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1 Constructing Bounded Linear Operators

theory BoundedLinear
imports Lim
begin

lemma bounded-linear-zero: bounded-linear (Az. 0)

(proof)

lemma bounded-linear-ident: bounded-linear (Az. x)

(proof)

lemma bounded-linear-uminus: bounded-linear uminus
(proof)

lemma bounded-linear-compose:
includes bounded-linear f
includes bounded-linear g
shows bounded-linear (Az. f (g z))

(proof)

lemma bounded-linear-o:
[bounded-linear f; bounded-linear g] = bounded-linear (f o g)

(proof)

lemma bounded-linear-add:
includes bounded-linear f
includes bounded-linear g
shows bounded-linear (Az. fx + g z)

(proof)

lemma bounded-linear-minus:
bounded-linear f = bounded-linear (Az. — f )

(proof)

lemma bounded-linear-diff:
[bounded-linear f; bounded-linear g] = bounded-linear (A\z. fz — g x)

{(proof)

lemma bounded-linear-setsum:

Vi€ A. bounded-linear (f i) = bounded-linear (Az. Y i€A. fi x)
(proof)

lemmas bounded-linear-scaleR =
scaleR.bounded-linear-right [THEN bounded-linear-compose)

lemmas bounded-linear-mult-const =
mult.bounded-linear-left [THEN bounded-linear-compose]



lemmas bounded-linear-const-mult =
mult.bounded-linear-right [THEN bounded-linear-compose)

end

2 Frechet Derivative

theory FrechetDeriv
imports BoundedLinear
begin

definition
fderiv ::
['a::real-normed-vector = 'b::real-normed-vector, 'a, 'a = 'b] = bool
— Frechet derivative: D is derivative of function f at x
(FDERIV (-)/ (-)/ :> (-)) [1000, 1000, 60] 60) where
FDERIV fx :> D = (bounded-linear D A
(Ah. norm (f (x + h) — fz — D h) / norm h) —— 0 ——> 0)

lemma FDERIV-I:

[bounded-linear D; (Ah. norm (f (x + h) — fx — D h) / norm h) —— 0 ——>
0]

— FDERIV fz :> D
(proof)

lemma FDERIV-D:

FDERIV fz :> D = (Ah. norm (f (x + h) — fz — D h) / norm h) —— 0
——> 0
(proof)

lemma FDERIV-bounded-linear: FDERIV fz :> D = bounded-linear D
(proof)

lemma FDERIV-const: FDERIV (Ax. k) x :> (Ah. 0)
(proof)

lemma FDERIV-ident: FDERIV (Az. x) z :> (Ah. h)
(proof)

2.1 Addition

lemma norm-ratio-ineq:
fixes z y :: 'a::real-normed-vector
fixes h :: 'b::real-normed-vector
shows norm (z + y) / norm h < norm x / norm h + norm y / norm h

(proof)

lemma FDERIV-add:



assumes f: FDERIV fz :> F
assumes g: FDERIV gz :> G
shows FDERIV (Ax. fz + gz) z :> (Ah. Fh+ Gh)

(proof)

2.2 Subtraction

lemma FDERIV-minus:
FDERIV fx :> F = FDERIV (Az. — fz) z :> (Ah. — F h)

(proof)

lemma FDERIV-diff:

[FDERIV fx :> F; FDERIV g z :> (]

= FDERIV (Az. fz — gxz) z:> (M. Fh — Gh)
(proof)

2.3 Continuity

lemma FDERIV-isCont:
assumes f: FDERIV fz :> F
shows isCont f x

(proof)

2.4 Composition

lemma real-divide-cancel-lemma:
fixes a b ¢ :: 'a::{field,division-by-zero}
shows (b=0=a=0)=(a/b)x(b/c¢)=a/c
(proof )

lemma FDERIV-compose:
fixes f :: 'a::real-normed-vector = 'b::real-normed-vector
fixes g :: 'b::real-normed-vector = 'c::real-normed-vector
assumes f: FDERIV fz :> F
assumes g: FDERIV g (fz) :> G
shows FDERIV (Az. g (fz)) x :> (Ah. G (F h))

(proof)

2.5 Product Rule

lemma (in bounded-bilinear) FDERIV-lemma:
a"xx b’ —ax*xxb— (a*x B+ Ax*xb)
=axk(b'—b—B)+ (' —a— A)xx b + Axx (b —b)
(proof)

lemma (in bounded-bilinear) FDERIV:
fixes z :: 'd::real-normed-vector
assumes f: FDERIV fz :> F
assumes g: FDERIV gz :> G
shows FDERIV (Az. fx xx gx) z :> (M. fz xx Gh + Fh *x g 1)



(proof)

lemmas FDERIV-mult = mult. FDERIV

lemmas FDERIV-scaleR = scaleR.FDERIV

2.6 Powers

lemma FDERIV-power-Suc:
fixes z :: 'a::{real-normed-algebra,recpower,comm-ring-1}
shows FDERIV (Ax. z * Suc n) z :> (Ah. (I + of-nat n) x x " n * h)
(proof )

lemma FDERIV-power:
fixes z :: 'a::{real-normed-algebra,recpower,comm-ring-1}
shows FDERIV (Ax. z “n) x :> (Ah. of-nat n x x ~ (n — 1) * h)
(proof )

