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“.{ . INTRODUCTION

MASS TRANSPORT IN BINARY FLUID SYSTEMS

Early in this course we developed the conservation of mass equation for a
fluid and obtained the continuity equation. A second sort of mass conservation
equation can be developed for dissolved mass. In this case, we speak of mass
conservation in a "binary system" meaning that two components are present: the
constituent A dissolved in a solvent fluid B. B, of course, may be either a gas
or liquid. In general, there are n components in natural fluids, but if we
initially assume no reactions among the constituents, and assume the dissolved
components do net significantly affect the momentum balance of the fluid (i.e.,
minimal buoyancy effects), then we can isolate the behavior of each constituent
and treat it independently of the others. Thus, we can easily reduce an n-
component fluid to a set of (n - 1) binary fluids: A + B+ C + D = {(A+ B), (B
+ C), {B + D)}, where B is the solvent fluid.
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Nemenclature: The transport of a dissolved constituent can proceed by random
molecular motions, by advection on turbulent eddies, by advection with bulk
motion of the fluid. These are three almost unrelated processes. Yet, it is
convenient in many cases to link the transport of dissolved mass by all of these
processes. We will note the following, fairly standard nomenclature applied to

the classes of transport:

Diffusion: Transport effected by the random motions of molecules. Such
moticn depends on the molecular properties of the fluid, and thus is
influenced by temperature and (to a much lesser extent) density, but is
not influenced by the velocity distribution or "bulk" behavior of rthe
fluid, Diffusion is thus sort of a "state function" in that it is
independent of location in the fluid, and is perfectly isotropic. And,
while we are thinking in thermodynamic terms, note that diffusion is an
irreversible, entropy-driven process. Once a constituent has diffused, no
ordinary fluid motion can reverse the process and put the system back to

its original state. Philosophically, then, diffusion is an “arrow of
time",

advection: Transport of a dissolved constituent as a passive component of

a fluid in bulk motion. 1If A is passively carried by B, then as B goes,
50 goes A.

Turbulent Diffusion: Transport effected by chaotic advective motions of
eddies within a fluid. From a fundamental point of view, this is strictly
advection, but as Reynolds noted, when you time-average these advections,
the met result looks rather like speeded-up diffusion. and can be modeled
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by the same equations governing diffusion. Thus, by the "duck test" we
call this diffusion, but distinguish it as turbulent diffusion. (The
analogy to molecular viscosity and eddy viscosity should be apparent). As
with eddy viscoesity, great simplification is achieved, but at a cost of
having to define diffusivity coefficients that depend strongly on the
intensity and anisotropy of local turbulence. Turbulent diffusion is
minimally affected by molecular properties, but is strongly influenced by
the velocity distribution and buoyant stability of the fluid. Turbulent
diffusion is thus, in general, a function of location and direction.
However, as long as a reasonable estimate of diffusivity can be attained,
the use of the Fickian analogy between turbulent and molecular mixing is

conceptually well founded. Like diffusion, you can think of turbulent
diffusion as irreversibie, but not so¢ much for thermodynamic reasons as
for reasons of chaos, In practice, no exact reversal of chaotic eddy

motions 1s possible because of the extreme sensitivity te initial
conditilens.

Bispersion: Transport effected by spatial variaticn in the mean velocity
field. This is most easily described with a simple illustration. Suppose
you mark a narrow "disk" of water in a pipe with a dye tracer, and then
follow the movement of the tracer as the water flow through the pipe.
Note the effect of the velocity distribution on the dye distribution:
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In the figure above we pretend that molecular and turbulent diffusion does
not occur. Now, measure the mean concentration of dye in the water as it
comes out of the pipe:
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The famous British hydredynamicist Sir Geoffrey 1. Taylor reckoned that
the output of the pipe, which is in effect the radially integrated average
concentration, could be modelled as if the disk of dye were diffusing in
a Fickian manner, rather than spreading out due to velocity variations:
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This imaginary "diffusion” is vastly greater than mclecular diffusion, and
is much greater than even eddy diffusion:
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Note that, in a real pipe, the total spreading of the dye is the summation
of the molecular diffusion, eddy diffusion, and advective spreading, all
of which occur simultaneously. The relative contributions of each process
depends on the velocity in the pipe: at very low velocity nearly all of
the spreading is molecular, at high velocity nearly all is advective,.

