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Let’'s Solve a Problem \

Longest Common Subsequence (LCS)
S =a;a, . . . a,
A subsequence is

\
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[ Common Subsequence \

S; = a;a, . . . a,
S, = b;b, . . . b,
S = C\ Cy --- CL

where s is a subsequence of

Alg rithm Design & Analysis

Longest Common Subsequence

@f@%w

L Given sequences S1 and S2, want to
find Lmgbn of Hu \w(few MmN
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Enumeration Algorithm d)( \

LCS (S1, S2) V¥ ) Q‘Wb w
e
max <« O /\"M(o w@‘;\ﬁﬁr/ \”_’\XPML S

for every subseq. Rl of S1 e

for every subseqg. R2 of S2«
iIf R1 = R2 and length(R1l) > max
d \;\@@then max <« length (R1)

L
return (max)

S = Ly te Y =wm

time complexity =, w
Compiritms & L
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Capihak \
Divide and C uer

SZ .

= eSS, 6) LSS, 80
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[ LCS 11 55 Recursion \

e Rl
R b b d .a ughr ok 1LE of
2 e bbb e e RO

—— sCi-3)

R[1] # S[]]

LCS (i,3) = max(LCS(i-lyy ),LCS((]-))
LCS (6, 7) M;&Lcs(m\ \ Les(66)Yy = 4
ERN 4 alba
R[i] = S[]]
LCS(i,J) = LCS@L,i-1) + 1% —
LCS(6,5) = LCS(_S’,“[\ + 1
3 gl

\_ Lo - sty 0
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[ Recursion 2 \

l,j)
if i=0 or j=0 then LCS « 0

s else 1 [1] # S[jP then

U)

ILCS « max (i-1,73),LCS(i,3-1))
else ({0 =SCi1) R N
LCS « LCS(i-1,3-1) +| N
: s w f e
o \
Count comparisons i g 3

ng\ vt /
c(LCS(i,75)) = 1+ Q(LCSC&L,D\ +

_— e (LeSli 1Y)
2"% AN N )
id Mai 8
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_Dynamic Programming
Have matrix 1.cs (0-m, 0-n) and fill it in ~ m-wn

R=aabcab )%
S=cabb )
(}b@\g
Ri a C a
] 4 5

a b b
53\ 0| 2 3 6
00 0 0
c 1 {‘S
a 2 I\ ) -
b 3 (l l —— t\\ 2
b 4 | N 1_@———?.&——’£\\ 3

\_ i =/
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Algortithm Longest

1. Set LCS[i,3] « 0 1F i=0 or j=0

2. for 7 = 1 to n do
for i = 1 to m do
1T R[1i] # S[J] then
LCS[1,7]
<« max (LCS[i-1,3],LCS[i,3-11)
else
LCS[i,3] « LCS[i-1,3-1]1+1

3. return LCS[wm , v ]

Time complexity — m.n comprsm
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Logistics \

Course web page is
http://www.cs.pdx.edu/~maier/cs584

Expect class email list to be
cs584@cs.pdx.edu
(Watch the web page for sure.)

Will try to post weekly lecture slides
by the evening before Monday class

(
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Class Activity and Quiz \

Work in groups on a sample execution
of the Freq algorithm

\

Will have a short quiz on it -

The quiz doesn't count, but should help you
assess if you are prepared for this class

I assume you know the material from
CS310

ecture 1 David Maier le
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Study of Algorithms \

- Design techniques |
dividl + eonquar Ay prfr T
- Specific algorithms
buitdiy ok ooty
* Proofs of correctness

* Complexity analysis
- measure — (ofeSitc
- time it takes, space it consumes

a5 a ﬁmr—t)w\ o mme S1de_
- worst case
- average case

(

4
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Study of Problems \

* What's the best any algorithm can

wpper bound - w%"lfa oo ot

- Relatedness - s wgfm%w Ao 1t

'O/nb(n»w o doe anvthels

Framsihin AoSut Looleam WA"'Y mu /f

* Intractability of problems
r/)\l/vc'J ne l/ﬁ'ww/— ﬁ’%mﬂtm

Lecture 1 David Maier JM.
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Complexity of an Algorithm

Amount of time and space required as
a function of size of input n

T (n) = maximum time required
ot ol mfm'{] oﬁ [li¢e n

S (n) = maximum space required
over ol /»ﬂné‘ AL Size n

Input size Time measures
# of dowenils Counmb jubudhons
of énLS cout A 'Péwf»‘cu/pr y
2.9, Chupar I Som s

N
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Time Complexity of a Problem
Minimum time over all algorithms

to get
upper bound: gx L&k afj

ad hoe argumest

~
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Asymptotic Complexity
order no’ra‘rion
f (n) hGSO (n)) if Were 18 o €> 0
f(n) < ¢ g(n > b all N>,
v e o
f(n) = n? + 3n + 4
f(n) has OCVLL\
f(n) éqz-cd@»\)
%w YA
c /\Lﬂo

~

—
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O(g(n))

n? + 3n + 4
means

W4 dm+ Y
®(g(n))

b

~———

n? + 3n + 4

(
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= { %(m there are positive ¢ and n,
such ThaT 3C[\,\\ Lo

and n, such

6 50 < 56y £C, 9

David Maier
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Asymptotic Notation

3&\ WML Sy, )

0 (n?)

