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Cost functionc: E — [  give edge 4

Algorithm Design & Analysis
Minimum Cost Spanning Tree \

G= (N, E) Cowecked, undiected geupls

/.ruJ-Y\M

\

.

weights

A spanning free is a graph S = (N | £')
where E 2 E> and Sisa +vee
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Algorithm Design & Analysis

Cost of a spanning free S = (N,E”) is
2 C((;\

e € E?
Want minimum cost

Lemma: Let S = (N E”) be a spanning tree
for G = (N,E). Then

a.forvy, VyinN

b. adding an edge from E-E” to S

(+31Ct?+Y=2]
ALty

A

Cost of a Spanning Tree \

U o cingle siwpe peth bifvan ¢ and vy

(d«*‘c, a uvw)w/ S»WWLC C7L/<
L7 y =,

v, o

K J
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Algorithm Design & Analysis \
Spanning Forest \

A set of trees
{(leEl) ’ (NZ,EZ) 3 === (NksEk)}

Where

L. ckE

C

Ei (VE = ¢

' e
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/; Algorithm Design & Analysis \
[ Expanding a Spanning Forest \

Lemma: Suppose we have a spanning
forest of k > 1 trees. Let E* =7¢vEU-vE,

/

Let e = {v,w} be chepal efe 1w E-F

such thatv € N;, w ¢ N,.

Then there is a spanning tree for G
that includes E” U ivw5  and has

minimal cost among trees that
include E”.

What kind of algorithm is this leading
us towards?
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Proof of Lemma \

Suppose not. Let
s” = (N,E”"), E” c E”, ef£”

have lower cost than any spanning tree
ﬂmﬁ }nc(uuelJ E and a

Adding e to S causes
%\\

A
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Proof of Lemma 2 \

S” must have anedge e’ = {v*,w’}
WlTh VICT‘/‘// w'! f/\}/

We know c(e) £ c(e”)

LetS = S~ ——fe‘z v fcg

S has no cycles becawe st 2 credfes
a u/wn]w(_ (,70!4- N A remmovd L e Loeals

Sis still atree (shll connected )
6\1«6’_ PMH/\ W/'Var e!
com  Go V'~ VW s jrshead

Se () & ¢ (8 J
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Greedy Strategy \

Take least cost edge e, in E. By last lemma,

[Consider an initial spanning forest

{{}.2), 3.9, --, SN2

N

ea, nole ju 41 et
Fres
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Algorithm Design & Analysis \
Iterative Step \

Let

{(NED L, (NpLER) - - - (NED}
be a spanning forest that is pr+

ﬁp A pmnuwn Spammué

Add the lowest cost edge that

Connedks ary To of P Traes i Had
Foves
By the last lemma, the result is

a q:cmma Al haty /M”'L ol
G i mum Sf”’“’g Fe
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\

Kruskal’s Algorithm  ¢p (o0, T7 QUL—’UL*\
— imsert

KRUSKAL(G(N,E)) _ exdvack-min
S < T  fal edpe
NS < {{vi}.{vo},---.{v.}}
Q & PRIAITY quenc of all edpd by ol
while NS| > 1 do
{V,W} &~ oxbract-pia (Q)
if Find(v) = Find(w) then
S <« Sufinwss
Union(@nte) , Al )

g

A
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Algorithm Design & Analysis \
Example \

Q c NS
42,591 {¥F {2F {3} {4} {5} 46}
{3Ap 2 G473 A
{1,233 51,2%55

A1,5} 3 $L,2,345003

4
4,63 4

{2,3} 6
{5,6} 7
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Complexity OWM@

Priority Queue: sort, make a list //
Union/Find O(l€| g IE
# Union's= [N -/
# Finds= 7. /¢
suw Y (1el G(lEl 3) 04,50

\/

[«N‘gan do a little be’r‘rer‘—
keep a heap of edges by cost

i (_y\ 4(_+ min +
‘M&P o el roale [Aw.p

b~ cadv comodered

1f d edgs ot omiidied | O(4. s Jel)
¥ ¢ aer ——— 11
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[ Path Problems \

Directed graphs with labels on edges
(a- b-c) + (Aeerey + (A5

a@L@c
a e W

TG —F
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Shortest Path \

Labels could be non-negative integers

Use for distmets
(A)d/V\;l— PKM\ OF W\/;VN:W“’{W\' XJ\S‘FKVLU(.

ok
3 @L@ 2
@1<@36/\@

4> min
(3% 242 min (| +3+42)) win ([40)

g

A
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Connectivity \

Labels could be Boolean values - é"{aﬁm\&

Use for VC%W&’""')';L oc ot

'y /V\M> RDD\'Q'M“ /\
+ ,\M7 EDO(MM \/
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Finite Automata \

Labels could be symbols from an
alphabet

(as in a finite automaton). Use for
'PG\\—\'W‘/L_K ‘,u,\aL s (OJ\,L Jans P\a%

b o

a @L@\b‘ 0 ~> cgn(.a{'
a/' H > wnion
@b< o
(abb) U (bab) U (ba) = Jabblab, bef

Cyctes are Py _ el ¥ (Leome choture)
N __A
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[ Path Algorithms \

