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A Framework for Conducting Eigenanalysis on Unitary
Operators Used in Quantum Optimization Algorithms

(Summary)

Consider an NP-hard optimization problem f. This can be solved on a quantum computer by forming a
superposition of all possible states and then applying a unitary operator Uy that amplifies the amplitude of
the optimal solution while attenuating all other amplitudes. An observation operator can then extract the
final answer.

The key to obtaining the optimal solution with a high probability is to have a properly constructed Uy.
This unitary operator should permit interference to alter the amplitudes, but it is not known for certain
what if any role entanglement should play. The eigenvalues of U all have modulus one, but little is known
about what type of eigenstructure works best for a particular f. Moreover, it is unlikely that a different
type of optimization problem ¢ will have Uy = Uy. A deeper understanding of the eigenstructure of unitary
operators is necessary before procedures can be developed to construct a correctly performing Uy for an
arbitrary optimization problem. FEigenanalysis methods do exist, but there are few examples of properly
operating unitary operators—i.e., operators designed to solve particular NP-hard problems—available for
study. The purpose of this research project is correct this situation by creating a framework to support
eigenanalysis investigations on unitary operators.

We believe the only practical way of obtaining these Uy’s is to work with optimization problems small
enough so that exhaustive search can find the optimal solution. This means the specific amplitude that must
be amplified by U; will be known a priori so it will be easy to check if a candidate Uy produces the desired
effects. An evolutionary algorithm—i.e., a stochastic algorithm that conducts searches using the Darwinian
principles of natural selection found in Nature—will be used to find a correctly operating Uy.

The eigenanalysis begins after the evolutionary algorithm has found an acceptable unitary operator Uy.
Conventional methods (e.g., LAPACK routines) can be used to extract the eigenvalues and eigenvectors. We
know the eigenvalues are of the form )\, = €%, but we do not know how the 6;,’s should be distributed for a
specific U¢. The extent of degeneracy is another unknown. One of our particular interests is to investigate
the role entanglement plays. (The eigenvalue spectra alone cannot prove state separability, but eigenvector
positioning may prove to be useful.) The investigation will then explore how problem size affects the
operator eigenstructure. We expect the eigenanalysis will enable us to identify intrinsic spectral properties
of efficacious unitary operators. Our objectives can be summarized as follows:

Research Objectives: (1) construct unitary operators that optimally solve instances of NP-hard
problems, (2) apply LAPACK routines to conduct an eigenanalysis on these operators to determine
their degree of eigenvalue degeneracy, their eigenvalue distribution and any role of entanglement,
and (3) identify heuristics for constructing efficacious unitary operators for other types of quantum
optimizationalgorithms.

This 11 month project involves one PI and one graduate assistant. The project cost is approximately
$46,000.

Statement on Intellectual Merit: The proposed research addresses an open problem that will have
immense interest in the quantum computing community. Currently there are only a handful of known
quantum algorithms and the results of this research will aid in the development of future algorithms.

The PI is a recognized expert in evolutionary computation, which is a key component of this research
effort. The PI has also published a peer-reviewed paper on quantum computing and has given two seminars
at Portland State University on the benefits of quantum computing.

Statement on Broader Impact: The results of this research will be widely disseminated with a web page
where researchers can download all source code. Results will be initially released in the Los Alamos Preprint
Archive and later published in a relevant journal.

The Portland State University Office of Educational Equity Programs and Services will help us to identify

a qualified underrepresented group graduate student to work on this research project.
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A Framework for Conducting Eigenanalysis on Unitary
Operators for Quantum Optimization Algorithms

C.1 Introduction

The real challenge in solving optimization problems is to create algorithms and techniques that can solve
realistically sized problems within a reasonable amount of computational time. Most of these algorithms
formulate an optimization problem as a search problem—i.e., the problem solutions reside in an abstract
solution space and two solutions are neighbors if they differ by a small perturbation of a problem parameter.
Any algorithm that “solves” an optimization problem is therefore a search algorithm that explores the
solution space landscape.

Unfortunately, many real-world optimization problems require such huge computational resources that
brute force search methods are useless; they simply take too much time to find the optimal answer. This
has led researchers to use search heuristics that yield an acceptable compromise: a possibly lower quality
answer but with a minimal search effort. Recently an entirely new approach has surfaced with potentially
enormous consequences. This new approach is called quantum computing and it relies on the principles of
quantum mechanics to find problem solutions.

We are interested in solving optimization problems which have their solutions encoded as binary strings.
This covers a broad class of problems including many which are NP-hard!. In principle, a classical computer
takes an initial solution binary string and, using logic operations, transforms it into the final solution binary
string. (Which specific logical operations are dictated by the search algorithm steps.) Since any logical
operation can be implemented with logic gates, one could physically implement the search algorithm as a
logic circuit composed of interconnected elementary logic gates.

