Reversible Logic Synthesis with Cascades of New Family of Gates
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Abstract: Reversible circuits are currently on of top approaches to power minimization and the one whose importance will
be only growing with time. In this paper, the well known Feynman gate is generalized to k*k gate and a new generalized
k*k family of reversible gates is proposed. A synthesis method for multi-output SOP function using cascades of the new
gate family is presented. For utilizing the benefit of product sharing among the output functions, two graph-based data
structures are used. Another synthesis method for AND-OR-EXOR function using cascades of the new gate family and
generalized Feynman gate is also presented. Synthesis method for single-output ESOP function using cascades of the new
gate family is also presented. All these synthesis methods are technology independent and generate very few garbage
outputs and need few input constants.

1. Introduction
Motivation to Study Reversible Logic

Landauer [1] showed that a computational system built using traditional irreversible logic gates such as AND or
multiplexer leads inevitably to energy dissipation, regardless of the technology used to realize the gates. The energy loss
due to irreversible gates is negligible for current silicon technologies using adiabatic design. However, it is well known that
Moore’s Law will stop to function around years 2010 — 2020 and some dramatic changes will therefore have to happen in
microelectronics not latter than the middle of this century [2]. It this time reversible design will become of primary
importance.

Bennett [3] showed that for power not to be dissipated in an arbitrary circuit, it is necessary that the circuit be built from
reversible gates. In principle, reversible logic gates dissipate arbitrary little heat and the use of reversible operations is
likely to become more attractive. It should be noted that Bennett’s theorem is only a necessary but not sufficient condition.
Its extreme importance lies in the technological necessity that every future technology will have to use reversible gates in
order to reduce power. Quantum logic is reversible and the problem of efficient designs of quantum circuits [4] includes as
its sub-problem the problem of synthesis using classical reversible gates. Therefore, many of the methods for reversible
logic synthesis can be adapted to quantum logic as well.

Reversible Logic

Reversible logic are circuits (gates) that have the same number of inputs and outputs and have one-to-one mappings
between input vectors and output vectors; thus the input vector states can be always uniquely reconstructed from the
output vector states. A reversible gate with k inputs and k outputs is called a k*k gate. All gates in a reversible circuit must
be reversible. A balanced function has half of minterms with value 1 and half with value 0. A reversible circuit without
constants on inputs realizes a balanced function on each of its outputs. Therefore, it can realize non-balanced functions
only with garbage (unused) outputs and constant values on its primary inputs.

As the truly low-power circuits (with power arbitrarily small) cannot be built without the concept of reversible logic,
various technologies for reversible logic are recently intensively studied. These technologies include: (i) standard CMOS
[5, 6], (ii) optical technologies [7, 8], (iii) quantum logic technologies [9, 10], (iv) DNA technology, and (v) mechanical
technology (nanotechnology) [11].

Many binary universal reversible logic gates have been proposed [5, 12-15]. There exists only one 1*1 gate, which is an
inverter (a wire is not considered as a gate). This gate is shown in Figure 1(a) and is very important since it does not
introduce garbage outputs. There are several 2*2 gates in reversible logic and they are all linear. A gate is linear when all
its outputs are linear functions of input variables. The 2*2 Feynman gate (also called controlled-not or quantum EXOR or
reversible EXOR) is shown in Figure 1(b). This gate is a one-through gate, which means that one of its input variables is
also an output. When A=0 then Q =B, when A=1 then Q =B’. With B =0 the 2*2 Feynman gate is used as a fan-
out (or copying) gate. Every linear reversible function can be built by using only 2*2 Feynman gates and inverters. There
exist 8! = 40,320 3*3 reversible logic gates, some of them with interesting properties. Two of the universal 3*3 reversible
gates have been much studied: Fredkin gate [12] and Toffoli gate (also called 3*3 Feynman gate or Controlled-
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controlled-not). The 3*3 Fredkin gate is shown in Figure 1(c). In terms of classical logic, this gate is just two multiplexers
controlled in a flipped (permuted) way from the same control input A. Fredkin gate is also a one-through gate. The 3*3
Toffoli gate is shown in Figure 1(d). Toffoli gate is a two-through gate, because two of its inputs are returned unmodified
as its outputs. When C =0 then R = AB, so AND gate is realized on R output. When A=1 then R=BOC, so EXOR
gate is realized on R output. When B =1 then R=A[C , so again EXOR gate is realized on R output. The 3*3 Kerntopf
gate [13, 16] is shown in Figure 1(e). When C =1 then P=A+B, Q=AB, R=B’, so OR and AND gates are realized
on outputs P and Q, respectively, with C as the controlling input value. When C=0 then P=A'B', Q=A+B’,
R = A B. Therefore, for control input value 0, the gate realizes NOR, IMPLICATION, and EXOR on its outputs P, Q,

and R, respectively. The 3*3 Kerntopf gate is not a one-through nor a two-through gate. Generalized n*n Fredkin, Toffoli,
and Kerntopf gates are introduced in [17].