In the particular case above, the gpreading out of the dissolved mass due
to the radial distribution of velocities in a pipe is called Taylor pipe
dispersion, in honor of Sir Geoffrey. Because turbulent flow in pipes has
been well studied and is geometrically simple, a number of accurate
formulas have been developed to specify the effective diffusivity or
"Taylor dispersivity" of flow in pipes and associated fittings. The idea
also has been extended to open channels, rivers, estuaries, and groundwa-
ter, with decreasing degrees of accuracy:
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We will discuss the issues surrounding the use of dispersivity in such
systems, but essentially, dispersivity is used to compensate for a lack of
knowledge or understanding of the velocity distributions in complex flow
fields. As Antonio Baptista puts it: Dispersion is the shame of the fluid

physicist. But, when one must come up with some sort of assessment in
these cases, one often must put aside one’s shame and rely on "dispersiv-
ity". Be aware though, that the science in this area is increasingly

moving away from empirical dispersion models, although some sort of
"dispersivity” normally must be retained in any model that is not fully
rhree-dimensional.

Note that the definitions given above, particularly the latter two, are not
universally agreed upon. Some authors refer to turbulent diffusion as turbulent
dispersion, and use the term longitudinal dispersion to describe the last
phenomenon. I will probably slip up and use dispersion and diffusion interx-
changeably. 1 suppese we should not get too hung up on nomenclature. It is more
important to know that only the molecular form is really well defined, and that
varying degrees of empiricism are needed in forcing other processes inteo a mold
that Fick never envisioned for them,

So what is that mold? As we have discussed previecusly, for any fluid,
whether stagnant, laminar, or turbulent, if a gradient of a fluid constituent
exists, then there will be net transport of that constituent in a direction that
opposes the direction of the gradient. Furthermore, the flux of the constituent
(flow rate per unit area) is propertional to the magnitude of the gradient, where
the constant of proportionality is called the diffusivity and which has
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dimensions of L?/T. The most general statement of Fick's Law of Diffusion is:

g o g G (1)

where J,* 1s the flux of A in the z direction (units = mass of A/area/time), k,
is the diffusivity of A in the fluid, and C, is the dimensionless concentration
of A, {(We will review concentration units in a moment). All of the diffusions
and dispersions discussed above are fitted to this simple equation. For
melecular diffusion, Egq.l is perfectly accurate for all purposes. In the
turbulent and dispersive extensions of this theory the key problems and
computations arise in the definition of the diffusivity (what processes are
lumped under that parameter) and in the definition of the averaging for the
"average concentration" (time-averaged or space-averaged? depth-averaged or
width-averaged? time-and-space averaged?)

You may find it useful at this point to review the class handout entitled
"Generic Statement of Fickian Flux Equation" to be certain that you understanding
the underpinnings of this seminal formula.

Adolf FEugen TFick: {1829-1901) He articulated Fick’s Law of
Diffusion in 1855. Interestingly, Fick was an M.D. and most of his
research was devoted to human anatomy and physiology. He did much
work on the mechanics of the body and the dynamics of blood
circulation. He got interested in diffusion as it related to the
guestion of oxygen transfer in the blood and pulmonary systems.
Evidently his law was the subject of some controversy at the time,

because he initially did not work out an underlying theory. I
imagine its verity and general usefulness were documented in short
order.

Units of Concentration

Some authors like to distinguish between the concentration of a constituent
and its density. Unfortunately, this 1is confusing because most common
"concentration" units are actually densities, Under the strict definition,
concentration is the dimensionless ratio of the mass of the i-th component
divided by the sum of the masses of all components:

G _ Mass A
AT Mass (A + B)
Cy Mass B

Mass (A + B)

In this system, a solution that has 1 part of A for every 1 million parts of B
is said to have a concentration of Cy, = 1 x 1078, In such a dilute solutions,
the mass of A is negligible and can be omitted from the sum in the denominator.
Strictly dimensionless concentrations are rarely used outside of computational
systems. Within a nurerical model, it may be convenient te carry concentrations
as these dimensionless forms, but chemists and bioleogists and engineers and
government regulators prefer to think in terms of more intuitive units. (A rare
exception is the "mole fraction" which is a dimensionless concentration used by
chemists). Thus, proportionality factors are normally applied to define the



order of magnitude of the dimensionless concentration. For example, C, =
1 % 107® is expressed as "1 ppm" (part per million) where the 10°% proporticnality
factor is implied. Other common "proporticnal-dimensionless” units are:

$-A (w/w) = parts A per hundred parts solution, weight/weight basis
$-A (v/v) = parts A per hundred parts solution, volume/volume basis
®foc-A = parts A per thousand parts solution, usually w/w

opb = parts per billion (at that level w/w or v/v is irrelevant)
PpEL = parts per trillicen (in some contexts, parts per thousand)
PPQ = parts per quadrillion (you laugh? The proposed standard

for diexin in the Columbia River is 0.013 png).

