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Conditional Probability

* Probability of an event given the occurrence of some other
event.

E.g.,
What is the probability that a liberal Supreme Court
Justice will be appointed in the next four years, given
that Barack Obama was elected President?

P(X NY)

P(X1Y)= P0Y)

event space




P(XAY)

P(X1Y)= e

event space

P(X NY) _ P(X,Y)

P(X1Y)=
P(Y) P(Y)

event space




* Consider choosing a card from a well-shuffled standard
deck of 52 playing cards. Given that the first card chosen
is an ace, what is the probability that the second card
chosen will be an ace?

event space: all possible pairs of cards

X = P(ace picked first
(ace p Jurst) Y= P(ace picked second

/

P(X,Y) = nuwber of pairs of aces / total number of pairs
= 4x3/52x51 = 12/2632.

P(Y)=4 /52
P(X1Y)=(12/2652)/(4/52) = 3/51.




Relationships among joint, conditional,
posterior, and marginal probabilities

P(XNY) P(X.,Y)
PY)  PY)

P(X1Y)=

P(X,Y)=P(X|Y)P(Y)=P(Y | X)P(X)

Bayes rule :
PYIX)P(X)
P(Y)

P(X1Y)=

Multiplication (or “‘chain”) rule

P(X,,X,... X,)=P(X)P(X,1 X,)P(X,1X,,X,).P(X, 1 X, X,,.. X))

n




Application to Machine Learning

* In machine learning we have a space H of hypotheses:
hy, hy,...,h,

¢ We also have a set D of data

* We want to calculate P(hlD)

Terminology

— Prior probability of h:

* P(h): Probability that hypothesis 4 is true given our prior
knowledge

e If no prior knowledge, all & € H are equally probable

— Posterior probability of h:
* P(hID): Probability that hypothesis # is true, given the data D.

— Likelihood of D:
* P(Dlh): Probability that we will see data D, given hypothesis h
is true.
Bayes rule says: P(DIh)P(h)

P(hI D)= D)




The Monty Hall Problem

You are a contestant on a game show.

There are 3 doors, A, B, and C. There is a new car behind one of them
and goats behind the other two.

Monty Hall, the host, asks you to pick a door, any door. You pick door
A.

Monty tells you he will open a door , different from A, that has a goat
behind it. He opens door B: behind it there is a goat.

Monty now gives you a choice: Stick with your original choice A or
switch to C.

Should you switch?

Bayesian probability formulation

Hypothesis space H:
h,;= Car is behind door A
h,= Car is behind door B
h;= Car is behind door C

Data D = You chose A; Monty opened B, showed goat.
What is P(h; | D)?

What is P(h,| D)?
What is P(h;| D)?




Bayesian probability formulation

Hypothesis space H:
h;= Car is behind door A
h,= Car is behind door B
hz= Car is behind door C

Data D = You chose A; Monty opened B, showed goat.
What is P(h; | D)?

What is P(h,| D)?
What is P(h;| D)?

P(h | D)= P(DIh)P(h)
P(D)

P(h,1D)=0

P(h, 1 D)= P(D | hy)P(hy)
’ P(D)

P(h)=1/3,P(h,)=1/3

P(D1h)=1/2 (if caris behinddoor A, then Monty can open B or C)

P(D1hy)=1 (if carisbehinddoorC, then Montycan openB)

P(D) = P(h)P(D| b))+ P(h,)P(D | h,) + P(h,)P(D | h,)
=(1/3)-(1/2)+(1/3)-0+(1/3)-1=1/2

Thus:

P(h | D)= P(DIh)P(h) _ 1/2)-1/3) -1/3
P(D) 1/2)

P, 1 py= PRIPU) _(0-(13) _, o

P(D) ar/2)




Another example

It is known that about 0.0038 of the U.S. population is infected with
HIV.

The current test for HIV has a 0.005 probability of returning a false
positive, and a 0.002 probability of returning a false negative.

Joe takes the test; the result is positive.

Let h; be the hypothesis that Joe is actually HIV positive and 4, be the
hypothesis that Joe is actually HIV negative. Which of these is the
maximum a posteriori hypothesis hy,p ,Where

P(data | h)P(h)

hy.p = argmax P(h | data) = argma x———————= =argma x P(data| h)P(h)
heH heH P(data) heH

Given the information above, what is the probability that Joe is
HIV positive?

