Ensemble Learning, continued

Bagging (review)

« Bagging (“bootstrap aggregation):
— CreateN training sets from original training s&as
follows:

For eacly, selectmexamples at random with
replacement.

— TrainN classifiers, one on each training set

— Ensemble classifier is majority vote of thése
classifiers




Boosting
(Review of AdaBoost algorithm)

o GivenS={(Xy, Yy), - Ko Vo)t Wherex T X,y T {+1, -
1}

* Initialize D,(i) = 1/m. (Uniform distribution over training
examples)

e Fort=1,..T:
— Learn base hypothedisusing training se§ (select
examples, with replacement, frddaccording td,).
— Let the error ofh, be denoted as:
& =Prp[h(x)* ]

— If 3 0.5, seff to T-1 and break from loop.

— Let




— Update:

0, = 20 P @)

whereZ, is a normalization factor chosen so tbat;
will be a probability distribution.

* Atthe end of T iterations of this algorithm, we have

h, hy, ... hy

We also h

e also have _1| e
a, a,, . . . A1, Where at‘E” e

* Ensemble classifier:

HX) =sgn  ah(x)

* Note that hypotheses with lower training error on their
training sets are weighted more strongly.




Neural Network Ca.5
Boosting Boosting
Data Set Stan  Simp Bag Are  Ada | Stan  Bag Arc  Ada
breast-cancer-w 3.4 3.5 34 3.8 4.0 5.0 3.7 3.5 3.5
credit-a 14.8 13.7 138 158 157 | 149 134 140  13.7
credit-g 27.9 24.7 242 252 253 206 252 239
diabetes 23.9 23.0 22.8 24.4 23.3 27.8 24.4 26.0
glass 38.6 35.2 331 320 311 313 258 255
heart-cleveland 18.6 174 170 207 211 24.3 19.5 215
hepatitis 20.1 19.5 178 190 197 | 21.2 73 169
house-votes-84 4.9 4.8 4.1 5.1 3.3 3.6 3.6 5.0
hypo 6.4 6.2 6.2 6.2 6.2 0.5 0.4 0.4
ionosphere 9.7 7.5 a2 7.8 8.3 8.1 6.4 6.0
iris 43 3.9 4.0 T 3.9 5.2 4.9 5.1
kr-vs-kp 2.3 0.8 0.8 0.4 0.3 0.6 0.6 0.3
labor 6.1 3.2 4.2 3.2 3.2 16.5 137 130
letter 18.0 12.8 10.5 57 4.6 14.0 7.0 4.1
promoters-936 33 4.8 4.0 4.5 4.6 12.8 10.6 6.5
ribosome-bind 9.3 8.5 24 81 8.2 11.2 10.2 9.3
satellite 13.0 10.9 10.6 9.9 10.0 13.8 9.9 8.6
segmentation 6.6 5.3 5.4 35 33 3.7 3.0 1.7
sick 3.0 5.7 5.7 4.7 4.5 1.3 1.2 1.1
sonar 16.6 15.9 168 129 13.0 207 253 215
soybean 9.2 6.7 6.9 6.7 6.3 2.0 7.9 7.2
splice 47 4.0 3.9 4.0 4.2 5.9 5.4 5.1
vehicle 24.9 21.2 20.7 191  19.7| 294 271 225 229

Table 2: Test set error rates for the data sets using (1) a single neural network classifier; (2

From D. Opitz and R. Maclin,
Popular Ensemble Methods:
An Empirical Study

an ensemble where each individual network rained using the original training
set and thus only differs from the other networks in the ensemble by its random
initial weights; (3) an ensemble where the networks are trained using randomly
resampled training sets (Bagging); an ensemble where the networks are trained
using weighted resampled training sets (Boosting) where the resampling is based
on the (4) Arcing method and (5) Ada method; (6) a single decision tree classifier;
(7) a Bagging ensemble of decision trees; and (8) Arcing and (9) Ada Boosting
ensembles of decision trees.
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Why doesn't increasing number of classifiers inegnisle
(i.e., incrasing complexity of classifier) leadaeerfitting?




Adaboost: Analysis of generalization error

* Freund and Schapire showed that generalization error can
be bound in terms of training error, sim®f S, number of
roundsT of boosting, and VC dimension of base
hypothesis space:

PR(H0O* V) EPEIH( y]+6 ([T
empirical probability on S /

“Soft-Oh”: Like O notation, but hides all
logarithmic and constant factors

» This bound makes it look like Adaboost will overfifliis
too large, but this is not seen in practice. Not completely
clear why.

