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Fault Tolerant Control: A Simultaneous
Stabilization Result

Jakob Stoustrup and Vincent D. Blondel

Abstract—This note discusses the problem of designing fault tolerant
compensators that stabilize a given system both in the nominal situation,
as well as in the situation where one of the sensors or one of the actuators
has failed. It is shown that such compensators always exist, provided that
the system is detectable from each output and that it is stabilizable. The
proof of this result is constructive, and a worked example shows how to
design a fault tolerant compensator for a simple, yet challenging system.
A family of second order systems is described that requires fault tolerant
compensators of arbitrarily high order.

Index Terms—Controller order, fault tolerant control, sensor faults, si-
multaneous stabilization.

I. INTRODUCTION

The interest for using fault tolerant controllers is increasing. A
number of theoretical results as well as application examples has now
been described in the literature; see, e.g., [1]-[9] to mention some of
the relevant references in this area.

The approaches to fault tolerant control can be divided into two main
classes: Active fault tolerant control and passive fault tolerant control.
In active fault tolerant control, the idea is to introduce a fault detection
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and isolation block in the control system. Whenever a fault is detected
and isolated, a supervisory system takes action, and modifies the struc-
ture and/or the parameters of the feedback control system. In contrast,
in the passive fault tolerant control approach, a fixed compensator is
designed, that will maintain (at least) stability if a fault occurs in the
system.

This note will only discuss the passive fault tolerant control ap-
proach, also sometimes referred to as reliable control. This approach
has mainly two motivations. First, designing a fixed compensator can
be made in much simpler hardware and software, and might thus be ad-
missible in more applications. Second, classical reliability theory states
that the reliability of a system decreases rapidly with the complexity
of the system. Hence, although an active fault tolerant control system
might in principle accomodate specific faults very efficiently, the added
complexity of the overall system by the fault detection system and the
supervisory system itself, might in fact sometimes deteriorate plant re-
liability.

In [10], a fault tolerant control problem has been addressed for sys-
tems, where specific sensors could potentially fail such that the corre-
sponding outputs were unavailable for feedback, whereas other outputs
were assumed to be available at all times.

In [11, Sec. 5.5], the question of fault tolerant parallel compensation
has been discussed, i.e., whether it is possible to design two compen-
sators such that any of them alone or both in parallel will internally
stabilize the closed loop system.

The existence results given in [10] and [11] can be considered to be
special cases of the main results of this note.

In this note, we shall consider systems for which any sensor (or in the
dual case any actuator) might fail, and we wish to determine for which
systems such (passive) fault tolerant compensators exist. The main re-
sults state that the only precondition for the existence of solutions to
this fault tolerant control problem is just stabilizability from each input
and detectability of the system from each output.

Throughout this note, R7P?*™ shall denote the set of proper, real-
rational functions taking values in C**™, and RSP?*"™ shall denote
the set of strictly proper, real-rational functions taking values in C?*"".
RHEX™ shall denote the set of stable, proper, real-rational functions
taking values in C**", The notation {s € Ryco : B(s) = 0} will
be used as shorthand for zeros of B( - ) on the positive real line. The
set includes the point at infinity if lim;_.. B(s) = 0. For matrices
A, B, C. D of compatible dimensions, the expression

A B
G(s) = <C D)

will be used to denote the transfer function Gi(s) = C'(sI — A) ' B+
D. Real-rational functions will be indicated by their dependency of a
complex variable s (as in G(s), K (s)), although the dependency of s
will be suppressed in the notation (as in G, K'), where no misunder-
standing should be possible.

II. PROBLEM FORMULATION

Consider a system of the form

&+ = Az + Bu
Yy = C'lr
yp = Cpu 1)

where v € R",u € R™,y; € R,i =1...,pand A, B,C;,i =
1...,p are matrices of compatible dimensions. Each of the p measure-
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ments y;,¢ = 1,...,p, is the output of a sensor, which can potentially
fail.

