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Abstract— The proposed factorization methods for
regular arrays of two-input cells have several impor-
tant advantages over the existing logic representations
and methodologies: (1) The logic representation and
design implementation are consistent. (2) The stages
of logic synthesis and physical design are effectively
merged into a single stage. (3) The structure of the
mapping solution is a regular rectangle. (4) Since the
connections are mainly between neighbor cells, the
wire delay is reduced comparing to other design meth-
ods. (5) Since the structure is regular, the creation of
the high-performance tools is significantly easier. (6)
The methods can be applied to fine-grain FPGA de-
sign, standard cell, gate matrix layout and sub-micron
technologies.

1. INTRODUCTION

A new methodology for designing Logic Cell Arrays
(LCA) has been introduced in [1, 2] and extended in [7].
LCA is a rectangular array of AND, OR and EXOR cells
with negated inputs and outputs, and vertical and hori-
zontal buses, similar to Fine Grain Field Programmable
Gate Arrays. Such array realizes an Ezclusive Sum of
Compler Terms (ESCT), where complex terms are cas-
cade combinations of two-input AND, OR and EXOR
gates with possible negated inputs, and assuming the
same order of input variables in them. Thus, LCA is
a generalization of an EXOR PLA.

The problem of LCA minimization becomes that of
ESCT minimization. Our approach introduces a new
logic representation for AND/OR/EXOR factorization of
multi-level functions realized in a regular form. It was
shown in [6] that an extended cube representation and
efficient minimization algorithms can be used that gener-
alize the ESOP minimization approach from {3, 5]. This
paper is a follow-up to our previous papers, especially [6].
We present in more detail the theorems and methods of
multi-level regular factorization to two-input cells.

2. Basic DEFINITIONS

Definition 1. A complex term is a string of literals
connected by a set of Boolean operators, and no literal
can appear in the string more than once. The operators
in the complex term can be any combinations of AND,
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OR, XOR, NAND, NOR, XNOR (denoted by -, +, &,
%, ¥ and @ respectively). All operators have the same
priority. All operations must be performed in a sequence
from left to right.

Example 1. Fach of the following rows represents a com-
plex term: (ab) + ¢, (a +b)c, ((a ®b) +¢), ((cb) + a) B d.
Expression ((ab) + b)c) is not a complex term. because
the variable b appears twice. Expression a + (b¢) + d is
not a complex term because the operations are not in a
sequence from left to right. However, if the order of vari-
ables is changed to b, ¢, a,d, then (b¢) + a + d becomes a
complex term.

Definition 2. An multi-level cube (m-cube for short)
is a cube notation to present complex terms. Given a
complex term, each literal of the complex term as well as
each operator of the complex term is represented by the
vector:

c?c%...c(lp‘_l) - dgd;.dém‘“

d?,d}l..‘d,(im_l) - cgc;...cﬁf’"—l)

6,1 (pi—1)
PG ...C;

valued literal, and d?d}...dﬁm—l) is a m bit vector repre-
senting an operator.

The operators can be encoded in many different ways.
In this coding scheme, three types of operators are as-
sumed to be used in a complex term: AND, OR and XOR.
So two bits are needed to store each operator. One en-
coding scheme, which is referred to as standard cording.
is: 00 - not used, 01 - AND, 10 - OR, 11 - XOR.
Example 2. Given a complex term T =
X§110}+X§101} <] Xiou}‘ By using the standard coding,
the complex term is presented by the m-cube as follows.

X1 X4
001 011.

-1
Qck...elPr ) —

where ¢ ¢ is a p; bit vector representing an p;-

Xfml} ]

Xo
110

+ X3
10 101

&

01 11

Definition 3. The negation of a complex term is as-
signed the value 1 if the complex term has the value 0;
and is assigned the value 0 if the complex term has the
value 1.

Definition 4. The operators in the complex terms are
referred to as literal operators. The operators applied
on a pair of complex terms are referred to as term op-
erators.

All the term operators and literal operators are:



AND

OR XOR NAND NOR XNOR
Term
Term Operator A v W ~ v ©
Term
Literal Operator + & B ¥ )

Note, that each literal operator has its counterpart of term
operator, and they have the same logic meaning. For
instance, A = -. The difference is their priority. The
literal operators are evaluated before the term operators.
Example 3. a+b-c®dVa-b+dwadc+d=[(((a+
b-c)@d)V((a-b)+d)]W((@asc)+d).

Definition 5. The tail literal of a complex term (tail
literal for short), is the last literal of the complex term.
The tail operator of a complex term (tail operator
for short), is the last operator of the complex term. The
tail literal and the tail operator together is referred to
as the tail of the complex term (tail for short). The
head of a complex term, (head term or head for
short), are all the literals and operators of the complex
term except its tail.

Example 4. a-b+c® d- ¢ is a complex term. The tail
literal is e, the tail operator is AND. the tail is -€ and the
headisa-b+c@d.

When a complex term has only one literal, e.g. a, the
literal is referred to as the tail. In this case, the complex
term has no head.

