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Reading: 

Russell and Norvig, Chapter 15, Sections 15.1-15.3

will be on e-reserve

Markov Random Fields

• Undirected graphical model

• Random field:

– Each node is a random variable

– Links represent conditional dependencies.  

• Markov Random Field

– Probabilistic dependencies only between neighboring nodes

(Markov property)

– Generalization of Ising model from statistical physics
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Conditional Independence in Markov Random Fields

• Simpler than in Bayesian networks

• A node is conditionally independent of any other node iff all 

paths between those nodes are blocked (observed). 

• Markov blanket of a node:  all  immediately neighboring nodes 

(Markov property) 

• A node is conditionally independent of all other nodes, given 

its Markov blanket
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Factorization in Markov Random Fields

Consider nodes Xi and Xj that are not linked.  Then

Definition:  A clique is a subset of nodes in a graph such that 

there exists a link between each pair of nodes in the subset. 

Definition:  A maximal clique is a clique such that it is not 

possible to include any other nodes from the graph in the 

subset without it ceasing to be a clique. 
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Denote a clique by C and the set of variables in that clique by XC

The conditional dependencies, or correlations, in a clique C are 

represented by a “potential function” of the variables in that 

clique: ψC (XC)

A joint probability distribution p(X1, ..., XN) can be written in 

terms of potential functions over maximal cliques as: 
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• Usually express potential functions as: 

where E is an energy function.  The exponential representation is 

called the Boltzmann distribution. 

Joint distribution: 
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Example application:  Noise removal from a 

binary image (Bishop, 2006)

Example application:  Noise removal from a 

binary image

• 10% of pixels sign flipped

• Node corresponds to binary pixels.  Show Figure 8.31

• Cliques:  pairs of nodes.  

• Noise level is small, so strong correlation between xi and yi

• Also strong correlation  in most images between neighboring 

pixels xi and xj.
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• Energy function: 

where β and η are constants.   

Now, fix elements of Y=y.  This gives a conditional distribution 

p(X|y).  We want to find values of X that have high probability.  

This corresponds to values that produce low energy.  

One method for searching for such X values:  gradient ascent.  
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Gradient ascent in Markov Random Fields

• Initialize variables {Xi} with random values of −1 and +1. 

• For each node Xi, evaluate energy with xi =−1 and xi =+1, 

keeping all other variables unchanged.  Choose assignment 

with lower total energy, breaking ties at random.  

• Show results

Dynamic Bayesian Networks and 

Hidden Markov Models

• General dynamic Bayesian network:  any number of random 

variables, which  can be discrete or continuous

• Observations are taken in time steps.  

• At each time step, observe some of the variables (evidence

variables).  Other variables are  unobserved or “hidden”.  

• Hidden Markov Model (HMM): State of process at time t is 

described by a single discrete  hidden variable, X_t, with 

values in {1, ..., S}, and a single evidence variable E_t. 
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Simple example of HMM
(adapted from Russell and Norvig, Chapter 15)

You are a graduate student in a windowless office with no  

phone and no network connection.  The only way you can get 

information about the weather outside is if your advisor shows 

up carrying an umbrella.  

HMM for this scenario: Evidence variable:  Umbrella ∈ {T, F}

Hidden variable Rain ∈ {T, F}

Markov model since Rt depends only on Rt-1.  

Raint-1

Umbrellat-1 Umbrellat

Raint

Umbrellat+1

Raint+1

Raint-1 P(Raint)

T 0.7

F 0.3

Raint P(Umbrellat)

T 0.9

F 0.2

P(Rain0 =T ) = 0.5
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Inference in Hidden Markov Models

• Inference tasks: 

– Filtering (or monitoring):  Computing belief 

state―posterior distribution over current state, given all 

evidence to date:  

– Prediction:  Computing posterior distribution over the 

future state, given all evidence to date: 
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– Smoothing (or hindsight): Computing posterior 

probability over a past state, given all evidence up to the 

present:

– Most likely explanation: Given a sequence of 

observations, finding the sequence of states most likely to 

have generated those observations: 
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Inference algorithms

• Filtering: Can use recursive estimation

1)at t statehidden on only  depends 1at  (evidence )|P( )|(
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Inference algorithms

 )|( 11 ++ tt XeP
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• Filtering: Can use recursive estimation

The value of the first  term,                    ,  is given explicitly in the 

network. 
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Inference algorithms

• Filtering: Can use recursive estimation

The value of the first  term,                    ,  is given explicitly in the 

network. 

The value of the second  term is:
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Inference algorithms

• Filtering: Can use recursive estimation

The value of the first  term,                    ,  is given explicitly in the 

network. 

The value of the second  term is:

Thus: 
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Inference algorithms

Thus: 

property Markov  theusing  ),()|()|(

),(),|()|()|(

:1111

:1:11111:11

t

t

tttttt

tt

x

ttttttt

xPxXPXeP

xPxXPXePXP

e

eee

x

∑

∑

+++

+++++

=

=

α

α

From the network, we have 

everything except P(xt, e1:t).

Can estimate 

recursively.  

Umbrella example: 

• Day 1:  Umbrella1 = U1 = T

Prediction t = 0 to t = 1: 

Updating with evidence for t=1: 

5.0,5.0

5.07.0,3.05.03.0,7.0)()|()( 00

},{

11

0

=

×+×== ∑
∈

rPrRPRP
FTr

182.0,818.01.0,45.0

5.0,5.02.0,9.0)()|()|( 11111

==

==

α

αα RPRuPuRP



2/25/2009

12

Prediction t = 0 to t = 1:

Updating with evidence for t=2: 

Why does probability of rain increase from day 1 to day 2? 
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Hidden Markov Models:  Matrix Representations

• Transition model: P(Xt | Xt−1) = T (S×S matrix) where

• For umbrella model: 

• Sensor model: P(et | Xt = i ) =O (S×S diagonal matrix) where

• For umbrella model: 
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• Forward/backward algorithm – will be described later

Speech Recognition

• Task:  Identify sequence of words uttered by speaker, given 

acoustic signal. 

• Uncertainty introduced by noise, speaker error, variation in 

pronunciation, homonyms, etc. 

• Thus speech recognition is viewed as problem of probabilistic 

inference. 
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• Speech recognition typically makes three assumptions:

1. Process underlying change is itself “stationary” 

i.e., state transition probabilities don’t change

2. Current state X depends on only a finite history of 

previous states (“Markov assumption”).

– Markov process of order n:  Current state depends 

only on n previous states. 

3. Values et of evidence variables depend only on current 

state Xt.    (“Sensor model”)

Speech Recognition

• Input: acoustic signal

• Inference:  P(words | signal)

• Bayes rule: P(words | signal) = P(signal | words) P(words)

• P(signal | words): acoustic model

– pronunciation model (for each word, distribution over 

possible phone sequences)

– signal model (distribution of  features of acoustic signal 

over phones)

• P(words): language model – prior probability of each 

utterance  (e.g., bigram model)
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Russell and Norvig, Artificial Intelligence:  A Modern Approach, Chapter 15
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Phone model

P( phone | frame features) = α P(frame features| phone) P(phone)

P(frame features| phone) often represented by Gaussian mixture 

model

Pronunciation model

Now we want

P (words|phones1:t ) = α P(phones1:t | words) P(words)

Represent P(phones1:t | words) as an HMM
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Example:  “I’m firsty, um, can I have something to dwink?”

high 90s (%)?

How to learn HMMs

• EM algorithm can learn both transition and sensor models 

from data!


