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Algorithm Design & Analysis

Matrix Multiplication \

For a divide-and-conquer approach, we
want an nxn matrix to look like a
matrix of smaller matrices

1 9\(41 2| 6 14)
36 35)|_3 11| 7 18]
53| 40 17 16 29|

\

7 19 63 72)

How is a matrix of matrices like a
matrix of integers?
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Axioms

1.+, - associate (¥ +C = a+ (oro)
2.+ commutes G+5= bt a
3. - dis&'ﬂ.i?&t«si over qu_ Lye (a-<)
(a‘-ﬁ.-‘:\;é = (a- N+ ()
4.0 is identity for + a+0 = O+4 = 4
5.1 is identity for - a-L- 12 = a
6. every a in S has an additive inverse ~ %
G+ (’a\ =0
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Example Ring \

Integers modulo n, Z,
-lalis [n-ol
0is {0}
1is f»]_'l

Z,
~[1]is (4-11 - L31

(1] + [3] = (43 = [o1

\_ A
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Key Example ol%-
l

oo
(Mnl +nl ‘nr Onl ln)

NN w\ulﬂ‘ou |—Mh4v with T
Wbk dowads Low dingmek ™
from 33t Pabx mabviy o

g iy st ol O
iS a ring.

Inverse of o = (a.,) is K= o

Get weird A

Ry /208 L¥L wdmices ortr Ht
hvh of VI/L % VI/L ey

.

A
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Going Between M, and R, \

A, B, cinM, where

A', B CinR, ,

| All A12 \(Bll BlZ \
Ly =
z .
kAZl A22 }\B21 B22 )

(Po-Bith, By ABABY (Cpy o) \|

[

KA-“'B.\"' AIL' B'll AuB“-{'Al' Bu} KCZl C22 }
reduce nxn matrix mult to n/2xn/2

matrix ops
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[ Complexity \

Let M(n) be the number of scalar
operations (. R ) to multiply two
nxn matrices over R

Divide-and-conquygr doesn’ 1 buy much

M(n) = & MEY+Y(EY - ¥
Ingeneral, if ™ IR~ CM(3)
M(n) = m- M%)+ an”
then M (n) < kn!9 ™ for some k,
provided m > ‘|

.

A
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Complexity 2 \

If m = 8,as before
M(n) = 0(n'®) = O*)
Ifm = 7
M(n) = O(nlg 7) - O(ni.z\‘>
Need 2x2 multiplication with 7 scalar
multiplications
|(all a1 \”(bll b, \| ‘(Cll Ci2 \|

kam 3y }\bm b,, ) \c21 Cyy )

A

6.9., C22 = al[’ "n.+ q':l. l’zz

.
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[ Strassen’s Algorithm \

m; = (ay,7ay;) (by+by;)

m, = (a;;tay;) (by;+by;)

m; = (a;;7ay;) (by;+by;)

m, = (a;;+a;,)b,, [®) aM/%#an
mg = a5, (b,7by;)

Mg = Ay, (by=byq)

m; = (ay;tay,) by,

Don’ t want to use commutativity of
multiplication

.
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[ More Algebra \

cy; =m +m, - m + omg

Ci, = My + myg 8 addo + sk 8
Cyy = Mg + my

C,, =M, — my + mg — m,

= (a;;tay;) (bytby;) a ‘l*%{z?.%g'*'qm"n
(a;;=a,;) (by;tby,) — 9(\4\\ ?ﬁb;l'*}t\’b{\*' qL\lﬂi

+ ap; (by,=by)) + 94 bh.. ~4Aq ;'7-
- by, — b
(aptay,) by l " % \

& = A "’u +ay- b "“2\ 'Nzl
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Another Use of Matrix of Matrices

/

Connect matrix inversion with matrix
mul‘rlpllca'hon

plicahel
fnverse of matrix A, denoted A, is
the unique matrix such that AAT =T
I is the identity matrix
Inverse doesn’ t always exist

Example
(1 2Y-3 2 ) (-3+4 2- 2\ /\ ©

2 32 -1) \—6+6 4- 3) o |
A A

~_

.
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Algorithm Design & Analysis

Inversion vs. Multiplication \

Assuming matrix inversion behaves
reasonably, it has the same order
as multiplication

Let I(n) = # of Scalar ops -lvm,'nmm:y-l;m
1. I(n) in © (N2) " mued #on sk Aim b resnd
2. I(3n)in O(I(n))

Time to multiply Two n x n matrices,
M(n), is in O(I(n)).
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[ Reduce Matrix Multiply to an Inversion Problem \

Suppose we have A, B to multiply,
where both are n x n

Construct a 3n x 3n matrix D
~on  (In, A 0)
Wi | 0 In B
Lo 0 1n/
Claim that D1is
(In -A AB)
| 0 In -B]
Lo 0 1n/
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ﬁ Algorithm Design & Analysis
' Check

DD! =
I{In A 0)(In -A AB)

| 0 In BIl 0 In -B|l =
Lo o01JU 0 0 1n/
7.1 -A+tA TA8 - A-B
O [.T -TBBI|-=
O
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