The other familiar way of expressing "concentrations” iz as densities,
which of course are defined as a mass divided by a unit volume:

_ Mass A

Pa Volume (A + B)
_ Mass B

P3 Volume (A + B)

Examples of density units for dissolved solids are mg/L, kg/m’, mg/m® (common
unit for air pollutants, and "mixed" weight/volume percentages such as %-A (w/v).

The concentrations can be related to densities via the bulk density of the
fluid (p): Cu = pp/p. This equation shows that a simple relationship between
concentrations and densities holds only if the bulk density of the fluid is
essentially constant. If the density of the fluid is apt to differ vary by more
than about 1% {as it does in estuaries and in the oceans on large scales) it is
better to wuse some sort of concentration units, For example, chemical
oceanographer define seawater constituents in units like mg/kg or ug/kg.

Remember:

¢ In very dilute solutions pumerical equivalences can be assumed between
concentrations and densities:

L ppe = 1 mg/L = 1 g/nm°
1 ppb = 1 ug/L = 1 mg/m°

¢ But, the units may trip you up in calculaticns, especially if vou are
using an empirical formula.

* In stronger solutions, concentrations and densities are not eguivalent,
even numerically: 1% w/v = 1% w/w. Also, if "background" salts cause
bulk density variation, then even trace concentrations = densities.



V. %,

GENERIC STATEMENT OF FICKIAN FLUX EQUATION

To get the right start ondivFusiew fluxes and the material that follows,
it is important to have a good grasp of the way fluxes are computed, and in
particular rto fully understand the so called Ficklan model of flux equations.

Adelph Eugen Fick, a 19th century scientist, developed Fick's Law of
diffusion, which states that the (molecular) flux of a dissolved constituent is
linearly propertional to the opposite of the spatrial gradient of the concentra-

tion of that constituent. For example, for a dissolved constituent "A":
ac,
WY o (1)
dz

where J,* is the flux of A in the z direction (units = mass of A/area/time), k.
ls the diffusivicy of A& in the fluid, and C, is the dimensionless concentration
of A (e.g., the kg of A dissolved per kg of fluid; in dimensionless units, 1 part

per million would be expressed as 1 = 10"®). This law expresses the idea that
diffusion occurs “"down a gradient”, i.e., flows spontanecusly from an area of
high concentration to low concentration.
A
<
Fx
Cone.
FrLox
> X

Fick based this law on experiments, but it is easy to prove its logic.
Assume that in a fluid, the dissolved molecules always travel the same average
distance in a unit time. E.g., the melecules might travel 1 cm in 1 ssc, on the
average. That is, the molecules possess an average velocity. In a gas, we would
say that the molecules travel across the "mean free path" distance in the average
interval between collisions, and we could compute this mean velccity. In a
Iiquid we would probably have to experimentally measure the velocity. In any
case, for molecular motiens, this velocity is a well defined characteristic of
the fluid because even very brief averaging Intervals enccompass millicns of
molecular collisions. Of course, for the entire fluid, this average molecular
veilocity has no preferred direction, and the molecules are equally likely to
travel in any direction (perfect isotropy).