¢ O0r)  wIned e Oln?)
{£ (n) | there are positive c,, c,

that
VL>V10}

¢ O(nd)
¢ o)
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Asymptotic Notation 2 \
Note

n? + 3n + 4 € 0(n3
n? + 3n + 44 ©(n?
®(n’) & 0(n?)

\

04 Q(g(n)) = (£(n) | there are positive c and
n, such that C & () € fn) }
asymptotic n >,

* upper bound
+ tight bound ©)
* lower bound 0.
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Asymptotic Notation 3 \
Theorem

f(n) € O(g(n)) and
f(n) € Q(g(n))

imply
5(\/\\ ¢ O(%(“\\
Other facts
f(n) € O®(h(n)) andh(n) € O(g(n))
imply 50w € O(@M}

f(n) € O(g(n))
implies

g,(vq c @ (g('\\v
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Heapsort \

Heap: binary tree where all leaves at
depth | o &L

node labels are lews & sort

value at node > all values in subtrees

(
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[ Example Heap = \

T
O O
Lo
ar oM Wt cong T
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Heapsort Algorithm \

he
Heapsort (i bsp) L
1. remove b4 of oo c
P CkM OF foe [wa’ 1—‘» ald

. move

. delete Hut Laf
. remake M

Implicit data s’rruc‘rure s o 5ot
All..n] /ctwo? of Yk o 5=

DS N

All]
left and r'lghT childrenof A[i] are af
Az A fzin]

(

4
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Example Structure \
9
() 3O
® @ O O

y
'

AN
JION6 .
i1 2 4 5 6 7 8 9
Arij s s %2 o3 1z 1<

Restriction: Leawes af deph & arc % Ldf

ecture 1 David Maier JM.
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move Root Value
Swap Ali)e /«\[Rf

Pretend array runs Aliwd)
25 15 3 6 13 1 2

Remake heap: o "
exchange value with

o o £ i
/ﬁ’* §

23

¥

4

Ao il
(i ove s )

Garss \/t‘/a,
et

s
T~

~

Algorithm Design & Analysis

Formally
Input:al a2 ... an to sort
Initialize 2111 « «;
build- -max- heap ,
want2[1] 2 Alz7, 4[2*@ £ee 3
for 1 beTween landn/2
< <
PIL ) ¢
O\ adr e Vet
@) e ONO\e
\ /e

13
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Heap Construction \

Assume: AL+ - AL{T b g P’“f"‘}
Want: A[) b be vt o hu,o‘
max-heapify (i, ) S ks |
IT i not a leaf/g;a
a child of 1 has a greater wvalue

then

let k be child with larger value
l ALl = AL]

MA\(-\Mﬂfu"} (_\L) \\) "

build—max—hegg,/// =
for i = n downto 1 do

WWMMf%#MW\

¥ Lecture 1 David Maier JZ?
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[ Example of Build-max-heap \\\\
/@ l\K

<:>/o \\\\\\z:>ufk/§
N ~
D @ p® G

v

N\

e

Lecture 1 David Maier Jm

© 1994, 2003, 2006, 2008, 2009

14

David Maier




CS 410/584, Algorithm Design & Analysis: Lecture 1

\

Algorithm Design & Analysis \
Complexity of Build-max-heap \

Theorem: build-max-heap has o (n) time
complexity Aistamce abive o Gaf

Define T (h) g8 the time to max-heapify a node of
height h

T(h) £ Tth-1) +¢C
Th) £ he e O(W)

Build-max-heap calls max-heapify once per node.