In this note, we will determine whether it is possible to design a
feedback compensator that is guaranteed to stabilize a given system,
in case any sensor could potentially fail. To be more precise, we are
looking for a dynamic compensator v = K (s)y, K € RP™*? with
the property, that each of the following feedback laws:

w=K(s)y wv=K(s)ys1, uw=K(s)ys p
yi 0 Yi
Y2 Y2 Y2

y= Yra = s Uip = | 2
Yp Yp 0

are internally stabilizing, i.e., that both the nominal system as well as
each of the systems resulting from one of the sensors failing are all
stabilized by K (s).

It is obvious, that the answer to this question immediately provides
the answer to the corresponding dual question, i.e., whether is possible
to design a compensator, that works in the nominal situation, but also
if any of the actuators would fail.

III. PRELIMINARIES

We remind the reader (see, e.g., [12, Th. 5.9, p. 127]) that a doubly
coprime factorization of a strictly proper plant and a stabilizing com-
pensator

Gs) = N(s)M™'(s) = M~ (s)N (s)
K(s)=U(s)V™ () =V (s)U(s)
where

G E RS/])])XH? [V E RHZCX7”

M € RHEX?

M e RHZX™
¥ € RHzzm
UeRHL* Ve RPLXP
VeRHE™ Ue€RHL
can be found from an observer based controller by the formulas
A+BF | B -L
M U\ _
N \% - F I 0
C 0 I
v oo A+ILC | B L
(N" M) = -F I 0 3)
C 0 I

where A, B, C' are parameters for a (minimal) state space representa-
tion for G(s), i.e., matrices of smallest, compatible dimensions such

that
s = (2
s) =
c | o

F is an arbitrary stabilizing state feedback gain and L is an arbitrary
stabilizing observer gain, i.e., F' and L are matrices of compatible di-
mensions such that both A + BF and A 4+ LC have characteristic
polynomials which are Hurwitz.

The eight matrices defined by (3) satisfy the double Bezout identity

M U Vo -U\_(I 0
N VJ\-N M) " \o I)

‘We also remind the reader, that a unit is an element of a ring, which
has an inverse in that ring. In particular, a unit in the ring of stable
proper rational functions, is simply a stable proper function with a
stable proper inverse.

K € RP™Xr

We will need the following result (see [13, Th. 5.2, p. 106] or [11,
Cor. 6, p. 118]) on the strong stabilization problem, i.e., the problem of
finding a stable stabilizing compensator.

Lemma I: Let A(s), B(s) be stable proper transfer functions. Then
there exists a stable proper transfer function ()( s) such that the function

A(s) + B()Q(s)

is a unit in the ring of stable proper rational functions, if and only if
A(zip) has constant sign for all zi, € {s € R4 : B(s) = 0}.

IV. MAIN RESULTS

In this section, we will present our main results which state that for
systems with several outputs, it is always possible to find a compen-
sator, that both stabilizes the nominal situation, as well as the situation
where any of the sensors fails. In a similar fashion, it is shown, that it
is always possible to design a fault tolerant feedback compensator for
a system with several actuators. The only precondition to these results,
is in the first case that all unstable modes for the system are observable
by each sensor and in the second (dual) case, that all modes are con-
trollable by each actuator.

Theorem 1: Consider a system given by a state-space model of the
form (1). Assume, that the pair (A, B) is stabilizable, and that each
of the pairs (Ci, A),i = 1,...,p, is detectable. Then, there exists a
dynamic compensator I (s) such that each of the p 4+ 1 control laws
(2) internally stabilizes (1).

The proof will be constructive, and we shall give some comments on
practical computations in the sequel of the proof.