Definition 6. If the number of non-universal literals in
a complex term is 1, the complex term is referred to as a
single literal complex term.

Definition 7. A subterm of a complex term is de-
fined as (1) the head of the complex term; or (2) the head
of a subterm of the complex term.

Example 5. In Example 4, the following are subterms:
a-b+c®dd,a-b+c,a-b, a

Please note that b is not a subterm of a complex term
a - b+ ¢, because it is not the head of the complex term
nor the head of any subterms of the complex term. In
sequel, P, @, or Pi, P> will be used to denote complex
terms. P™ will be used to denote the complex term P that
has n input variables. Some of the literals in P may be
universal, denoted by I. Consequently P* will be used
to denote a subterm of the complex term P", (i < n).
Example 6. Given a complex term P = Xfl ® XZSQ O]
...® X5 It can be presented by its subterms as
pP=P 105 X,‘f"

=P O X 0 X

=PloX?0 - 0X5,

Since programmable inverters at each cell input are as-
sumed to be available, not only P(i—1) @Yf‘ can be im-
plemented, but also P({i — 1) 0715’ In other words, the
head of the complex term can be negated or non-negated.
Example 7. P = (a-b)+¢is acomplexterm, Q = a - b+&
is also a complex term.

Lemma 1. All the Boolean properties, defined on two
complex terms, can be applied on the head and the tail
of a complex term.
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Definition 8. A positive complex term is a complex
term without NAND, NOR and XNOR operators. An
ESCT contains only positive terms are referred to as in
positive term form.

By the above definition, no literal operators are negated
in a positive complex term. Please note that the negations
on input variables are allowed.

Example 8. a-b is a positive complex term. a*b is not a
positive complex term, because there is a NAND operator
in the term.

Definition 9. An or-free complex term is a complex
term without OR and NOR operators. An ESCT that
contains only or-free complex terms is called an or-free
form.

In an or-free complex term, its literal operators may be
any combinations of AND, NAND and XOR. operators.
XNOR operators will be normalized to XOR, as discussed
in more detail in [4].

Example 9. a®b ~ ¢ is an or-free complex term. a+67 ¢
is not a or-free complex term; it contains an OR.

3. THE ESCT MINIMIZATION PROBLEM.

The starting point to ESCT minimization is a mini-
mized Ezclusive Sum of Products (ESOP) expression. The
main idea of the ESOP minimization. as implemented
in programs EXORCISM-MV-2 and EXORCISM-MV-3.
[3, 4], is to link (reshape) a pair of product terms. This is
done using exorlink operations [3, 4]. The product terrms.
after reshaping, may be able to merge with other prod-
uct terms. Thus the total number of product terms in
an ESOP is minimized. The same idea is used in the
ESCT minimization [6]. The key operation in the ESCT
minimization is to link (reshape) a pair of complex terms.
We found that the compler term linking could be done
is a way similar to the product term (exor)linking. As
shown in [4], any two product terms in an ESOP can be
linked and can generate a number of resultant product
terms. The number of resultant product terms depends
on the distance of two product terms. We found that this
property exists also in ESCTs. Since the linking rules
for complex terms are much more complicated than the
linking rules for product terms, all the different linking
cases are discussed [6]. Several special cases are also dis-
cussed [6]. In section 4 a new cube operation, m-link,
which is an extension of exorlink, is introduced. Just like
for the exorlink, we proved that the m-link operation can
be applied on any two complex terms in a ESCT, and
the number of resultant complex terms depends on the
distance of two complex terms [4]. Then in section 5 the
distance of two complex terms is defined with a thorough
analysis of all different linking cases. Section 6 presents
briefly our experimental results on MCNC benchmarks.
Section 7 concludes the paper.

A. Different Linking Cases

It was shown in [6] that linking of two complex terms
can be done step-by-step linking the heads and tails of the



complex terms and their subterms. In this section, linking
of heads and tails of two complex terms is discussed. In
general the two complex terms can be written in the form:
Py =P @ X5n, Py = Py~ @2 X[n where ©; and @
are two tail operators in Py and P» respectively. There
are four cases to be investigated for heads:

1] pPrt=pPp
[2] PP l=Pp7Y

(8] Ppi# P P =1

[4] P]n—l # Pzn—l’ Pln—l __’é I"—l, Pgn—l # ]n—l;

Note that case 1 includes the case that both heads are uni-
versal. The case 2 is that one of the heads is the negation
of the other. Case 3 is the case that one of the heads is
universal. Since the commutative law holds, when either
one of the heads is universal, belongs to this case. The
last case is that the two heads are different and none of
them is universal. Thus all the different cases are included
in the above four cases.

Similarly, there are four different cases for tail literals:

] X3 = Xf
[2] XZr =X
B] Xgr#XF X =1

(] X0 # XFe X5 £ 1 XEe 2T

Please note that in case 3, one of the tail literals 1s univer-
sal. If the head is also in case 3, the universal head and
the universal tail literal are in different complex terms. In
other words, the case is either P! and XF» are univer-
sal, or P~} and X3 are universal. If both P]'~' and
X35n are universal, or both P;~! and X5~ are universal,
the case should be taken care of at a previous stage by
evaluating Py’ ®Xf;‘_+11 and P3 ®Xf+"f‘ . So at the current
stage, if both the head and the tail are in case 3, we only
need to consider the case that the universal head and the
universal tail are in different complex terms.

