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c By definition RH is the set of vectors g of the

horn y Ax

for some X Hence the only way for thereto exist
or such

that g Ax is to have ye RHI

2 This means that evey y must
be able to be written as

g Ax for some In this case the columns of A nest

spar
whatever space y lives

in which is fFM for Ae IFA

ExI
We wont w eIRD such that yi wTxi Stocky

these weget
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where we used the fact that wt tw
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we here

fH t.gl fAxylYAx y

xtAtAxty y 2ytAx

First let u Atg and consider Tf Tx For arbitrary Xi we here

VTx II Ui Xi vi

Stacking all these genes

Enix
u

and substitution gives

Q y Ax Tf Atg Atg

Next consider the FATA term From Hwi P't we know that

Xt B x II II x Bijxj
substitute B ATA

I tho Consider the case where B is symmetric since ATA
B



Differentiating with respect to Xi we need to accout for showing

up is both Sans which goes

X Bx j.EB.jxjtj.INT3ji

2jEBijxj by symmetryof B Bij Bj

2 Bi X

Stacking all these we get

s

fi's fori from pg 1.24 of
thenotes

BoiX

Th xTATAx ATAx by substituting ATA
B

Putting this all together we get

Tf xTATA tyg 2y Ax 2ATAx 2ATy
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For ATA to be

invertible it must be full rank UsingtheSVD wehee

ATA VE Thi uz ut

UETEUT

where V is orthogonal so rankFATA rak ETE Note that

I c IR so ETE e112 is the diagonal natrix of the
form

i

no

Thus A A 3 full rate if r N above or when rak A N In

other words ATA is invertible when the columns of A
are linearlyindepeda

Erf
fell Note that we use the fact that hut I



I I
Nowinspect u Arty

viii i

where ui is the ithcolumn f U Putting
thesetogether

ExI
Recall we defined z U ad V is orthogonal so V Ut Thisgoes

I V'I Vz
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The number of CI columns in A B din KIA Note that platelet

which has maximum
dimension M If N M columns are LI there

would exist N'M columns in 112M that are LI contradicting

the definition of
dimension of a vectorspace

ExI
Let AelR with me n Recall the SUD sizes

are

A U E
T

mxmwxnn ruj.lu
r V intr

na Hi
mark r k r xr Lvo n r xr
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At fu 2W
t Ur 4 VE
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Hr EVE

Er UF property pi since
Ur s orthonormal

columns

VrErtWrt property P2 since Vrthas orthonormal rows

Ur Ust since Er is invertible
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of g
which as gunetria

4 EE fY E.io g
which is g trie

E

By
definition NCA x cIR Ax o

E

Among all vectors x of the form Atgtxw where Xue NHI we

want to find the one with minimum norm

E

Atg Vr Er Urty Let u Er arty Then Atg Ury

which satisfies the definition of a vector lying in Rfvr



EI
Using the normal equations the

solutionsatisfies ATAx Atb but

a.be RnSoATA ataElRadATb atb c IR as well The

solution is then
scalar

n gib atb kallllbllc.SI case
X Hall Hall IIall

Now the LS cost becomes

Hai bi H coso a b Il

c so b Y f c so b
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costata t b b 2 cos atb