P(data\| h*)P(h*) = (.998) - (.0038) =.00379
P(data| h")P(h™) = (.005)(.9962) =.00498 1

P(data) = P(data| h")P(h")+ P(data|h")P(h")
=(.998)(.0038) + (.005)(.9962) = .00877

P(DIh*)P(h*) 00379
P(D) 00877

P(DIRT)P(h™) 004981
P(D) 00877

P(h* D)=

P(h1D)=




Another Example

Suppose you receive an e-mail message with the subject “"Hi". You
have been keeping statistics on your e-mail, and have found that while
only 10% of the total e-mail messages you receive are spam, 50% of
the spam messages have the subject *"Hi", and 2% of the non-spam
messages have the subject “"Hi". What is the probability this message
is spam?

P("Hi"l spam)P(spam) _ 51 _
P("Hi") (3D +02)(9)

P(spam I"'Hi") =
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Naive Bayes Classifier

Let f (x) be a target function for classification: f(x) € {+, —}.
Letx=<a,a,, ..., a>

We want to find the most probable hypothesis
given the data x:

h,,,p (Maximum a posteriori hypothesis)

= argmax P(class|X)

classe {+,—}

= argmax P(classla,,a,,...,a,)

classe {+,-}

By Bayes Theorem:

P(a,,a,,...,a, | class)P(class)

h,,,p = argmax
classe {+,—} P(al,az,...,an)

= argmax P(qa,,a,,...,a, | class)P(class)

classe {+,—}

P(class) can be estimated from the training data. How?

How about estimating P(a,, a,, ..., a, | class) from training
data? Would this work?
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* Naive Bayes classifier: Assume each attribute is
conditionally independent, given class.

P(a,,a,,...,a, | class) = P(a, | class)P(a, | class)--- P(a, | class)

Given this assumption, here’s how to classify an instance

X =<a, ay, ...,a,>:
For each q; , estimate P(a; | class) from training data.
For new instance x:

hys = argmax P(class)H P(a; | class)

classe {+,-}

Example 1

Suppose you have a binary classification problem in which
instances x have three attributes: X = (a,, a,, a;), where g

€ {—,+}. Given the training set below, show how a naive
Bayes classification algorithm would classify the new
instance x = (0, 0, 0).

Training set:

x, =(1,0,0), class =+
X, =(0, 1, 1), class = +
x3= (1, 1, 0), class = -
x4 = (0,0, 1), class = -
x;=(1, 1, 1), class =+

12



hys = argmax P(class)H P(a; | class)

classe {+,-}

x; = (1,0, 0), class = + P(a, =01+) = P(a1=1|+)=
x,=(0, 1, 1), class = + P(a, =01-)= P(al:II—)=
x3=(1, 1, 0), class = — Pla. =014)= IS Pla. =11+4) =
x,=(0, 0, 1), class = — (@, : (@ )
xs=(1, 1, 1), class = + P(a2=0|—)= P(a2=1I+):
Pla, =01+)= [\ ]| Play=11+)=2/]
P(a; =01-)= [ Play=11+) =[]
3@ V3 Y~ L/}
P(a, =0,a, =0,a, = 014) o< P(+)P(a, =01 +)P(a, =01 +)P(a, =01+) =
P(a, =0,a, =0,a, =01-) o< P(-)P(a, =01-)P(a, =01 -)P(a; =01-) =

2 \ 1 /
S o <3 z
hNB (0,0,0):
Student presentations
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Example 2
» Use training data from decision tree example to classify the
new instance:

<Outlook=sunny, Temperature=cool, Humidity=high,
Wind=strong>

Day Outlook Temp Humidity Wind PlayTennis

D1 Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast  Hot High Weak  Yes
D4  Rain Mild High Weak  Yes
D5 Rain Cool Normal Weak  Yes
D6 Rain Cool Normal Strong No
D7 Overcast  Cool Normal Strong  Yes
D8 Sunny Mild High Weak No
D9 Sunny Cool Normal Weak  Yes
D10 Rain Mild Normal Weak  Yes
D11  Sunny Mild Normal Strong  Yes
D12  Overcast Mild High Strong  Yes