There are six cases of positive literal operators: (1) both
operators are AND; (2) both operators are OR; (3) both
operators are XOR; (4) one operator is AND and the
other is OR; (5) one operator is AND and the other is
XOR,; (6) one operator is OR and the other is XOR. There
are also the cases that the literal operators are negative.
However, all the negative operators can be converted to
the positive operators without increasing the number of
complex terms. So only the positive operators are consid-
ered here. There are totally 4 (case on heads) x 4 (case
on tail literals) x 6 (cases on tail operators) = 96 different
cases.

In [4], the concept of simplified complex terms is
introduced. In a simplified complex term, some of the
above conditions would not occur. For instance, P*~1& [
is not a simplified complex term. Table 1 lists all the dif-
ferent linking cases. Since the simplified complex terms
are assumed. the tail operators adjacent to universal lit-
erals are AND only, there are 23 cases which do not exist.
So there are 93 - 23 = 73 cases listed in Table 1.

In Table 1, the top left block shows the cases that the
two complex terms have the identical heads and identical
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Table 1: Linking Cases for the Positive Term Form

Sitr _ TS Sl _ St
Xiph = | X0 = | X =T
CRigy R SR RTERY
'\1+1 4 )‘u—;l )*,.;1
. ; . ) Cae) o)
Pl =P} (+ + (+. 4) (+. +)
(&, &) (®, &) (&b, B)
s 4) C.o+) Cot) )
(-, @) (-, B) . B) L)
-+ &) +. %) (+, &)
SR () [E] (G0
Py=1 .+ o) G 4)
. ) . ®) o D)
_ ) ) (B8] (B
P} =P} 4, 4) +.+) +. +)
(&, &) (B, &) ($. 8)
¢, +) G +) (v +) -, +)
. @) (. B) (. &) (. D)
(4. @) (+. &) +. &)
(o) (RS () (2 )
Pl‘ # PQ‘ +, +) +, +) (+. +)
(®, @) (®, &) (&, &)
¢y +) (5 +) ¢, 4+) (s +)
(- ®) . &) (-, &) (-, &)
(+. ®) (+. &) (+, &)

tails. There are six cases in this block, which are all com-
binations of tail operators. In the first row, the second
block from the left has three cases: (1) both operators
are AND, (2) one operator is AND and the other is OR,
(3) one operator is AND and the other 1s XOR. This block
includes the cases that the two complex terms have the
identical heads but different tail literals. and one of the
tail literals is universal. According to the simplification
rules from [4], if the tail literal is universal, the tail oper-
ator is AND. So only three cases instead of six cases are
in this block.

The above discussion is based on the positive term form.
Comparing with the or-free form, we found that the lat-
ter one has two advantages: (1) If the or-free form is
used, the number of linking cases is less than in the pos-
itive term form. This is because the OR operators are
eliminated from the ESCT. The combinations of literal
operators are reduced. (2) P{ = Pi is one of the con-
ditions to be checked before the linking. Checking this
condition is more convenient by using the or-free form
than the positive term form.

There are 40 cases in Table 2. This number is significantly
smaller than in the positive form, which is 73. All these
cases were proved in [4] and discussed also in [6].

Two Complex Terms with Identical Tails. We con-
sider here the case that the tails of the two complex terms
are the same, and the two heads are different. In this case,
the tail operators can be AND, OR or XOR. The linking
of such two complex terms are shown by the following
three equations:

(PP=1. X5n) W (PP~ X50) = (PP~ w Pp=) - X5+ (1)
(PP 4 X5 ) w(PF ™ + X3 = (PP T WPy ™) X3 (2)
(PP leX e (P e X)) =P tupPyT! (3)
Above three equations show that if the tails of two pos-
itive terms are the same, then the tail can be extracted
out. To extract an identical tail, the following operations




are performed: (1) if the tail operator is AND, the tail
remains the same; (2) if the tail operator is OR, the tail is
negated; (3) if the tail operator is XOR, the tail becomes
an universal tail.

As proved in [4], the above three equations can be then
applied on the subterms if the tails of the two subterms
are also the same. Note that if the or-free form is used,
then the OR operators have been converted to AND op-
erators and Equation (2) above is not needed. However,
converting to or-free form does not change the linking re-
sults, as shown below.

Example 10. Given are two complex terms P, = P~ '+
X5% and P, = P2~ 14+ X5~ . The two complex terms have
identical tails. Applying Equation (2) on the two complex
terms generates:

PPt XSy PP 4 X5 = (PP W PRTY) L X

If the two complex terms have been converted to or-free
form before hand, then P, = P{‘_l ‘X3 and Py = PZ”_1 .