Proof: First, let us note that it suffices to prove the result in the
case where m = 1 and p = 2. To see that yn = 1 can be assumed
without loss of generality, one can just consider the system

# = Ax + Ba
y1=Chx
yp = Cp 4)

where B = Bv,v € R™>', 4 € R, and v is any vector such that the
pair (A, B) is also stabilizable. This is always possible (see, e.g., [14,
Cor. 1.1, p. 43]). Thus, if @ = K (s)y is a fault tolerant feedback law
for (4), then v = K (s)y is a fault tolerant feedback law for (1) with
K(s) = vK(s).

Next, if

K(s)=(Ki(s) Ka(s)) )]

is a fault tolerant feedback compensator for this system

T = Ar + Bu
Y1 = 013:
y2 = Cox (6)

then

K(s)=(Ki(s) Ka(s) 0 0) (7
is a fault tolerant feedback compensator for (1). Indeed, in the nominal
situation or if one of the sensors corresponding to y;, ¢ = 3,..., p fails,
the control signal generated by (7) will be the same as the control signal
generated by (5) in the nominal situation. If y;,¢ = 1, 2 fails, (7) will
still generate the same control signal as (5) which is known to stabilize
the shared dynamics of the two systems.

Thus, without loss of generality, we will assume that the system in
consideration has the form (6), where B is now a single column matrix,
C;, i = 1,2 are single row matrices, u,y; € R,i = 1,2. Thus, it will
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be assumed that the transfer functions from u to each of the outputs are
scalar. c
Define C' = ( C: ) and let K¢ (s) be an internally stabilizing com-
pensator for the system (6), which has the transfer function G(s) =
C(sI — A)~! B. Introduce a doubly coprime factorization of G(s) and
Ko(s), i.e., stable proper functions M, N, Vo, U

G(s) = N(s)M *(s) = <:28) M~(s)

Ko(s)=Vy '(s)0o(s) = V5 ' (s)(To,u(s) Toa(s))
satisfying the Bezout identity
VoM — UgN = VoM — Ug1 Ny — UpaNo = 1. (8)

This can always be done—explicit formulas are given by (3).
Next, we note that replacing in (8) the triplet

(f”’o [70,1 E’To‘z) by (V U ~72)

where

bt
I
hiet]

0 — Q2Ny — Qs N2
o1 — Q1N2 — Q2 M
Uy = ﬁo,z + QN1 —QsM
also provides a solution to (8), as this simple calculation shows
VM - T\ N, = U2N,
= (Vo — Q2N1 = QsNo)M — (Uo1 — QN> — Q2 M)Ny
— (Uo2 + Qi1 N1 — Qs M)N:
= VoM — Ug1 Ny — Uy 2Ny = 1.

3t
~
2

—

Consequently, any transfer function of the form

VN Uo) = (Vo — QaN1 — QsNo) ™
X (L’vo,l — Ql.l?Vz — in\[ [,7072 =+ Ql Ny — Q3.Aﬁ[) (9)

where ()1, Q2, Q3 are all stable proper rational functions, is also a sta-
bilizing compensator.

In the sc}quel,mwe §hall demonstrate, that ()1, (2, @3 can be chosen
such that V™' (U Us) stabilizes both the nominal and the faulty sys-
tems.

_ If the sensor corresponding to one of the outputs fails, the controller
V=T Us) has to stabilize a system of the form:

[ Ni(s) (0
o= (") o 6= ()

which means that stability is obtained if and only if the compensator
(9) satisfies the following two equations:

(Vo — QN1 — Qs No)M
— (EY()J — Ql‘NQ — Qzﬂﬁ[ 670,2
_’Nr
=+ Q117Vl — QJ.AI) < 01 )
= VoM = Q2N M — Qs No M
- 570,1]\71 + Q1 Na2Ny + Q2 M N,y

=VoM —Uo 1 N1 + Q1 NaNy — Qs NoM =y (10)
and
(‘}0 — Q2N — Q3N2)M
- (Uo,1 — 1 No— QoM 670,2
+Q1N1 — Qs M) <.782 )
=VoM —Up2Na — Q N\ No — Qo N\ M =uy (1)

where w1, uy are units in the ring of stable proper rational functions.

