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A Framework for Conducting Eigenanalysis on Unitary
Operators Used in Quantum Optimization Algorithms

(Summary)

Consider an NP-hard optimization problem f . This can be solved on a quantum computer by forming a
superposition of all possible states and then applying a unitary operator Uf that amplifies the amplitude of
the optimal solution while attenuating all other amplitudes. An observation operator can then extract the
final answer.
The key to obtaining the optimal solution with a high probability is to have a properly constructed Uf .

This unitary operator should permit interference to alter the amplitudes, but it is not known for certain
what if any role entanglement should play. The eigenvalues of Uf all have modulus one, but little is known
about what type of eigenstructure works best for a particular f . Moreover, it is unlikely that a different
type of optimization problem g will have Ug = Uf . A deeper understanding of the eigenstructure of unitary
operators is necessary before procedures can be developed to construct a correctly performing Uf for an
arbitrary optimization problem. Eigenanalysis methods do exist, but there are few examples of properly
operating unitary operators—i.e., operators designed to solve particular NP-hard problems—available for
study. The purpose of this research project is correct this situation by creating a framework to support
eigenanalysis investigations on unitary operators.
We believe the only practical way of obtaining these Uf ’s is to work with optimization problems small

enough so that exhaustive search can find the optimal solution. This means the specific amplitude that must
be amplified by Uf will be known a priori so it will be easy to check if a candidate Uf produces the desired
effects. An evolutionary algorithm—i.e., a stochastic algorithm that conducts searches using the Darwinian
principles of natural selection found in Nature—will be used to find a correctly operating Uf .
The eigenanalysis begins after the evolutionary algorithm has found an acceptable unitary operator Uf .

Conventional methods (e.g., LAPACK routines) can be used to extract the eigenvalues and eigenvectors. We
know the eigenvalues are of the form λk = eiθk , but we do not know how the θk’s should be distributed for a
specific Uf . The extent of degeneracy is another unknown. One of our particular interests is to investigate
the role entanglement plays. (The eigenvalue spectra alone cannot prove state separability, but eigenvector
positioning may prove to be useful.) The investigation will then explore how problem size affects the
operator eigenstructure. We expect the eigenanalysis will enable us to identify intrinsic spectral properties
of efficacious unitary operators. Our objectives can be summarized as follows:

Research Objectives: (1) construct unitary operators that optimally solve instances of NP-hard
problems, (2) apply LAPACK routines to conduct an eigenanalysis on these operators to determine
their degree of eigenvalue degeneracy, their eigenvalue distribution and any role of entanglement,
and (3) identify heuristics for constructing efficacious unitary operators for other types of quantum
optimizationalgorithms.

This 11 month project involves one PI and one graduate assistant. The project cost is approximately
$46,000.
Statement on Intellectual Merit: The proposed research addresses an open problem that will have
immense interest in the quantum computing community. Currently there are only a handful of known
quantum algorithms and the results of this research will aid in the development of future algorithms.
The PI is a recognized expert in evolutionary computation, which is a key component of this research

effort. The PI has also published a peer-reviewed paper on quantum computing and has given two seminars
at Portland State University on the benefits of quantum computing.
Statement on Broader Impact: The results of this research will be widely disseminated with a web page
where researchers can download all source code. Results will be initially released in the Los Alamos Preprint
Archive and later published in a relevant journal.
The Portland State University Office of Educational Equity Programs and Services will help us to identify

a qualified underrepresented group graduate student to work on this research project.
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Budget Justification Page

  

Fringe benefit costs based on 23% of PI summer salary and 5% academic year salary for
graduate student.

Travel is to attend one technical conference to present results.

Computer purchase is for PC to run simulations.

Tuition remission is not included in indirect costs.