Reversible Logic Synthesis

Reversible logic synthesis is not as easy as classical logic synthesis. The major constraints of reversible logic synthesis are:
(i) the fan-out of every signal, including primary inputs, is one, (ii) the graph of the reversible circuit must be a dag
(directed acyclic graph), which means that there must be no loops of gates or internal loops in a gate, and (iii) many of the
practical functions are not themselves reversible and need to make reversible before implementing them with reversible
gates. Systematic logic synthesis algorithms for reversible logic are still very immature, but some methods have been
proposed [15-21]. Most of the papers discuss design using Feynman, Toffoli, and Fredkin gates. In [20] compositional
synthesis methods for reversible logic have been presented. The simplest structure for composition is cascades. Reversible
logic synthesis using cascades of gates is presented in [15, 17, 21]. The cascades have the same number of intermediate
signals at every level. When a gate is applied for composition it subtracts as many input variables as it has inputs and it
adds the same number of new variables to the next level. The reversible cascades are now very popular, as many well-
known standard logic methods can be adapted to reversible cascades.

The objectives of a good synthesis algorithm for reversible logic are: (i) not to create excessive garbage outputs, (ii) not to
create unnecessary input constants, (iii) to avoid leading output signals of gates to more than one input, as such fan-out
requires additional copying gate, and (iv) to minimize the length of the circuit to reduce the delay of the circuit.

Contribution of This Paper

The goal of this paper is to develop efficient logic synthesis methods based on cascades of new reversible gate families and
new design algorithms. For this purpose, new family of reversible gate is proposed. For the first time, to our knowledge,
synthesis method for multi-output SOP and AND-OR-EXOR functions are presented in this paper. Moreover, synthesis
method for single-output ESOP function is also presented. For all these methods two graph-based data structures are used.
The developed methods are very efficient in the sense that they produce very few garbage outputs and need few input
constants.

2. New Families of k*k Reversible Gates

A k*k Feynman gate is proposed in Figure 2(a). From the truth table it can be shown that the gate is a reversible gate. It is a
(k — 1)- through gate and the output P, produces the EXOR-sum of the input variables.

A new generalized k*k reversible gate family is proposed in Figure 2(b), where f,_, is an arbitrary function of
ALA,,--,A_, and f/, isthe complement of the earlier function. From the truth table it can be shown that the gate is a
reversible gate. The gate is a (k — 2)-through gate. Depending on f,_,, many possible gates can be constructed. When
A_,=0then P, =A and P =f,_,+A_ ,so A iscopied on P_, outputand OR-sum of f,_, and A, is givenon P,
output. When A _, =1 then P_ =f _,0A and P, =(f,_, +A)", so EXOR and NOR operations are realized on P,
and P, outputs, respectively. When A =0 then P_ =f ,A _ and P =f _,OA _, so AND and EXOR operations are
realized on P_, and P, outputs, respectively. When A =1 then P_ =(f,_,A_) and P, =A,_, so NAND and NOT
operations are realized on P,_, and P, outputs, respectively.

3. Synthesis of Multi-Output SOP Function



For multi-output SOP realization using the new k*k gate, we assume that f,_, = A , thatis, f,_, is a product of
0012, k=23

some of the input variables A, A,,---, A _, . For realizing a SOP, we will always use A _, =0 such that P,_, = A_and
P =f._ +A.

In a multi-output SOP function, some sub-expressions may be common among more than one output function. Getting
advantage of such a common sub-expression can not be handled in a method similar to that used in circuits with classical
gates. The main constraint is that the fan-out of all signals in a reversible gate is one. Therefore, this problem has to be
handled in a different way to achieve maximum benefit.

The method for synthesis of multi-output SOP function using the new gate family is illustrated using the example function:
F,=BC'+AB'+A'B'C, F, =BC'+AB'+A'BC,and F, = AB'+ A'BC + AC".

Step 1. The product sharing information is summarized in Table 1. The table shows the occurrence of all product terms in
different output functions and the total number of occurrence of each product term.

Step 2. Depending on the information of the product sharing table, the connectivity tree (or forest of shared trees) for the
product terms is constructed as shown in Figure 3(a). In the connectivity tree each node represents a product term. The
product term(s) with the highest no of occurrence is placed at the top level. Then the product term(s) with decreasing order
of no of occurrence is placed below each level other. The nodes are connected by directed edges so that ORing the
products in a path forms a function. For example, AB’'+BC'+ A'B'C forms the function F,. A node must not have more

than one inward edge and if needed a separate node is created for the product term. For example, two nodes are created for
the product term A'BC . Though the fan-out of a signal is limited to one, multiple outward edge from a node will be
allowed and this will be handled in a very efficient way.

