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Introduction

At certain accelerating voltages, Vc, greater than about 100 kV, diffraction pat-
terns from precisely oriented thick single crystals show vanishing second order
Kikuchi lines and other characteristic changes. The values o{ ¥c depend sensitively
on structure factors. Ever since the discovery of the effect™’” the critical voltage
has been used to determine crystal parameters which influence structure factors. The
simplest examples of this are refinements of low-angle scattering factors and Debye
temperatures in pure metals.

The information obtainable from a critical voltage measurement is much the same as
that obtainable from X-ray measurements of Bragg reflection intensities. However,
whereas X-ray measurements require a macroscopic volume of material, critical voltage
measurements can be made on small volumes of crystal, 1 um or less in diameter. More-
over, the image is available to select the area to study. This is especially useful
in alloy studies because it is difficult to prepare large single crystals of any par-
ticular alloy, whereas it is relatively simple to produce polycrystalline alloys.

For any given alloy or metal there are usually only one or two accessible critical
voltages to analyse. This is a problem for alloys since there are more parameters
influencing the structure factors (e.g. composition, long-range order (l.r.o.),
short-range order (s.r.o.) than for pure metals. Thus, analysis of alloy critical
voltage data requires a simple, universal few-parameter model which describes the
main influences on the structure factors. In this paper we present model expressions
for the structure factors of ordered and disordered alloys based on the f.c.c. and
b.c.c. structures, and we demonstrate their application to the analysis of critical
voltage data.

Theory
The various crystal parameters affect Ve only through the structure factors, and

once the structure factors are known it is relatively simple to use n-~beam diffraction
theory4 to compute Vc. The emphasis here is therefore on the structure factors.

(a) Solid solutions. The structure factor for a disordered solid solution is
= M) +mf -M
f mAfA exp ( MA) L exp ( MB) (1a)
where
2 2 2
= (8 < > 1
MA (8m7/3) u A s (1b)

and similarly for M_. Here s = (sin y)/X, where ¥ is the Bragg angle and X is the
electron wavelength. The mole fraction of A-atoms (or B-atoms) is m, (or m_), their
mean-square displacements (m.s.d.) are < u2 > (or < u2 > )}, and the atomic scattering
factors in the alloy are £, (or f_ ). It can be shown that the m.s.d. can be decom-
posed into an average and a deviation from average:

- 2
<u2>+(2mB)l <gu > (2a)

<u? > - (ZmA)_l <gu> (2b)
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where the ensemble averages are over squares of displacements irrespective of site
occupancy (first terms) or over squares of displacements multiplied by a "spin" oper-

ator defined such that ¢, = (2m_ , - 2m,) for an (A,B) atom on site i. Expressions
for <u? > and <o u? > may be further éecomposed according to
<u2s=<u?>s + <u?> (3a)
t s
<qg u2>= <Qg u2 >t+ <0 u2 >S (3b)

The subscript t indicates the thermal components, while s indicates the static com—
ponent due to atomic size disparity in alloys. For pure metals, the only non-zero
term is <u? >t whereas for solid solutions <u >S and <o u? >s can be quite large.

The term <0 u? > is always small compared to the others and will be taken as zero
in the models below.
For disordered solid solutions a useful model for the thermal contributions is

2
]
<u2>t=?’T{T(2/T)+%} %)
ué 46
and <o u2 > = 0. In (4), h is Planck's constant, Kk is Boltzmann's constant, A is

the atomic mass unit, ¢ is Debye's function, & is the Debye temperature and u =
m uA + m_u_ where U, and y_ are the pure metal atomic weights. Krivoglaz®~ has
séown that for a mass-disordered alloy the error in approximating it to a pure
metal with average mass is only a few percent even at T = 0. Thus, although the
model in Ref. 5 was derived for T>0, extrapolation to T<® using Equation (4) is
not likely to introduce serious error. The alloy Debye temperature is given by

2 2 2 2 2
= + - +

ué mAuAeA mBuBeB + (1-1) (1—a1)mAmB(uAeA UBGB ) (5)
where o is the nth neighbor Cowley-Warren s.r.o. parameter, and T is an empirical
parameter with the following physical interpretation:

= +
T=2 gAB/(gAA 8pp’ (6)
where g, , etc. are the spring constants connecting A-A, etc. atom pairs. T is unity
when g B is the arithmetic mean of g and g__.

