ECE 510 Lecture 4

Reliability Plotting
T&T 6.1-6



Functional Forms
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Reliability Functional Forms

*
/ — Data

.G '—0
4
;' Model (functional form)
’/ 82
-2 -1 0 1 2
Data

* Choose functional form for model to fit data
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A Function Bestiary

— Bestiary: A medieval collection of stories providing physical and
allegorical descriptions of real or imaginary animals

* Continuous distributions

> Most common
for reliability

— Gamma
— Beta

* Discrete distributions
— Hypergeometric
— Binomial
— Poisson

e Statistical distributions
— Chi-square
— Student’st
— F
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Normal Distribution

Mormal Distribution

mean

POF

=
Il
>
H
1
x\
|
=
|
N

c = standard deviation F(x)= Idx, 1 2

®-value

rand normal = NORMSINV (CDF)
where CDF is rand uniform

02 = variance

Mormal Distribution

*  Using Excel:

— PDF = NORMDIST(x,,0,FALSE)

]
o]

—  CDF = NORMDIST(x,4,0,TRUE)

L -6
o ] ,// *  Plot using:
/: —  y-axis = probit = NORMSINV(CDF)
‘/ | —  x-axis =X
3 i 0 ’ 5 3 — o=1/slope
wvalue — W =x-intercept = — (y-intercept) / slope
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Normal Distribution

Normal Distribution

o-5

L,

PDF

ul=EN] 0 0 0 0 0 1 2
std 1 1.41 2071 04 1 1
L = mean

c = standard deviation

02 = variance

*  Using Excel:

* Plot using:

—  X-axis =X
— o0=1/slope
— W =X-intercept

-3 -2 -1 0 1 2 3
X value
Normal Distribution
LDL 0-6
o 2 7/
-3 -2 -1 0 1 2 3
X value
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f(x)= e‘ﬂxﬂz
o271
1My
F(x)= I.dx’a 127r e_Z{X"H}

rand normal = NORMSINV (CDF)
where CDF is rand uniform

—  PDF = NORMDIST(x,|4,0,FALSE)
—  CDF = NORMDIST(x, 4,0, TRUE)

—  y-axis = probit = NORMSINV(CDF)



Normal Distribution Reliability Plots

Reliabilty Function F(t) = CDF

0.8

€0.6

0
0.4

0.2

Survival Function S(t) = 1-F(t)

0.8

=0.6
(9p]

0.4

0.2

Failure rate = h(t) = f(t)/S(t)

PDF f(t) = d/dt CDF

f(t
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H(b)

OFRL NW MO O N

Cumulative Hazard Function H(t)




Use of Normal Distributions

1 Exp-Distributed Value Sum of 10 Exp-Distributed Values
1.2 0.15

0.8 0.1 /\
S\ — k. /N
NS 0 / \

POF

0 5 10 15 20 0 5 10 15 20
x-value x-value

* Most measurement error
 Sum of random things is normal
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Exponential Distribution

Exponential Distnibution

¥-value

Exponential Distnibution

¥-value
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f()=ae? €
A = scale factor
F(x)=1-e*
In(L— CDF)

rand exponential = — 2

where CDF is rand uniform

*  Using Excel:
—  PDF = A*EXP(-Ax)
—  CDF = 1-EXP(-Ax)
* Plot using:
— y-axis = “exbit” = -LN(1-CDF)
—  X-axis=x

— A=slope
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Exponential Distribution

Exponential Distribution
lambda 1 1.41 21071 05

f(x)=Ae"™
A = scale factor
rand exponential = —M

where CDF is rand uniform

X value

Exponential Distribution ° Using Excel:
— PDF = A*EXP(-Ax)
— CDF = 1-EXP(-Ax)
* Plot using:

LL
o —  y-axis = “exbit” = -LN(1-CDF)
—  X-axis =X
— A=slope
0 1 2 3 4
X value
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Exponential Reliability Plots
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Reliabilty Function F(t) = CDF
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Survival Function S(t) = 1-F(t)
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= 0.6
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PDF f(t) = d/dt CDF
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—~ 0.6

Failure rate = h(t) =

0.8

0.4
0.2

H(t)

SO P, N W b~ 01 O

Cumulative Hazard Function H(t)
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Use of Exponential Distributions

e Constant fail rate
— No “memory” of the past; no age
— Radioactive decay
— Soft errors, external environment
* Easy to calculate
— MTTF=1/A

— Median time to fail from |:(t5o):1_e_/1t50 =0.5 o) t50 —
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Exercise 4.1

