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Algorithm Design & Analysis

Fourier Transform \

Time domain - frequency domain

Express a periodic function as a sum of
sine and cosine functions

We will use a discrete version of it for
fast multiplication of polynomials

First, some examination of polynomials

\
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/; Algorithm Design & Analysis \
[ Polynomial as List of Coefficients \

Polynomial with n+1 terms
ax" + a, X"l + .+ a,x? + a;x + a,
Werite as a summation
\A .
A(X)= 2 a.xd
j:D J

Can just keep track of coefficients

<a0 3(1\ O a"“)
Degr'ee = k means 4, Wer IM‘imL - 1o

o {bciem
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\

Examples

x3 - 2x -1

Has degree 3

Has degree bound velwe > depre
Has coefficients

1

(-l,-2,0 , 1)
X3+ x2 + 1

Has coefficients
(1)0) Loy b )

g

Lecture Notes 6

David Maier

Algorithm Design & Analysis

~

SMEN

37D

A

\

Easy to Add Polynomials

A(X)

(aO’ als ey an)
B(x)

(bO’ bls ey bn)
A(x) + B(x)

(@ +lbe 28 tb 5wy Znat bu)
(_1) _2, O, 1)

3y _

(1, 0,1, 1) &

.
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Multiplication is More Complicated \

x3 - 2x - 1
X3+ X2 + 1

Consider x2 term in the result. Want to
multiply all terms whose exponents sum

\

to 3.
@ + (203 + DA
XZ _ ZXS fxfs’ - ]:_%X3

g
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More Generally \

Suppose A(x)-B(x) has coefficients
(Cos C1s s Cpp)

\

Then ko
d a, o
Cj = 2y by be - o

k=0
Note, for k>n /

.
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\

Example \

-1, -2, 0, 1)
(1, 0,1, 1)
Co = (1)) = -
c; = (-1 + (-2)(1) = ¢
c, = (- + -2)(©) + () = -
c; = (D@ + (-2)() + (0)(0) +
@ = -z
c, = (-2)(1) +(0)(@A) + (D) = -2
cs = (O + (L@ = |
Ce = (D) =\
(.’\)’17“1 y— Loy, 0, ’)
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Point-Value Representation \

A polynomial of degree n is uniquely

determined by its value at n+1 distinct
poin‘rs Fum damwenbd  Pasctin o /49//5/)‘_

ACX)

{ (X0, AX0)) . (X1,A(X)) 5 s (X A D
Example A(X) = x3 - 2x + 1

X; (o, 1, 2, 3)

AC) Cl, o, §, 27)

\

{@0,1 ), (1,0), 2,5 ), (B,2)
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\

Algorithm Design & Analysis \
Interpolating Back to Coefficients \

Can go from point-value set {(X;,Y;)}
bagk to coeq‘ficien’rs

Lagrange's formula

O lmb\\]\/\o""‘"\""(
v\ fov-
Wf{ﬁﬂb \ Xz Xy yYar oy
n Ve { X}:Q'--x»\
ACX) =k 2y E. X = X3) g Pty
=06 [N
M (X — Xj)| ] numbers
J#k .
= l I‘ﬁ X= XK
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Algorithm Design & Analysis \
Example \

{(0.1). (1.0), (2.5). (3,22)}

1. D=3, Kbyt +llx ~C
(0-1)(0-2)(0-3) —(

0)- (x-0)(x-2)(x-3)
(1-0)(1-2)(1-3)

5. (x-0)(x-1)(x-3)

EOE-DED X, .05 a0
-( -2 L
22 (x-0)(x-1)(x-2) ~| 40 -Iy +22

GOGCDED  — [, )
R &
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\

Addition \

Adding polynomials in point-value form
is O(n) (if x's are the same)

(Xi ’ A(Xi)) % we  Sawe K, ¥y, X
4 BOXD) B
Xi» AX)D+HB(X))

X3+ x2 + 1
C/“>{(O 1.1, 3),(2, 13),(3, 37)}
{0, 1.1, 0,2, 5),.(@G, 22)}

{(0.2).(1.3).(2. 8 )., s}
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Multiplication \

Same works for multiplication, kind of
s AC)) AxBx;)