It és possible to compute contributions due to static displacements by computing
sums over displacement fields. This procedure gives5

2 1 222 @
<u >S =% mAmB Yan (Co+ 2 Cn an) (7)
n=1
2 1 222
> == - 8
<0 u s > mAmB (mA mB) Y an z Dn un (8)

n=1

where values of C and D are given in Table I, where n = d lna/dm , a is the
lattice parameternand Y gs to be regarded as an empirical parameter of order unity.

Table I. Coefficients of Lattice Sums in Eqs. (7) and (8)

f.c.c. b.c.c.
C D C D
n n n n
0.533 - 2.837 -
3.163 0.3485 2.123 1.464
0.926 0.0003 1.422 0.4015
2.413 0.0614 -2.431 0.1234

w NN RO B
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Notice that for vanishing s.r.o. <u2 > = < u2 > , that is, an atom's m.s.d. depends
on its environment, not on its identit;{ B

(b) Ordered alloys. The same kind of model can be developed for ordered alloys
by taking into account the distinct sublattices. The additional parameter for
ordered alloys is the long-range order parameter, S, which describes how atoms are
distributed among the sublattices. Short-range order can also exist, but for sim-
plicity we shall assume that it vanishes in the following. This assumption can be
shown to imply that the m.s.d. depends only on the sublattice, not on the particular
type of atom occupying a site in it.

(1) PBCuZn structure. Assuming that m.s.d. depend only on the sublattice,

the structure factors are given by7

-M Mg -M, -M
- o y o1 B, @
F=1f (e + e + 2 AfS (e +e ) (fundamental) (9a)
-M -M -M -M
F=*¢ (e 8 - e OL) + % AfS (e 0L-—e B) (superlattice) (9b)
f=mf +mf £f=f-
where mA A mB B’ A B fA and
M = (812/3) <u? > 82
Q a

and similarly for M_,. The m.s.d. on the a and B sublattices may be decomposed into
thermal and static components as

2 2 2
< > = < > 4+ < >
u a u at u as (10a)
2 2 2
<yt > = <ut > + <u > 10b)
B Bt Bs (
The thermal components are given by
2 -1 2 -1 1.2
< > T = < > T = _ =
u 0t u 8 mARA + mBRB + (T l)(mAmB + 3 S )(RA+ RB) (11)

where R, and R_ are the reciprocal (thermal) m.s.d. of the pure elements at the
same temperature as the alloy. Static components are given by

2 1 222
< > == . + 1.
uv> e T 16 Yan (1.766 8 1.071 gz) (12a)
2 1 222
> == . + 1.
<u 8s 16 Y an (1.071 8, 1.766 gz) (12b)
where 9
gl =4 mAmB - Z(mB—mA)S - S
2
= + -m -
g, 4 m,m 2(mB mA)S S

Notice that in the limit as S -+ 0 these expressions reduce to the b.c.c. zero s.r.o.
case discussed above. Thus, Y and T for the disordered alloy might be expected to
be the same for the ordered alloy. For the BEuZn structure S must satisfy 0 <S< Smax

= = = > =),
where Smax ZmB (mB < 2) or Smax 2mA (mB 2 )

(2) Cu,Au structure. For a B3A alloy in which m.s.d. depend only on the
sublattice (i.e. zero s.r.o.)
-M_.. -M -M -M

B B

F=F% (3e + e OL) + % AfS (e - e O‘) (fundamental) (13a)

90 Electron Microscopy 1980 - Volume 4



- ™ = 1 M Mg
F=7f (e - e ) + z‘AfS (3e + e ) (superlattice) (13b)

2
where M = (87 /3)<iu2 >a82, etc, With sublattice m.s.d. decomposed as in Eq. (10),

we have for the thermal components

2 -1 1 1 3 2
= + + = -R) + (1- + = -m) + — +
<u >at mARA mBRB 4 S(RA RB) (T 1)(mAmB 4 S(mB mA) 16 S )(RA RB) (14a)
2 -1 1 1 1
> = + - — - - - — - + — +
<u 8t mARA mBRB 17 S(RA RB) + (1 l)(mAmB 12 S(mB mA) 48 SZ)(RA RB)(lhb)

where R, and R_ are the reciprocal pure metal m.s.d. at the same temperature, and
for the static components

2 1 222
<u" > == . + 0.
w’ > =2 yM%a” (0.0573 g + 0.4758 g,) (15a)
2 1 222
<u® >o =2 yn'a” (0.1586 g +0.3745 g)) (15b)
where
3 9 2
= + = - - =
g = mymp * 3 (mgm) S -T¢S
1 1 2
8y = MMy = (mpm) S - T¢S

Again, these results reduce in the S -+ 0 limit to the zero s.r.o. case of the f.c.c.
solid solution so that Yy and T may be carried over from the disordezed to the ordfred
case. In the B_A alloy, § must satisfy O <S§ < § where S =—m form > -

— = ‘max max

= 4 f <=
and S = m or m .