X3~ Applying Equation (1): on the two complex terms

generates: .

PPt XrwPr T XS =(Pr PP X = (PP Y
XA

For both the positive term form and or-free form, the

results are the same.

Theorem 1. The identical trailing part of two complex

terms does not increase the number of resultant complex

terms in complex term linking.

Example below shows the Theorem’s 1 application.

Example 11. (P!~ & X237 + X207 - XS w(Py~ ' &

Xy X X =[P X X (P

X1y + X)) X =[PP e X)W (PP e

X2l X =(PIT e PR X X

n—1 n—1
In product term linking, the number of resultant cubes
is determined by the number of different literals in the
product terms. A pair of identical literals in the prod-
uct terms do not increase the resultant cubes. Theorem 1
shows that the complex term linking has a similar prop-
erty. The number of resultant complex terms is deter-
mined by the difference between the two complex terms,
not the identical portion.

Two Complex Terms with Identical Heads and
Identical Tail Operators. In these cases, the differ-
ences between the two complex terms are in the tail lit-
erals. There are three cases on tail operators; AND, OR
and XOR, as in the following three equations.

(1) (PP X0 @ (PPl XFe) = (PP1A XS0
(PPt AXJ) = PPt (X 6 X fi) = Pt XEren
(2) (PPTIH X WPt X = (PreT X )
(Pr=T. Xin)y = PrT. (X5 @ XFn) = PreT. XSn0R
(3) (PPl Xi e (P19 Xi) = (Prly Pl e
X3n0hn,

Above three equations show that if both the heads and
the tail operators are identical, the heads can be factored
out.
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Table 2: Linking Cases for the Or-Free Form
Sig1 - 5 s
X;+-1+ = ;\'+-1+1 = )‘,‘;_1“ = XH:H =
Rit1 ; R Ry
vall IR Il I e
0 T (o] (G0
P} = P} ® & @, &) @ &)
. &) ¢ ®) ¢, ®) (. B)
[0 B B TR () [
Pi=1 ¢ ¢, ) Co@)
— () () [ ()
Pl =P (@, @) (@, &) (®. ®)
& @) . &) . %)
T () T )
Pi# P @, &) (®, @) (@, &)
. ®) . &) €. & @)

Two Complex Terms with Identical Heads and
Identical Tail Literals. Two complex terms differ by
the literal operators. There are three such cases: AND to
OR, AND to XOR and OR to XOR.

(1) (P~ X$r)w (P14 X5n) = PPty XSn

(2) (P~ X3+)w (Pl X5n) = Proly x5

(3) (Pn—l + AYS") o] (Pn.—l o .X',f") — Pn—l "Y;?"

Two Complex Terms with different Tails. The
heads of the two complex terms are the same. and both
tail operators and tail literals are different.

(1) _(P"' - XS w (PPl XEe) = (Pl
X5 )@ (Pr=t4 Xi) = (P11 XS B(P-T - Xy =
(Pt XZnvRngx e = (prot. X Snvfiny iy X[

(2) (PP~ 1 X5y (PP o X[ = (PP-L X $e)w Pty
XBa [pr=1(XSnw )] w XE (PP71. X5m) W XBn

(3) (PPt 4+ X)W (P @ X[n) = (P11 + X3m) W
ﬁ:—f W an — (W . an) W Pn-1ly )(fn — [Pn—l .
(X3~ W I)] 6 X = (PP=1. X$n) 1 X[,

Linking of heads and tails of a pair of complex terms is one
step of the complex term linking. Based on this discus-
sion. the multi-level cube linking will be now presented.

4. MULTI-LEVEL CUBE LINKING

In Table 3 the top row lists the conditions of tail lit-
erals. The left column lists the conditions of heads. (-,
-) indicates both the tail operators are AND. There are
40 linking cases listed in the table. Most of linking cases
have one linking rule to apply. In these cases. one group
of complex terms is generated by the rule. For some link-
ing cases, like case 17, there are two linking rules, 17-1
and 17-2, which generate two groups of resultant com-
plex terms. There is one special case, case 40. which has
four linking rules, thus generates four groups of resultant
complex terms.

Given two complex terms in an ESCT, their identical
tails, if any. are first extracted out. Then one of the link-
ing rules is applied on the two complex terms (or sub-
terms, if the identical tails are removed). The linking
rules usually generate a single complex term plus a pair
of complex terms with identical tails. The single complex