Why do bagging, boosting, and other voting
methods work?

e Hypotheses:

Bagging
— Creates classifier closer to “Bayes Optimal”

— Decreases variance portion of generalization error

Boosting
— Decreases varianemd bias

— Avoids overfitting by increasing “margin distribution”




Bayes optimal classifier

* Most probable classification of a new instance is obtained
by combining the predictions of all hypotheses, weighted
by their posterior probabilities:

clas{x)= argmax P(class|D)

clasg 1 possibleclasses

where

P(clasg| D) = P(class |h)P(h |D)

h1

whereD is the data an#i is the hypothesis space.

* Provably best classifier, if you can calculate it
» Does bagging or boosting approximate this?

Bias/Variance theory

Classification error is due to:

— Bias: Resulting from error in classifier in modeling
target function

— Variance: Resulting from variance in training data

— Noise: Property of the data that can’t be overcome by
any classifier.




From Roberto Esposito, Ensemble Learning (pretienja

Let us consider the
following example:

We want to fit a
dataset using a linear
concept.
“Unfortunately” the
true function is
sinusoidal.
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From Roberto Esposito, Ensemble Learning (pretienja

Bias

Noise

Bias Variance Decomposition

Variance
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Defining Bias and Variance

Assume D is the space of all data, and we have infinitely
many independent training sets S of size m.

Let C5denote the classifier that is generated by running the
base learning algorithm on training dath ® of size m.

Let C, denote the ensemble classification rule that results
from running the base learning algorithm on an infinite
number of independent training sets sampled from D, and
taking the plurality vote over the resulting classifiers.

Let C*denote the Bayes optimal classifier for D.

Let Erroi,(C) be the expected error rate of classifier C
over data D.

Bias = Errog (Cy) - Error, (C*)

Variance = B ™ [Errorg(Cy)] - Errory (Cy)




Bagging, Boosting, and Variance

» Bagging decreases varianmg definitionif boostrap
samples are independent.

» Similar argument for Boosting

» Experiments show Boosting also decreases bias

Kong & Dietterich [26] definitions

stumps C4.5

error pseudoloss error
name — | boost | bag | boost | bag — | boost | bag
waveform bias 26.0 3.8 228 08 119 1.5 0.5 1.4
var 56 2.8 4.1 3.8 86 | 149 3.7 52
error || 447 196 399 17.7 335 | 294 172 19.7
twonorm bias 25 0.6 2.0 0.5 0.2 0.5
var 28.5 23 173 18.7 1.8 54
error || 33.3 53 217 216 4.4 8.3
threenorm  bias 245 6.3 216 47 29 5.0
var 6.9 51 4.8 16.7 52 6.8
error || 419 220 36.9 319 186 223
ringnorm bias 46.9 41 46.9 2.0 0.7 1.7
var -7.9 66 —7.1 15.5 23 6.3
error || 406 122 414 19.0 45 95
Kong & bias 492 491 492 7.7 351 7.7 55 8.9
Dietterich var 0.2 0.2 0.2 5.1 3.5 7.2 6.6 43
error || 495 493 495 128 386 | 149 121 131

Table 1: Results of bias-variance experiments using boosting and bagging on five synthetic datasets (described
in Appendix B). For each dataset and each learning method, we estimated bias, variance and generalization
error rate, reported in percent, using two sets of definitions for bias and variance (given in Appendix C). Both
C4.5 and decision stumps were used as base learning algorithms. For stumps, we used both error-based and
pseudoloss-based versions of boosting and bagging on problems with more than two classes. Columns labeled
with a dash indicate that the base learning algorithm was run by itself.




How Boosting Avoids Overfitting: Margin Theory
(Schapire et al.)

Result of boosting:

H(x)=sgn a,h(x) ,where
t
_1,1-¢
a,==In :
2 &

ande, is the error on the training set at time step t.

* Margin of examplex,y):

y ah()
marginx, y) = ——— 2

t

* The magnitude of the margin is the strength of agreement
of base classifiers, and the sign indicates whether the
ensemble produced a correct classification.
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Example

E.g.,
Let HX) = .4 h(X) + .2 h(x) + .1 Ry(x)

Test set and results:
y(xy) =-1
hy(x,) = 1, B(x)) = 1, h(x)) =1

y(X) =1
hy(x5) =-1, hy(x;) =- 1, hy(x;) =1

y(Xgs) =1
hi(Xs) = 1, h(Xg) = 1, hy(xg) =1

» Calculate margins

» Calculate margin distribution
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e Schapire et al. proved a new bound on generalization error,
based on margins:

For anyq, 0<q,

Pr,(H(X) ! y) £ Pr,[margin(x, y) £ g] +0 VC(I;')

mg

Note: does not depend on T!

Whengq is large, second term is minimized, but that tends to
increase first term. So want big margins! In particular,
want minimum margin to be large.