Thus, the existence of a fault tolerant controller has now been shown
to be inferred from the existence of stable proper rational functions
Q1,Q2, W3, such that u;, u> become units. We will prove this exis-
tence by first choosing ()1 appropriately. Subsequently, (10) and (11)
will be considered as equations for ()3 and ()2 which are no longer
coupled, and show that each has an admissible solution.

To that end, first note that it is possible to determine a stable proper
function ()1, such that:

Q1(8)17V1 (8)]\«72(8) - [’70‘1(8).7\71 (8)|_‘,: =

zip
for every value of zi, € {z € Riw M(z) = 0}, since
N1(zip)N2(zip) can not be zero for M (zi,) = 0 due to coprimeness
of M and N7 and of M and N. To determine (J; satisfying (12) in
practice can be done by a standard rational interpolation.

Now, for a fixed (Q1, (10) can be recognized as a strong stabilization
problem in the variable (Js. It is known from Lemma 1 that such @3
exists if and only if

VoM — Up.1 Nt + Q1 NoNy|o—

(12)

N —

Zip
has constant sign for every value of

Zip E {2 € Ryeo : M(2)=0 or Ni(z)=0}.
For M (zi,) = 0, we obtain

Vo(s)M(s) — Uo 1 (s)Ni(5) + Q1(s)No(5) N1(5)]a=x,,

= Ooa(IN(3) + Qul) Kal )N (s)] =y, = 5 (13
from (12). For No(zip) = 0, we get
Vo(s)M(s) = Uo1(5)Ni(s) + Q1 (5)Na(5) N1 (5)]o=s,
=Vo(s)M(5) = Uo 1 (5)Ni(s)|s==, =1 (14)

where (8) has been applied. This proves the existence of an admissible
function (J3. To determine (3 in practice, one approach is first to find
w1 that interpolates the constraints (13) and (14), and subsequently to
determine Q3 as a solution to (10). If ¢ in addition is chosen to inter-
polate all constraints arising from zeros of M and N> in the right half
plane (not just the positive half line), (J5 can be computed by

Q _ ‘;_0 .[7\1[ - 570,117\’71 + Qlj\rz ]V1 — U1
°T NoM '
The proof of existence of an admissible ()2 is completely analogous

to the proof of existence of (Q3. The interpolation constraints for (11)
corresponding to M (zi,) = 0 amounts to
Vo(s)M(s) — Up2(5)Na(s) — Q1(s)N1(5) Na(8)]s=x,,
= —570,2 (8)17\72 (8) bl Q1 (S)J\’Tl (S)ZVQ (8) |5:
=1- f/'o(s)ﬂ/[(s) + 57071(5)1\71(5)
= Q1(8)N1(s)Na(s)]s=2,
1 1
= 1 —_ == —
2 2
where (8) and (12) has been exploited. For Ny (zi, ) = 0, we obtain the
constraints
Vo(s)M(s) = Up2(5)Na(s)|e==,, = Vo(s)M(s)
—Uo,2(5)Na(5) — Q1(5)N1(5)Na(5)[s=2,, = 1
from (8). ()2 can now be found as a solution to (11), and the resulting
uo will interpolate the conditions (16) and (17). Again, (J2 might be
computed by first finding u> interpolating all constraints arising from
zeros of M and NV, in the right half plane [not just (16) and (17)], and
then computing )2 as
‘}0 Al — E’YU.'2]\72 — Q1N1 j\/‘z — Uy
N M ’

15)

Zip

(16)

a7

Q2 = (18)
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Thus, one possible fault tolerant compensator is

K= (Vo — QaNy — QsNo)™!
X ([:’70,1 —Q1Ny — Q2 M ﬁo,z + Q1N —QsM) (19)

which stabilizes the system given by (6) in the nominal case, as well as
in the case, where one of the two sensors fail. ]
A corresponding result for actuator failures follows trivially from
Theorem 1 by duality.
Theorem 2: Consider a system given by a state-space model of the
form