D13 Overcast Hot Normal Weak  Yes
D14 Rain Mild High Strong No




hy, = argmax P(class)H P(a, | class)

classe {+,-}

P(outlook = sunny | +) = % P(outlook = overcast | +) = g P(outlook = rain| +) = g
3 0 . 2
P(outlook = sunny|—) = g P(outlook = overcast| —) = g P(outlook = rainl —) = g
2 . 4
P(temperature = hot | +) = 3 P(temperature = mild | +) = 9 P(temperature = cool | +) =
2 . 2
P(temperature = hot | -) = 3 P(temperature = mild | ) = 3 P(temperature = cool | -) =
. . 3 L 6
P(humidity = high| +) = 5 P(humidity = normal | +) = 6
. . 4 . 1
P(humidity = high| —) = 3 P(humidity = normal | —) = 3
. 3 . 6
P(wind = strong | +) =§ P(wind = weak | +) = 6
. 3 . 2
P(wind = strong | -) = 3 P(wind = weak | -) = 3

N — O] w

P(+ | outlook = sunny, temperature = cool, humidity = high, wind = strong)
o< P(+)P(outlook = sunny | +)P(temperature = cool | +) P(humidity = high | +) P(wind = strong | +)

IR

P(— | outlook = sunny, temperature = cool, humidity = high, wind = strong)
o< P(—)P(outlook = sunny | —=)P(temperature = cool | =) P(humidity = high | =) P(wind = strong | —)

R -

Nyp (outlook = sunny, temperature = cool, humidity = high, wind = strong) = no

15



Estimating probabilities

Recap: In previous example, we had a training set and a new example,

<Outlook=sunny, Temperature=cool, Humidity=high, Wind=strong>
We asked: What classification is given by a naive Bayes classifier?

We needed to estimate

P(Temperature = high | PlayTennis = yes) P(Temperature = high | PlayTennis = o)
P(Temperature = mild | PlayTennis = yes) P(Temperature = mild | PlayTennis = no)

P(Temperature = cool | PlayTennis = yes) P(Temperature = cool | PlayTennis = no)

Using frequencies of occurrence for different events, as in the previous
example, can be inaccurate if there are a small number of examples in the
event space.

E.g., suppose we didn’t have training example D6. Then

P(temperature=cool | PlayTennis = no) = 0.

* Now suppose we want to classify our new instance:

<Outlook=sunny, Temperature=cool, Humidity=high,
Wind=strong>. Then:

P(mo)[ [ P(a; 1n0) =0

This incorrectly gives us zero probability due to
sampling error on one attribute.
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Here is one solution: m-estimate of probabilities

* Let n be the number of training examples with class ¢. For attribute a,
let n, be the number of training examples with class c and a = v.

*  We defined n
P(a=vlclass=c)=—*-

nL‘
e Define m-estimate of probability as:
n, +m
P(azvlclass=c)z”—p
n,+m

where p = prior estimate of P(a = v | class = ¢) and m is the weight
given to p.

* The idea here is to pretend that we have an extra m training examples
with class = ¢, with p X m of them having a = v.

e Usually, unless you have good prior information, set p = 1/(number of
values of attribute a). m is usually set to 2.

Example:

P(humidity = normal | no) =1/5=.2

Let p = 1/(number of values of attribute humidity) = Y2

Now, pretend we had two additional training instances with class no,
one half of them having humidity=normal.

m-estimate with m = 2:

1+ 2(;)
P(humidity = normal | no) =———==2/7=.28




Naive Bayes with continuous data

¢ How to deal with continuous-valued attributes?

* Example: Suppose your training examples had the
following values for humidity:

Humidity: 5 23 55 60 72 85

— Need to discretize!

Simplest discretization method

For each attribute A;, create k equal-length bins in interval from
A min o A max
l 1 *

E.g., from previous example, Humidity”” = 5, Humidity"™* = 85,
Suppose k = 4 bins: Then bin size is 20

5 25 45 65 85

Questions: What should k be? What if some bins have very few
instances?

Problem with balance between discretization bias and variance.

The more bins, the lower the bias, but the higher the variance, due
to small sample size.

18



Alternative simple (but effective)

discretization method
(Yang & Webb, 2001)

Let n = number of training examples. For each
attribute A, create = \/; bins. Sort values of A; in
ascending order, and put = V1 of them in each bin.