2.7 Inverse

lemma FDERIV-inverse:
fixes z :: 'a::real-normed-div-algebra
assumes z: z # 0
shows FDERIV inverse x :> (Ah. — (inverse  x h x inverse x))
(is FDERIV %inv - :> -)
(proof)

2.8 Alternate definition

lemma field-fderiv-def:
fixes x :: 'a::real-normed-field shows
FDERIV fx :> (M. h« D) = (Ah. (f (& + h) — fz) /h) — 0 ——> D
(proof )

end

3 Inner Product Spaces

theory InnerProduct

imports Complex FrechetDeriv

begin

3.1 Real inner product spaces

class inner = type +
fixes inner :: 'a = 'a = real

class real-inner = real-vector + inner + sgn-div-norm +



assumes inner-commaute: inner Ty = inner y T

and inner-left-distrib: inner (z + y) z = inner £ z + inner y z
and inner-scaleR-left: inner (scaleR rx) y = r * (inner z y)
and inner-ge-zero: 0 < inner x x

and inner-eg-zero: (inner xx = 0) = (z = 0)

and norm-eg-sqrt-inner: norm x = sqrt (inner z x)

lemma inner-right-distrib:
fixes z y 2 :: 'a::real-inner
shows inner « (y + z) = inner x y + inner z z

(proof)

lemma inner-scaleR-right:
fixes z y z :: 'a::real-inner
shows inner z (scaleR ry) = r = (inner z y)

(proof)

interpretation inner-left: additive [(Az::'a::real-inner. inner z y)]
{proof)

interpretation inner-right: additive [(Ay::'a::real-inner. inner z y)]
(proof )

lemmas inner-zero-left [simp] = inner-left.zero
lemmas inner-zero-right [simp] = inner-right.zero
lemmas inner-left-diff-distrib = inner-left.diff
lemmas inner-right-diff-distrib = inner-right. diff

lemmas inner-distrib = inner-left-distrib inner-right-distrib
lemmas inner-diff = inner-left-diff-distrib inner-right-diff-distrib
lemmas inner-scaleR = inner-scaleR-left inner-scaleR-right

lemma zero-less-inner-iff: (0 < inner ¢ z) = (x # (0::'a::real-inner))
{proof)

lemma Cauchy-Schwartz-ineq:
fixes z y :: 'a::real-inner
shows (inner z y)? < inner x x * inner y y

{proof)

2

lemma norm-squared-eg-inner: (norm x)* = inner z (z::'a::real-inner)

(proof )

lemma Cauchy-Schwartz-ineq2:
fixes z y :: 'a::real-inner
shows |inner z y| < norm z * norm y

{(proof)

instance real-inner C real-normed-vector



(proof)

interpretation inner:
bounded-bilinear [inner::'a::real-inner = 'a = real]

(proof)

interpretation inner-left:
bounded-linear [Ax::'a::real-inner. inner z y

{proof)

interpretation inner-right:
bounded-linear [My::'a::real-inner. inner x y|
{proof)

3.2 Instances
instantiation real :: real-inner

begin

definition
inner-real-def [simp]: inner = op x

instance

(proof)

end

lemma add-nonneg-eq-0-iff:
fixes z y :: 'a::pordered-ab-group-add
assumes z: 0 < zand y: 0 <y
shows 2 + y=0««— 2z =0ANy=10
(proof)

instantiation complex :: real-inner
begin

definition
inner-complez-def: inner x y = Rexz «x Rey + Im x x Im y

instance

(proof)

end

end



4 Finite-Dimensional Vectors
theory VectorType

imports InnerProduct
begin

4.1 Type definition

typedef (open) ('a,’n) vec (infixl * 80) = UNIV ::

declare Abs-vec-inverse [simplified, iff]

lemma expand-vec-eq:
=1y «— (Vi. Rep-vec i = Rep-vec y i)
{proof )

lemma vec-ext:
(A\i. Rep-vec x i = Rep-vec y i) =z =y
(proof)

4.2 Vector arithmetic

instantiation vec :: (zero, type) zero
begin

definition
zero-vec-def: 0 = Abs-vec (Mi. 0)

instance (proof)
end

instantiation vec :: (plus, type) plus
begin

definition

('n = ’a) set (proof)

plus-vec-def: x + y = Abs-vec (\i. Rep-vec x i + Rep-vec y i)

instance (proof)
end

instantiation vec :: (minus, type) minus
begin

definition

minus-vec-def: x — y = Abs-vec (Ni. Rep-vec x i — Rep-vec y i)

instance (proof)
end

instantiation vec :: (uminus, type) uminus



begin

definition
uminus-vec-def: — x = Abs-vec (\i. — Rep-vec x i)

instance (proof)
end

lemma Rep-vec-zero [simp]: Rep-vec 01 = 0
(proof )

lemma Rep-vec-add [simp]:
Rep-vec (x + y) i = Rep-vec x i + Rep-vec y i
(proof )

lemma Rep-vec-diff [simp]:
Rep-vec (x — y) i = Rep-vec i — Rep-vec y i

(proof)

lemma Rep-vec-uminus [simp]:
Rep-vec (— ) i = — Rep-vec x i
(proof )

Addition is associative

instance vec :: (semigroup-add, type) semigroup-add

{(proof)

Addition is commutative

instance vec :: (ab-semigroup-add, type) ab-semigroup-add

(proof)