T = Az =+ B]U] + o+ szunm

y=Cx (20)

where z € R",u; € R,i = 1....,m,y € R” and A, B;,i =
1...,m, C are matrices of compatible dimensions. Assume, that each
of the pairs (A, B;),i = 1,...,m, is stabilizable and that the pair
(C, A) is detectable. Then, there exists a dynamic compensator K (s)
such that the nominal control law

Uy

Wy

U

as well as each of the m control laws

0 w1 uy
U2 0 U2

w = u = , u =
U Um 0

internally stabilizes (20).
Proof: Follows by transposing the system and the compensator.l
It is interesting to note that it might be necessary to resort to ar-
bitrarily high controller orders even for a system of low order. As an
example, consider for = > 0

s—1
G.(s) = < (S—U-;-i)l)(-‘fﬂ) >
(s—(1+))(s+1)
with the following coprime factorization:
_s—1_ . _ 21\ 1
G.(s) = N(s)M(s) ' = <(8t11>2 ) (76 (H‘“))
s—2 s+1
(s+1)2

for which the fault tolerant control problem is equivalent to finding
K(s) = V™Y (U, Us) such that

2

‘7,5—(1+6)_~. s—1 = s-1 —
s+1 "(s+1)? HCE
=5 —(14¢) . s—1
' s+1 0 Lz(s—l—l)z_u2
55— (1+¢) -~ s—-1
V s+ 1 /1 (5 T 1)2 0= U3 (22)

where u, u2, ug are all units in the ring of stable proper functions.
Evaluating these equations at s = 1 at s = oo, we notice that

U1(1) = ’u‘z(l) = uif(l)

On the other hand, we also have

and  uq(o0) = uz(o0) = uz(oo0).
wi(l+e)=us(1+=)+us(l+2).
Let us define the units v> = u2/u1 and vz = us/u1. Then, we have
va(l)y=w3(l)=1

va(00) = v3(oc) =1

va(l4+e)+wvs(l+2)=1.

From the last equation, we infer that either v2(1 + ) < (1/2) or
va(1+¢) < (1/2). Assume without loss of generality that vo (1+¢) <
(1/2). Then, vz is a unit such that
. 1
va(l)=1 ~v:i=wv(l4e)< 3 and wz(oo0) = 1.
The constraint at infinity, means that we can assume v» to be of the
form

s"Hars" 4t an

n(s) = 2
v2(s) St B+t B (23)
for some n, which leads to the conditions
14+ar+---+ap=14+814+---+fn (24)
and
(L+e)"+(L+e)" Tar+-+ +an
=91+ +7(1+)" B4 B (29)
Subtracting (24) from (25) gives
(1+2)" -1
+ (149" ' =Dar+-+ (1 +2) = Dan—
= (142" = D+ (142" = Dy
Foot (v = 1) (26)

We remind the reader, that a necessary condition for (23) to be a unit
is that o; > 0,03; > 0,i = 1,...,n. Thus, all the terms on the left
hand side of (26) are positive. This means, however, that (26) can only
be true if

13 1
(1+2)">=>2
,

or, equivalently

log 2

> — f = — 0.
n>10g(1—|—5)_>00 or — 04

From (22), we obtain

7;.5'—(_1-‘,—5) T s—1
; U2 V s1 Uz (s+1)2
- m 775*(1“!’5) 7 _s—1 _ 7‘ s—1
“ v s+l L1(5+1)2 ['3(s+1)2

_ (s—(14+eN(s+1)—(s— V' T,
C(s—(I4e)(s+ ) —(s— VI — (s = HV 1T

Since the order of the left-hand side of this equation tends to infinity
as ¢ tends to zero, clearly also the order either of V='U, orof V='T
has to tend to infinity.