Given an exponential fail distribution with

P 0.04%
khr

what is the probability of failure within 15,000 hours of use?
What is the MTTF?
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Solution 4.1

 Convert to “pure” units

0 :
_ 0.04% _ 0.000 000 4 fails

khr hour

A

then evaluate the fail function at 15,000 hours
F(t) —1— e—/it —1— e—0.0000004><15,000 _ 0006 _ 06%

The MTTF is even easier

MTTF = % = 2,500,000 hours
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LogNormal Distribution

Lognormal Distribution
1.2

A
s N\

EU:E I \

e AN
0.2 I ~

¥-value

Lognormal Distribution

¥-value
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1 1[In(t)ln<t50)}

flt)=———e 2t °
( ) o t\2r

t50 = median time to fail t 7 In(t')-in(t50) T
o = standard deviation 1 [ }

F(t)= jdt'me

—00

2 o

rand normal = exp(NORMSINV (CDF))
where CDF is rand uniform

*  Using Excel:
— PDF = NORMDIST(In(t),In(t50),0,FALSE)/t

—  CDF = NORMDIST(In(t),In(t50),0,TRUE)

* Plot using:
—  y-axis = probit = NORMSINV(CDF)
—  x-axis = In(t)
— 0=1/slope
— In(t50) = x-intercept
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LogNormal Distribution

LogNormal Distribution ] I )
0.9 150 11 1 1 1 05 15 1 _1['”(0—'“05@}
08 std 1141 2071 05 1 1 f '[): g 2 o
0.7 I RN otV2r
0.6 ] \ t50 = median time to fail 1 In(t)-In(150)
w 0.5 _ . g t 1 _{}
S 04 o = standard deviation (1) J dt’ a2l o
0.3 1 s ot'\N2x
0.2 —
0.1 +
0 . . . . rand normal = exp(NORMSINV (CDF ))
0 2 4X \,a|ue6 ® 10 where CDF is rand uniform
LogNormal Distribution ° Using Excel:
1
o — PDF = NORMDIST(In(t),In(t50),0,FALSE)/t
o // —  CDF = NORMDIST(In(t),In(t50),0,TRUE)
Lé o * Plot using:
' // —  y-axis = probit = NORMSINV(CDF)
0.2 — .
—  x-axis = In(t)
0 - ' — o0=1/slope
° ? 4X Va|ue6 ° 10 — In(t50) = x-intercept
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Loghormal Reliability Plots

F(t)

/
Reliabilty Function F(t) = CDF Sunvival Function S(t) = 1-F(t) Failure rate = h(t) = f(t)/S(t) /
1 1 0.45 /
0.4
0.8 —_— 0.8 03s L/ /
0.6 / 06 \ 0.3 / \k
' / s \ < 0.25 f
0.4 ? 04 = 029
/ \ 0.15
0.2 0.2 ——— 0.1
0.05
0 T T T T T O T T T T O T T T T T
0 1 2 3 4 5 6 1 2 3 4 0 1 2 3 4 5
t t t

PDF f(t) = d/dt CDF

Cumulative Hazard Function H(t)

0.4 2.5
2

0.3 N\

/ \ 15
0.2 ol /

\ 1 /
01 \ > /
O T T T T T o T T T T T

Mostly decreasing failure rate:
IM-type mechanism
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Use of Lognormal Distributions

Distribution of Le

0.5
0.4
L 0.3
E 0.2 I
|\
i ]\

0 10 20 30
Le
Le
} 1s~e
Distribution of Isb

0.5

0.4 /..\
L 0.3

S j/ ~___ R =(1+5)xR_,

100
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Weibull Distribution

Weibull Distribution

|:| T T T T T 1
] 1 2 3 4 5 G
x-value
Weibull Distribution
| /
08 /
L 06 /
o
“04 /
02
|:| T T T T T 1
] 1 2 3 4 5 G
x-value
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B = shape parameter
o = scale parameter

o \P
F(x)=1-exp —(—X 7]
y = location parameter

(04

Note: o and B are often . 5
swapped in meaning! rand Weibull :a[—ln(l—CDF)]]/
Excel swaps them (below). | Where CDFis rand uniform

T&T use B2 m and a=>c.