This classical system perspective has been adopted by many developers of quantum computing search
algorithms. Quantum mechanical systems evolve according to Schrodinger’s equation—i.e., the initial system
state is transformed into a final state by a series of unitary operations. Since problem solutions are encoded
in quantum computers as a set of qubits, these unitary operators are usually defined as elementary quantum
“gates” (e.g., a controlled-NOT gate). Although different optimization problems may use qubits to represent
solutions, each optimization problem instance requires an entirely new “quantum circuit”. This is because
the qubit states that represent the optimal solution to one type of optimization problem will most likely not
be the same for the optimal solution to a different optimization problem. Furthermore, it is not hard to see
that the complexity of such a circuit, in terms of the number of interconnected gates, will be extremely high
for even moderately sized problems. Consequently, a gate-level approach will rapidly become unmanageable
and a higher level of abstraction is needed.

We believe it is better to use a system-level approach where the focus is not at the qubit level—the level

1 The IEEE 754 standard describes how to encode floating point numbers as 32-bit binary strings. Hence, optimization
problems with continuous search spaces are also of interest.



quantum gates work at—but rather at the state level. This requires direct manipulation of state amplitudes.
Each distinct state represents a unique problem solution and our goal is therefore to amplify the amplitude
of the one state that encodes the globally optimum solution to an optimization problem while attenuating
the amplitudes of all the other states.

Unitary operators can alter the amplitudes, but it is not known how to construct such an operator
to work for a specific optimization problem. In other words, a unitary operator that performs correctly
for an instance of an INDEPENDENT SET PROBLEM will most likely not work for an instance
of a MULTIPROCESSOR SCHEDULING PROBLEM-—even though both problems encode their
solutions with qubits?. What is clearly needed is a deeper understanding of the characteristics of a unitary
operator that works for a specific optimization problem. This insight may ultimately lead to a practical
method for developing effective unitary operators for other types of quantum algorithms. Our research

objectives are listed below.

Research Objectives: (1) construct unitary operators that optimally solve instances of NP-hard
problems, (2) apply LAPACK routines to conduct an eigenanalysis on these operators to determine
their degree of eigenvalue degeneracy, their eigenvalue distribution and any role of entanglement,
and (3) identify heuristics for constructing efficacious unitary operators for other types of quantum
algorithms.

We intend to use evolutionary algorithms—i.e., algorithms that conduct searches using the principles
of Darwinian evolution found in Nature—to design unitary operators. We will pick an optimization test
problem small enough so that its optimal solution can be found via exhaustive search, making it possible to
specify what the relative amplitudes of all states should be. Hence, it will be easy to determine if the unitary
operator is correctly constructed. An eigenanalysis of the unitary operator can then be conducted. This
study will be repeated for other NP-hard optimization problems to gain some insight into the characteristics
of efficacious unitary operators.

This proposal is organized as follows. Section C.2 provides some needed background. The quantum com-
puting overview is especially brief because its primary purpose here is to establish notation. The description
of evolutionary algorithms should be sufficient to illustrate our methods. Section C.3 provides details on our

approach. Finally, Section C.4 discusses broader impacts of this research effort.

C.2 Background
C.2.1 Quantum Computing

Classical computer systems represent a single bit of information deterministically: the value is either a logic
0 or a logic 1. Quantum computer systems represent a single bit of information as a qubit, which is a

unit vector in a complex Hilbert space C2. The ideas are commonly expressed using the bra/ket notation

2Both problems are known to be NP-hard [1].



introduced by Dirac [2]. The ket symbol is denoted by |2) and the corresponding bra is denoted by {z|. The
ket describes a quantum state and the corresponding bra is its complex conjugate.

Any practical quantum computer manipulates a register of n qubits. If each qubit has an orthonormal
basis {|0),]1)}, then a n qubit system has a basis expressed by the tensor product: C? ® C? ® --- C2%. This
gives 2" total basis vectors. In general, |a) denotes the tensor product |a,) ®|a,_1)® - ®|a1) ®|ag), which
means a quantum register has the value a = 2% + 2'a; + - - - + 27a,,.

A qubit need not exist in only one basis state. Indeed, a qubit can exist as a linear superposition of basis
states cg|0) + ¢1|1), where cg, ¢; are complex numbers with |co|? 4 |¢1]?> = 1. More generally, the n qubit

register can be prepared in a superposition of all possible classical states:

2" -1

) = > ali) 1)

i=0
where the normalization condition >, |¢;|?> = 1 must hold. The complex number ¢; is called the amplitude
associated with the state [i).