Thus, the order of the resulting controller can be required to be of
arbitrarily high order even for this family of second-order systems.

V. FAULT TOLERANT CONTROL DESIGN EXAMPLE

In this section, we shall apply the method of the constructive exis-
tence proof for a system which is only of second order, but yet difficult

to reliably stabilize
. (3 0\ 1\

yr=(1 2)x

y2 = (1 3)x. 27)

This system has a stable pole in —1 and an unstable pole in 3. The
transfer function from w to y; has a zero in 1, whereas the transfer
function from w to y2 has a zero in 2.
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The objective is now to find a compensator K (), such that all the
three control laws

w=K(s) (3;) u=K(s) <y02) u=K(s) <‘lﬁ>

internally stabilize (27).

We will find the doubly coprime factorization by designing an ob-
server based compensator. One possible observer gain matrix (there are
infinitely many) that assigns the observer poles to the set {—2, —1} is

the following gain:
—-12 8
L= .
(v 5)

The (unique) feedback gain that also assigns poles to the set {—2, —1}
is

F= (=5 0).

Consequently, the transfer matrix for the system

oo 1 s—1
G(s)_32—25—3<s—2)

can be written in the following coprime factorization form:

N [\71('5) 1 —1,.
G(s) = <Nz(s)> M~ (s)
where
M(s)=1+ F(sI— A- BF)'B= "3
M(s) = s = S—|—2

(Nl(";)) — C(sT—A-BF)"'B= (ﬁ}z) -

Na(s) PR

The compensator has the following factorization:

Ky = ‘7071(60,1 ﬁo,z)
with
2
S A 15 S + 85+ 12
Vo=1-F(sI-A—-LC) 'B= 3540
(Uoy Upo)=—F(sI—A—LC)"'L
1
_%(—35—6 254 4).

It is easy to verify, that the aforementioned six functions satify the Be-
zout identity

VoM — Uy Ny — Up o Ny = 1.

Next, we would like to select () satisfying (12), i.e., such that

Ql(zip>A7\71(Zip)Z\72(Zi1)) - ﬁ(),l(zip)jvl(zip) =

N =

whenever M (zip ) = 0 on the positive real half-line, which in our case
means zi, = 3. Since we have only one interpolation point, a possible
choice of (1 (s) is a constant

1+ 2001 (2ip) N1 (ip)
2N1 (zip ) Na(zip)

Q](S) = = —200.

The remaining two steps are to solve the two (independent) strong
stabilization problems (10) and (11). First, we should find ()3 satisfying

(10) where u, is a stable proper function with a stable proper inverse.
The interpolation points are the positive real zeros (including cc) of N
and of M which are zn, = {2,00}, zar = 3, for which we have

Vo(2)M(2) = Uo i (2)N1(2) + Q1 ()N (2)N2(2) =1
Vo(3)M(3) — Uo 1 (3)N1(3) + Q1(3) N1 (3)No(3) =

Fa(00) M (56) = Do, (5¢) N (%)
+ Q1(00) N1(00) Na(s0) = 1.

M| =

A possible u; that interpolates (2, 3, o0) to (1,(1/2),1) can be found
from the Routh—Hurwitz conditions:
8%+ 245 + T4s + 1766
3 + 48052 + 255 4+ 40

u; =

Thus, (23 can be computed from (15) as

fr[)_kf - 57071 .LVl + Ql ./Vl .sz — U1
NoM
456s* + 48075 — 50993s? — 5888s — 4884
s* 4+ 48153 4+ 50552 4+ 655 4+ 40

