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Abstract—Advances in evolutionary computation have demon-
strated that Evolutionary Algorithms (EAs) proposed in this area
are a solid alternative for solving combinatorial and continuous
optimization problems. Despite their success in innumerable real-
world scenarios, EAs depend on a set of input parameters that
characterize their performance and need to be adjusted. In fact,
identifying and setting the most appropriate parameters for an
EA is a complex task, which, in some cases, can be as difficult
as the optimization problem at hand.

Recently, parameter tuning has attracted the interest of the
research community, designing and proposing techniques that (1)
help the algorithm to perform to its best, and (2), indirectly, make
fairer comparisons of different methods. In this manuscript, we
propose a novel offline parameter tuning algorithm based on
Bayesian Optimization, a sequential design strategy for global
optimization. In order to illustrate the validity of the proposed
method, we considered as a case of study the Hybrid Kernel
EDA, an EA that is characterized by 6 parameters. We ran
the algorithm with the parameters tuned by means of Bayesian
Optimization, and compared the results with those obtained by
setting the parameters by hand (using some prior knowledge).
Experiments were carried out on a benchmark of 60 instances
of the permutation flowshop scheduling problem. Experimental
results show that, in general, Hybrid Kernel EDA obtains better
results when using the parameters tuned by means of Bayesian
Optimization.

I. INTRODUCTION

In the last decades, the advances given in the field of opti-

mization have postulated Evolutionary Algorithms (EAs) [1]

as a solid alternative for solving combinatorial and continu-

ous optimization problems. Flowshop scheduling [2], nuclear

reactor fuel management [3], robotics [4], load balancing in

communication networks [5] or chemotherapy treatment [6]

are some examples of real-world problems where EAs have

been successfully applied.

In spite of their success, EAs require a set of input

parameters that need to be fine-tuned in order to obtain a

good performance. Each parameter, discrete or continuous,

influences the overall behavior of the algorithm. Unfortunately,

with the exception of some, but little, intuition on a few

parameters, there is no rule of thumb to optimize this set,

thus, some domain knowledge is needed in order to choose

a good set. In addition, a brute-force approach is intractable.

For this reason, preliminary experiments are usually conducted

with the intention of gaining some intuition on the set of

parameters.

The task of finding the parameter set of an algorithm that

maximizes its performance can be modeled as a non-linear

optimization problem. In this sense, each parameter set x can

be seen as a candidate solution in the search space, and the

objective value obtained from running the algorithm with x,

f(x), is a quality measure of x. So, the optimization problem

can be formally expressed as follows:

x∗ = argmin
x∈Rd

f(x) (1)

where d is the number of parameters to optimize, and the goal

is to minimize the objective function.

Usually, the objective function f is a black-box function,

and its analytic form is unknown [7]. Since 2006, parameter

tuning has been a recurrent topic. In this sense, different strate-

gies, such as experimental design techniques [8], evolutionary

algorithms [9], regression models [10] or sequential parameter

optimization [11], have been proposed. In this line, López-

Ibáñez et al. [12] presented the irace package, software that

tries to find the most appropriate algorithm settings for a given

set of instances. In the last few years, this software has been

successfully applied in many research works [13]–[15].

A common drawback of the methods cited above lies

in the considerable number of evaluations needed to adjust

parameters. Particularly, if performing the evaluation of a

parameter configuration is expensive, i.e. running an EDA,

then the previous methods are not affordable.

Motivated by the characteristics of the presented scenario, in

this manuscript, we introduce an offline parameter tuning algo-

rithm based on Bayesian Optimization (BO) [23]–[25]. BO is

a global optimization method designed to deal with expensive-

to-evaluate black-box objective functions. This method has

been quite popular in the tuning of parameters of machine

learning models [25].

In order to illustrate the validity of the proposed method,

we considered a hybrid version of the Kernel EDA [16], called

HKEDA, which is characterized by 6 parameters. Particularly,

we evaluated the performance of HKEDA with the parame-

ters tuned by means of BO, and compared the results with

those obtained by setting the parameters by hand (after some

preliminary experiments). An experimental benchmark of 60

instances of the permutation flowshop scheduling problem

(PFSP) [2] was selected. According to the results, in general,

Hybrid Kernel EDA obtains better results when using the

parameters tuned by means of Bayesian Optimization. Finally,

in order to observe the behavior of HKEDA with respect to the

state-of-the-art approaches for the PFSP, we compare it with
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the algorithms studied in [2], verifying that its performance is

really competitive.