* Using Excel:

PDF = WEIBULL(x, 3,0, FALSE)

CDF = WEIBULL(x,B,0,TRUE) =1-EXP(-((x/a)*B))
Note y=0 in Excel

* Plot using:

y-axis = weibit = In(-In(1-CDF))

x-axis = In(x)

B = slope

o = exp(-intercept/slope)
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Weibull Distribution

Weibull Distribution

beta 1 12 145 2 3 0.5

alpha 2 2 2 2 2 2 2
0.9
0.8
07 y/;\\ B = shape parameter 5
. _ X —
5 05 - {\ o = scale parameter F(x)=1—exp _( 7/)
ol —\ Y = location parameter a
0.2 +
0.1 4~ — Note: a and B are often . B
0 . . | | swapped in meaning! rand Weibull = o[- In(1— CDF )]]/
0 2 3 4 5 : i
X value Excel swaps them (below). | Where CDF isrand uniform
Weibull Distribution T&T use m and ac.
1
08 *  Using Excel:
, 0.6 — PDF = WEIBULL(x,[3,0,FALSE)
I / / —  CDF = WEIBULL(x,B,0, TRUE) =1-EXP(-((x/a)*B))
' — Note y=0 in Excel
0.2 1 * Plot using:
0 4 . . — y-axis = weibit = In(-In(1-CDF))
0 2 3 4 5 —  x-axis = In(x)
x value — B =slope
— o = exp(-intercept/slope)
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Weibull, p=0.5 (<1) y

Weibull Reliability Plots

Weibull, =1.5 (>1)

\

Reliabilty Function F(t) = CDF

Failure rate ﬁ(t) = f(t)/S(t)

Reliabilty Function F(t) = CDF

Failure\te = h(t) = f(t)/S(t)

1 1 1 3
0.8 0.8 \ / 0.8 2.5
=06 =06 / =06 o 2
" 0.4 7 <04 " o4 B 1'15
0.2 0.2 0.2 0.5
0 ‘ 0 ‘ - ‘ . . 0 T T T ‘ T 0 \ \ ‘ . ‘
0 1 2 t3 4 5 6 0 1 2 :tg 4 5 6 0 1 2 t3 4 5 6 0 1 2 :tg 4 5 6
Survival Function S(t) = 1-F(t) C;r;ulative Hazard Function H(t) Survival Function S(t) = 1-F(t) ClLilmuIative Hazard Function H(t)
0.8 2 0.8 12
\ 10
=06 215 206 c'g
P04 T 0.4 T 6
0.2 05 0.2 g
0 ‘ 0 \ , , , ‘ 0 ' 0 ‘
0 1 2 ? 4 5 6 0o 1 2 ? 4 5 6 o 1 2 ? 4 5 6 0 1 2 ? 4 5 6
PDF f(t) = d/dt CDF PDF f(t) = d/dt CDF _ _
<06 \ rate: =06 AN rate:
04150 Infant Mortality (IM) 0.4 Wearout (WO)
02l | type mechanism 0.2 type mechanism
o 0 ,
o 1 2 %’: 4 5 6 o 1 2 %’: 4 5 6
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Use of Weibull Distributions

 When fail is caused by the
worst of many items

e When it fits the data well

16 Jan 2013

D+ H + + + m
(D ++ i
@ + +++ + +
O ++ + + o+
(9"'—" ++
0 20 40 60 80 100
Times to fail
Welibull Distribution of Times to Fall
0.04
LN = times to fail
=) o03 / \ —|owest of 10
2 0.02
£
3 / \
B —
0.01 —_—
0 T T T T T T T T T |
0 50 100
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Times to fail
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Main Reliability Functions

Mormal Distribution

-4
L

fan] =
[

\

L]

-3 1 ] 2 3
¥-value
Exponential Distribution
1
0.8
\ t
E 0A \ - ;
&4 \ e
U T T 1 T
1 2 3 4 g G
x-value
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Lognormal Distribution

1.2
™\
1 _
0.8 / \ _(Int ~
5 0.6 / N\ e d
" 04 | AN
0.2 I \—..._________
0 ; . .
1 2 3 4 5 G
x-value
Weibull Distribution
0.4
0.3 //—\\ B ( l jﬁ
éu.z \ e 04
0.1
0 . \
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Multiple Mechanisms

Human Mortality Rate (in FIT)

Age (years)

100,000
p : “ﬂ""-"‘ﬂ‘\
= 10,000 -
P ] .
I
S 10004 —
- 3 ““
ﬁ ] .
E 140 - -
E E \'\f “““
10 “:':‘-.), T T T 1
g o 20 40 60 80

Survivals multiply, hazard rates add:

Stot (£) = 51(8) S2(t)
Fror () = 1= 51(8)S,(t) = Fi(t) + F2(8)
heot (t) = hy () + hy (1)
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Exercise 4.2

Hand fit 2 Weibull distributions to the human mortality data like this:

Mortality rate (FIT)

100,000 3
10,000 -
1,000 -

100 5

130

Human Mortality Rate (in FIT)

*

.
.
.
.
.
.
.
.
.
o*
o

20 44 &0 g8a 100

Age (years)

Plot both the hazard rate h(t) (like above) and the fail function F(t).

