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Some features and results of a general approach to the statistical mechanics of disordered binary alloys
are briefly outlined. The general approach assists the authors to formulate criteria for the validity of the
generalized mean-field model used for determining pair interaction energies from diffuse-scattering
data. Some values for these pair interaction energies in certain alloys are presented and discussed.

I. Introduction

One of the most fundamental types of information
which one can hope to acquire about alloys is the
nature of the interparticle interaction energies. Statis­
tical-mechanical theories of ordering, valid for sub­
stitutional binary alloys in thermal equilibrium above
the critical temperature Tc , provide a means for deter-

mining the pairwise interaction energies in an alloy
from experimentally measured short-range-order par­
ameters or site-occupation pair-correlation functions
(see for example Cowley & Wilkins, 1972; Moss &
Clapp, 1968; Wilkins, 1970; Wu & Tahir-Kheli, 1971).
The present paper first gives a brief outline of a gen­
eral approach to the statistical mechanics of disordered
alloys (to be described more fully in a forthcoming
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over any possible configuration of the (mA,mB) com­
position alloy. Also, it is assumed here that the usual
pairwise Hamiltonian (see, e.g., Clapp & Moss, 1966)
is a sufficiently accurate model.

The quantities of interest are the statistical mech­
anical averages (alai) which in the grand canonical
ensemble are defined as

where Q=exp {-PH+XJpg}, withp= llkBTand Hthe
g

pairwise Hamiltonian. The summation is over all pos­
sible sets {af} where each a may independently take
on the values 2mB and - 2mA, subject only to the con­
straint that the chemical potential (Lagrange multi­
plier) A is eventually determined such that the compo­
sition constraint (af) = 0 is satisfied, to be consistent
with the known property (3).

II. Statistical mecbanics

The detailed formulation of the statistical-mechanical
problem for equilibrium binary alloys has been given
in Shirley & Wilkins (1972) and will not be repeated
here. It is, however, desirable for the present discus­
sion of the development of approximate ordering the­
ories to recall that the configurations of the alloy were
described there using site occupation variables

a.={ 2mB for an A atom at site i
, -2mA for a B atom at site i, (2)

which have many useful properties including the one
that

(7)

(60)

(6b)(for m>O)

t=tanh (A)

Do(t)=t-(mA-mB)

D ( )= d
m

tanh (A)
mt dAm'

(aOalai) =(oij)=Do~t)(ij)-t.PDl(t) .L: VOf<Jij)
f

+!P2D2(t) .L: VOfVOg<Jgij)-.·. (5c)
fg

(aO) =(o)=O=Do(t)

+!P2D2(t) .L: VOfVOg<Jg)-··· (50)
fg

e.g.

(aOai) = (oi)= -tPDl(t).L: Vof<Ji)
f

+!P2D2(t) .L: VOfVOg<Jgij)-·.. {5b)
fg

(1234)=(12) (34)+(13) (24)+(14) (23);

with

and A (or t) must be chosen to satisfy (a)=O. The
derivation of equations (5) has not involved any ap­
proximations of a mathematical kind.

In order to make some progress with the approximate
solution of the statistical-mechanical problem, it is as­
sumed for the present that all pair interactions favour
clustering (i.e. VOL ~ 0 for all i). This assumption enables
the use of the order-in-l/z classification scheme de­
veloped by Shirley & Wilkins (1972) to help truncate
(5) correct to arbitrary order in liz, where z is the
number of sites interacting with a given site.

It is found that (5) is an implicit expansion in liz
both horizontally from left to right, and vertically
from above to below. For example, if (5b) is truncated
at the first term the simple O(1/z) (Clapp & Moss or
mean-field) approximation is obtained, and involves
pair correlations alone. However, if equations (5) are
truncated correctly to higher orders in liz, one will in
general obtain a coupled set oflinear equations involv­
ing irreducible {all sites distinct) many-site correlation
functions.

It is thus useful to find (see Wilkins, 1972; Wilkins
& Shirley, 1974) that one may decouple irreducible
many-site correlation functions correctly to leading or­
der in liz as follows:

(i) for irreducible 2n-site correlation functions

(123 ... (2n-l) (2n)

= {(l2) (34) ... «(2n-l)(2n)} (80)

etc., where all o,i,j, . .. are distinct. The expansion co­
efficients in (5) are given by

By expanding correlation functions of type (4) one
obtains the following doubly infinite hierarchy of
coupled linear equations for the correlation functions
(see Shirley & Wilkins, 1972)

(4)

(3)

paper), with the aim of providing a framework within
which it is possible to critically evaluate the accuracy
of various ordering theories.