The remainder of the paper is organized as follows: in the

next section a brief introduction to Bayesian Optimization

and Gaussian Processes is presented. Then, in Section III the

case of study is described: Hybrid Kernel EDA. Experimental

design and results are explained afterwards in Section IV.

Finally, conclusions and ideas for future work are presented

in Section V.

II. BAYESIAN OPTIMIZATION AND GAUSSIAN PROCESSES

Bayesian Optimization (BO) [23]–[25] is a global opti-

mization method designed to deal with expensive-to-evaluate

black-box objective functions. Although its roots date back

to the 70s [26], the last ten years have seen a tremendous

development of the technique, both in terms of theoretical

achievements and also applications to real-world problems.

These developments have been mainly motivated by its use in

the field of machine learning where, for instance, the tuning

of parameters of a predictive model can be seen as a complex

optimization problem.

BO evolves by sampling a point1 to evaluate at each step

of the search. The key idea of BO is the use of a surrogate

model of the function to optimize, which is updated with the

information provided by each evaluated point. This surrogate

model is used to choose the next point to evaluate by means

of what is called an acquisition function. This acquisition

function explicitly balances exploration versus exploitation in

the choice of the next point.

The name Bayesian has to do with the fact that, in most

of the cases, the surrogate model is given by a stochastic

process assuming a probability distribution over the set of

objective functions. Initially, an a priori stochastic process

is assumed and, each time a point is evaluated, a posteriori

process is obtained following Bayesian statistics. The most

recurrent stochastic process used with BO and the one chosen

in this work is the Gaussian process. Proof of convergence

of this method has been provided in the case of objective

functions with specific characteristics [27].

A psuedo-code for a general BO algorithm is given in

Algorithm 1 (as presented in [24]). The next section explains

in more detail the components of BO.

A. Gaussian Process

A Gaussian Process (GP) is a stochastic process that consid-

ers a distribution over functions. Basically, it can be interpreted

as a Gaussian distribution in an infinite number of dimensions.

Furthermore, the marginal distribution of any finite collection

of dimensions follows a multivariate Gaussian distribution. A

GP is defined by two parameters: a mean function m(x) and a

kernel k(x, x′). The kernel function provides information about

the correlation between the objective function values, f(x) and

1We will use the term point to distinguish the elements of the search space
where the BO searches from those of the main combinatorial optimization
problem that we plan to solve, which will be called solutions.

Algorithm 1: BO algorithm

1 /* Sample a random point */

2 y1 = f(x1)
3 /* Initialize the data set and the surrogate model */

4 D1:1 = {(x1, y1)}
5 SM ← D1:1

6 t = 2
7 do {
8 /* Select the next point to evaluate by optimizing

the acquisition function */

9 xt = argmaxx∈A u(x|SM)
10 /* Evaluate the objective function */

11 yt = f(xt)
12 /* Update the data set and the surrogate model */

13 D1:t = D1:t−1 ∪ {(xt, yt)}
14 SM ← D1:t

15 t = t+ 1
16 } while the stop criterion is not met

f(x’) of two points x and x’. In this paper, we considered the

Matern 5/2 kernel:

kM52(x, x′) = θ20

(
1 +

√
5r(x, x′) +

5

3
r2(x, x′)

)
+

exp
(
−
√
5r(x, x′)

)
+ θn

(2)

where

r2(x, x′) =
nd∑
d=1

(
xd − x′

d

θd

)2

being θd the length-scale parameter for each dimension d,

expressing the relevance of each dimension in the output, and

θ0 and θn the amplitude and noise parameters respectively.

GPs have been previously used in the field of evolutionary

algorithms. For instance, in [28] a GP is used to model the

Pareto set in a multi-objective problem, and in [29] it is used

as a surrogate model in an evolutionary algorithm for medium-

scale computationally expensive problems.