* Leo Brieman designed a variation of adaboost called “arc-
gVv”, that explicitly maximizes minimum margin. (See
“optional” paper on web site for details.) He compared
arc-gv with adaboost on boosting decision trees, keeping
the complexity (size) of the trees constant.

* Margin theory would predict that arc-gv should produce
ensemble classifiers with smaller generalization error than
adaboost.

« But....

12



* Indeed the minimum margin was higher with arc-gv:
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Figure 2. Cumulative margins for AdaBoost and arc-gv for

the breast cancer dataset after 500 rounds of boosting.

« However, the generalization errors did not see to agree
with the margin theory

Table 2. Test errors, averaged over 10 trials, of AdaBoost

and arc-gv, run for 500 rounds using CART decision trees

pruned to 16 leaf nodes as base classifiers.

cancer | ion | ocr 17 | ocr 49 | splice
AdaBoost | 246 | 3.46 | 0.96 2.04 3.18
arc-gv 3.04 7.69 1.76 2.38 3.45
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Figure 4. Minimum margins for AdaBoost and arc-gv for

the ocrd9 dataset as a function of the number of rounds of

boosting.
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Reyzin and Schapire’s explanation
From paper: How boosting the margin can also boost
classifier complexity (optional reading on class website)

* The bound on generalization error involves more than
simply minimum margin
P (H () Y) £ Plmarginix,y) £g]+0 Y0
mq
* Itinvolves entire margin distribution, training set size, and
VC dimension of hypothesis space.

« Breiman controlled VC dimension by keeping decision
trees at same size. However, he did not codepthof
the trees. Deeper trees tend to overfit more than shallow
trees.

* Reyzin and Schapire found that arc-gv generates
significantly deeper trees than AdaBoost.

test error minimum margin tree depth
arc-gv | AdaBoost | arc-gv | AdaBoost | arc-gv | AdaBoost
breast cancer | 3.04 2.46 0.64 0.61 9.71 7.86
ionosphere 7.69 3.46 0.97 0.77 8.89 7.23
ocr 17 1.76 0.96 0.95 0.88 747 7.41
ocr 49 2.38 2.04 0.53 0.49 7.39 6.70
splice 3.45 3.18 0.46 0.42 7.12 6.67

Table 3. Test errors, minimum margins, and tree depths, averaged over 10 trials, of AdaBoost and arc-gv, run for 500
rounds using CART decision trees pruned to 16 leaf nodes as base classifiers. (For 100 rounds, we also saw arc-gv

producing deeper trees on average.)
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Figure 5. Cumulative average of decision tree depth for
AdaBoost and arc-gv for the breast cancer set for 500
rounds of boosting.

Table 4. Percent test and training errors per generated
tree, and their differences, averaged over all CART deci-
sion trees generated in 500 rounds of boosting, over 10
trials.

AdaBoost

arc-gv
test | train | diff | test | train | diff
cancer | 13.2 9.7 3.5 | 104 6.3 4.1
ion 198 | 109 | 8.9 | 125 2.6 9.9
ocr 17 | 5.6 3.7 1.9 | 26 0.6 2.0
ocr 49 | 24.8 | 21.1 | 3.7 | 21.9 | 17.8 | 4.1
splice | 27.7 | 234 | 4.3 | 23.9 | 19.2 | 4.7

Claim: arc-gv is overfitting to the training data,
due to higher complexity of trees

16



* New experiment: Control both size and depth of decision
trees by using “decision stumps” — one-level binary

decision trees.

test error minimum margin average margin
arc-gv | AdaBoost | arc-gv | AdaBoost | arc-gv | AdaBoost
cancer 4.15 4.29 -.01 -.06 07 27
ionosphere | 10.27 9.58 .01 .03 .09 .20
ocr 17 1.12 1.10 .03 .06 14 .36
ocr 49 6.38 6.28 -.02 -.07 .05 .20
splice 7.22 6.79 -.01 -.07 06 21

Table 5. Test errors, minimum margins, and average margins averaged over 100 trials, of AdaBoost and arc-gv, run for
100 rounds using decision stumps as weak learners.
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Margin theory predicts that AdaBoost will have seragjeneralization errors
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Boosting and SVMs

Boosting:

H(x)=sgn a,h(x) ,where
t
1 1-¢
a, ==In :
&

SVMs:

clasgx) =sgn &, (x,x)+b)

Both methods aim to find linear combination in a high dimensional
space which has a large margin on the instances in the sample.

Demos & HW

* SVMs
+ Decision trees
« HW

e Later:
— Demo illustrating “margin” and how it increases

— Generate ROC curves to compare SVM with different
kernels and boosting.
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