Zero is additive identity

instance vec :: (comm-monoid-add, type) comm-monoid-add
(proof)

Addition has cancellation property

instance vec :: (cancel-semigroup-add, type) cancel-semigroup-add
(proof)

instance vec :: (cancel-ab-semigroup-add, type) cancel-ab-semigroup-add

(proof)

Negation is additive inverse

instance vec :: (ab-group-add, type) ab-group-add
{proof )

4.3 Vector is a real vector space

instantiation vec :: (scaleR, type) scaleR
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begin

definition
scaleR-vec-def: scaleR r x = Abs-vec (Ai. scaleR r (Rep-vec x 1))

instance (proof)
end

lemma Rep-vec-scaleR [simp]:
Rep-vec (scaleR 1 x) i = scaleR r (Rep-vec x 1)

(proof)

instance vec :: (real-vector, type) real-vector

(proof)

4.4 Square root of sum of squares

definition
set-12 f A = sqrt (D_i€A. (fi)?)

lemma set-12-infinite [simp]: — finite A = set-12 f A =0
(proof)

lemma set-12-empty [simp]: set-12 f {} = 0
(proof)

lemma set-12-insert [simp]:

[finite F; a ¢ F] =

set-12 f (insert a F) = sqrt ((f a)* + (set-12 f F)?)
(proof)

lemma set-12-nonneg [simpl: 0 < set-12 f A
(proof)

lemma set-12-0":VacA. fa =0 = set-I2fA =0
(proof)

lemma set-12-mono:
assumes N\i. i € K = fi < gi
assumes A\i. i € K = 0 < fi
shows set-12 f K < set-12 g K
(proof)

lemma set-12-right-distrib:
0<r=rxsetl2fA=set-l2 (Az. 7 fz) A
(proof )

lemma set-12-left-distrib:
0<r= setl2fAxr=set-l2 (Ax. fexr) A

11



(proof)

lemma setsum-nonneg-eq-0-iff :

fixes f :: ‘a = 'b::pordered-ab-group-add

shows [finite A;Vz€A. 0 < fz] = setsum f A =0 «—— (Vz€A. fz = 0)
(proof)

lemma set-12-eq-0-iff : finite A = set-12 fA = 0 «—— (Vz€A. fz = 0)
(proof)

lemma set-12-triangle-inegq:
shows set-12 (Ai. fi 4+ gi) A< set-I2fA + set-l12 g A
(proof)

lemma sgrt-sum-squares-le-sum:
[0 <0 <y] = sqrt (22 +y*) <z +y
(proof)

lemma set-12-le-setsum [rule-format]:
(VieA. 0 < fi) — set-12 f A < setsum f A
(proof)

lemma sqrt-sum-squares-le-sum-abs: sqrt (z? + y?) < |z| + |y
(proof)

lemma set-12-le-setsum-abs: set-12 f A < (> i€A. |f i)
(proof)

lemma set-I2-mult-ineg-lemma:
fixes a b ¢ d :: real
shows 2 x (a * ¢) * (b * d) < a® % d® + b% x ¢

(proof)

lemma set-12-mult-ineq: (> i€A. |fi| x |gi]) < set-12 f A x set-12 g A
(proof)

lemma member-le-set-12: [finite A; i € A] = fi < set-12f A

(proof)

4.5 Vectors are a real normed vector space

instantiation vec :: (norm, finite) norm
begin

definition
norm-vec-def: norm x = set-12 (X\i. norm (Rep-vec z 1)) UNIV

instance (proof)
end

12



lemma vec-norm-ge-zero:
fixes z :: 'a::real-normed-vector * 'n::finite
shows 0 < norm z

(proof)

lemma vec-norm-eg-zero:
fixes z :: 'a::real-normed-vector * 'n::finite
shows (norm z = 0) = (z = 0)

(proof)

lemma vec-norm-triangle-ineq:
fixes z y :: ’a::real-normed-vector ~ 'n::finite
shows norm (z + y) < norm z + norm y

{(proof)

lemma vec-norm-scaleR:
fixes z :: 'a::real-normed-vector ~ 'n::finite
shows norm (scaleR r z) = |r| * norm z

(proof)

instantiation vec :: (real-normed-vector, finite) real-normed-vector
begin

definition
sgn-vec-def: sgn (z::'a”'b) = scaleR (inverse (norm z)) x

instance
(proof)

end

lemma norm-Rep-vec-le: norm (Rep-vec x i) < norm x
(proof)

interpretation Rep-vec: bounded-linear [Ax. Rep-vec x i

(proof)

4.6 Vectors are an inner product space

instantiation vec :: (inner, finite) inner
begin

definition
inner-vec-def: inner x y = (>, 1€ UNIV. inner (Rep-vec x i) (Rep-vec y i))

instance (proof)
end

13



lemma vec-inner-commute:
fixes z y :: ‘a:real-inner © 'n::finite
shows inner x y = inner y x
(proof)

lemma vec-inner-left-distrib:
fixes z y 2z :: 'a:real-inner " 'n::finite
shows inner (z 4+ y) z = inner x z + inner y z

(proof)

lemma vec-inner-scaleR-left:

fixes z y :: 'a::real-inner © 'n::finite

shows inner (scaleR r ) y = r * inner x y
(proof)

lemma vec-inner-ge-zero:
fixes x :: 'a::real-inner * 'n::finite
shows 0 < inner z z

