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Copula Manipulations Using Generalized Functions1. 

Analytical methods to compute conditional probabilities and probability densities from the copula involve taking 

derivatives.  Conversely, methods to compute the copula from probability densities involve integration.  Methods for 

performing these manipulations for continuous copulae are given in the standard texts
2
.  However, many copulae 

have singular parts.  The most elementary copulae describing perfect dependence and perfect anti-dependence are 

singular, albeit with no continuous parts.  The Marshall-Olkin copula is a well-known copula with both continuous 

and singular parts.  The usual way
2
 of handling a copula with continuous and singular parts is to deal with each part 

separately.  Kreps
3
 showed how to handle singularities in an elegant way by using the Dirac delta function.  This 

note follows Kreps to show how the same methods used to manipulate continous copulae can also be used to handle 

all parts, continous and singular, of a general copula if certain “generalized functions” are used to describe the 

singular parts.  The practical use of generalized functions is described by Bracewell
4
, but for practical copula 

manipulations only the “Useful Identities” shown in this note are needed. 

After providing the “Useful Identities” some examples show how to apply them. 

Useful Identities 

The following identities involving the Heaviside, , and Dirac, , generalized functions are convenient for copula 

manipulations. 
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Proof of Eq. (5) 
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Also.. 
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    min ( ), ( ) min , ( ) is a monotonically increasing functionf x f y f x y f x  (16) 

    max ( ), ( ) max , ( ) is a monotonically increasing functionf x f y f x y f x  (17) 

    min ( ), ( ) max , ( ) is a monotonically decreasing functiong x g y g x y g x  (18) 

    max ( ), ( ) min , ( ) is a monotonically decreasing functiong x g y g x y g x  (19) 
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Examples 

Perfect Correlation 
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So, for perfect correlation, 
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Independence 

 ,C x y xy  (26) 

The mixed second derivative is unity so 
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Perfect Anticorrelation 

   , max 1,0C x y x y    (28) 
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and, by symmetry, 
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Whence 
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PDF for Marshall-Olkin Copula 

The objective here is to compute the pdf of the Marshall-Olkin copula from the cdf.  That is, to compute 
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where C is the Marshall-Olkin copula 
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The Marshall-Olkin copula is a good way to show the benefit of using the method of generalized functions because 

it has a singularity as well as a region in which the copula is non-zero and continuous. 



Copula Manipulations Using Generalized Functions 01.docx 5 

 

 

The Marshall-Olkin copula may be parameterized 

either by  and  (the usual definition), or by 
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where  1  s  1 controls the symmetry of the 

copula. 

The method used by Nelsen
5
 to study this copula treats the continuous and singular parts separately.  But the method 

using generalized functions treats the entire copula as one entity, and the results for singular and continuous parts 

fall out naturally. 

First Way 

Let’s write 

,x u y v    (35) 

This transformation separates the two parts of (34) into above and below the diagonal in the x,y unit square, 

 

so the copula becomes the function
6
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where  is the Heaviside function 
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and where, from (38)
7
 

   g f x y     (41) 

Now, since 

 
( )x y

x y
x


 

 


 (42) 

we have 

                                                           
7
 I thought this was pretty neat!  G. 



Copula Manipulations Using Generalized Functions 01.docx 7 

   
1 1 1 11 12 1 2 22 11 1

( )
C

x y x y x y y x x x y
x y

    
 


 

      
       

 
 (43) 

since, because of the delta function, we may set x = y in the final term of (43). 

In terms of the uniform marginal distributions: 
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Second Way 

The Marshall-Olkin copula is 
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where we have noticed that the term in braces vanishes because 
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and we can set x = y in that term.  Moreover, we can set x = y in the final term of Eq. (50) and replace the derivative 

of the Heaviside function by the Dirac delta function to get 
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