B. Acquisition function

The acquisition function is in charge of giving a utility

value to each point of the search space by making use of

the surrogate model. It explicitly balances exploration and

exploitation.

The literature contains numerous acquisition functions such

as GP-UCB [30], probability of improvement [31] or expected

improvement [26]. We have chosen expected improvement

(uEI ), as it has shown a competitive performance in BO [27]

and depends only on one parameter, which simplifies its con-

figuration. This acquisition function measures the expectation

of improving the best result up to now, and is defined as:
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uEI(x) =

{
(μ(x)− f(x+))Φ(Z) + σ(x)φ(Z) if σ(x) > 0

0 if σ(x) = 0

where

Z =

{
μ(x)−f(x+)−ξ

σ(x) if σ(x) > 0

0 if σ(x) = 0

(3)

where x+ is the best point so far. Φ denotes the cumulative

distribution function (CDF) and φ the probability density

function (PDF) of a standard normally distributed variable.

ξ is a parameter that can be used to balance the exploration

versus exploitation trade-off.

In the previous equation, μ(x) and σ(x) are given

by the current GP. Specifically, at the (t + 1)-th it-

eration, where t points have been evaluated, D1:t =
{(x1, f(x1)), (x2, f(x2)) . . . , (xt, f(xt))}, those values can be

calculated as follows:

μ(x) = m(x) + k(X1:t, x)k(X1:t,X1:t)
−1f(X1:t)

σ2(x) = k(x, x)− k(X1:t, x)k(X1:t,X1:t)
−1k(x,X1:t)

(4)

where k(X1:t, x) (resp. k(x,X1:t)), represents

the vector (k(x1, x), k(x2, x), . . . , k(xt, x)) (resp.

(k(x, x1), k(x, x2), . . . , k(x, xt))T ) and k(X1:t,X1:t) is the ma-

trix whose entries are the values k(xi, xj) with i, j = 1, . . . , t.
The search for the point that maximizes the acquisition

function (step 10 of Algorithm 1) can be performed with

many different techniques. In this work we follow the approach

based on the use of a Sobol grid as detailed in [25].

III. A CASE OF STUDY: THE HYBRID KERNEL EDA

Estimation of Distribution Algorithms (EDAs) [17] con-

stitute a powerful tool for optimization. Based on machine

learning techniques, at each generation, EDAs estimate a

joint probability distribution associated with the set of most

promising individuals, trying to explicitly express the inter-

relations between the variables. Sampling the probabilistic

model learnt in the previous generation, a new population

of solutions is created. The algorithm stops iterating and

returns the best solution across the generations when a certain

stopping criterion is met.

Ceberio et al. [2], [16], [18] firstly proposed using prob-

ability models specifically designed for permutation domains

in EDAs. Particularly, the authors introduced distance-based

probability models such as the Mallows and Generalized

Mallows. These models are analogous over permutations to

the Gaussian distribution: they are both exponential unimodal

models defined by two parameters, the mean and the variance.

Under this model, the probability of every permutation π ∈ Sn

depends on two parameters: a spread parameter θ2 and the

distance to a central permutation π0.

2The Generalized Mallows model is defined with n−1 spread parameters.

In this paper, we use an algorithm similar to the Hybrid Gen-

eralized Mallows EDA [2] for solving the PFSP. Particularly,

this new approach replaces the Generalized Mallows model

with Mallows model kernels [16]3. The resulting algorithm is

called Hybrid Kernel EDA (HKEDA). In the following lines,

we present its main stages:

• As proposed in [2], the algorithm starts by generating

the initial population based on the LR(n/m) heuristic

algorithm.

• In the second stage, Kernel EDA is executed with the

population created with LR(n/m). At each generation of

the EDA, one Mallows kernel is defined for each selected

solution, using that solution as the central permutation of

the model. As regards the spread parameter θ, a value

must be set. It is worth mentioning that this parameter

is critical, since it controls the probabilities assigned to

each permutation according to its distance to the central

permutation (exploration / exploitation ratio). Once the

kernels are defined, new solutions are then sampled from

each kernel using the methods explained in [19]. In order

to prevent HKEDA from getting stuck, the algorithm

guarantees that all the solutions in the population are dif-

ferent by checking whether the sampled solution already

exists in the population.