(proof)

lemma vec-inner-eq-zero:
fixes x :: 'a::real-inner © 'n::finite
shows (inner z z = 0) = (z = 0)
(proof)

lemma vec-norm-eg-sqrt-inner:
fixes x :: 'a::real-inner © 'n::finite
shows norm z = sqrt (inner x )
(proof)

instance vec :: (real-inner, finite) real-inner

(proof)

4.7 Vector is a functor

definition
vee-map :: ('a = 'b) = 'a " 'n:finite = 'b * 'n where
vec-map f x = Abs-vec (Ai. f (Rep-vec x 1))

lemma Rep-vec-vec-map [simp]: Rep-vec (vec-map f x) i = f (Rep-vec x i)

(proof)

lemma vec-map-id: vec-map id = id
(proof)

lemma vec-map-o: vec-map (f o g) = vec-map f o vec-map g

{proof)

lemma vec-map-ident [simp]: vec-map (Aa. a) = (Az. x)

14



(proof)

lemma vec-map-map: vec-map f (vec-map g x) = vec-map (Aa. f (g a))

(proof)

4.8 Vector dot product

definition
dot :: 'a"'n = 'a"'n::finite = 'a::semiring-0 where
dot zy = (>, 1€ UNIV. Rep-vec x i * Rep-vec y i)

lemma dot-right-distrib: dot x (y + z) = dot x y + dot = 2
(proof)

lemma dot-left-distrib: dot (z + y) 2 = dot x z + dot y 2
(proof)

lemma dot-right-scaleR:

fixes x y :: 'a::real-algebra ~ 'n::finite

shows dot z (scaleR 1 y) = scaleR r (dot  y)
(proof)

lemma dot-left-scaleR:

fixes x y :: 'a::real-algebra ~ 'n::finite

shows dot (scaleR r z) y = scaleR r (dot z y)
(proof)

lemma norm-dot-ineq:
fixes z y :: a::real-normed-algebra * 'n::finite
shows norm (dot z y) < norm x * norm y
(proof)

interpretation dot:
bounded-bilinear [Azx y. dot x y::'a::real-normed-algebra)

(proof)

lemma dot-right-zero: dot z 0 = 0

(proof)

lemma dot-left-zero: dot 0y = 0
(proof)
4.9 Single-component vectors

definition
vecl :: 'm::finite = 'a::zero = 'a " 'n where
vecl jx = Abs-vec (Mi. if i = j then z else 0)

lemma Rep-vec-vecl [simp]:
Rep-vec (vecl jz) i = (if i = j then x else 0)

15



(proof)

lemma vecl-zero [simp]: vecl j 0 = 0

(proof)

lemma veci-add:

fixes z y :: 'a::comm-monoid-add

shows vecl j (x + y) = vecl jx + vecl jy
(proof)

lemma vec!-diff:

fixes z vy :: 'a::ab-group-add

shows vecl j (x — y) = vecl jx — vecl jy
(proof)

lemma vecl-scaleR:
fixes z :: 'a::real-vector
shows wvec! j (scaleR r z) = scaleR r (vecl j x)

(proof)

interpretation vec!: additive [Az::'a::ab-group-add. vecl j x]
(proof)

lemma norm-vecl [simp]:
fixes a :: 'a::real-normed-vector
shows norm (vecl j a) = norm a

(proof)

interpretation veci:
bounded-linear [Ax::'a::real-normed-vector. vecl j x]

{(proof)

lemma Rep-vec-setsum: Rep-vec (setsum f A) i = (3. x€A. Rep-vec (f x) i)
(proof)

lemma setsum-vecl: (> i€ UNIV. vecl i (fi)) = Abs-vec f
(proof)

end

5 Square Matrices
theory SquareMatrix

imports VectorType

begin

typedef (open) ('a,’n) smatrix = UNIV :: ('n = 'n = 'a) set (proof)

16



declare Abs-smatriz-inverse [simplified, iff]

lemma expand-smatriz-eq:
A =B «— (Yij. Rep-smatriz A i j = Rep-smatriz B i j)
(proof)

lemma smatriz-ext:
(At j. Rep-smatriz A i j = Rep-smatric Bij) — A= B
(proof)

5.1 Matrix arithmetic

instantiation smatriz :: (zero, type) zero
begin

definition
zero-smatriz-def: 0 = Abs-smatriz (i j. 0)

instance (proof)
end

instantiation smatriz :: (plus, type) plus
begin

definition
plus-smatriz-def
A + B = Abs-smatriz (\i j. Rep-smatriz A i j + Rep-smatriz B i j)

instance (proof)
end

instantiation smatriz :: (minus, type) minus
begin

definition
minus-smatriz-def:

A — B = Abs-smatriz (\i j. Rep-smatriz A i j — Rep-smatriz B i j)

instance (proof)
end

instantiation smatriz :: (uminus, type) uminus
begin

definition
uminus-smatriz-def:

— A = Abs-smatriz (\ij. — Rep-smatriz A i j)

instance (proof)

17



end

lemma Rep-smatriz-zero [simp): Rep-smatriz 0ij = 0

{proof)

lemma Rep-smatriz-add [simp):
Rep-smatriz (A + B) i j = Rep-smatriz A i j + Rep-smatriz B i j

{proof)

lemma Rep-smatriz-diff [simp]:
Rep-smatriz (A — B) i j = Rep-smatriz A i j — Rep-smatriz B i j