term is saved for the final result. The complex term pair
will be processed by the above procedure — remove iden-
tical tails and perform linking rules. In this procedure,
which linking rule to apply depends on the type of heads,
tail literals and tail operators. The following example is
given to show this procedure.
Example 12. Given are two complex terms Py =a-b-d
and P, = @ - ¢ -d. Linking of P; and P, consists of the
following steps.
[1.] Move out identical tail AND d
(a-b-dyw(@a-¢-dy=[(a-b)w(a -c)-d.
[2.] The linking is on two subterms a -4 and @ - ¢. In this
case, the heads are different (a-b # @ - I)), one of the tail
literals is I, and both the tail operators are AND. We can
see that case 17 in Table 3 meets these conditions, so link-
ing rule 17 in Table 3 could be applied, which generates
two groups of resultant complex terms.
Rule 17-1:
(a-byy(@- ¢ =[la-b)wia-I)-cJwla-b-e.
The single subterm a- - ¢ plus its tail AND d is one of the
resultant complex terms in group 1. The subterm pair
(a-b)W(a- I) will be carried over to the next linking step.
Rule 17-2: ‘
(a-b)w(a-¢c)=[a-dD)w(a N]wla-e.
The single subterm a - ¢ plus the identical tail AND d is
in the group 2.
[3.] Check identical tails on the pairs of subterms. For
the first pair, (a-bWwa - I) - ¢, the tail -¢ is generated at
the previous step, and has been moved out. The heads,
a-b and a- I have no identical tails. The second pair.
(a-bwa-I)is always the same as the heads of the first
pair, and there are no identical tails either.
[4.] Apply linking rules on the subterm pairs. Since P}
a,Pl=a, P = P,. one of the tail literals is universal and
both tail operators are AND. linking rule 15 is applied,
which generates one complex term: a-bWwa -/ =a- b
[5.] The final results are two groups of complex terms:
Group 1 = { a-b-¢-d (from step 2),
a-b-z-d (from step 4)}
and Group 2 = { a- ¢ - d (from step 2),
@-b-d (from step 4)}.
Above example showed that the whole procedure contains
iterations of extracting the identical tail and applying the
linking rules.

Next the linking operation is defined. The two complex
terms are written in the following forms:

S S 3 s, : - S
Pr=X2? X2 a0t ol X7 et X T

ORARERIOND. ¢
i1 1 no
Py =XxPheixfol Xt

~Rigy ~i42 -R
RONED SAICASIIRG!D EAL

In the equation, &7 indicates the jth literal operator of
the ith complex term. Each =7 can be AND, OR or XOR.
Definition 10. Given two complex terms P]* and P} in
an ESCT, the tail. Tail( P, P}). is an m-cube operation
defined by the following formula:

Tail(PP, PRy =
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Tail(PP=4, PPy X
Tad(PPY PPy X3
Tail(P}, PP

Ph. Pp

if X' = XJ and @7 = 2} are AND
if X7'= X} and &7 =
i XP = X2 and @7 = @
if X7 X2 or @ # G2

The Tail operation can be applied on a pair of complex
terms or a pair of subterms. If the tails of the two complex
terms are different, then the the tall operation has no
effect, and the outputs are the two input complex terms.
Example 13. Given two complex terms, Py = a-b+cFd.
Py=a-b+c+dthe Tail(Py, P2) = Py W Pa.

Please note that the two complex terms P and P, are
in an ESCT, the term operator between P; and P- is
XOR, P, ¥ P, remains the same before and after the Tail
operation.

If the two complex terms have the same tail. the tail
can be extracted out. Since the Tail operation is defined
recursively, if the last £ literals and last & operators are all
the same, in a pair of complex terms, then those & literals
and operators can be extracted by the Tail operation.
Example 14. Given two complex terms, P, = a-b+4 c+
d@e-f,Po=a-b+c+dFe f
Tailla-b+c+dde-f.a-b+c+dFe f) = Tail{a-b+
d@e,a-b+c+d@e) f =Tail(a-b+c+d a-b+c+d)-f
Tail(a-b+c.a-b+c)-d-f=Tail(a ba-b)-c-d-f
Tail(a -ba-b)y-c-d-f=[a-b)yw(a-b)]-c-d-f.

In the last step of the example, a -b and a- b are two sub-
terms. Since b # b. the tails of the subterms are different,
the Tail operation stops. After the Tail operation, the
complex terms (or subterms) have different tails.
Definition 11. Given two complex terms P* and PP in
an ESCT, the Link(P*, P} is an m-cube operation which
applies one of the linking rules based on the conditions
from Table 3.

Based on the above discussion. the main m-cube oper-
ation can be defined below:

Definition 12. The multi-level cube linking (m-link
for short), denoted as @cr. is an m-cube operation on two
complex (sub) terms defined by the following procedure:

Tail(P}, P},
Link (P}, P}),
Tail(P}, P}),
Link (P}, P})

repeat steps 3 and 4 until no more subterm pairs.

c+

1.
2.
3.
4. ;
5.