Can pr'oduc.eg.ener'ic algorithms, just
need definitions for ™ ; +

Can take advantage of identities |+ |
Two kinds of algorithms

1. Si fouver
fF(W\V\a/(‘(‘N I/W’('C v a.“ ‘J’C“’» V‘Cd+

2. AL pard .
Fom v o e avy Y PAT

Can do 2. with |. opp lied H#vode T
N b ot mebnde are  fagk
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Dijkstra’s Algorithm \

Single-source, shorfeﬁs‘r path m\na digraph
WS T

S— podey Wwhote \g\w*rcsL ikt o Vo l.//vluin)n

D—array of distances 4! ot patly ol on

& uwve wdey N 5 /
¥ David Maier Jl?
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[ General Step \

r‘? Vlzo(L Wkifb, WL S
Add node with minimum D value to S.

Update distances to nodes in N-S
Is S still correct?

AL TV Ui, Valut

nwor

[¢) MW gv- AM\-EJ'V)
S

¥ suppose not shortest |
L Lecture Notes 4 David Maier J]_S

© 1994, 2003, 2004, 2006, 2008,
9] 2009 David Maier




CS 410/584, Algorithm Design & Analysis, Lecture Notes 4

Algorithm Design & Analysis
Full Algorithm ~ [N1=7 ]E}:c\

G = (N,E)

lab(v,w) - label of e4e (v, )

represent with matrix assume Jab(vw) s +eo
S « {Vvo} iL v e
DLvo]l <~ O

D[v] « lab(v,,v) for rest

while S # N do

_choose w i N-§ Jhon winimed b[u]

S « Su jwf
_Ffor all v in N-S do
DLV] < min (DM) e+ Q)

Hswvpe O(a ] V\.\ - Mmin [M/f J
C& S'»M»rf( David Maier Jlg
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Algorithm Design & Analysis
Example \
1
2 @_,@ 1
ol gino
1~G)—6

v g v~ ~

s D[1] D[2] D[3] D[4] D[5]
{1} 0 2 9 % 1
74

\

2SS 0 z 7
123 o z 3 £
n23sy o 2 3 1

1
L
L
{‘,2)3,'153 i Aistances
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Warshall’s Algorithm \

M Pa{fj
Transitive Closure

=B~
1™
P

outiC)
Consider each k only once -
Con S| hen \}’L) 5, eein durn &5 pivo

nodes "k L K @ H# <l

N 7
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Basic op

ﬁ Algorithm Design & Analysis \

v o A ith
for k = 1 to n do U

for v =1 to n do
1T aJv,k] then
“for w = I'to n do
if a[k,w] then alwlTe1

O(r*)

.
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:

Example \

1 2 3 4 5

1(1 1 @1 gz 1)

2] 0 1 1 01 0 |

3/ o o 1 1 0|

4] 0 0 O 1 O |

sLo0 o 1 1 1)

P\M.k'w(/’;c

voh o Lo (v 1) Fype edses Lisgarc X b 1
bk m L 1L 1S gk 13
?iw(— M S ﬁéj% 34

.

PNO\‘ m Y )KR) S VWM""‘QI ) J
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Floyd’s Algorithm \

All-pairs shortest path wat pivot)

\

S\/WV I'(J/” 91451:“”\1(.!
K A A ms\'v{} patbes
As wit # <k
for k = 1 to n do jaikioll d
for v = 1 to n do Alwo] = WO °
40{1,(, V2w

iIf d[v,k] # « then n oo wo eds<
for w = 1 to n do
dLV,W] < min (dlyul d[V,lc]MUlw])

Aln®) )
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Algorithm Design & Analysis
/—~1 1 \
Example

2
1 2 3 4 dli,j1°
1{0 1 4 o)
2] 1 0 2 |
3] « 2 0 3|
4\ 2 o o 0
<O'SWLA”“5’*‘J
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\

Example 2 \

\ » 2 4
1 —2 3 4 dfi,j]° T
10 1 4 o)
2] 1 0 2 o | 2ot L 12t
3] « 2 0 3| wotz A
4\ 2 w o0 o)

/\L

1 2 3 4 dli, 1t s~
1( o ( Y 2 \ 1
2| | 0 DR oo |
3|ow o O 3
4 \ 7 ? G o

(
.
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Example 3 \

P, OPR
ooN®wW

A WN PP
7T T TN

N18

WNORN )\OJI\JOI—‘I\)

A WNPE

7T T TN
INIWEFOPR
101 O N|W W

g
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\

Example 3

T dLiLj)?
\| l_gvﬁfg——?"l
|

‘\/

8

—

L~N—
C

7 3
12— 3 —>
L~
s

dfi.j]°
\I !

| d[c’,j]%
) wo

s
1—>4 __5;73 ,Mfmvmﬂm{'
N

o J/
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