(proof)

lemma Rep-smatriz-uminus [simp]:
Rep-smatriz (— A) i j = — Rep-smatriz A i j
(proof)

instance smatriz ::

(proof)

instance smatriz :

(proof)

instance smatriz ::

(proof)

instance smatriz ::

(proof)

instance smatriz ::

{(proof)

instance smatriz ::

{proof)

(semigroup-add, type) semigroup-add

(ab-semigroup-add, type) ab-semigroup-add

(comm-monoid-add, type) comm-monoid-add

(cancel-semigroup-add, type) cancel-semigroup-add

(cancel-ab-semigroup-add, type) cancel-ab-semigroup-add

(ab-group-add, type) ab-group-add

5.2 Smatrix multiplication

instantiation smatriz :: (semiring-0, finite) semiring-0

begin

definition

times-smatriz-def

A x B = Abs-smatriz
(Mt j. > k€ UNIV. Rep-smatriz A i k * Rep-smatriz B k j)

lemma Rep-smatriz-mult [simp]:
Rep-smatriz (A « B) ij =
(3" ke UNIV. Rep-smatriz A i k x Rep-smatriz B k j)

{proof)

18



instance (proof)

end

instance smatriz :: (semiring-0-cancel, finite) semiring-0-cancel {proof)
instance smatriz :: (ring, finite) ring {proof)

instantiation smatriz :: (semiring-1, finite) semiring-1
begin

definition
one-smatriz-def

1 = Abs-smatriz (Ai j. if i = j then 1 else 0)

lemma Rep-smatriz-one [simp]:
Rep-smatriz 1 1§ = (if i = j then 1 else 0)
{proof )

instance (proof)

end

instance smatriz :: (semiring-1-cancel, finite) semiring-1-cancel (proof)
instance smatriz :: (ring-1, finite) ring-1 (proof)

5.3 Numeral syntax for matrices

instantiation smatriz :: (ring-1, finite) number
begin

definition
number-of-smatriz-def : (number-of w::(-,-)smatriz) = of-int w

instance (proof)
end

Unfortunately class number-ring requires commutativity of multiplication.

5.4 Matrices are a real vector space
instantiation smatriz :: (scaleR, finite) scaleR

begin

definition
scaleR-smatriz-def
scaleR r A = Abs-smatriz (A\i j. scaleR r (Rep-smatriz A i 7))
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instance (proof)
end

lemma Rep-smatriz-scaleR [simp):
Rep-smatriz (scaleR r A) i j = scaleR v (Rep-smatriz A i j)
(proof)

instance smatriz :: (real-vector, finite) real-vector

(proof)

instance smatriz :: (real-algebra, finite) real-algebra
(proof)

instance smatriz :: (real-algebra-1, finite) real-algebra-1 {proof)

5.5 Applying a matrix to a vector

definition

mmult :: (‘ai:semiring-0, 'n:finite) smatric = 'a " 'n = "a " 'n
where

mmult A x = Abs-vec (Ai. >, j€UNIV. Rep-smatriz A i j * Rep-vec x j)

lemma Rep-vec-mmult [simp]:
Rep-vec (mmult A x) i = (>, j€UNIV. Rep-smatriz A i j * Rep-vec x j)
{proof )

lemma mmult-mmult: mmult A (mmult B z) = mmult (A * B) z

(proof)

lemma mmult-right-distrib: mmult A (x + y) = mmult A x + mmult A y
(proof)

lemma mmult-left-distrib: mmult (A + B) © = mmult A © + mmult B z

(proof)

interpretation mmult-right:

additive [Ax. mmult A z :: 'a:ring " 'n::finite]
(proof)
interpretation mmult-left:

additive [ANA. mmult A x :: 'a:ring " 'n:finite]
(proof)

declare mmult-right.zero [simp]
declare mmult-left.zero [simp]

lemma mmult-vecl: mmult A (vecl j a) = Abs-vec (A\i. Rep-smatriz A i j * a)
(proof)
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Class semiring-1 is required, since class semiring-0 would allow multiplica-
tion in the ring to always return zero.

lemma smatriz-mmult-ext:
fixes A B :: (‘a::semiring-1, 'n::finite) smatriz
assumes mmult-eq: \z. mmult A © = mmult B x
shows A = B

(proof)

lemma expand-smatriz-eq-mmult:
fixes A B :: (‘a::semiring-1, 'n::finite) smatriz
shows A = B «— (Vz. mmult A © = mmult B x)
(proof)

lemma mmult-right-scaleR:

fixes A :: (‘a::real-algebra, 'n::finite) smatrix

shows mmult A (scaleR r z) = scaleR v (mmult A x)
(proof)

lemma mmult-left-scaleR:

fixes A :: (‘a::real-algebra, 'n::finite) smatrix

shows mmult (scaleR r A) ¢ = scaleR v (mmult A x)
(proof)

lemma mmult-1-left [simp]:
fixes x :: 'a::semiring-1 * 'n::finite
shows mmult 1 x = z

(proof)

lemma bounded-mmult:
fixes A :: (‘a::real-normed-algebra,’n::finite) smatriz
shows 3 K. Vz. norm (mmult A z) < norm z * K
(proof)

lemma bounded-linear-mmult-right:
fixes A :: (‘a::real-normed-algebra,’n::finite) smatriz
shows bounded-linear (mmult A)