Cir BOGD)

i, ACX)-B(X3))

Pr'oblem A(x)B(x) has degree 2n, but

this onlz gives n+1 coef icients. We
heed Qu+l ccbbicents

Need to start with more evaluation
points

Lecture Notes 6 David Maier le
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\

Algorithm Design & Analysis \
Need 7 Coefficients Here \

e ——
{(0,1),(1,3),(2,13),(3,37),(-1,2),
(-2,-3),(-3,-20)}

{(0,1).(1,0),(Z,5),(3,22),(-1,1),
(-2,-3),(-3,-17)}

Result

{0, 1),(1,0),(2,65),(3,%1),
(_11 Z)’(_Z’ <7)1(_31?'}0)}

oty e el caller

¥ Lecture Notes 6 David Maier Jls

Algorithm Design & Analysis \
[ One Way to Multiply A(n), B(n) of Degree n \

Given as coefficient lists
O)C\[E‘qm[—
(aO’ ey an) (/B{(c\(i&/-l" (C i .y Cn) 6\"“/\
(or -0 b “f;“j;% —
+ 2
Opey | i <> o ‘Mw\ah
" N L uanivy
o [0 AC BORY 5
l S ] (X2n ’ A(XZn) 'B(in))
Paiv\F-t/awa
((X0=A(XO))= ---1(X2n1A(X2n)) 2 WL

((X0-BOG) » s (K B (X)) mulbity O) )
¥ Dot 7 David Maier J]A.
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Algorithm Design & Analysis \
Why Bother \

Have we gained anything?

Evaluation and interpolation are O(n?)
in general

However, if we correctly pick the x;,
we can do both in O(n log(n)), giving
O(n log(n)) over all.

g
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Algorithm Design & Analysis \
Roots of Unity \

Use n*h roots of 1 (unity)
Any © such that

What are the 4™ roots of unity?
1, -1,
What are the 8™ roots of unity?

All of the above work, but there are 4 maore!

Lecture Notes 6 David Maier Jm
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Algorithm Design & Analysis \
Pattern for Roots of Unity \

There are n n™" roots of unity
ek/n(2ni)’ k = 0, .y n-1
Note that

e = cos(u) + i-sin(u)
Here u represents an angle in radians

So
ek/n@2m) = cos( )+i-sin( )

Check that it's a root
_

(ek/n(2ni))n = ek@ri) =

g
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Algorithm Design & Analysis \
Principal Root \

The principal/ n™h root of unity is
o, = el/n@i)

Get all of them by taking power k =0, ..., n-1
(0,)% = (eWn@) Yk =

.
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ﬁ Algorithm Design & Analysis \
[ Picture of 8t Roots in Complex Plane. \

. 2 L.
Ai@_f\% (mg)iw&y\ﬂ}/ EAE
R O L N YT
< S I I D Jo— = ~ (> \/13
( \fl) \r"bw /Il = \\ ( 1
II C \‘ 103 =
1 Vo UNO =
(o)t =L - (05)° =(0g)®
‘\ \l I’M
N \\\ /II - 4
L : L — = T3
- w X oL 7
 (g)8 Tt (wg)
(05)°
These roots act like the integers mod 8 und%r +
_ - V\::((l-l' wnad
(0g)I(wg)k = (wg)I*k =(eorY” :

¥ eV - (oY = (@)Y (Log)? - (woc’:(wsyzl”x\(
Lecture Notes 6 19
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Cancellation Lemma \
An example

(024)° = oy
(el/24(2ni))6 = g@b6/24(2ni) = e '/4(2ni) =,

\

In general

On = ((’)dn)d
More generally

O)nk = ((’)dn)&k

Special case

r — -
Wy = 0 = | )
Lecture Notes 6 JZO
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Squares of 2rt" roots \

CO2rk and (@2r)k+r
have the same square
((DZrk)z - (w \%K - ((,J )[c_
((1) k+r)2 - r2k (02r2r ((D >)2k P Q/J \3
which is an rth root of um’ry
{(@2:9%, (@2, (@022, .., (0,771)?}

\

{(’)r ’ Corl’ ('Or21 e (Drr_l}

Exercise:

)

Lecture Notes 6 David Maier
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Summing Up nt" Roots \