Compare this new operation to exorlink operation on two
product terms. Section 3 listed 4 cases on literals. We
found that in exorlink. only two cases for each pair of lit-
erals are considered, case 1 and case 4. In other words. we
only need to check if a pair of literals are the same or they
are different. Case 2 does not exist in exorlink because
there are no negations on a subterm of a product. Now
turning to operations on complex terms, case 3 is sepa-
rated from case 4. because the universal subterm or the
universal literal may reduce the distance of two complex



Table 3: The Linking Rules of Two Complex Terms

Skl _ B Si41
Fogp =X ;‘- X:+1+ =1
case tail opt Rule case tail opt Rule
1 [ 1 12 ) 12
P} =P} 2 (@, ®) 2
3 (2} 3 13 . %) 13
4 ¢, ) 4 14 [ERE) 14
Pl =1 5 (®, ) 5
_ § ) 3 15 ) 15
P} =P} 7 (&, &) 7
8 (. ®) 8 16 (-, &) 16
9 ) 9 17 ) 17-1
and 17-2
Pl # P} 10 (®, @) 10
11 (-, H) 11 18 (-, B) 18
55 R,11 s R
Xt =Xt Xt e X
case tail opt Rule case tail opt Rule
19 ) 19 30 ) 30
Pl =P} 20 (®, &) 20 31 (B, B) 31
21 ., ®) 21 32 (, D) 32
22 IGND)] 27 33 . ) 33-1
and 33-2
Pl=1 23 (@, ) 23 34 (®, ") 34
24 [CNE) 21 35 [E80) 351
) and 35-2
P} =P} 25 (&, &) 25 36 (B, ®) 36
26 (., &) 26 37 -, ® 37
27 ) 27-1 and 38 () 38-1
and 27-2 and 38-2
Pl Py s (®. ) 28 39 @, &) 39
“ 29 (. &) 29 40 (-, &) 40-1,
40-2,
40-3,
and 40-4

terms. While in exorlink, the universal literals do not re-
duce the distance. Also, the concept of subterm is not
used in exorlink, because the variables are ordered inde-
pendently in product terms. While in complex terms, the
concept of subterm is introduced mainly for the purpose
of protecting the variable orders. There is one more differ-
ence between the complex term linking and the product
term linking: in product terms. the operators are AND
only, so the operators of the two corresponding literals are
always equal. On the other hand, in complex term, the
operators may be different.

5. DISTANCE OF Two CoMPLEX TERMS

Like the case of exorlink [3], the distance of two com-
plex terms is a measurement of the differences of these
terms. The distance of two complex terms is related to
the number of resultant complex terms to be generated by
linking, which is important information for the ESCT op-
timization. In product term linking, the distance checking
is simple: comparing each pair of literals in the two prod-
uct terms. In complex terms linking, the situation is much
more complicated. Counting the number of different lit-
erals or the number of different operators is not enough
to determine the distance. It has to be taken into account
different types of heads. tail literals and tail operators.
Definition 13. The distance. denoted as §x (n), of two
complex terms is a measurement of the differences of these
terms in an ESCT. Here n means that each of the complex
terms has n literals. The distances are determined in
Table 4.
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Table 4: The Distance of Two Complex Terms

s R 5
x'_;'l*" = xl_;;“ x:;‘l“ =Tt
< tail opt T L EEED) < [ tail opt | T (n)
] 1 [ G 12 (D! T
Pl =P} 2 (@, @) 0
3 C.®) 1 13 ., ®) 1
4 [ 1 14 ) 1
Pi=1 s (®, ) 1
_ B [ T 15 (R T
Pl =P/ v (@, ®) 1
8 . ®) 1 16 B 1
9 ) Sy (n ~1j 17 (o) Sxin ~1)+1
Pl # P} 10 (®, &) Sy (n~1)
11 ¢, ®) 2 18 C, &) Sy (n—1)
s R s R
Xk =xin X e x
< tail opt Sx () = tail opt &y (n)
19 -, ") 1 30 (- ) 1
Pi =P} 20 (@, ®) 1 31 (B, &) 1
21 (-, ®) 1 32 (¢, ®) 2
53 D) T 33 S 2
Plz=1 23 (@, -) 1 34 (&, ) 1
- 24 [E] T 35 [E) 2
P} = P! 25 (®, &) 0 36 (@, ®) 1
26 [S:)) 1 37 (. B) 2
27 (G Sx(n — 1 +1 38 9 Sx(n—1)+1
Pl' # P,; 28 (@, ®) 2 39 (®. &) Sx{n—1)
29 . ®) 2 40 (D) 2

Table 4 is similar to Table 3. except the column “Rule”
is replaced by "dx(n)” (distance). Column’s caption ¢
denotes a case. On the column of distance. there are
either a constant value 0, 1 or 2, or a formula dx(n — 1).
or §x(n — 1)+ 1. There are three cases in Table 4. case
1, case 2 and case 25, in which the distance are 0. The
conditions to apply cases 1, 2 and 25 have been discussed
in the previous section. As shown in [4]. in these three
cases, the number of resultant complex terms is 0. There
are 22 cases in the table which have distance value 1. For
instance, in case 3, the heads and tail literals are identical,
the tail operators are AND and XOR respectively. the two
complex terms can be merged into one complex term. as
shown in [4]. The distance in this case is 1. There are
8 cases, in which the distance is 2. Among these cases,
some of the cases generate one group of two resultant
complex terms. These cases are case 11, case 28, case 29,
case 32 and case 37. In all these cases, at least one of
the tail operators is XOR. Some other cases are similar
to the distance 2 exorlink. They generate two groups of
resultant complex terms. Each group has two complex
terms. These cases include case 33 and case 35. There
is a special case, case 40, which generates 4 groups of
resultant complex terms. The smallest group is the group
4, which has two complex terms. In Table 4, the distance
value for case 40 is 2. which is the smallest value for this
case.