Now, dissolve some molecules of A in the fluid, and assume that there is
no special attractive forces among the molecules, The molecules of & must move
with the same mean velocity as the molecules of the bulk fluid. The molecules
of & (like the bulk fluid) have no preferred direction to their velocity., If,
however, there is a gradient of concentration of A, then we can show that there
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will be a net motion of A along the direction of the gradient. Suppose there is
a gradient of A in the z direction as shown in the figure below:

A

where Cy > G,

The mean velocity of the A molecules In the z-direction is wy, which as we said
abeve 1s equal in either the positive or negative direction. Now, consider the
number of molecules that pass through a perpendicular "window” of unit area in
a given amount of time. The molecules of A above the window travel downward with
the same velocity that molecules of A below the window travel upward. But
because of the concentration gradient, there are more A's above the window than
there are below the window. Thus,

Number of A's Moving Up trhrough the Window/Unit Time o waCy
Number of A's Moving Down through the Window/Unit Time o 1wy,

and because C; > C;, more A's are moving down through a unit area in a unit time
than are moving upward. That is, the downward flux is greater than the upward
flux, and the net flux is given by:

Jha (€, - Cywy 2)

If we define the "mean distance travelled” by the molecules as 1, , then we can
state the concentration difference across this distance as:

(C, -C.) = -1, 5Ly (35

gz
Substitute Eq.3 into Eq. 2 to obtain:

ac,
I e <Ly A (4)

To convert the proportionality into an equivalence, we note that J is in unics
of mass flux (mass/area/time), and we can convert the statistical prcportions
given by the dimensionless concentration C into actual mass proporticuns by
multiplying € by the (constant) bulk density of the fluid;

5 (5)

A
Ji o= —plmwAji;



As stated above, for a gas, the mean velocity and the mean free path can be
computed, but for a liquid it must be measured. For either case we can assume
that pglgws = constant which is characteristic of the fluid and say that

plown = ky

which when substituted into Eg.5 gives us Fick's Law (Eq.1). This definition of
kg is used if dimensionless concentrations are used. If "density” concentrations
(such as g/m® or mg/L) are used, as they so often are, then the multiplicacion
by the bulk density is implicit and we redefine ky (with different units of
course) as

'lmWA =D

S0, this is Fick’s lLaw, and it makes sense that a quantity of "A" will exhibit
a fiux in the direction of the (opposite) of the gradient. Later on, probably
about the time that Prandtl was starting to think about mixing lengths in
turbulent fluids, scientists began to realize that Fick's approach was equally
applicable to the diffusion of quantities other than just dissolved mass.
Newton’'s Law was formulated two centuries earlier for shear stress In a filuid,
but if you think of shear stress as the molecular diffusion of momentum, vyou
recognize that the transport of momentum down a velocity gradient is essentially
"Fickian"; i.e., analogous to Fick’'s Law.

Likewise, Fourier's Law of heat conduction (formulated a century before)
states that heat diffuses down a gradient of temperature, which is just an
indicator of the concentration of heat. The recognition of the Fickian Analogy
marked the begin of the unified description of heat, mass, and momentum
transport, which was perfected by Bird in the 1950s. For our immediate purposes,
the Fickian Analogy allows us to define a uniform form for a set of “"transpor:

coefficients.” These coefficients are expressed in the same units (m%/s),
regardless of whether they are used to describe heat, mass, wmomentum, or
importantly, buoyancy. This uniformity of coefficient form will prove

especially useful in defining fluxes in turbulent systems, which can be
approximated by the Fickian equatiens.



General Statement of Gradient/Flux Eguations

Let § be sceme quantity that is characteristic of a fluid, such as momentum,
concentration of dissolved component, heat, or buoyancy. Define the following
related variables:

Jg = Flux of 3 = S/unit area/unit time
Units: Jg -—> S L2T7Y  (e.g., S/m%/sec)

s = sgpecific § = S/unit mass
Units: s —> S M?! (e.g., $/kg)

The general expression of flux in term of gradients is;:

J5 e —pk 08 (6)

where J,° is the flux of S in the z—direction; two other flux corresponding
equations describe the flux in the x- and y-directions. Note that the gradient

i$ that of s {specific-S). Note the dimensions of all the COMPONEnts :
Eqn: J,° - ~p Kg ds/dz
Dimensions: $ LT M LT3 I s Mt LT?

A quick comparison reveals that this equation is consistent with the form of
Fick’ Law given in Eg.5, using the second definition of diffusivity, ky = I,v,.
in fact, we do not have to express diffusivity in terms of mean-path lengths and
velocities; it can be simply a fitted parameter, as leng as we assign in the
correct units with dimensions L? T7'. Now, if other fluid properties such as
heat or momentum are substituted into Eq.6, do we obtain the familiar [lux laws?