Don’t need m-estimate of probability

E.g., suppose you have 1000 training examples. You
would use V1000 = 32 bins, and put =~ 32 examples in
each bin.

This gives good balance between discretization bias
and variance.

Beyond Independence: Conditions for the
Optimality of the Simple Bayesian Classifer

(P. Domingos and M. Pazzani)

Recap of naive Bayes classifier:

Let instance x = <a,, a,, ...,a,>. Let the possible classes
forxbe V={v,,v,, ..., v,}. Then:

Vyp = argmax P(vj)H P(q, Ivj)

v;eV

Called “naive” because it assumes attributes are
independent of one another.

19



» This paper asks: why does the naive (“simple”) Bayes
classifier, SBC, do so well in domains with clearly
dependent attributes?

Experiments
* Compare five classification methods on 30 data sets from
the UCI ML database.
SBC = Simple Bayesian Classifier
Default = “Choose class with most representatives in data”
C4.5 = Quinlan’s decision tree induction system

PEBLS = An instance-based learning system

CN2 = A rule-induction system

20



* For SBC, numeric values were discretized into ten equal-
length intervals.

Domain SBC Default C4.5 PEBLS CN2

Audiology 73.945.3  21.3£267T T725+£58° 75.845.4 7  T1.04£5.17
Annealing 93.5+2.7 76.4+1.8' 9134233  98.7+£09' 81.245.41
Breast cancer 68.7+£5.4  67.6£7.6° 70.1+5.6* 65.8+4.73  67.9+7.1°

“redit serecning | 85.241.7  57.4+3.81  85.0+2.0° 81.3+2.01 82.0+2.2!
Chess endgames | 88.0+1.4 52.0+£1.9' 992+0.1!  96.9£0.7! 98.1+1.0!

Pima diabetes 74443.0  66.0£23' 724+428* 7144241 7384276
Echocardiogram | 66.7+7.4  67.846.6°% 65.8+6.2¢  64.1£6.1°5 68.2+7.2°¢
Glass 50.4+15.9 31.7455' 66.1+84' 65.8+7.3'! 63.8+£5.5"
Heart discasc 83.14£3.2 55.0+£3.41 7424421 79.243.8 1 79.7+£2.9!
Hepatitis 81.243.7 78.1+3.12% 78.7+4.7*  79.946.6° 80.3+4.2°
Horse colic T7844.2  63.6£39' 8364411 7634445 825442
Thyroid disease | 97.340.7 9534061 99.1+0.2'  97.3+£0.4° 98.840.4 '
Tris 80.0+12.8 2654521 934+£2.4°  91.7£3.7° 93.34£3.6°
Labor neg 026479  65.0£0.51 T79.7+£7.11  91.6+4.3° 82.146.9!
Lung cancer 46.4+14.7 26.8+12.3'  40.9£16.3°  42.3+17.3° 38.6+£13.5*
Liver disease 61.846.9 581+3.43 63.7£436  60.1436° 65.0+£3.8¢
LED 66.8+5.9  8.0+2.7' 61.248.4%  553%6.1! 58.6+8.1!

Lymphography 81.545.6 57.354' T753+4.8! 82.945.6° 78.84+4.93
Post-opcrative 61.84£9.8 7124521 702+£49! 5884816 60.848.2°¢

Promoters 87.6£6.0 43.1+4.2' 743£78'  9L7%59' 75.9+8.8°'
Primary tumor 44.9454 2464321 359+58' 3094471 39.845.2!
Solar flare (8.0+3.1 2524441 70.6+2.9'  67.6£3.5° 70.4+3.0!
Sonar 24.148.7 50.8+£7.6' 64.7£7.2!  73.3£75! 66.2475!
Soybcan 100.040.0  30.0+14.3'  95.049.0 % 100.0£0.0° 96.945.93

Splice junctions | 95.440.6  52.4+1.6' 934+08'!  94.3£05' 81.5+5.5!
Voting records 91.241.6  60.5+3.11 096.3+£1.3' 949412 058416
Wine 90.9+13.3 36.4£9.9' 91.7£5.6°¢  96.9+22% 90.8+4.7°
Zoology 91.943.6 3944641 89.6+4.7"' 94.6+43 '  90.645.0°

Table 1: Empirical results: average accuracies and standard deviations. Superscripts denote significance levels
for the difference in accuracy between the SBC and the corresponding algorithm, using a one-tailed paired ¢ test:
11is 0.005, 2 1s 0.01, 3 is 0.025, 4 is 0.05, 51s 0.1, and 6 is above 0.1.




