Wedge Copula!

This document explains the construction and properties of a particular““geometrical” copula used to fit dependency
data from the eDRAM case study done at Portland State University. The probability density function of the “Wedge
copula” resulting copula is shown in Figure 1.

Figure 1 Probability density function of Wedge copula for ¢ = 1.142 (best fit to Nominal skew of DRAM case
study).

A wedge-shaped copula C is defined by starting with a pseudo-copula A(u,v), consisting of a shaded wedge-shaped
region, symmetrical about the (0,0)/(1,1) diagonal, shown in Figure 2. This shaded region has area (1 - c)/c where ¢
is defined in the figure. If the wedge is a region of uniform probability density normalized to unity within the unit
square, and the probability density outside the wedge vanishes, then the wedge’s uniform probability density is ¢/(1 -

c).

1 C. Glenn Shirley, October 2012.
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u<cv Figure 2 The base pseudo-copula A(u,v) is a
function on [0,1]2 which is defined by a wedge-
shaped region of uniform probability density,
uv AN normalized to unity within the unit square.

u=cv Regions outside the wedge have vanishing
probability density. The size of the region is
controlled by the parameter 1 < ¢ <o which
ranges from c =1 for perfect correlation and to ¢
= oo for independence

V>cu

0,0 y 1,0

Geometrical considerations show that the probability density enclosed by the blue (0,0)/(u,v) rectangle in Figure 2
for (u,v) anywhere in [0,1]%, is

Au,v) =—— u’v'—u—lz—ﬁ u’=min[u,cv], v'=min[v,cu] 1)
c-1 2c 2c
On the margins, this is
Au)=f*u) ARLvV)=Tf1(V) (2)
where (z is a dummy argument)
2
(c +21)z 0<z<c?
f(2)= , 3
S ) cl<z<l
2(c-1)

which is a monotonically increasing function. Notice that A(u,v) satisfies the requirements of a copula, except that
the marginal distributions, Egs. (2), are not uniform. To construct a “wedge copula”, with uniform margins we need
the inverse of Eq. (3):

fﬁ OSZSH—ZC
f(Z): c+1 2C (4)

1+c

c—y(c-1*+2(c-1)(L-2) S <2<l
c
So the wedge copula corresponding to Figure 2 is
C(x,y)=A(f(), f(y)) (%)
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which satisfies the requirement that it have a uniform marginal distribution because
CxD=A(fX), f@)=A(f(x),1)=f ‘1( f(x))=x (6)
and the same for y, since x and y are cdfs of uniform distributions. Since

x= ()

U]
y="1"(v)

and since the lower boundary of the probability area of A is defined by u = cv then the corresponding boundary of C
is given by

y="f"(c*f(x) 0<x<1 )

Similarly, the upper boundary of the probability area of A is defined by

-1

cu O<u<c
V= 9
{1 cl<u<1 )
and the corresponding upper boundary of the probability area of C is
£ (cf (x 0<x<i(c+1/c?
y:{l 1) i(c+1)2/(cz<3<<l 10
! <x<
The zone of non-vanishing probability of the copula C is defined by simultaneous satisfaction of
y> 17 (cf(x) 0<x<1 (11)
f*(cf <x<i(c+1/c?
y< (cf(x)) 0<x 2(c‘;+ )/c (12)
1 2(c+1)/c” <x<1

For the test application the important region is the region near the origin. In this region the boundaries of the
regions with finite probability given by Egs. (8) and (10) are straight lines. For the lower boundary

1
2x 0<x<Sts 13
= (13)

y=c
and for the upper boundary

y =c’x OSX£C—+41 (14)
2c

The low tail dependence of the wedge copula is

2
LT = 1im S0 _ iy 0y 22X 2 (15)
Xx—>0+ X X—>0+ X x>0+ X c+1 c+1
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So the wedge copula has asymptotic tail dependence except in the limit of independence (¢ — o). In the opposite
limit (¢ — 1), the asymptotic dependence becomes unity because C becomes M, the Frechet upper bound,
corresponding to perfect correlation.