(proof)

interpretation mmult-right:
bounded-linear [mmult (A::(’a::real-normed-algebra,’n:finite) smatriz))
(proof )
5.6 Matrix norm
instantiation smatriz :: (real-normed-algebra, finite) norm

begin

definition
norm-smatriz-def
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norm A = (THE r. isLub UNIV {norm (mmult A z) |x. norm x < 1} r)

instance (proof)
end

lemma reals-completel :
assumes notempty-S: 3z. z € S
and ezists-Ub: 3y. isUb (UNIV::real set) Sy
shows 3!¢. isLub (UNIV ::real set) St

(proof)

lemma isLub-smatriz-norm:
isLub UNIV {norm (mmult A z) |x. norm z < 1} (norm A)

(proof)

lemma smatriz-norm-gel:

fixes A :: (‘a::real-normed-algebra, 'n::finite) smatriz

shows Jz. y = norm (mmult A ) A normx < 1 = y < norm A
(proof)

lemma smatriz-norm-lel:
fixes A :: (‘a::real-normed-algebra, 'n::finite) smatriz
assumes Az. norm z < 1 = norm (mmult A z) <y
shows norm A < y

(proof)

lemma norm-mmult-ineq: norm (mmult A x) < norm A * norm x

{proof)

lemma smatriz-norm-ge-zero:
fixes A :: (‘a::real-normed-algebra, 'n::finite) smatriz
shows 0 < norm A

{proof)

lemma smatriz-norm-eq-zero:
fixes A :: (‘a::real-normed-algebra-1, 'n::finite) smatrix
shows norm A =0 «— A= 0

(proof)

lemma smatriz-norm-triangle-ineq:
fixes A B :: ('a::real-normed-algebra, 'n:finite) smatriz
shows norm (A + B) < norm A + norm B

(proof)

lemma smatriz-norm-scaleR:
fixes A :: (‘a::real-normed-algebra, 'n::finite) smatriz
shows norm (scaleR r A) = |r| * norm A

(proof)
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lemma smatriz-norm-mult-ineq:
fixes A B :: ('a::real-normed-algebra, 'n::finite) smatriz
shows norm (A x B) < norm A % norm B

(proof)

lemma smatriz-norm-1:
norm (1::('a::real-normed-algebra-1, 'n:finite) smatriz) = 1
(proof)

instantiation smatriz :: (real-normed-algebra-1, finite) real-normed-algebra-1
begin

definition
sgn-smatriz-def: sgn (x::(-,-)smatriz) = scaleR (inverse (norm z)) x

instance

(proof)

end

5.7 Vector outer product

definition
outer :: 'a " 'n = 'a "~ 'n = ('a::semiring,’n::finite) smatriz where
outer x y = Abs-smatriz (Ai j. Rep-vec x i *x Rep-vec y j)

lemma Rep-smatriz-outer [simp:
Rep-smatriz (outer x y) i j = Rep-vec x i x Rep-vec y j

(proof)

lemma outer-right-distrib: outer x (y + z) = outer z y + outer = z
(proof)

lemma outer-left-distrib: outer (r + y) z = outer x z + outer y z

(proof)

interpretation outer-right:
additive [\y. outer z y :: (‘a::ring, 'n:finite) smatriz)

(proof)

interpretation outer-left:
additive [Ax. outer x y :: ("atiring, 'n::finite) smatriz)
(proof)

lemma outer-right-scaleR:

fixes z y :: 'a::real-algebra ~ 'n::finite

shows outer x (scaleR 1 y) = scaleR r (outer = y)
(proof)
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lemma outer-left-scaleR:
fixes z y :: ‘a::real-algebra ~ 'n::finite
shows outer (scaleR r z) y = scaleR r (outer z y)

(proof)

lemma mmult-outer: mmult (outer x y) z = vec-map (Aa. a * dot y z) x
(proof)

lemma norm-mmult-outer-ineq:
fixes T y z :: 'a::real-normed-algebra ~ 'n::finite
shows norm (mmult (outer z y) z) < norm x * norm y * norm z

(proof)

lemma norm-outer-ineq:
fixes T y z :: 'a::real-normed-algebra ~ 'n::finite
shows norm (outer z y) < norm x * norm y

(proof)

interpretation outer: bounded-bilinear [outer]

(proof)

end

6 Gradient Derivatives

theory GradientDeriv
imports InnerProduct FrechetDeriv
begin

6.1 Gradient Derivative

definition
gderiv
["a::real-inner = real, 'a, 'a] = bool
((GDERIV (-)/ (-)/ :> (-)) [1000, 1000, 60] 60) where
GDERIV fz :> D = FDERIV fx :> (Ah. inner h D)

lemma deriv-fderiv: DERIV fx :> D = FDERIV fz :> (Ah. h = D)
(proof)

lemma gderiv-deriv [simp]: GDERIV fxz :> D = DERIV fz :> D
(proof )

lemma GDERIV-DERIV-compose:
[GDERIV fx :> D; DERIV g (fz) :> E]
= GDERIV (A\z. g (fz)) © :> scaleR E D
(proof)
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lemma FDERIV-subst: [FDERIV fz :> D; D = E] = FDERIV fz :> E
{proof )

lemma GDERIV-subst: [GDERIV fz :> D; D = E] = GDERIV fx :> F
{proof)