Number of domains in which SBC was more
accurate versus less accurate than
corresponding classifier

Same as line 1, but significant at 95%
confidence

m_11 o o " 1.4
\ lable Z. oumary oI accuracy results.

M¢gasure 1/ SBC C4.5 PEBLS CN2
No. wins / - 16-12 15-11 18-10
No. sig. wins - 12-9 7-9 12-8
Rank 2.32 2.54 2.79 2.68

/

Average rank over all domains (1 is best in
each domain)

Measuring Attribute Dependence

They used a simple, pairwise mutual information measure:

For attributes A, and A, dependence is defined as

D(A,,A 1C)=H(A, |C)+H(A 1C)=H(A A |C)

m

where

A A, 1s a “derived attribute”, whose values consist of
the possible combinations of values of A, and A

H(A, | C) = “conditional entropy”
= ZP(C,-)Z—P(C,. AA; =v)log, P(C,AA; =v,)
i k

Note: If A, and A, are independent, then D(A,, A, | C) = 0.

m?

22



Table 3: Empirical measures of attribute dependence.

Domain Rank | Dy, %M. Dayg
Breast cancer 0.548 66.7 0.093
Credit screening 0.790 46.7  0.060 Results:
Chess endgames 0.383 25.0 0.015
Pima diabetes 0.483 62.5  0.146

Echocardiogram 0.769 85.7  0.360 .

Glass 0836 1000 o363 | (1) SBCis more

Heart disease 0.388 53.8 0.085

Hepatitis osse a6 oose | successful than more complex

Horse colic
Thyroid disease
Tris

Labor neg.
Lung cancer
Liver disease

0510 955 0.157 :
R methods, even when there is

0.731 1000 0469 [ substantial dependence among
1189 100.0 0.449 .

1226 982 o0.165| attributes.
0.513 1000 0.243

LED 0060 00 0.025

Lymphography 0.410 55.6  0.076 1

pomphosTaph Ay e bt ) Nq correlation between degreg
Promoters 0394 982 0149 [ of attribute dependence and

0.098 00 0.023 .
0216 167 o041 | SBC’s rank.
1471 1000 0.491
0726 314 0016
0.084 00 0017 2999
0316 250 oose| DBUtwhy????
0733 1000 0.459
0150 0.0 0021

Primary tumor
Solar flare
Sonar

Soybean

Splice junctions
Voting records
Wine

Zoology

An Example
e Let C={+, -}, and attributes = {A, B, C}.
e LetP(+)=P(-)=1/2.

* Suppose A and C are completely independent, and A and
B are completely dependent (i.e., A=B).

* Optimal classification procedure:
Vyup = argmax P(A,B,C1v;)P(v;)
vje{+,—}

=argmax P(Alv;)P(Clv))

ve{+,—}
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* This leads to the following conditions:
If P(Al+) P(Cl+) > P(A | -) P(Cl-)
then class = +
else class = -

* In the paper, the authors use Bayes Theorem to rewrite
these conditions, and plot the “decision boundaries” for the
optimal classifier and for the SBC.

SBC —

h Optimal -
08 1 T N SBC 1
Optimal — +

06 A \

04t - \

q
A

Figure 1: Decision boundaries for the SBC and the
optimal classifier.

p =P(+1A)
g=P(10)




Even though A and B are completely dependent, and the SBC
assumes they are completely independent, the SBC gives the optimal
classification in a very large part of the problem space! But why?

* Explanation:

Suppose V = {+,-} are the possible classes. Let E be a new
example with attributes <a,, a,, ..., a,>.

What the naive Bayes classifier does is calculates two
probabilities,

P(+IE)~ P[] Pla; 1+)

P(=1E)~ P[] Pa; 1-)

and returns the class that has the maximum probability
given E.
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The probability calculations are correct only if the
independence assumption is correct.

However, the classification is correct in all cases in which
the relative ranking of the two probabilities, as calculated
by the SBC, is correct!

The latter covers a lot more cases than the former.

Thus, the SBC is effective in many cases in which the
independence assumption does not hold.
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