Models for any ordered alloy with structure based on the f.c.c. or b.c.c. lattice
may be derived in the same way; in particular, using the dimensionless strain fields
given by Shirley and Fisher.”

Applications
(a) Solid Solutions.

(1) FeCr. The atomic diameters of Fe and Cr differ by only 0.6% so that
the static m.s.d. can be shown to be negligible. The room-temperature variation of
Vc with composition shown in Figure 1 is well fitted by a single parameter, T = 0.728
If Vc had been measured at two or more temperatures at each intermediate composition
some measure of the outer electron redistribution on alloying (low-angle scattering
factor changes) could have been obtained in addition to the Debye temperature vari-
ation. Alloys with negligible atomic radius mismatch are good candidates for outer
electron redistribution studies using the Vc effect.

(2) NiAu (Ni-rich). These alloys have a large atomic radius disparity and
there is a tendency to cluster (atoms prefer their own kind as nearest neighbors).
Figure 2 shows the temperature variation of the total m.s.d. for an 17 mole 7Au
alloy.9 The large static component is apparent. The best fit of the model to the
data, assuming zero s.r.o., gives Y = 1.23 and T = 1.87. These values lead to the
zero s.r.,o. composition variation of thermal and static m.s.d. shown in Figure 3.
The model may also be used to plot the m.s.d. vs. nearest neighbor s.r.o. as is
shown in Figure 4 for a 30 mole %Au. We plot a_> O since this corresponds to clus-
tering. The negligible s.r.o. dependence of the thermal m.s.d. contrasts with the
strong dependence of the static m.s.d. This is a general feature of f.c.c. alloys.
In b.c.c. alloys the thermal m.s.d. also have weak s.r.o. dependence but the.statie
m.s.d. have a weaker s.r.o. dependence than the f.c.c. alloys (see Table I). In-
creased m.s.d. generally reduce Ve, so clustering would tend to reduce Vc below the
zero s.r.o. value. In Figure 5, the model with best-fit Y and T is used to plot the
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zero s.r.o. composition variation of Vc and 3Ve/da,. The room-temperature Vc data

of ButlerlO and Lally9 is superimposed on the plot in Figure 5, and agreement is good
except for the 30 mole 7%Au point. The large depression in Ve (69 * 17 kV) for this
composition is due to a large degree of clustering s.r.o. which could not be quenched
out because of the proximity of the spinodal. The 3Vc/da. characteristic can be used
to show that the Vc-depression is consistent with o_ = 0.}3 + 0.03.

(3) CuAu. These alloys have a large atomic radius disparity, but in con-
trast to the NiAu alloys there is a tendency to order (atoms prefer the opposite kind
as nearest neighbors). When the Ve data of Kuroda, Tomokiyo and Eguchi11 is analyzed
we find a best fit for vy = 1.34 and T = 1.76. The zero s.r.o. composition variation
of the thermal and static m.s.d. is shown in Figure 3, and the variation with clus-
tering s.r.o. (©_,<0) of the m.s.d. components is shown in Figure 4. The best fit
values of v and T were used in the model to plot the composition variations of Ve
and 9Ve/da, for the 400 and 222 critical voltages in Figures 6 and 7, assuming zero
s.r.o. Superimposed on these theoretical curves are the data of Kuroda, et al.
and the earlier data of Sinclair, Goringe and Thomas12 and of Thomas, Shirley, Lally
and Fisher.l3 The fit is good except for the 400, 5%Au high-temperature data point
which probably claims too small an error, and the triangular data points due to
Sinclair, et al.l2 The triangular data point is higher than the zero s.r.o. model
curve for both the 400 and 222 critical voltages. For the 400 Ve this increase is
consistent with o, = -0.045 * 0.007 while for 222 Ve it is o, = 0.051 * 0.007. The
agreement between the degree of ordering obtained from two different reflections is
evidence for the validity of the model.