The state of a qubit register is determined by a measurement. In quantum systems this measurement
process projects the system state onto one of the basis states. Referring to Eq. (1), the measurement returns
a value of |i) with probability |c;|?. Any subsequent measurement returns the state |i) with probability 1,
which means the measurement process irreversibly alters the state of the system. Measurement also gives
another perspective on entanglement: two qubits are entangled if and only if the measurement of one effects
the state of the other.

The most conventional representation of a base state |i) is as a column matrix with the i — th entry 1
and all other entries 0. A state |1} is therefore represented as a column matrix of the complex amplitudes.

That is,

Quantum systems evolve from state to state according to Schrodinger’s equation [3]. Suppose we start in state
|19y = >~ ¢ili). A linear operator U produces a new state |¢) = U|y). Both states are linear combinations of
the same base states, so |¢) = Y ¢;|¢). This means evolution occurs by modification of the state amplitudes.
Note that the normalization condition required of states is satisfied iff U is unitary—i.e., UTU = I.

It is important to emphasize the role superposition plays in quantum computing. Consider a state
|1y = > ¢i]iy. You can exploit the superposition using the property of quantum interference. Interference
allows the exponential number of computations performed in parallel to either cancel or enhance each other.
Feynman [3] beautifully describes how light waves can constructively or destructively interfere to produce
this effect. The goal of any quantum algorithm is to have a similar phenomena occur—i.e., interference
increases the amplitudes of computational results we desire and decreases the amplitudes of the remaining

results. It is a unitary operator that would alter these amplitudes.



C.2.2 Evolutionary Algorithms

All evolutionary algorithms (EAs) share the same basic organization: iterations of competitive selection and
random variation. Although there are several varieties of EAs, they are all biologically inspired and generally

follow the format depicted in Figure 1.

initialize .| evaluate o~ select o | randomly vary
population v fitness "l survivors "1 individuals
A

Figure 1. The canonical EA.

EAs manipulate a population of individuals where each distinct individual encodes a unique set of problem
parameters needed to form a solution. The initial population is randomly generated. During each generation
(iteration), the current population is evaluated and each individual is assigned a numerical fitness value.
High fitness means the associated individual represents a good solution to the given problem. The selection
process chooses the higher fit individuals for reproduction. These survivors undergo stochastic reproduction
operations to create new individuals. The loop shown in Figure 1 continues until either a fixed number of
generations are processed or an acceptable solution has been found.

The three basic EA paradigms used for optimization are the genetic algorithm (GA), the evolution strat-
egy (ES), and evolutionary programming (EP). Each paradigm was independently developed. Although they
all follow the evolving population model, there are some differences. For example, the GA chooses parents
with a probability proportional to its fitness with respect to other individuals in the current population.
This means the fitter parents are more frequently chosen for reproduction. Conversely, ES and EP allow
every parent to reproduce regardless of its relative fitness. ES ranks all parents and offspring according to
fitness and deterministically chooses the best to be parents in the next generation; EP conducts a tourna-
ment among all individuals and the tournament outcome determines who survives. Most importantly, GAs
use components from two parents to produce offspring—a process called recombination—as the primary
reproduction operator, whereas EP only uses mutation. The ES can use multi-parent recombination, but it
relies heavily on mutation for reproduction.

The No Free Lunch Theorem [4] states that no search algorithm works best over all classes of optimization
problems. We therefore plan on constructing a hybrid algorithm that adopts features from all three EA

paradigms, which makes the term “evolutionary algorithm” an appropriate nomenclature.



C.3 Outline of Research Activity
C.3.1 The Goal of the Research Project

We intend to use a system-level approach that dispenses with a quantum gate-level viewpoint of quantum
algorithms. First, recall an optimization problem f is solved on a quantum computer by the following

quantum algorithm:

1. encode each possible solution with n qubits
2. form a superposition of all possible solutions

3. apply a unitary operator Uy that amplifies the amplitude of the optimal solution while attenuating all

other amplitudes

4. take an observation to extract the final answer.

Each distinct optimization problem should intuitively have a unique unitary operator—i.e., if f and g¢
are two optimization problems, in general Uy # U, unless f = g. The problem is how to construct a
unitary operator tailored for a specific optimization problem. Unfortunately, no one really knows how to do
this construction which explains why little progress has been made in designing optimization algorithms for
quantum computers.

The goal of this research project is to construct a correctly operating Uy for a (small) NP-hard problem.
This operator runs on a classical computer. Nevertheless, the research community benefits in two ways from

having an actual, properly functioning Uy:

1. Insight often comes from observing what works. Quantum algorithm designers will now have a func-

tioning Uy to study. They will now know what type of operators their design method must create.