In any case, as seen in the literature, the elitism and

truncation may lead the algorithm to lose diversity in

the population. Therefore, a restart mechanism is applied

when a maximum number of generations is reached

without improvement. The restart mechanism generates

a new population by applying a shake procedure over the

best individual found so far. The shake procedure consists

of choosing a percentage of items and moving them to

random positions. The first stage terminates and returns

the best solution found so far when a maximum number

of function evaluations or a given number of restarts are

reached.

• In the third stage of HKEDA, a VNS is applied to the

(best) solution obtained in the previous stage. The VNS

performs as follows: in the first step, a greedy local

search procedure is carried out using the interchange
neighborhood until a local optima is reached. In the

next step, the algorithm chooses the best neighbor in the

insert neighborhood. The algorithm repeats this procedure

until a local optimum is found for both neighborhoods.

If the obtained solution is better than that found by

the VNS so far, the best solution is updated. Next, a

shake procedure, similar to that employed in the restart

mechanism, is applied. The whole process is repeated

until the maximum number of evaluations is reached.

The stopping criterion is defined as a maximum number

of function evaluations. The second and third stages, each

perform, a priori, half of the evaluations. If the criterion on

restarts is fulfilled before half of the evaluations have been

3Based on the results reported in [16], the Cayley distance has been the
metric considered under the Mallows model.
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consumed, the remaining evaluations are performed in the

third step by the VNS.

The input parameters of HKEDA that need to be set are the

following:

• Spread parameter θ.

• Population size.

• Selection size.

• Offspring size.

• Maximum number of generations without improvement.

• Maximum number of restarts.

• % of items to be moved in the restart shake.

• % of items to be moved in the VNS shake.

IV. EXPERIMENTAL DESIGN

In order to assess whether the Bayesian Optimization (BO)

approach is suitable for offline parameter tuning, we con-

sidered as a benchmark the HKEDA and the permutation

flowshop scheduling problem (PFSP) [2]. Particularly, we

selected 60 instances from the Taillard’s instance-set [20] with

structures 50× 10, 50× 20, 100× 10, 100× 20, 200× 10 and

200 × 20 (10 instances of each structure). We then ran two

versions of HKEDA, one with parameters optimized with BO,

called HKEDA.bo, and another with parameters set by hand,

called HKEDA.fix. It must be noted that the parameters set

by hand were those for which HKEDA showed the best results

in the previous experimentation.

From the parameters enumerated above, in the following

list, the parameters to fine-tune and their ranges are presented

(they have been set without performing any previous experi-

mentation):

• Spread parameter θ: [10,15]

• Population size (p): [50,1000]

• Maximum number of generations without improvement.

(m): [100,1000]

• Maximum number of restarts (r): [10,100]

• % of items to be moved in the restart shake (b):

[0.01,0.99]

• % of items to be moved in the VNS shake (v): [0.01,0.99]

As regards the selection size, 10% of the individuals are

considered by truncation, and the number of sampled offspring

equals the size of the population. We fix both by hand as we

consider their influence to be lower than that of the previous

parameters. Nevertheless, they could also be included in the

BO step.

The stopping criterion has been set [2] to a maximum

number of function evaluations (see Table I).

In order to get the best-performing parameter set, we

run BO for each instance-structure, taking as reference one

instance from each set (the first one). Each BO-run tests

30 different parameter configurations and, since EDAs are

stochastic algorithms, five HKEDA runs are completed for

each configuration, averaging the obtained fitness values. The

whole process is repeated 10 times for each reference instance,

and the parameter set that obtained the best results is selected.

The parameter sets are summarized in Table I.