(b) Ordered Alloys.

(1) Cu_Au. The models for ordered alloys discussed above formally reduce
to the zero s.r.o. solid solution models as S + 0. For an alloy which can be con-
veniently ordered and disordered, such as Cu_Au, it is interesting to see how well
the parameters determined in the solid solution predict the behavior in the ordered
alloy. In addition to the solid solution data which was fitted b¥3Y = 1.34 and
T = 1.76 there are several data points for the ordered alloys.lz’

When the best-fit parameters for the disorderd alloy are substituted into
Eqs. (14) and (15), the S-variation of the static and thermal m.s.d. for stoichio-
metric Cu_Au at 300°K shown in Figure 8 is obtained. Notice that the Cu-rich and
Au-rich sublattices do not have the same m.s.d. if S # 0. In contrast with the a-
variation in disordered alloys, Figure 4, S-variation in the ordered alloy can cause
a strong change in the thermal m.s.d. The Au-sublattice thermal m.s.d. decreases
appreciably on ordering because in the ordered solid solution Au atoms are surrounded
completely by Cu atoms and the Au-Cu spring constant is quite large compared with the
like-atom spring constants (T = 1.76). The S-variation of the 400 and 222 critical
voltages corresponding to the displacements of Figure 8 are given in Figure 9 along
with existing data. It is important to note that both fundamental and superlattice
structure factors depend strongly on S. This is why the 222 critical voltage varies
almost as strongly with S, proportionally, as does the 400 critical voltage. It is
also interesting to compare the composition variation of the m.s.d. and Vc for maxi-
mally ordered alloys of the Cu_Au structure (S = § ) with those for the disordered
case (S = 0) since this gives the range of variation possible. The m.s.d. are given
in Figure 10 while the corresponding critical voltages are given in Figure 11.

The lack of fit of the existing data to the model (Fig. 9) is most likely
due to changes in atomic scattering factors on ordering. Both the 222 and especially
the 400 critical voltages depend on values of the atomic scattering factors at low
scattering angles. At low angles the atomic scattering factors are known to be quite
sensitive to the arrangement of outer electrons. The 400 critical voltage is especi-
ally sensitive since it depends on the atomic scattering factor at the 100 reflection
which occurs at a much lower angle than any existing data. The well-known role of
valence electrons in the formation of the Cu_Au II superlattice structure would indi-
cate that outer electron rearrangements intrinsic to the ordered structure are likely.
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Rocher, Sinclair and Thomas14 used the temperature variation of the 400 critical vol-
tage in the fully-ordered alloy (Thomas, et a1.13) to compute changes in Cu and Au
atomic scattering factors on ordering. To do this, they corrected for the thermal
m.s.d. (static m.s.d. vanish, of course) by misapplying Eq. (5) to the ordered case.
They should have used Eq. (14). At the time T was unavailable and they would have
used T = 1 as a best estimate. Now that a good estimate of T is available it should
be possible to obtain better estimates of the atomic scattering factor changes and to
fit the data as well as Rocher, et al.lh did. It is also possible that changes in
Y and T would occur on ordering. This is probably less likely than the atomic scat-
tering factor changes since Y and T depend more on core-core interactions which are
less effected by ordering. 15

(2) BCuZn-structure alloys. Recent work of Fox ~ on B'NiAl and B'CoAl
alloys shows that the data is fitted by values of Y rather higher than unity (for
B'NiAl T = 1.01, v = 2.32 and for B'CoAl T = 1.35, Y = 5.63). Fox noted that the
Al-rich alloys must be handled by a model different from that for the BCuZn structure
presented in the present paper since vacancies, not Al atoms, are the constitutional
defects on the transition metal sublattice. For the Al-rich alloys he finds vy = 1.
It is not surprising that ''vacancy-like" strain fields give Y = 1 since the original
model” was based on normalized theoretical strain fields around vacancies in b.c.c.
alkali metals. On the other hand, the relatively larger strain fields in the tran-
sition metal-rich alloys, which correlates with binding energy and other properties,
may indicate that the assumptions on which the model was based are violated in Ni-
and Co-rich alloys. Nonetheless, even the transition-metal rich data can be well
fitted by the model, and the parameters obtained are valid physical indices of the
nature of the thermal and strain m.s.d. in the alloy.
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