Qs(s) =

For the second strong stabilization problem
‘}0 M — ET(JEQ]\T' - Q1N1 j\/‘z - Qle M = (15)

the interpolation points are: zn, = {l,00},2m = 3 A possible
us that interpolates (1,3, 0) to (1,(1/2),1) can be found from the
Routh—Hurwitz conditions

s2 4+ 25421
1[2: o A
s2420s+3

which enables us to compute Q> from (18) as

VoM —UoaN> — QiN1 N2 — us
Qa(s) N M

185”4 302s” + 34205 + 496
s34 2182 +23s+ 3

Now, we are ready to compute a fault tolerant controller as

K= (Vo —QaN, — QsNo)™!
x (Uoy — QN2 — Q2M TUpo+ QN1 — Q3 M)
1

T st 42953 — 797852 — 124265 — 2006
< 18s* + 8658s” + 9090s” + 11705 + 720 >T

4565% + 104395 + 2861152 + 21217s' + 2589

It can be verified, that this compensator manages to stabilize both
the nominal system, as well as the faulty system, in case either of (but
of course not both) the two sensors fails. The stability margin is rather
poor, but numerical experience suggests that it can only be improved
substantially by going to (even) higher order compensators which was
not done, as this example just serves as an illustration of the principle.

VI. CONCLUSION

In this note, we have proved the existence for any given system of
a fault tolerant compensator, which stabilizes the system during its
normal operating conditions, but also in the case that one of the sensors
or actuators would fail.

The proof given was constructive, and it was demonstrated for a
simple example that carrying out the steps of the proofs can lead to
a fault tolerant compensator. It should be stated, however, that the de-
sign process is not easy. Also, in practice, the issue of performance
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should be addressed, which can, unfortunately, not easily be done in
the framework suggested here.

It was also shown that the dynamical order of any fault tolerant com-
pensator for some systems even of order two might have to be consid-
erably large, due to intrinsic properties of the system.

A subject of future research is to clarify whether the same results
hold for systems in which several sensors and actuators (but not all of
either kind) can fail simultaneously.
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Nonlinear Control Synthesis by Convex Optimization

Stephen Prajna, Pablo A. Parrilo, and Anders Rantzer

Abstract—A stability criterion for nonlinear systems, recently derived by
the third author, can be viewed as a dual to Lyapunov’s second theorem.
The criterion is stated in terms of a function which can be interpreted as the
stationary density of a substance that is generated all over the state—space
and flows along the system trajectories toward the equilibrium. The new
criterion has a remarkable convexity property, which in this note is used
for controller synthesis via convex optimization. Recent numerical methods
for verification of positivity of multivariate polynomials based on sum of
squares decompositions are used.

Index Terms—Density functions, nonlinear control, semidefinite pro-
gramming relaxation, sum of squares decomposition.

I. INTRODUCTION

Lyapunov functions have long been recognized as one of the most
fundamental analytical tools for analysis and synthesis of nonlinear
control systems; see, for example, [2]-[4], [6], [7], and [9].

There has also been a strong development of computational tools
based on Lyapunov functions. Many such methods are based on convex
optimization and solution of matrix inequalities, exploiting the fact that
the set of Lyapunov functions for a given system is convex.

A serious obstacle in the problem of controller synthesis is however
that the joint search for a controller «(x) and a Lyapunov function
V() is not convex. Consider the synthesis problem for the system

i = f(2) + gla)u.

The set of © and V satisfying the condition

%[)‘(r) +g(x)u(x)] <0

is not convex. In fact, for some systems the set of v and V' satisfying
the inequality is not even connected [14].

Given the difficulties with Lyapunov based controller synthesis, it is
most striking to find that the new convergence criterion presented in
[15] based on the so-called density function p (cf. Section II) has much
better convexity properties. Indeed, the set of (p, up) satisfying

Velo(f +gu)] >0 ey

is convex. In this note, we will exploit this fact in the computation of
stabilizing controllers. For the case of systems with polynomial or ra-
tional vector fields, the search for a candidate pair (p, up) satisfying
the inequality (1) can be done using the methods introduced in [12]. In
particular, a recently available software SOSTOOLS [13] can be used
for this purpose.
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