W

Exercise:
‘ 0)2r - _(0) )k+r
So:
0)2r0 + 0)2rl + (DZrz ot (DZrzr_l = O
Actually
mno + (Dnl + (Dnz ot (Dnn_1 =0
et : Lo wt diwile by
S e\
2 (o, > = O m
Je . @) =1 7 a-t-o
!\;\ . o -\ I

David Maier

a— | n
:S: (=] /
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Algorithm Design & Analysis \
Discrete Fourier Transform (DFT) \

For a polynomial A(x) of degree bound n

Point-value representation at the nt
roots of unity

{(@.° A, (0,5 A@Y, (@.2,A2),
N CRENYCRD )
If A(x) has coeffi’c\ien‘rs (ap, qq, ..., Gy 1)
Yo =AY = g (wr)
J=o
DFT of (ay, a5, » @,1) is
Wos Yis s Yn-1)

g

A

Lecture Notes 6 David Maier

Algorithm Design & Analysis \
Fast Fourier Transform \

Reuse work when n is a power of 2

Split up A(x)
6 + 3x + 5x2 - 2x3 + x4 — 8x®> + x® + 3x’
B.O(X) = 6 + 5x2 + x* + x6

B.1(x) = 3x - 2x3 — 8x> + 3x’ =
x(3 - 2x2 — 8x* + 3x5)

AGD = Bobd+ B0
Consider b =X

A.0(y) = 6 + 5y + y? + y3

A.l(y) =3 — 2y — 8y* + 3y* =

What is

&A 0(xd) + xA1(x®) /
Lecture Notes 6 David Maier 24
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Algorithm Design & Analysis \
How to Evaluate A(x) \

Can evaluate A(x) at n points
Xos X5 Xps w5 Xpg

By evaluating A.O(y) and A.1(y)
XOL1 Xll1 X22_1 vy Xn—ll

| e
What is the degree of A.O(y) and wut ot
Wokc

Al(y)? nL ok
redw
a{— V%_L ?D\Q\E

g

4
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Algorithm Design & Analysis \
Evaluating at n'" Roots \

If the x;'s are the n™ roots of unity,

where n = 2r - o
So o

X; = (Dnj = ('02rj '\\ L/ v o{g ‘)C

G52 = ()2 = 08 = L, nit

Instead of 2r points, we only have r
points fo evaluate

Evaluating one polynomial of degree 2r-1 at
2r poinfs =

Evaluating two polynomials of degree r-1at r
points 5( IR ol B combie resulbe,

Time Complexity: ) (, [& ~)
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: o \
Recursive FFT (%> %) \

Bacs n s 4
FFT(ay) = 4. piwem of 2
?\Ec,uvﬂ\\/x \Z‘:‘-‘D
FFT(ap, a5, -, 854)
Let wn be principal nt' root of unity

\

w <l

a. 0 = (aO ’ a‘2 ’ a-4 3 vy an—Z)

a.l = (al, Az, Ag, ., an-l)

y_o = FF-]_(Q,OB B (\-}.0, ) "&'0\ y T 7
y_]_ = FFT (al’) = (1‘10)7']1)\3-]“’U‘3
for kK €« 1 to (n/2)-1

Y € y-0, +wi(yl
Yiearzy € Y-0p - WO&‘L‘“)
W €< w-wn

return(ﬂga)k&.;w« ) F o ) /
27

.
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Are the Values Right? \

Note
-0k = A.0(0,/,) = A.0Cw, “)
y-1o = A.l(0,29) = AW, H)
So

Yk = Y-0 + o ky.1,
= A.0(0,2) + oA 1(0,2) =4 (1 ")

las7o k.
Yy = Y-0 - oy .1y gw"\ = =0,
= y.0, + o 02y 1, e
et
= A.0(0,2) + o 0/2DA 1(0,2) = QO

/] 0 (wv\zlk.,n) 4 L\)V\IH("/Z’\ ‘Ai(whu‘“} _
A (_w,,\,“ M/LB
—
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/ﬁ Algorithm Design & Analysis \
Inverse DFT (Interpolation) \

DFT!

* Reverse y;'s and g;'s

* Change o, 2 o,

- Divide resulting coefficients by n

\_ —
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