Definition 14. The terminated cases for checking the
distance of complex terms are those cases in Table 4,
in which the distance values are constant. The non-
terminated cases are those in which the distance values
are not constant.

Those cases discussed above, which have distance values
of 0. 1 or 2, are terminated cases. During the process of



checking the distance of two complex terms, if any of the
terminated cases is encountered, the distance of the two
complex terms is determined. And the checking process
stops. For the non-terminated cases, the distance cannot
be determined at the current step, the process continues
to check the subterms, until a terminated case is encoun-
tered. Among the non-terminated cases, the distance val-
ues for case 9, case 10, case 18 and case 39 are dx (n— 1),
which means at current step, the distance value remains
the same. For the remaining cases, case 17, case 27 and
case 38, the distance values are §x (n—1)+1, which means
the distance value at the current step is increased by 1.
Example 15. Given are two complex terms; P, = 21 -
To+x3-x4® s, Po =21+ 2323 T4 xg. The distance
checking procedure is shown below.

(1) The heads are: P} = z; - %2+ 23 - 24 D 25, P§ =
£y + 2y - £3- 4. PP # P5, the heads are different. The
tail literals are I and zs. Both the tail operators are
AND. This is case 17 (see Table 4). The distance value is
dx(5)+1. The distance at this step is increased by 1 (the
initial value of distance is 0). This is a non-terminated
case. dx (5) is checked at next step.

(2) Pf* =Ty To-+7T3 g, P24 = X1+ 9 T3 Ty. P14 # P:fl
The tails are XOR x5 and AND I. This is case 18. The
distance value is §x {4). The distance at this step remains
the same. This is a non-terminated case. dx (4) is checked
at next step.

(3) PP = 21 - %2+ 23; P$ = #; + x5 - £3. Please note
that P = P_§ The tails are -z4 and -Z4. This is case 24.
The distance value is 1. This is a terminated case. The
distance value at the previous steps is 1 and at this step
is also 1. The final distance value is 2.

The above example shows that the distance of the two
given complex terms is 2. Thus two resultant complex
terms will be generated by linking them. Below, examples
of distance 0, 1, 2 and 3 m-links are presented.

A. Distance 0 M-Link

If the distance of two complex terms is 0, no resultant

term is generated. The two complex terms are removed.
For both the exorlink and m-link, if the two product terms
or the two complex terms are equal, their distance is 0.
There is one more case of distance 0 for m-link, the case
25 in Table 4.
Example 16. Given are two complex terms; P = a - b+
edd, Py = @+b-¢gd. In this example, head P13 =a-b+c
and head P2 =d+b-¢. SinceP_f:("1+b~E: a-b+ec,
P} = P3. According to linking rule 25, [4], P W P> =
(a-b+c@&d)w(@+b-¢@d) = 0. No resultant complex
term is generated in this example.

B. Distance 1 M-Link

Distance 1 m-link of two complex terms generates one
resultant complex term. In other words. the two complex
terms can be merged to one complex term. There are 22
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such cases in Table 4. One of these cases is shown in the
following example.

Example 17. Given are two complex terms: Py = a- b+
c-d, Py = a+b-¢-d. This example is similar to the previous
example. The only difference from the previous one is that
the tail operators are AND instead of XOR. By checking
Table 4, this example is in case 24, the distance is 1. By
performing linking rule 24, (P~ X5~ )w(Pr~1. XFr) =

:?'1 @ X2, theresult is: WP =a+b-¢ad.

C. Distance 2 M-Link

There are two situations in which the distance of two

complex terms is 2: a distance 2 terminated case, or a
non-terminated case followed by a terminated case.
Example 18. Given are two complex terms: P; = zj -
o@D a3 25 T, Pr=%1 DTy 24P xg. From the product
term linking point of view, these two complex terms are
different by nearly all the literals and operators. Actually.
only the tail literals are the same in these two complex
terms. However, according to Table 4, this is case 11,
which is a terminated case and the distance of the two
complex terms is 2. According to Rule 11: (P]"_l X3
(PPl g X[y = PP~ X3n w PPl the result is: Py
PQ:(I1~£2$f3+i5~I5)UJ(£] H To- Ta).
Example 19. Given are two complex terms: Py = x; -
Lo @3B Tg- 25, Po = 1+ To® Tz Ta® 2. In this
example, the two heads are different, one of the tail literals
is universal, the other tail operator is XOR. By checking
Table 4, this is case 18. The corresponding linking rule is:
(PP=1 . X5n) 6 (PP~ @ XF) = (PP~ @ PPl w X
At this step, the distance does not increase. We continue
to check the distance of the two subterms: Py = @1 - 22 &
T3 @ %y -5, Po = Ty + T2 @ I3 - T4. At this step. case
17 is encountered. From Table 4. case 17 increases the
distance by 1, and we continue to check the subterms P,
z1 22 Dr3d iy Po =T+ F2E F3- Iy Note that at this
step, P13 Pg" Now a terminated case 1s encountered.
case 8, of which the distance is 1. The distance of the two
complex terms P and Ps is 2.