2. The Uy is a benchmark that can be used to compare different quantum algorithm design methods.

We believe the only practical way of obtaining these Uy’s is to work with optimization problems small
enough so that exhaustive search can find the optimal solution. This means the specific amplitude that must
be amplified by Uy will be known a priori making it possible to easily check if a candidate Uy produces
the desired effects. Exhaustive search on small size NP-hard problems has been used by others to verify the
efficacy of quantum algorithms [5].

We will create a framework that creates a properly operating unitary operators for study. Our framework
contains an NP-hard optimization problem f, and a stochastic search method for creating a suitable Uy.
Conventional methods that rely on proven, publicly available software routines can then be used to actually

conduct the eigenanalysis.



C.3.1.1 Details on the NP-hard Problem
C.3.1.1.1 Problem Definition

Omne good choice for an optimization problem is the INDEPENDENT SET PROBLEM (IS) which is
known to be NP-hard [1]. The problem is defined as follows:

Problem instance: A graph G = (V, E) where V = {1,2,...,n} is the set of vertices and F CV x V the
set of edges. An edge between vertices ¢ , j is denoted by the pair (i ,j) € E.
Feasible solution: A set V’ of nodes such that Vi ,j € V’': (i ,4) ¢ E. V' is called an independent set.

Optimal solution: maximal |V’|—i.e., the max cardinality independent set

1 2 3 4 5

Figure 2: An IS problem instance. Both V' = {2,4,7,9} and V5 = {1,6,9} are independent sets, but neither
one is globally optimum.

C.3.1.1.2 Exhaustive Search for the Optimal Solution

Consider an IS instance with ¢ nodes. Each solution could be encoded for a classical computer using an
£-bit binary string where bit i = 1 indicates i € V’. (Not all of these solutions are feasible though.)

We need to find the optimal solution so we will know which amplitude to amplify. It is easy to verify if a
solution is feasible, so the main problem is to list all of the solutions. Fortunately this is trival to do for IS
instances because the solutions are encoded as binary strings: simply count in binary from 0 to 2¢-1. It does
take O(2™) time to scan for the maximal cardinality, but the problem size is purposely kept small enough so

that this can be done within a reasonable timeframe.

C.3.2 Details on the Evolutionary Algorithm

An £-node IS problem solution can be encoded with £ qubits. Thus, a quantum computer state |1} would
be a linear superposition of all 2¢ base states, and |10} would be represented as a column matrix of complex
amplitudes.

Each individual in the EA’s population encodes a candidate unitary matrix. The initial population of
unitary matrices must be randomly created but this can be efficiently done [6]. The basic idea is to make
the unitary 2¢ x 2¢ matrix U a block diagonal matrix. Each 2 x 2 block submatrix represents an elementary
unitary transformation, which are functions of the random angles o, ¢, and x each with a uniform distribution

on [0,27). A random initial population is then formed by choosing random angle values for each member of



the population. A column matrix representing an initial state must also be created; each entry ¢; is complex
and of equal modulus subject to the constraint 3~ |c;|? = 1.

New candidate unitary matrices must be created for evaluation during each generation of the EA. The
technique described in [6] can be also be used as a reproduction operator: take an existing unitary matrix

and perturb each random angle as follows
o =a+ N(0,01) ¢ =¢+ N(0,09) X' = x+ N(0,03)

where N(0, o) represents a Normally distributed random variable with zero mean and standard deviation o.
Note that each random angle has its own standard deviation. These standard deviations can also be adapted
to improve the search. This method of stochastic mutation to produce new candidate solutions is commonly
used with EAs and has been shown to be a very effective search mechanism [7].
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Figure 3: Each amplitude is allocated a “bin” on the unit interval with the bin’s width equal to the amplitude
squared. An observation is made by picking a random number on the unit interval and recording the bin
number. States with the larger amplitudes have a greater probability of being picked.

The optimization problem is small enough so that an exhaustive search can find the optimal solution
|iopt>~ Consequently, the specific amplitude we want to maximize will be known a priori. An EA will attempt
to evolve a unitary operator Uy that amplifies Copt while attenuating all other amplitudes. Specifically, during
each generation the EA takes every candidate Uy from the current population and computes |¢) = Us|v)).
The fitness of Uy indicates how well the amplitude of the optimal solution has been amplified with respect
to the other solutions—i.e., highly fit solutions have |Copt|2 > |e]? Vi) £ liopt)-

The fitness calculation is straightforward. The user defines a lower bound for |Copt|2 and an upper bound
for all other amplitudes. After computing |¢) = Us|)), the complex amplitudes of ¢; € |¢) are extracted
and the fitness is calculated as follows

fitness(Uy) = Z !
[

|eil® =[] + ¢

i
where € < 1 and |¢f|? is the defined upper or lower amplitude bounds as appropriate. The EA terminates
whenever the maximum fitness 1/¢ is reached or a fixed number of generations have been processed. An
observation can then be taken (see Figure 3). In practice, a number of such observations will have to be

taken to construct a probability density.

