axis (real part)

-

y-axis (imaginary part)
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(...basic mathematics)

® Rectangular co-ordinates

ordinate (Xu yl)
R *

Xl absusla
® Polar co-ordinates

magnitude :/ x* + y*

phase:tan™(y/x)

et
//f'

X. Serra

(...basic mathematics)

®* number e .
e=Iim 1+1j = 2.718281...

N—>oo n

® Complex exponential
@+ 1y)

® Sine function

sin(x)
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(...basic mathematics)

® Euler’ sidentity
e’ = cos(X) + j sin(x)

j6 |, A-i0 j6 _ A-if
cosé _& *e sing = € .e
2 2]
® linear magnitude and dB
dB = 20lo 7
o( A))
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(...basic mathematics)

Complex exponential:
X(t) = Ae! @) = Acos(w,t + @)+ jAsin(w,t + ¢)

Real sinewave:

ej(a)ot+¢)
X(t)= Acos(w,t + @)= A{

+ e_ J (w0t+¢)
2

L yeion  Lyrgrion _ l)‘((t)+l>_<* (t)
2 2 2 2

= ReiX(t);
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Continuous Fourier transform

X (@) = f:x(t)e‘j“‘dt

t: Continuous time index in seconds
w: Continuous frequency index in radians per second

inver se transform:
_ 1 = jat
X(t) =— J; X(w)e'" dw
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Discrete Fourier transform (DFT)

X (K) = Nz_:lx(n)e‘j”’k”

o, =2rk/N, Neven,k=01..,N-1

« : discrete radian frequency,
n:discrete timeindex in samples,
k : discrete frenquency index in bins.

Hertz-Radian relationship:  f = f w/27

f :frequency in Hz, f, :sampling rate,  : radian frequency.
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(... DFT)

A A /\ /\\ fafe\{vperiodsd
VA A VAV VAW AR VL of a piano soun

amplitude

v x(n)
% ) magnitude
A spectrum
E -0
e o 20| 200000
’ : TI’BE;SBHCV(KHZ) ® @
H phase
2 il spectrum
2 2X(K)
’ ’ freqll?ency(KHz) * &
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Inverse DFT:
1 N-1 .
x(n)= " X(k)e!*"
N =
FFT implementation of the DFT: divide-and-conquer
DFT: proportional to N?
FFT: proportional to N log N
X. Serra

12




Frequency shifting

March-2001

—jn
X, [n]= x[n]e %
S
N
jon * _—jayn —j@n
=| X, + D (X, 1% 1 X, &%) |71
k=1
o L N (Y eil@-0) ()
— —Jwgh ( J{@—ws )n * Ao+ n)
= X'+ (X, e +X.€
k=1
Xo
X3 X
X X,
X3 X3
- S = - .y - = - - - i »
TNy Tk T —3(1” —fr] ] 20 R I 2R S ) T ]
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Channel Filters
PR Sy |
xln| _ xg [ Lincar . Van
*‘—"(}_\)— - » Lowpass >
Filter
¢ e, 1
Xg
5 LPF X,
X3 s
] |
R R R - S TR TR S N
—n -y W) 20 Wy —we ) W wr—w) w3 a T (o8
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Running-Sum Filtering

Difference equation:
L-1
yln]=>" x{n-1]
1=0
Frequency response:
L1 iNn(a@ _a(L-1)
H (@)= Serton o[ SNOL2) o,
m=0 |_S|n((0/2)
Thezerosof H(®) areequaly spacedat @ = Zﬂk/l_
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(... running-sum filtering) March-2001
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Magnitude of Frequency Response for 11-Point Running Averager
T T T

-3 =2 - 0 1 2 3

Phase Angle of Frequency Response for 11-Point Running Averager

if\\!\[\j\[\ R N NN
NV NN Y

-3 -2 -1 0 1 2 3
& (Radians)y
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Spectral Analyss

EJ, el )»({f) b > Ru;::-iiir;um —-—--;-Wl”!
T Filter
l = ZJT/N « - .
= Z periodic signal
=
after the multiplier:
NZ 27‘[/N In —j(27/N)kn
1=0
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(...spectral analysis) March-2001
N-1
i H (e]ZIZI k/N) [l ]ej(zzz/N)(l—k)n
N i=
1 )
= = H(e"®)x[K]
N
N-1
n H (e]ZIZ(I K)/N )X [l ]e](Zﬂ/N)(I k)
e

since H(eio)z N and H(ejz”("")/“)zo when (I —k)=0
yk[n]:x[k]
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(...spectral analysis)

10

Spectrum of Periodic Signal N = 10

-
L

]

J5 =5

| | ' (a)
=010 0.1 0.5 0.9 1

{a)

Shifted Spectrum and Running Sum Frequency Response

T T
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~(.2-0L1 0 0.1 .5 .[}.8 0.9 1
Normalized Frequeney (o/2:r) 19
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(...spectral analysis)

Yk [n] —

N-1

> % [n-1]

Zn: X [m]= Zn: x[m]g 1 2/

m=n—N+1 m=n—N+1

usng n=N-1

N-1

X[k]=> x[mle &M k=012,...,N-1

m=0
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(...spectral analysis)

— »

veln] = X[k
>

viln] = X[1]
——

yolnl = X[0]
—

Xy qlel
= N-paim
) > Running-Sum
| Filter
. 2N = 1iN]n
. wlnl N-point
— ’(XJ) EE— Running-Sumn
T Filter
] o 2Tk S N
X7 N point
- o KX/ Running-Sum
T Filter
o2 N
‘; . xgln] N-point
B Running-Sum
Filter
X. Se

o fim

v o lnl =XIN-1]
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(...spectral analysis)

the DFT:

N—

1
x[n] = i Z X [k]ej(Zﬁ/N)kn
N i

N-1

X[k]=" x[nje @k

n=0
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n=012,...

k=012,...,N-1

1N_l
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DFT properties

X <> X (transform pairs)
X =DFT(X), x=IDFT (X)

* Linearity:
ax, +bx, <> aX, +bX, (mixing commuteswith the DFT)

» Convolution:

convolution < point - by - point multiplication
* Shift:
shift «<» multiplication by a complex exponential
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(... DFT properties)

* Evenness:
even < red - valued

(even function :for every k, X, = X_,)

» Zero padding:
zero padding < interpolation

* Power:

SO =R XXM (Rayteig
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DFT examples

=y ol (2ko/N)n o= (27/Nkn

— + e_j(Zﬂ-/N)(k_kO) _|_ e_j(Zﬂ-/N)(k_kO)z _|_ . _|_ e_j(Zﬂ-/N)(k_kO)(N_l)
1— @ 1CaN kN

T ek NGk~ k,

25

(...DFT examples)

x,[n]= el@n+9) for n=012...,N-1

X, [k] = Nzl Ql(@n+9) - (27N )k
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n=0

N-1
— e]¢ Z e_j(Zﬂk/N_é)O)n

n=0
— e]¢ (e_J(O) + e_j(Zﬂk/N_é)O)

+ L. + e_j(Zﬂk/N_é)O)(N_l))

_ oiogilemn-apn-yz SN((2k/N - @, )N/2)
sin((27k/N - ,)/2)
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(...DFT examples)

T of a Complex Exponential

T T T T

h T -
Iw ?,’ %9 -9- 9. -0 -9-0- -9 @ 9,
12 14 16

4

6 8 10
Frequency Index (k)
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