How many nodes of height i? lisit ;/’[ #onics
o™ at st ;/LM’ cn k
AR
W%ﬂ; el | _F'L_\.lff(i—'rg-'--~ -‘(XV&)
cn L T o7y Vu,/sz/\
T /
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[ Heapsort Algorithm \
heapsort
Ol ~ build-max-heap 1
>fori=nt02do P”XT
AL e AL i
/V\AK/MW"L? (1, 1) anw™q -
N [om |
Sorted list endsup ina[1] ... A[n]
Time complexity: MX'WP‘LQ (5 &Y oClg 0)
103V\ 4 lognr lop =2+~ Loy Lalor) éo[nléh\

\  compritons i Oln g ~) /
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Heapsort Example \

WWW”‘/WM
TV

@) pavrtrier. (D)X 3
*Lr B & X@ :
39

O

X

[ &

4
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Lower Bounds on Sorting \

Counting comparisons

Assume A[1], A[2], ..., A[n] aredistinct
Represent algorithm by a decision tree o e«t~
yalme o
(VAW

\MC i
es / \no o condation
e e W‘SLl

Fact: Binary tree of height h has at mosTZ“ Iza\?éé‘“
Tavn 1 Py, dedson e :Hw% ok Aiskindk dowods

\/&Q«S \,\,ux\/\\’ O&r b—do\’ gw W
Least n 4 /
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Consequence \

Corollary: Any algorithm for sorting by

comparisons needs © | “ compares for
some c > 0 and large n.

n! > n(n-1) ... (n/2) > (n/2)"/?
“/L ‘/L — |04 =
\%V\\ Z \%(Kh\ = % \05,‘/}7/ : ”i(\oéw lj 3
> L onl f w2
“qt Y f

n log n > log n! since

a2 !
_

Lecture 1 David Maier
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Dynamic Programming \

! e (
Two elements Bellman's  prineifle

" Optimal substructure: solution contains
%+’ ‘optimal solutions to subproblems

Gf Lcs (?,?5 (as s*v[ku\ Comtriv
CS ((0)((\ iﬁ &} = L,;
.\;\y% - Qverlapping subproblems: if done

recursively
LCSU:;XB wpede Gm L(,g(l/S))
LS (6, )
Les (3,L)

(

Lecture 1 David Maier J\?ﬂ.
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/ Matrix Chain Product \

Multiplying an n x p matrix and a p x m matrix
takes npmscalar mults.

(we) PamO) A (50x100)
(50%T00)

7 125K
(50x60) (60x100)

N\ SK N

[TOUXD) * (0X60) * (b0UXI10) ¥ (10UXIUU) * (100X100 ]

™~ /3K ~— //ovK 1
(5x10) (10x100)

Tk
(50x10) / 5.5 K
. M3 K

VY () (50%100) /
35
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Recursive Approach \

Have matfrices M, *M,* ... *M,
Let Mult(i,3] be cost to multiply Mi* M

Let py, Py, ..., ., be dimensions such that v, has
dimension My has dims oy x pe

Assume Mult[i,i] = (O

Then Mult[i,j] =

‘min  (Mult[¢ ,k ]+Mult [+ X ]+P¢,l PK Fﬁ)
Lékc& e~ — —

Pe-1t X P Pe P

(
.

Lecture 1 David Maier
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\

Has Necessary Properties

- optimal substructure

- overlapping subproblems

~

M, ... M, M, ... M,
M, My, ... M, M, ... M, M,
-
Ml“’MVH
1
\ How many subproblems? ~ — /
Lecture 1 David Maier 37
Algorithm Design & Analysis
/ Build a Table \
Po P1 &P Ps Py Ps
50 5 60 10 100 100
—
] m 1000’
i\ 5 4 3 2 1
e |35 [ss|is | O]
21<e | 9|3 | O
3| 0l o O In 1000’'s of
mults.
4 (loo | O
> O
¥ Lecture 1 David Maier JP@
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~

Mult[i,j] Values
O 3 .5 e
1,3 1,1 + 2,3 + 50*%5*10 $.&
1,2 + 3,3 + 50*%60*10 4S5~
5T 0 %o
6o 3o
2,4 292 + 3,4 + 5%60*100 1©
2,3 + 4,4 + 5%10%100 ¢
3 o <
|oo Lo
3,5 %?3 G e 4 Lol 190 Jio e
4 <C —~+ (90.[00'[00
W
¥ Lecture 1 David Maier Jw
/; Algorithm Design & Analysis
[ Mult[i,j] Valuesz( \
O § E I
1,4 , 2,4 + 50% 5 *100 3
oo
, 3,4 + 50* L0 *100
SO
, 4,4 + 50*% 19 *100
O /60 30
2,5 2,2 3,5 + 5% L° %100
/00
2:%3 4,5 + 5*% *100
g O SP >
2,4 5,5 4+ 5%/00 *100 <Y

(

David Maier JM)
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Complexity
O(n*)

N

ﬁ Algorithm Design & Analysis \
[ Mult[i,j] Values 3 \

1,5 % + 2, 5 + 5o*£7 *100
{+3/

$O
1 3 + 4, 5 + 50*)955100
174 + 5, ©5 4 50% 10 %100

2l g3

5 + 50% (0 *100

—
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