C.3.3 Conducting the Eigenanalysis

The eigenanalysis begins after the EA has found an acceptable unitary operator Uy. Conventional methods

(e.g., LAPACK routines) can be used to extract the eigenvalues and eigenvectors. We know the eigenvalues



are of the form Ay = ¢, but we do not know how the 8;,’s should be distributed for a specific U ¢. The extent
of degeneracy is another unknown. One of our particular interests is to investigate the role entanglement
plays. (The eigenvalue spectra alone cannot prove state separability [8], but eigenvector positioning may
prove to be useful [9].) We will see how problem size affects the unitary operator eigenstructure.

A characterization of the ” fitness landscape” near the global optimum must be completed before attaching

any significance to the eigenanalysis results. More formally, a fitness landscape consists of
e a large (albeit finite) set of solutions S
e a fitness function F': S — R, (the positive real number line)
e the concept of a neighborhood between solutions

A landscape is considered “smooth” in the region surrounding a particular solution if its neighboring
points—i.e., solutions with nearly identical parameter values—differ in fitness by only a small amount. Con-
versely, a landscape is “rugged” if its neighboring points differ markedly in fitness. A promising statistical
approach to characterizing landscapes was advanced by Weinberger [10] who suggested using a random walk
to gather statistical information. Starting at some randomly chosen solution s, the walk next visits a ran-
domly chosen neighbor. Repeating this process yields a sequence of fitness values F,, F,11,.... Weinberger
assumed that since there is some underlying distribution of fitness values, a random walk in any direction is
sufficient to gather statistics. The degree of correlation between two solutions ¢ steps apart in this random

walk is given by the correlation function

FaFure) = (Fu)®

2
T

R(t) =
where (-) means the expected value over all pairs ¢ steps apart. If a high degree of correlation exists, then the
landscape is smooth. Highly uncorrelated landscapes have a large number of local optima and any adaptive
walk (i.e., a walk restricted to fitter neighbors) is likely to stop very quickly Kauffman [11]. These landscapes
are presumed to be statistically isotropic. In other words, independent of where the random walk begins, the
statistical information is invariant; a sufficiently long walk will infer any correlation present in the landscape.
Since we are only interested in the landscape structure near the global optimum, a random walk restricted
to an open ball centered at the global optimum will be sufficient to measure the correlation [12].

The NP problems of interest have markedly different fitness landscapes. Hence, it should be possible to
establish a correspondence between fitness landscape structure (at least in the neighborhood of the global
optimum) and eigenvalue distribution and placement. The results of our eigenanalysis and landscape analysis
will help identify methods for constructing unitary operators for other types of quantum algorithms. We

will publish these methods as a guide for other quantum algorithm designers.



C.4 Broader Impact of Research Effort
C.4.1 Broad Dissemination to Enhance Scientific Understanding

A summary of this research will be distributed in several diverse venues. In addition to the prompt publication
of these results in an appropriate journal (e.g., Physical Review), we intend to initially release the results in
the Los Alamos Physics Preprint Archive. We also intend to establish a web site providing open access to
all results. All publications related to this research, including preprints, will contain the website URL. The
URL will also be posted on evolutionary computation bulletin boards such as GAList. All source code will

be downloadable from the web site.

C.4.2 Representation of Underrepresented Groups

The budget only asks for funding of a graduate student, but some of the work (primarily the LAPACK
runs needed to collect data for later analysis) can be done with undergraduate students. We will attempt
to provide financial support independent of this NSF program by pursuing supplemental federal grants that
target undergraduate research.

Portland State University is located in downtown Portland, Oregon. This university prides itself on its
diverse student population. We therefore anticipate having a large pool of traditionally underrepresented
students to choose from to work on this project. Portland State University has an Office of Educational
Equity Programs and Services (EPPS) who helps to provide educational assistance (scholarships, academic
advising, mentoring, etc.) to traditionally underrepresented students. We have contacted this office and
they have agreed to help us identify qualified graduate and undergraduate students to work on this research
project. In the mean time, I am a graduate advisor to two female students in our department. 1 will actively

try to recruit one of them to work on this project.
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