TABLE I
BEST PARAMETER SETTINGS FOR THE HYBRID KERNEL EDA PROVIDED

BY BO FOR EACH REFERENCE INSTANCE

Instance θ p m r b v evaluations
50x10 11.22 700 876 92 0.29 0.07 256208100
50x20 14.83 428 555 56 0.81 0.37 275954150

100x10 12.25 975 251 93 0.68 0.11 266211000
100x20 11.10 479 455 17 0.60 0.09 283040000
200x10 13.38 783 609 90 0.17 0.02 272515500
200x20 14.78 955 896 73 0.17 0.01 287728850

In addition, in order to prove the validity of BO for

parameter tuning, Fig 1 shows, at each iteration, the average

of 10 repetitions (dashed) and the best configuration (solid)

found so far.

The plots reveal very different scenarios. For the smallest

instances, 50×10 and 50×20, the BO shows a large variability

in the results. Contrarily, for the largest instances, it is clear

that, as the optimizer progresses, configurations with better

fitness are found.

A. HKEDA.bo versus HKEDA.fix

In the second step of the experimental study, the perfor-

mance of the HKEDA.bo and HKEDA.fix is compared. To

this end, each algorithm - instance pair was run 20 times.

HKEDA.bo is configured using the parameters described in

Table I. As regards HKEDA.fix, the parameters have been

set as follows:

• Spread parameter θ: the value that assigns P (σ0) = 0.9
with the Mallows model under the Cayley distance. For

n = 50, 100 and 2004, the corresponding values are 9.4,

10.8 and 12.2 respectively.

• Population size (p): 10n.

• Maximum number of generations without improvement.

(m): 500.

• Maximum number of restarts (r): 10n.

• % of items moved in the restart shake (b): 5 items are

moved.

• % of items moved in the VNS shake (v): 10 items are

moved.

To study the performance of both approaches, the average

relative percentage deviation (ARPD) values to the best known

results are measured. The ARPD is calculated as

ARPD =
1
20

∑20
i=1 Algorithmi

Best
− 1 (5)

where Algorithmi denotes the solution found by the algo-

rithm in the ith repetition, and Best stands for the state-of-

the-art results reported in [2]. The results are summarized in

Table II. The experiment shows that HKEDA.bo outperforms

HKEDA.fix in 48 instances out of 60 as regards the ARPD.

In order to assess whether the differences seen in Table II are

significant, we applied the Mahn-Whitney test on each instance

(Wilcoxon non-paired), and the p-values were adjusted with

4n denotes the size of the problem.
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Fig. 1. The fitness of the configurations evaluated by the Bayesian Optimizer for the reference instance of types 50 × 10, 50 × 20, 100 × 10, 100 × 20,
200× 10 and 200× 20. Averages of 10 repetitions of the current (dashed) and best (solid) solutions obtained at each iteration have been calculated.

the Finner’s method5. A level of significance α = 0.05 was

set. The results are presented in column ”Sig.” in Table II.

We used the symbols ’+’ and ”=” to denote that HKEDA.bo
is statistically better than HKEDA.fix, or that no significant

differences were found.

The statistical test concludes that HKEDA.bo is statistically

better that HKEDA.fix in 28 out of 60 instances, while, for

the rest of the instances, no significant differences were found.

It is especially meaningful to see that HKEDA.bo performs the

best in the largest instances.

B. State-of-the-art algorithms

Finally, in order to obtain a bigger picture, we would like to

observe the performance of HKEDA.bo compared to the state-

of-the-art algorithms for PFSP. In this sense, we ran 20 repe-

titions of Hybrid Generalized Mallows EDA (HGMEDA) [2]

and Asynchronous Genetic Algorithm (AGA) [22] and calcu-

lated the corresponding ARPD values as detailed in Eq. 5.

The obtained results (see Fig. 2) reveal that, for instances

with n = 50, AGA is the most competitive algorithm. For

instances with n = 100, AGA, HGMEDA and HKEDA.bo
are similarly competitive. On the contrary, for the largest

instances, n = 200, HGMEDA is clearly the algorithm that

performs the best, followed by HKEDA.bo.