lemma GDERIV-const: GDERIV (Az. k) z :> 0
{proof)

lemma GDERIV-add:
[GDERIV fx :> D; GDERIV g z :> E]J
= GDERIV (\z. fzx +gz)z:> D+ E
{proof)

lemma GDERIV-minus:
GDERIV fz :> D = GDERIV (\x. — fz) z:> — D

{proof)

lemma GDERIV-diff:
[GDERIV fz :> D; GDERIV g z :> E]J
= GDERIV (\z. fz —gz)z:>D — F
(proof )

lemma GDERIV-scaleR:
[DERIV f > D; GDERIV gz :> EJ
= GDERIV (Az. scaleR (fz) (g z)) =
:> (scaleR (fz) E + scaleR D (g x))
(proof)

lemma GDERIV-mult:
[GDERIV fz :> D; GDERIV g z :> E]J
=> GDERIV (Az. fz * gz) x :> scaleR (fz) E + scaleR (g ) D
(proof)

lemma GDERIV-inverse:
[GDERIV fz :> D; fz # 0]
= GDERIV (\z. inverse (fx)) x :> — (inverse (fz))? xg D
(proof)

lemma GDERIV-norm: x # 0 => GDERIV (Az. norm z) z :> sgn x
{proof)

lemmas FDERIV-norm = GDERIV-norm [unfolded gderiv-def]

lemma isCont-sgn: © # 0 = isCont (Az. sgn z) x
(proof )

end
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7 Pairs as Vector Spaces

theory PairVector

imports GradientDeriv

begin

7.1 Vector arithmetic
instantiation x :: (zero, zero) zero

begin

definition
zero-prod-def: 0 = (0, 0)

instance (proof)
end

instantiation * :: (plus, plus) plus
begin

definition
plus-prod-def: A + B = (fst A + fst B, snd A + snd B)

instance (proof)
end

instantiation x :: (minus, minus) minus
begin

definition
minus-prod-def: A — B = (fst A — fst B, snd A — snd B)

instance (proof)
end

instantiation * :: (uminus, uminus) uminus
begin

definition
uminus-prod-def: — A = (— fst A, — snd A)

instance (proof)
end

instantiation * :: (scaleR, scaleR) scaleR
begin

definition
scaleR-prod-def: scaleR r A = (scaleR 1 (fst A), scaleR r (snd A))
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instance (proof)
end

instantiation * :: (norm, norm) norm
begin

definition
norm-prod-def: norm A = sqrt ((norm (fst A))? + (norm (snd A))?)

instance (proof)
end

instantiation x :: (inner, inner) inner
begin

definition
inner-prod-def: inner A B = inner (fst A) (fst B) + inner (snd A) (snd B)

instance (proof)
end

instantiation x :: (sgn-div-norm, sgn-div-norm) sgn-div-norm
begin

definition
sgn-prod-def: sgn (x::'a x 'b) = scaleR (inverse (norm x))

instance
(proof)

end

lemma fst-zero [simp]: fst 0 = 0
{proof)

lemma snd-zero [simp]: snd 0 = 0
(proof)

lemma fst-add [simp]: fst (A + B) = fst A + fst B
(proof )

lemma snd-add [simp]: snd (A + B) = snd A + snd B
(proof)

lemma add-Pair [simp]: (a, b) + (¢, d) = (a + ¢, b + d)
{proof)

lemma fst-diff [simp]: fst (A — B) = fst A — fst B
(proof )
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lemma snd-diff [simp]: snd (A — B) = snd A — snd B
{proof)

lemma diff-Pair [simp): (a, b) — (¢, d) = (a — ¢, b — d)
{proof)

lemma fst-uminus [simp]: fst (— A) = — fst A
{proof)

lemma snd-uminus [simp]: snd (— A) = — snd A
(proof)

lemma uminus-Pair [simp]: — (a, b) = (— a, — b)

(proof)

lemma fst-scaleR [simp]: fst (scaleR r A) = scaleR r (fst A)
{proof)

lemma snd-scaleR [simp]: snd (scaleR r A) = scaleR r (snd A)
(proof)

lemma scaleR-Pair [simp]: scaleR v (a, b) = (scaleR 1 a, scaleR 7 b)
{proof)

lemma norm-Pair [simp]: norm (a, b) = sqrt ((norm a)? + (norm b)?)
{proof)

lemma inner-Pair [simp]: inner (a, b) (¢, d) = inner a ¢ + inner b d
{proof)

lemmas expand-prod-eq = Pair-fst-snd-eq

instance x :: (semigroup-add, semigroup-add) semigroup-add
(proof)

instance * :: (ab-semigroup-add, ab-semigroup-add) ab-semigroup-add
(proof)

instance * :: (comm-monoid-add, comm-monoid-add) comm-monoid-add
(proof)

instance x :: (cancel-semigroup-add, cancel-semigroup-add) cancel-semigroup-add
(proof)

instance * :: (cancel-ab-semigroup-add, cancel-ab-semigroup-add) cancel-ab-semigroup-add

(proof )

instance * :: (ab-group-add, ab-group-add) ab-group-add

28



{proof)

instance * :: (real-vector, real-vector) real-vector
{proof)

7.2 Product is a normed vector space

instance * :: (real-normed-vector, real-normed-vector) real-normed-vector

(proof)

interpretation fst: bounded-linear [fst]