Step 3. From the connectivity tree, the implementation tree is created as shown in Figure 3(b). In this tree a node
represents a new k*k gate. As the A, __, input of the gate is always 0, it is not explicitly shown. The inward edge of the node

represents the A, input. The left child represents the P, = f,_, + A, output and the right child represents the P,_, = A,
output. The product inside the node represents the function f,_,. In the connectivity tree, some nodes have multiple

outward edges requiring multiple fan-out. It is clear that the right child of an implementation node copies the input value
and thus provide the fan-out of the input value. This phenomenon is used to manage multiple fan-out requirement of the
connectivity tree.

Step 4. The implementation tree is realized by cascades of new k*k gates as shown in Figure 3(c). For shortening the
cascade length (and thus decreasing the circuit delay), all long branches of the implementation tree are realized by separate
parallel cascades. For this purpose, the primary inputs are copied using 2*2 Feynman gates with B =0. Also note that the
0 at the P,_, output of the first gate is connected to the A, _, input of the next gate to reduce the input constants. In this

particular example, only three garbage outputs are generated and six input constants are needed.
4. Synthesis of AND-OR-EXOR Function

In many cases AND-OR-EXOR realization of a function requires fewer gates that ESOP realization [22]. For realizing
AND-OR-EXOR function, the SOP functions are realized using the method of Section 3. Then the SOP outputs are
EXOR-summed using a k*k Feynman gate. Realization of an arbitrary AND-OR-EXOR function
F =(AC'+A'C) O (AB + A'B) is shown in Figure 4.

5. Synthesis of Single-Output ESOP Function

For single-output ESOP realization using the new k*k gate, we again assume that the function f,_, is a product of some of
the input variables A, A,,---,A_,. For this realization we will always use A =0 such that P_ =f _,A _ and
P, = f,_, OA,_. The synthesis method for single-output ESOP function using the new k*k gate is illustrated using the
example function F =BC'J AB'0 A'B'C.

Step 1. The implementation tree is created as shown in Figure 5(a). A node of the tree represents a new k*k gate. As the
A, input of the gate is always 0, it is not explicitly shown. The inward edge of the node represents the A,_, input. The left

child represents the P, = f,_, O A,_, output and the right child represents the P,_, = f,_, A, output. The product inside the



node represents the function f,_,. Some of the P,_, outputs may generate 0s. These Os are identified and indicated in the

tree. Moreover, the ordering of the products in the tree is rearranged to increase such 0 output. Each such 0 is connected to
the A, input of the next gate of the cascade to reduce the garbage outputs as well as input constants.

Step 2. The implementation tree is realized by cascades of new k*k gates as shown in Figure 5(b). In this particular
example, only one garbage output is generated and two input constants are needed.

6. Experimentation

A preliminary version of the program is developed in C language. In this implementation, it is assumed that the functions
are already available as SOP/ESOP form. All the examples of this paper are generated using this program. The program is
now being enhanced using advanced data structures for function representation like decision diagrams.

7. Conclusion

We generalized the well-known Feynman gate to k*k gate and proposed a new generalized k*k reversible gate family. To
our knowledge, no method is yet reported for synthesizing multi-output SOP and AND-OR-EXOR functions using
reversible gates. In this paper, we presented a synthesis method for multi-output SOP function using cascades of the new
k*k gate family. For utilizing the benefit of product sharing among output functions, two graph-based data structures —
connectivity tree and implementation tree are introduced. We also presented a synthesis method for AND-OR-EXOR
function using cascades of the new k*k gates and a k*k Feynman gate. Another synthesis method for single-output ESOP
function using the new k*k gates is also presented, where judicious rearrangement of the products in the implementation
tree reduces the garbage output as well as the input constants. All these synthesis methods generate very few garbage
outputs and need few input constants. Moreover, the methods presented in this paper is technology independent and can be
used in association with any known or future reversible technology.

The future research include (i) improving the program using advanced data structure for function representation like
decision diagrams, (ii) developing synthesis method for multi-output ESOP function using generalized k*k reversible gate
family, and (iii) testing the developed method for large benchmark functions.
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Figures and Tables
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Figure 1. Some useful binary reversible gates.
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(a) k*k Feynman gate family.
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(b) A new generalized k*k reversible gate family.

Figure 2. New families of k*k reversible gates.

Table 1. Product sharing information.

Function | F, F, F, | Noof
Product Occurrence
BC' X X 2
AB' X X X 3
A'B'C X 1
A'BC X X 2
AC' X 1




F, =BC'+AB'+AB'C
F, =BC'+AB'+A'BC
F, = AB'+A'BC + AC’
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(a) Connectivity tree. (b) Implementation tree.
(c) Cascaded realization of functions.

Figure 3. Different phases of synthesis of multi-output SOP function.

§ N,
A G L >
o —
B - >
FG
e[
C- o
FG T ‘ B
o Fe
|
F =(AC'+A'C)(AB+A'B)
0,,
0+ +—t ;

Figure 4. Synthesis of AND-OR-EXOR function.
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Figure 5. Synthesis of Single-output ESOP function.
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