Useful: for the Weibull, from T&T table 4.3 (pg. 94 in 3 ed): h(t) =

16 Jan 2013
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h(t) =

RI™
A~

Solution 4.2

B1
F(t)=1- e_(“ii) e_(aiz

)ﬁz

alpha JE+ 52
betal \ 015 B
Y alpha JE+14 07
Age | data hit) | data Ht) | data F(t) [Weib1 h{t}]Weib2 h{t) Weib h{t}|Weib F(t) e 015 6
1 0.00706 0.00706 0.007035 0.0010105 1.974E-11  0.00101 0.006714 :
2 0.00053" 0.00759 0.007561 0.0005606 6.316E-10 0.000561 0.007447
3 0.00036"7 0.00795 0.007918 0.0003972 4.796E-09 0.000397 0.007912
4 0000277 000822 0008186 0000311 2.021E-08 0.000311 0008259
Human Mortality Rate (fraction per year) Fail Fraction F(t), Data and Dual Weibull
— 1 T T T T 1 1
E ‘3] 20 40 &0 80 0
oy 01 4 = 0B
g LE 0.6
: -1 n .
£ 0.01 1 £ //
i : £ 04
= 1 =
w 0.001 1 = //
B ] 0.2
:E'_.‘ - J/
E Dﬂﬂﬂl E ., . EI -1 T T T 1
S ] . . 0 20 40 50 80 100
2 p.00001 .
Age (years) Age (years)
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Reliability Plotting
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Reliability Plotting

Mortality rate (fraction peryear)

Human Mortality Rate (fraction per year)

1 E T 1

10 y!:l

0.01 5

0.001 \

0.0001 5

L]
........
,,,,,,,,
Tagy
g

0.00001 -
Age (years)

* Note straight lines (dotted, each Weibull)
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Probit Plot

5 JMP (INTEL CORPORATION) - Untitled 2 .
File Edit Tables Rows Cols DOE | gnalyze Graph Tools View Window Help 505 D.;—
hhE " HBE @ B |_E =N 0.7
| Untitled 2 v | B 081
i mMdstrhad Deive = DE—
o 0.4
0.3
0.2
0.14
NORMSINV(CDF) LRSI B A S
Data
== Probit Plot CDF Plot
3 - 1 S
= ‘: no /
o - . 6:6
£ fal ]
E I o T 1 W) 0.4
&5 1 5 10 ' /
“ - /
* 3I l—“"f“ T 1
_I xvalue -5 0 5 10
324012 3456789 xvalue
* Our eyes detect straight lines
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Excel NORMxxx Functions

1 ; =
4
0.8 ‘ -8
*
n 0.6 ; 0.6.
O $ 1
Toat -
4
024 o d.2 |
ol —* 8
3 % 1 0 1 2 3

L g ¢ ¢ “J Qﬂ(ﬂ c“ Jb Jb

-3 -2 -1 1 2 3

Probit

Probit = NORMSINV/(CDF)
CDF = NORMSDIST(Probit)

16 Jan 2013 ECE 510 S.C.Johnson, C.G.Shirley
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Probit Plots in Excel

| =NORMSINV(C6)
200 /

Data CDF Probit
292116 0482535 -0.04379
469107 0.796906 0.830621
3863768 0622255 031141
0556751 0118263 -1.18371

e Plot using:

98]

Probit Plot

M2

[urs

4]

Probit

Ha

10

(48]

xvalue

— y-axis = probit = NORMSINV(CDF)

— X-axis =X
— o =1/slope

— W =x-intercept = — (y-intercept) / slope

16 Jan 2013
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Probit Plots in Excel

Probhit Plot

mean (4} -0.05815

std dev (o} 0.879253

Probit

probits data

A — E

= -INTERCEPT(D6:D205,B6:8205) / SLOPE(D6:D205,86:8205)

| =1/SLOPE(D6:D205,B6:8205)

e Plot using:
= y-axis = probit = NORMSINV(CDF)
® X-axis = X
= og=1/slope
= = x-intercept = — (y-intercept) / slope

16 Jan 2013 ECE 510 S.C.Johnson, C.G.Shirley
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Uncertainties in Probit Plots