Of particular importance from the viewpoint of de­
termining pairwise interactions is the result that the
present method enables one to list criteria (see § II)
for selecting alloys and experimental conditions such
that the generalized mean-field expression used for the
Fourier inverse of the pair-correlation functions (de­
fined in next section)

S(k) = GlT)/[l +Gl(T) V(k)] (1)

should be a good approximation. In (1) V(k) is the
Fourier inverse of the usual pairwise intersite inter­
action energies VOL whilst Gl(T) and G2(T) are essen­
tially temperature-dependent functions.

Some results for the first seven pair-interaction ratios
for certain alloys, which were derived via (1), are pre­
sented and discussed in § III. A comparison is made
between these results for the pair interactions and the
form of the long-range interaction attributed to the
conduction-electron screening of the ions.
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functional form (1) should be most reliable as a math­
ematical approximation to the statistical-mechanical
problem with pairwise Hamiltonian for:

(i) T not too close to Tc (several percent away at
least;

(ii) rnA ~}, i.e. concentrated alloys;
(iii) Vi:;; 0 for all i, i.e. completely (or at least strong­

ly) clustering alloys or for VI> 0 when it is the dominant
interaction and especially when the lattice is of the
loose packed variety (e.g. simple cubic or b.c.c., but
not f.c.c.);

(iv) large z, i.e. long-range (completely clustering)
interactions.

It is unfortunate to have to note from the above
that the conditions under which the generalized
functional form (1) for S(k) should be best are, in
general, those for which the separation procedure for
extracting the reduced short-range-order diffuse scat­
tering Sexpt(k) from the total measured diffuse scatter­
ing is least reliable. This provides a motivation for the
extension of the statistical-mechanical theory of binary
alloys to a wider domain of validity so as rigorously to
include both dilute and non-clustering alloys, and also
to treat more general Hamiltonians than the usual pair­
wise one (see, e.g., Shirley, 1974).

III. Determination of pair-interaction ratios

Equation (1) provides a means whereby experimental
data on the short-range-order diffuse scattering may
be reverted to obtain information about the pair inter­
actions in a given alloy. In practice it is simpler to do
the analysis in direct space and the details of the method
are sufficiently described elsewhere (Cowley & Wilkins,
1972; Wilkins, 1970). The purpose of the present sec­
tion is partly to review the results which have already
been obtained and also to compare these with some
new results for CuAu obtained from the data of Met­
calfe (1973), which could provide evidence for the in­
adequacy of doing the analysis with equation (1).

The pair interaction for the ith neighbour shell is
denoted by V(RoJ = Vi' From the published data for
various alloys, results for the first seven pair-interac­
tion ratios (V2/Vb V3/VI , .•• ) have been determined
for:-

(i) CU3Au at 405 and 450°C from the first eleven
short-range-order parameters obtained by Moss (1964).
The results for this system are reproduced in Fig. 1.

(ii) CuAu at 800 OK from only the first fourteen
short-range order parameters obtained by Metcalfe
(1973). The results for this system are presented in
Fig. 2.

(iii) Au-40 at. % Pd. at room temperature from the
data of Lin, Sprueill & Williams (1970). The results
for this system are presented in Fig. 3.

The method of deriving the pair-interaction ratios is
independent of any assumed model for their origin.
Thus an unprejudiced comparison can be made with
the free-electron screening model (e.g. see Blandin &

Cu3 Au at:

o 40SoC
X 450°C

Fig. 1. Values for the pair-interaction ratios Vi/Vl deduced
from the short-range-order parameters of Moss (1964) for
Cu3Au at two temperatures, compared with the free-electron
screening curve, equation (9), for the indicated parameters.
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(ii) for irreducible (2n + I)-site correlation functions

(123 ... (2n) (2n + I)
= {(123) (45) ... «(2n) (2n+l)}, (8b)

where the brace denotes the sum over all distinct per­
mutations of the site labels. The proof of (8) (Wilkins
& Shirley, 1974) involves the use of the order-in-l(z
classification scheme and some algebraic manipulation
of equation (5).

In the case of equiatomic (rnA =-!-) alloys it is pos­
sible (Wilkins & Shirley, 1974) to use the decoupling
scheme (8a) to truncate equation (5b) correct to
0(1/Z2) and also to sum a whole class of higher-order
terms [note that only terms involving 2n-site correla­
tion functions in (5b) are non-vanishing for rnA =-!-].
Moreover, it is found there that this approximation
for (oi) is of the form (1) and incorporates the sphe­
rical-model result [thus constituting an alternative deriv­
ation of a result obtained earlier by Brout (1961)]. Also
for the equiatomic case, it is possible to find a more
accurate decoupling scheme for irreducible four-site
correlations than is given by (8a). The use of this im­
proved result to decouple (5b) is found to lead to an
ordering theory which departs in 0(1/Z3) from the
simple functional form (1) which incorporated both
the O(1/z) and 0(1/Z2) results (Wilkins & Shirley, 1974).