Points of the wedge copula may easily be synthesized by generating uniformly distributed (u,v) points in the wedge-
shaped finite uniform probability density area of the base pseudo-copula in Figure 2, and then mapping them to the
space of the copula using x = f(u), and y = f(v) where f is given by Eq.(4). The algorithm for generating (u, v) points
is given in the Appendix. The probability density maps of the wedge copula in Figure 3 were generated using this
method. Notice that it is possible to restrict the generation of synthesized points to sub-domains of the copula,
particularly the region near the origin.
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Figure 3 Synthesized probability maps of the wedge copula. Kendall’s tau was computed from the
synthesized data. Top Row: The wedge copula spans independence (c = «) to perfect correlation (¢ = 1).
Bottom Row: Synthesized points can be concentrated near the origin.

Values of Kendall’s tau given in Figure 3 for the synthesized data were estimated to good precision from
synthesized data. It is also possible to derive an analytical expression for Kendall’s tau for the copula as a function
of the parameter c, and of the censor fraction a, using the expression for tau of a truncated part of a copula®.

4 I, 0 We(x, y;c)
- (c,a) = ———— | dx| dyWe(x, y;c) ——2"~2-1 16
Tsubpopulatlon( ) Wez (a, a: C) '([ _(‘]- y ( y ) axay ( )
The result, derived in the Appendix is
2c+1
z-Subpopulation (C’ a) = 3C2 . (17)

2 u v 2
r(u,v) = %J‘o _[0 dxdyC(x, y) oC(xy) -1

u,v) OXoy
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The inverse of Eq. (17) is

_ 1++/1+37 . (18)
3r

The wedge copula has the attractive property that the subpopulation tau is independent of a, the degree of censoring.

This is not true of copulas in general. The small variation of tau in Figure 3 for constant c is due to sampling

variation of the Monte-Carlo estimate of tau. Since tau may be computed directly from data, Eq. (17) provides a

way to estimate the parameter ¢ of the copula.

Since it is convenient if the subpopulation tau is independent of the degree of censoring, it is useful to know more
general conditions under which this holds so that copulas with this property can be identified. A sufficient condition
for this to be true is that a copula be expressed as C(x,y) = A[f(x),f(y)] where A satisfies, for a < 1, A(axu,axv) = a* x
A(u, v). This is shown in the Appendix. The geometrical interpretation is that all sub-regions [0,a]® of the base
pseudo-copula are geometrically self-similar.

Wedge Copula
§=@1-cHi
0,1 _ .11

Figure A 1 Basis vectors (red) for sampling the area
of uniform probability in the pseudo-copula, A(u,v).
A subset of the space, such as the green area, may
be sampled by scaling the basis vectors.
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To place a random point r in triangle | in the figure in (u,v) space, sample u; and u, independently from the uniform
distribution on [0,1], rejecting the sample if u; > uj.

€ +U,E,

r=u
[u, +(u, )/c]|+u1

(19)

In Eq. (19) €, and €, are basis vectors which span triangle I in the figure. Decomposition into the orthogonal unit
vectors spannlng the unit square in the figure gives the second equation. By symmetry, to place a random point r

point in triangle 11 in the figure, reject the sample if u, > uy, and place the point at

r=ui +[u, +(u —u,)/clj (20)

To sample a subpopulation of the copula such as the sub area shown in Figure A 1, the uniform random variables u;
and u, should be independently sampled from [0,f(a)].

So the algorithm to sample a region xxy =[0,a]x[0,a] of the wedge copula is (a = 1 samples the entire copula):

1. Sample two independent uniform numbers, u; and u, from a uniform distribution on [0,f(a)].
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2. If uy > uy then place a point at

X = f‘l(u +u2—u1j
oo (21)
y= fﬁl(uz)

3. Else if u, < u; then place a point at

X= fﬁl(ul)
_ 22
y:fl(u2+ulcu2] (22)

where f "t is given by Eq. (3).
Subpopulation Tau

We seek an expression for tau of a subpopulation of a copula in the region J? = [0,u,]x[0,vs]. To do this, we write
down an expression for the copula of the subpopulation, and substitute into the formula for tau, The probability
density function for the region J% is