1 1
6:9 I 0.9 I
o.8—T )/ 0.8 e
G7 R !
0. / 0.6.F].
/ L
=) - [=) -1 I+
o O o i
=T
W =5 ool
/D£ e atl &2
} B 6.1
"""‘T’rl n ]— n
I T o T 1 T = T |
-2 -1 0 1 2 -2 1 0 1 y)
Data Data
£'I|_
3
=)
2 I 2
1T—= T % : :
a ) J_ " -_.:: :':
s | 3 o '
il T ] T T 1 -g E: - -
=% - r L = pus
2 7 -0 1 2 - .
1 3
2
| 4
3 Data
Data

16 Jan 2013
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“Exbit” Plots

“exbits” data
= -LN(1-H7) "Exhit" Plot H ,—H
® / . =SLOPE(J7:J206,G7:G206)
5
Data CDF Probit Exhit 4 /
0.257295 0557385 0144343 0315055 Ty
=)
0.04342 0128244 -113473 0137245 o 3 lambda (A) 3 29625329
0134112 0347804 -0.39125 042741 fi
0.032308 0083333 -1.38299 0.0870M £ 12
1
D T T T T 1
0 05 1 15 7 75

Data

e Plot using:
— y-axis = “exbit” = -LN(1-CDF)
—  X-axis =X
— A=slope
* Note that “exbit” is not a standard name
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Weibit Plots

In{ -In{1-CDF))

s

Weibit Plot

4

a

In Data

* Plot using:

— y-axis = Weibit = In(-In(1-CDF))
—  x-axis = In(x)

— B =slope

— o = exp(-intercept/slope)

* Note that “Weibit” is a standard name

16 Jan 2013

=)

=LN{ -LN({1-H7))

Exbit In Data Weibit
1.594087 1.350051 0466301
-0.01325
013573

Data CDF Probit
3857623 0.796906 0.830621
3044861 0627246 0.324567 0.986835 1.1134%85
2905862 04682335 0207871 0873076 1.06673

Weibit In data
A —

| =SLOPE(L7:L206,K7:K208)

shape (B)  1.80701926

scale (o) 3.05820444 ‘\

=EXP(-INTERCEPT(L7:L206,K7:K206),/T33)

ECE 510 S.C.Johnson, C.G.Shirley
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Lognormal Probit Plot

Lognormal Probit Plot

o

Probit

o
=

In Data

* Plot using:

16 Jan 2013

y-axis = probit = NORMSINV(CDF)
x-axis = In(t)

o = 1/slope

In(t50) = x-intercept

| |

Data CDF Probit Exbit In Data Weibit
0.072804 0.068363 -1.48809 0.070812 -2.61998 -2.64772
51565989 0.722066 0.58896 1.280335 1.64014% 0.247122
1711415 09868527 2.212293 4307084 5142491 1.460256

probits In data

——

=-INTERCEPT(I7:1206,K7:K206) / SLOPE(17:1206,K7:K206)

mean () 0.45345053/
std dev (a) 2.2113??33\

=1/SLOPE(17:1206,K7:K206)
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The Graph Paper Method

Exponential (semi-log)

100.0

Normal

o 09.90
80.0 g
70.0 g
60.0 %
50.0 %
40.0 _% 99.00
1/M 3
30.0 g
«
g
20.0 2 95.00
80.00
10.0
) 80 80.00
7.0 o+
GC) 6.0 . ro0
o v
il o o
Q a0 i 50,00
o - Dq.) 40.00
20 S 30.00
§ 20.00
1.0 ;
@D
0.8 : 10.00
0.7 o
06 3 5.00
0.5 5;
g 3.00
04 g 2.00
3
0.3 s 1.00
02 : 0.50
3
5 0.20
Q
Z 0.10
0.1 3
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80.00
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Percent

50.00
40.00

30.00
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10.00

More Graph Paper

Lognormal

10 152025303540 4550556065707580 8590

5.00

3.00
2.00

1.00¢
0.50

0.20
0.10
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Percent

\ -

99.90

99.00

95.00
90.00

8000 17
7000 17

60.00
50.00

30.00

20.00

10.00

5.00

3.00

200

1.00

0.50

0.30

0.10

Weibull

OFT oo e

@@ ~ @ 0
0o d © o

7

5,
kY

4
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Exercise 4.3

* Make probit, “exbit”, Weibit, and lognormal probit plots
 Determine parameters for each plot
 Look at all 4 data sets (0 — 3)

* Determine which type each distribution is
— Give the parameters for each correct distribution

16 Jan 2013 ECE 510 S.C.Johnson, C.G.Shirley
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The End
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