D. Distance 3 M-Link

Example 20. Given are two complex terms: P = xy -
Tod s ® Ty x5, Po= ¥ & Tp - T4 D 2e. In this example.
the first two steps are the same as the previous example.
The accumulated value of distance is 1, and we continue to
check the subterms: P; = 21 -2o® 23 T4, Po = E15T2-T4.
At this step, case 11 is encountered. This is a terminated
case and its value of distance is 2. The distance of the
two complex terms P, and Ps is 3.

6. EXPERIMENTAL RESULTS

Look ahead strategy is applied in ESCT optimization
program MINICT [6]. It starts from an ESOP minimized
by EXORCISM-MV, and its operation is followed by out-
put folding. The time of folding is negligible and is in-
cluded in the total times given in the table. MINICT it-



C [T 7o [ Gut T°Crg 1 S Il €7 | Cco C | C/C,, | Time
Xor5 5 1 5 30 1 1 8 0.2 0.01
conl T 2 B &1 3 1 64 0.79 0.02_|
5xpl 7 10 32 544 8 7 112 0.21 .10
adr4 8 5 31 403 16 1 144 0.56 0.06
rd53 5 3 14 112 9 1 54 0.46 0.03
1d73 7 4 35 3858 25 1 200 0.52 0.28
Wi 8 4 5€ 672 36 Z 360 0.54 G.34
rd84 8 4 59 708 46 1 414 0.58 0.48
squar$ El 8 19 247 17 5 170 0.69 0.05
bw 5 28 22 726 22 19 528 0.73 4.06
mnlpd 8 8 60 960 57 5 741 0.77 2.82

Table 5: Some results of MINICT

erates M-link operations of distance 3 and next distance 2,
executing distance 1 and distance 0 operations whenever
possible. It is very similar to ESOP minimization strat-
egy from [5]. Therefore, because of this general similarity,
our method can be easily adapted to any rule-based ap-
proach to ESOP minimization, for instance the simulated
annealing approach from [8]. The goal of LCA synthe-
sis is to minimize the total area, which is measured by
the number of rows multiplied by the number of columns.
The number of rows corresponding to the number of com-
plex terms. The number of columns consists of two parts.
The input part corresponding to the number of input vari-
ables, which is fixed. The output part corresponding to
the output columns, which can be minimized. The goal of
ESCT optimization is to minimize the number of complex
terms in the ESCT expressions. Some results of MINICT
starting from minimized ESOPs [5] are shown in Table 5.
The inputs of the program are minimized ESOPs. The
outputs are ESCTs with minimized number of complex
terms and minimized number of output columns. In Table
5, the columns In and Out are number of input variables
and number of output variables, respectively. Crpg is the
number of product terms in the ESOPs. C;, is the initial
cost. According to the cost function defined in Section 5
the initial cost; Ci, = Cro X (In 4+ Out). In Table 5. the
column Cr is the number of complex terms after complex
terms minimization. The column Cco is the number of
output columns after column folding [1,2,4]. Column C'
is the cost of minimized ESCTs. C = Cr x (In + Cco).
Column C/C;y, gives the ratio of the costs after the min-
imization and before the minimization. T4me is cpu sec-
onds on a Pentium 133 MHz PC. For instance, the first
test case, bxpl, has 7 inputs, 10 outputs, and 32 product
terms. The initial cost is 32 x (7 + 10) = 544. It has been
minimized to 8 complex terms and 7 output columns. The
cost is 8 x (7 + 7) = 112. The cost ratio is 112 / 544 =
0.21.

7. CONCLUSIONS

We proposed a new representation and based on it fac-
torization algorithms for AND/OR/EXOR circuits. Our
theory can find applications for both ASICs and FPGAs.
Based on complex term theorems [4, 6], we developed
here minimization algorithms for logic cell array optimiza-
tion. The advantages of our approach are the following:
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(1) Multi-level factorization method was given that ap-
plies uniformly to AND, OR and EXOR gates. (2) The
factorization method addresses concurrently the issues of
space, delay times and regularity. (3) The approach can
be used not only to the kind of regularity as addressed
by MINICT, but also for a more general tree factoriza-
tion. (<) It can be also extended to SCT factorization
that starts from SOP rather than ESOP form. (5) All
presented ESCT methods have their counterparts in cor-
responding new SCT methods. (6) A mixed array is pos-
sible in which some output functions can be realized by
SCT and some by ESCT, which will further improve the
results. (7) If both SCT minimizations and ESCT min-
imizations are performed and the better results between
the two are selected, the overall results could be improved.
(8) Mixed OR and EXOR term operators can be applied
in the collecting plane of LCA, thus creating MSCT, a
mixed sum of complex terms [2]. MSCT minimization
problem combines those of ESCT and SCT minimization.
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