In the non-equiatomic case the simple functional
form (1) is found to break down even in 0(1/Z2), but
only weakly for rnA~-t.

Detailed investigation of equations (5), including that
described above, leads to the conclusion that the basic
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Fig. 3. Values for the pair-interaction ratios V,jV, deduced
from the short-range-order parameters of Lin, Sprueill &
Williams (1970) for Au-40 at. % Pd at room temperature,
compared with the free-electron screening curve, equation
(9), for the indicated parameters.

Fig. 2. Values for the pair-interaction V,jV, deduced from the
short-range-order parameters of Metcalfe (1973) for CuAu
at 800 o K, compared with the free-electron screening curve,
equation (9), for the indicated parameters.
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those determined with equation (1). However, CuAu
appears somewhat anomalous in as much as V2 and
V4 are almost equal in magnitude to Vi' thus condi­
tion (iii) in the criteria for the validity of (1) is severely
tested. Ideally one would like to test the more accurate
theory on order parameters measured for an equi­
atomic clustering alloy such as CuNi or AuNi.

Deplante, 1963) which gives an effective pair-interac­
tion energy V(RaJ between ions at large distances as

V(rhkl)/Vi = A cos [2kFaorhkl + tPJ/dkl , (9)

where k F is the Fermi wave number, A is assumed to
be a constant, and tP is a phase factor. The unit-cell
dimension is ao and rhk1 is the interatomic distance in
units of half the unit-cell axes for lattice sites with in­
tegral coordinates h,k,l. Comparison with the more
exact result for a small impurity potential suggests that
at metallic electron densities this form should be good
beyond the first nearest-neighbour distance. The Fermi
wave number is proportional to e, which is the cube
root of the average number of conduction electrons per
atom.

Comparison with the results for Cu3Au in Fig. 1
shows that the curve for e= 0·97 and tP = - 0·6 appears
to fit the experimental data very well. Also, the results
for the Vi ratios have been found to be quite stable to
variation of the weighting factors in the least-squares
analysis.

For CuAu the results in Fig. 2 are compared with
the screening curve for e= 1·0 and tP = -0,79. Although
these parameter values are almost the same as for
Cu3Au, the agreement is not nearly so good, especially
beyond fourth-neighbour interactions. Also, the results
have not been found to be as stable to variation in
weighting factor as those for Cu3Au.

For Au--40 at. % Pd the results in Fig. 3 are com­
pared with the screening curve for e=0'844 and tP=0·5.
The best-fit value of e adopted there is close to the
value e= 0·825 obtained from a theoretical d-band­
filling argument where each Pd atom contributes 0·55
positive holes to the d band per Pd atom (Mott &
Jones, 1936, p. 199). Agreement for this case also is far
from perfect. Moreover, the results have not been found
to be as stable to variation of the weighting factors as
those for CU3Au. The value of e used for Fig. 3 is dif­
ferent from that used in Cowley & Wilkins (1972) ­
the good agreement between the value adopted there
and the Kohn-anomaly argument no longer holds.

The crucial question which one must ask about
CuAu and the Au-Pd alloy is whether these differ­
ences between the theoretical screening curve and the
values derived from experiment are: (i) real differences,
(ii) errors in the data and data refinement procedure
or (iii) limitations of the theory, and in particular the
assumption of the pairwise model (4) and the functional
form (1).

In the case of CuAu, the difference between the in­
teraction ratios for this system and those for CU3Au
is more than can readily be ascribed to a simple lat­
tice-parameter change (Moss & Clapp, 1968; Wu &
Tahir-Kheli, 1971). This would appear to leave the
possibilities of errors in the data and limitations of the
theory wide open. Since CuAu is an equiatomic alloy
it is possible to use the more accurate mathematical
result discussed earlier to test whether the interaction
ratios thus determined are significantly different from
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It is only by more detailed experimental and numer­
ical investigation that the question of where, if any­
where, the errors lie can be answered conclusively.
However, by knowing the criteria for greatest validity
of both thenry and experiment one will be more readily
able to make this decision. It is to the former con­
sideration that this paper has principally been directed.
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also to Dr Metcalfe for permission to use his CuAu
data prior to publication and for valuable discussions.
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financial support from the Sir Arthur Sims Travelling
Scholarship and a grant from the Science Research
Council.
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