5The statistical tests in this work have been carried out with scmamp
package for R [21], following the guidelines included in the documentation
of the package

V. CONCLUSION & FUTURE WORK

In this manuscript, we proposed an offline parameter tuning

method based on Bayesian Optimization. As a case of study,

the Hybrid Kernel EDA and the permutation flowshop schedul-

ing problem were considered as a benchmark. Particularly, BO

has been used to fine-tune six parameters of HKEDA. Ac-

cording to the results, HKEDA initialized with the parameters

proposed by BO obtains better results compared to the same

algorithm using parameters fixed by hand. In summary, BO

appears to be a useful tool for parameter tuning. In addition,

it could also be used to put different algorithms under equal

conditions (best configurations) so that fair comparisons can

be conducted.

In this work, we obtained an idea of the suitability of BO

for parameter tuning in EAs. Nonetheless, as future work,

we plan to analyze the competitiveness of BO for tuning the

parameters on a representative set of metaheuristic algorithms

(GA, VNS, ES,...), and compare it to other state-of-the-art

proposals such as irace [12]. Alternatively, we aim to

analyze other configurations that BO may adopt. For instance,

different acquisition functions, kernel functions or optimizers

for the surrogate model could be evaluated.
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TABLE II
ARPD RESULTS OBTAINED WITH THE TWO PARAMETER CONFIGURATION OPTIONS, HKEDA.bo AND HKEDA.fix ON THE 60 INSTANCES. THE RESULTS

IN BOLD DENOTE THE APPROACH WITH THE LOWEST ARPD.

Instance ID Best Known HKEDA.bo HKEDA.fix Sig. Instance ID Best Known HKEDA.bo HKEDA.fix Sig.
50x10 1 87207 0.005 0.004 = 100x20 1 367267 0.007 0.007 =

2 82820 0.007 0.007 = 2 374032 0.005 0.009 +
3 79987 0.005 0.004 = 3 371417 0.005 0.005 =
4 86581 0.004 0.003 = 4 373822 0.008 0.007 =
5 86377 0.005 0.004 = 5 370697 0.004 0.006 +
6 86637 0.004 0.004 = 6 372768 0.005 0.008 +
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8 86824 0.003 0.004 = 8 385456 0.005 0.006 =
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50x20 1 125831 0.004 0.004 = 200x10 1 1047662 0.003 0.004 +
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100x10 1 299301 0.003 0.004 + 200x20 1 1226879 0.005 0.007 +

2 274593 0.008 0.008 = 2 1241811 0.005 0.010 +
3 288630 0.006 0.008 = 3 1266153 0.006 0.007 =
4 302105 0.004 0.006 = 4 1237053 0.009 0.011 +
5 285340 0.005 0.006 = 5 1223551 0.006 0.010 =
6 270693 0.003 0.007 + 6 1225254 0.008 0.009 =
7 280457 0.003 0.004 + 7 1241847 0.006 0.007 +
8 291665 0.004 0.006 = 8 1240820 0.009 0.012 +
9 302624 0.005 0.007 = 9 1229066 0.008 0.010 +

10 292230 0.003 0.005 + 10 1247156 0.007 0.009 +

Fig. 2. ARPD results of AGA, HGMEDA, HKEDA.bo and HKEDA.fix on 60 PFSP instances. Each value was obtained averaging results of 20 repetitions.
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[9] C. Ansótegui, M. Sellmann, and K. Tierney, “A gender-based genetic
algorithm for the automatic configuration of algorithms,” in Principles
and Practice of Constraint Programming - CP 2009, ser. Lecture Notes
in Computer Science, I. P. Gent, Ed. Springer Berlin Heidelberg, 2009,
vol. 5732, pp. 142–157.

[10] F. Hutter, H. H. Hoos, and K. Leyton-Brown, “Sequential model-based
optimization for general algorithm configuration,” in Proceedings of the
5th International Conference on Learning and Intelligent Optimization,
ser. LION’05. Berlin, Heidelberg: Springer-Verlag, 2011, pp. 507–523.

[11] T. Bartz-Beielstein, C. Lasarczyk, and M. Preuss, “The sequential
parameter optimization toolbox,” in Experimental Methods for the Anal-
ysis of Optimization Algorithms, T. Bartz-Beielstein, M. Chiarandini,
L. Paquete, and M. Preuss, Eds. Berlin, Germany: Springer-Verlag,
2010, pp. 337–360.
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