MOMENTUM

bet 5 o= Py = momentum in the x-direction. Then s = P,/mass = x-velocity = u.
We have defined shear stress r,, as the negative of the z—direction flux of
x—momentum. Hence, J,% = J,7 = —7Txz. Making these substitution into Eq.6:
] du
I - r  -pk, PH 7
z Xz T BZ

aAnd 1f we note that kinematic viscosity v has dimensiens L2 T! and substitute
it for K,, we obtain (after dividing out p)

du
Txz = “*g—z- (8)

which certainly looks like Newton's Law of viscosity. How about heat fluw?




HEAT

Let 5 = §' = heat content of the fluid. Then s = Q'/mass = Q, the specific heat.
Hence, J,° = J,® = ¢/A = q', where q is the rate of heat transferred per unit
time, and q' = g/A is the heat flux (heat transferred/unit time/unit area).
(Refer back to the 3rd lecture in ESE 505 where we developed the differential
energy balance equaticn). Make the necessary substitutions into Eq.6:

Ji = q; - ‘PKo-g—g (%)

Note that from elementary thermodynamics we can relate change in specific heat
content to change in temperature by the relationship

dQ - ¢,dT e

where €, is the specific heat capacity at constant volume. Substitute Hq.l0 inte
Eq.9. Because C, is a state property and does not vary with position, it is
constant with respect to z and can be legitimarvely placed as a constant in from
of the z-derivative:

aT
9 = = pCuKg (1L)

Note that p and {, are general characteristics of the fluid that are independent
of the intrinsic heat—transfer properties of the fluid. The specific information
about the ability of the fluid to transmit heat is embodied in Ky. We use the
"K" notation here to emphasize the similarity of this constant to analogous
constants, but in the literature and in handbooks, Ky is denoted by a, and is
called the rhermal diffusivity.

While o quantifies the intrinsic thermal properties of the fluid, Eq.1l
indicates that for a given value of o, the density and the specific heat capacity
do affect the flux of heat. The denser the fluid, the better it transmits haat.
Likewise, the higher the heat capacity of the fluid, the greater the transfer of
heat for a given T-gradient. So, for practical purposes, it is convenient to
lump together all of these properties of a given fluid into a single parameter,
kp = pCKy. Rewrite Eq.ll with this substitution:

/. g aT (12)
qz Tz

which, of course is Fourier’'s Law of Heat Conduction, and ky is called the
thermal conductivity.

Note that there is a pattern in the characteristics of the propotionality
factors placed in freont of the gradient term. If we use the most general form
of the gradient/flux law (Eq.6), the proportionality K¢ always has dimensions
L“T"!.  But some common forms of the equations may have extra parameters tacked
onto Kg (see table next page).



Quantity Proportionality Common Common

Factor Symbol Name
DISS. MASS p¥y ky Diffusion Coeff.
MOMENTUM oKp I Viscosity
HEAT oE4Cy, Ky Thermal Conductivity

From this table we see that these common forms of the proportionalities are
simply Kg times density. (For heat, C, is included simply to get the gradient
in terms of the more easily measured temperature, rather than specific heat
content). In fact for viscosity, we often switch back and forth in our use of
proporticnalities that either include density (g) or not (v). The "common" forms
simply incerperate the density of the fluid, since that factor always affects the
flux. However, the "K¢" forms embody the *"intrinsic" information about the
transfer properties of the fluid, which gives us insights that may be masked by
the density factor., For example, the "ordinary" {(or dynamic} viscesity of water
() is much greater than the dynamic viscosity of air, and this is borne our by
everyday experience. But the "intrinsic" {or kinemaric) viscesity of water (v)
is legs than the kinematic viscosity of air. This means that air is inherently
more viscous than water and that our everyday perception of the viscosity of
water is due to the vastly greater density of liquids compared to gases,

The intrinsic, or "Ks-type" constants can be summarized as follows:

Quantity Proportionality Common Common
Factor {(as used here) Symbol Name
DISS. MASS Ky D Diffusivity
MOMENTUM Kp v Kinematic Viscosity
HEAT Ky o Thermal Diffusivity

==> TAKE~HOME MESSAGE:

If we wish to quantify or compare the inherent or intrinsic abilicy
of a fluid to transport a constitutive property, we should use the
transport coefficient in the form of K¢, with dimensions L2771,

1f we want to have a practical form of the gradient/flux law for
some particular purpose, then it often mzkesg sense to multiply Kg by
another factor such as the fluid density.
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