. C(u,v)
D'(u,v) = ——"~ 23
() C(u,.vy) #)
This may be converted into a copula by using the marginal distribution functions
ur= S g vi= S ) (24)
Cu, %) C(u: V)
Notice that these are not uniform, f(u) # u, and g(v) # v, because u, # 1 and vy # 1.
The copula for the region J% in terms of the transformed variables, is
C(ftu)H,g(v
D' v =WV (fw).g ) [u',v]e[0,1] (25)
C(u,,Vvy) C(u,.vy)
So the subpopulation tau is
11
B 6D(u N
Tsubpopulation — 4'!).'([ D Wd u'dv'-1
11
:4”D ' Mau 8vdu'dv'—l
% ouov  ou'ov'
=4f [DQ!, aD(“ V)dd
00
- J‘J‘ v aC(u V)d dv—1
(ua,vb) (26)
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Sufficient Condition for Censor-Independence of Subpopulation Tau

Suppose that a copula is expressed as

Clxy)=A[f(X), f(y)] (27)
where A is a pseudo-copula satisfying, fora <1,

A(axu,axv)=a’A(u,v) (28)
The subpopulation tau of C is

oC (u V)

Idujde(u v)——=-1

T " =
Subpopulation C

jdujdvA f(u), f(v )]w—l

W > oo (29)
a1 % Yo N SR
_ f::a)f(f)d f(f)dyA(x y)a ( ) 4
Now set X=f(a)xX and y=f(a)xy’, so
Faman = ity | 1] T@ya[(1 @), 1@y PLHOIETL
_ fi(a)! f (a)dx’.:[ )y (A, y) RN (30)

AKX, Y) 4

1 1
= 4I dx’J. dy'A(X', y") Xy’
0 0

which is independent of the degree of censoring, QED. Moreover, the subpopulation tau for any degree of censoring
is the same as the population tau.

Tau of Wedge Copula

Kendall’s tau for the wedge copula is

#(c) :4j.dle‘dyWe(x, y;c)azwgi—g;/;c)—lzm 1 31)
Since

We(x, y) = A(u,Vv)

u=f(x),v=f(y) (32)
we have
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h *We(x, y)
= | dx| dyWw
1= o j e, y) S0 )
0 dy a O*A(u,v) du dv
- -([ a I e A ouov  dx dy (33)
i o A(u V)
= ‘([duj‘dvA(u V) ———= Y

so the evaluation of tau can be done entirely in terms of the pseudo copula A. Evaluation of the integral is facilitated
by noticing: 1) The second mixed derivative of A(u,v) is the pdf of A, which is a constant equal to c/(c-1) inside the
wedge and zero elsewhere, and 2) By symmetry across the diagonal, the desired integral is twice the integral of the
shaded zone in Figure A 2. 3) Because A(u,v) vanishes outside the wedge, the v-integration limits may be changed
so that for each u, v ranges from u/c to u. So

=2 j du j dvA(u, v)— (34)

ulc

Inside the wedge, where the argument of Eq. (34) is evaluated, we have, from Eq. (1)

u® V2 :
A(u,v) = u—-——-— (Inside wedge.) (35)
c-1 2c 2c
0,1 1,1
v=u ~ . o
y U=cv Figure A 2 Integration limits for I.
A7 =ulc
0,0 u 1,0
So
2 1 c 2
| =2|du| dv uv—— (U +Vv?) [=2] —| (1, +1,+1 36
foo 25 (w555 o) o
where
2 1Vf, s 1 1
_fduu'[Cdvuv J'duu><1v| [1—0—2j_c[duu _g(l_c_zj (37)
14, ¢ 1t u 1 1\ 1(, 1
Ib:——jdu_fdvuzz——juzduxﬂ/ :——(1——Jj'u3du:——(1——) (38)
2cy . 2cy, e 2c cJ% 8c c
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So

8c* 3
=+ (3c* —4c® +1)
24¢*
_ (c-1)*(3c*+2c+1)
24¢*
and from Eq. (36)
_ 3c?+2c+1

|
12¢?

Substitution of Egs. (41) into Eq. (31) gives

2c+1
z-Subpopulation = 302

Probability Density Function

The probability density is non-vanishing only for x,y pairs which satisfy

y> 17 (c*f(x) 0<x<1
B 7 (cf (x)) 0<x<i(c+1/c?
11 Lc+1/c? <x<1

Inside this region we need the probability density function given by

O°C_oOAudv_ ¢ of of
OX0y Ouov oxoy c—10xoy

c(x,y) =
From Eq. (4) we have

A P ——
D
X f(x)= c-1
Je-1)? +2(c-1)(L-x)

1+c

0<x<—

1+c

2c?

——<x<l

2c

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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