{proof)
interpretation snd: bounded-linear [snd)
(proof )
lemma LIMSEQ-Pair:
X —>a¢Y ———>b = (An.(Xn, Yn)) ———> (a, b)
(proof)

lemma Cauchy-Pair:
[Cauchy X; Cauchy Y] = Cauchy (An. (X n, Y n))

{proof)

instance * :: (banach, banach) banach

(proof )

7.3 Product is an inner product space

instance * :: (real-inner, real-inner) real-inner
(proof)

end

8 Cross Products

theory CrossProduct
imports PairVector

begin

types ‘a triple = 'a * 'a x 'a

types R3 = real * real * real

lemma norm ((2,3,6):R3) = 7
(proof)

lemma inner ((1,2,3)::R8) (4,5,6) = %x
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(proof)

definition
cross :: real triple = real triple = real triple where
cross = (Ma, b, ¢). Mz, y, 2).
(b*z — cxy, cxx — a*z, axy — bxx))

lemma cross-Pair:
cross (a, b, ¢) (z, y, z) = (bxz — cxy, cxx — axz, axy — bxx)
(proof)

lemma left-cross-distrib: cross (A + B) C = cross A C + cross B C
(proof)

lemma right-cross-distrib: cross A (B + C) = cross A B + cross A C
(proof)

lemma cross-scaleR-left:
cross (scaleR r A) B = scaleR r (cross A B)

(proof)

lemma cross-scaleR-right:
cross A (scaleR v B) = scaleR 1 (cross A B)

(proof)

lemma Lagrange-identity:
(norm A)? x (norm B)? = (norm (inner A B))? + (norm (cross A B))?
(proof)

lemma norm-cross-ineq: norm (cross A B) < norm A * norm B

(proof )

interpretation bounded-bilinear-cross: bounded-bilinear [cross|
{proof)

lemma cross-anticommute: cross A B = — cross B A
(proof)

end

9 Quaternions
theory Quaternion

imports InnerProduct
begin

30



9.1 Definition

datatype quaternion = Quaternion complex complex

9.2 Addition and Subtraction

instantiation quaternion :: ab-group-add
begin

definition
zero-quaternion-def: 0 = Quaternion 0 0

fun plus-quaternion where
quaternion-plus:
Quaternion a b + Quaternion ¢ d = Quaternion (a + ¢) (b + d)

fun minus-quaternion where
quaternion-minus:
Quaternion a b — Quaternion ¢ d = Quaternion (a — ¢) (b — d)

fun uminus-quaternion where
quaternion-uminus:
— Quaternion a b = Quaternion (— a) (— b)

instance (proof)
end

lemma quaternion-eg-zero [simp):
Quaternion a b =0 +«— a=0ANb=10

(proof)

9.3 Multiplication

lemma complex-cnj-scaleR: cnj (scaleR r z) = scaleR 1 (cnj x)
(proof)

lemmas complex-cnj-simps =

complex-cnj-add
complez-cng-diff
complez-cnj-minus
complex-cng-mult
complex-cnj-divide
complex-cnj-inverse
complex-cnj-scaleR

lemmas ring-distribs =
left-distrib
right-distrib
left-diff-distrib
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right-diff-distrib

instantiation quaternion :: ring-1
begin

fun times-quaternion where
quaternion-times:
Quaternion a b * Quaternion ¢ d =
Quaternion (a * ¢ — d * cnj b) (enja x d + ¢ % b)

definition
one-quaternion-def: 1 = Quaternion 1 0

instance (proof)

end

9.4 Vector space

lemmas scaleR-distribs =
scaleR-left-distrib
scaleR-right-distrib
scaleR-left-diff-distrib
scaleR-right-diff-distrib

instantiation quaternion :: real-algebra-1
begin

fun scaleR-quaternion where
quaternion-scaleR:
scaleR r (Quaternion a b) = Quaternion (scaleR 1 a) (scaleR r b)
instance (proof)
end
lemma quaternion-of-real-eq:

of-real 1 = Quaternion (of-real r) 0

(proof)

9.5 Norm and inner product

instantiation quaternion :: real-inner
begin

fun inner-quaternion where
quaternion-inner:

inner (Quaternion a b) (Quaternion ¢ d) = inner a ¢ + inner b d

fun norm-quaternion where
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quaternion-norm:
norm (Quaternion a b) = sqrt ((norm a)? + (norm b)?)

definition
sgn-quaternion-def:
sgn (z::quaternion) = scaleR (inverse (norm x)) x

instance (proof)

end

9.6 Conjugate

fun
qcng i quaternion = quaternion
where
quaternion-cnj:
qeng (Quaternion a b) = Quaternion (enj a) (— b)

lemma complez-cnj-mult: cnj z * © = of-real ((norm x)?)
(proof)

lemma complex-mult-cnj: x * cnj x = of-real ((norm x)?)

(proof)

lemma quaternion-cnj-mult: genj © * © = of-real ((norm z)?)
(proof)

lemma quaternion-mult-cnj: x * qenj x = of-real ((norm x)?)

(proof)

9.7 Inverse

instantiation quaternion :: division-ring
begin

definition
inverse-quaternion-def:
inverse © = scaleR (inverse ((norm z)?)) (genj x)
instance (proof)

end

instance quaternion :: real-normed-div-algebra
(proof)

end
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