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Finding the Median
!The Median of an array of numbers is the 

“middle” number, when sorted. 
!We can obviously find the median by 

sorting the array, and then picking the    th 
element 

!How much work is that (in average case)? 
A. O(n) 
B. O(n lg n) 
C. O(n2) 
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Median in Linear Time? 
!Can we do better? 

" After all, sorting the whole array is more work than 
is needed to find the median 

!What smaller problem will help us? 
!Key insight: generalize the problem! 

" Rather than seeking an algorithm for the    th 
element, lets look for the k th element, k∈[1..n] 

Suppose that we have a way of partitioning the array at 
element with value p:  

How can this help?
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!Suppose that we are looking for the 10th 
element, and: 

# |Alo| = 5 
# |Ap| = 1 

" Then we can seek the 4th element of Ahi 
instead 

! We have reduced the problem size by a variable 
amount, in this case |Alo| + |Ap| = 6
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p≤ p ≥ p
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Alo Ap Ahi



!Suppose that we are looking for the 10th 
element, and: 

# |Alo| = 28 
" Then we can seek the 10th element of Alo 

instead 
! We have reduced the problem size by a variable 

amount, in this case |Ap| + |Ahi|
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Alo Ap Ahi



!Suppose that we are looking for the 8th 
element, and: 

# |Alo| = 6 
# |Ap| = 2 

" Then we can seek the 2nd element of Ap 
instead. 

! We have now solved the problem, because all 
the elements of Ap are p
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A =

Alo Ap Ahi



Variable-size decrease?
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Variable-size decrease?
!What’s the connection? 

" we would like to be able to find the nth element 
" instead, partitioning lets us  

- pick an element, and, in linear time, 
- find its index (the s such that it is the sth elem) 

" If n = s, we win! 
" if n < s, we continue in the left part, or 
" if n > s, we continue in the right part

7



Variable-size decrease?
!Example 

" suppose that we have A[1:20] and are looking for 
the 7th-smallest element: 

" run partition, find s = 9, say 
" Where do we look for the 7th-smallest element? 

A:  A[1..20]   
B:  A[1..8]   
C:  A[1..9]   
D:  A[10..20]
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Variable-size decrease?
!A different run of the same example: 

" suppose that we have A[1:20] and are looking for 
the 7th-smallest element: 

" run partition, find s = 3, say 
" Where do we look for the 7th-smallest element? 

A:  A[1..3]   
B:  A[1..4]   
C:  A[3..20]   
D:  A[4..20]
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1                     3                                         20

A =



What’s the Efficiency?
!Dasgupta’s analysis shows that: 

if we can do the partition in O(n) time, and 
the two parts are of roughly equal size  
then we can select the kth element in O(n) time 

!How can we do partition in O(n) time? 
➡ Lomuto Partition 
➡ Hoare Partition
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Lomuto Partition
!While algorithm is running: 
! Invariant:

" A[l] = p  ∧  A[l+1.. s] < p  ∧  A[s+1.. i−1] ≥ p  ∧  
l ≤ s < i ≤ r  
 

!Establish invariant initially: 
" p ← A[l];  s ← l;   i ← s+1    

// makes < p interval and ≥ p intervals both empty
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I don't like Lomuto Partition
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! It does more swaps than necessary

I don't like Lomuto Partition
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! It does more swaps than necessary

I don't like Lomuto Partition

" “half of the swap” is wasted 
! It confuses students! 

" Quicksort does not use the Lumuto Partition 
! It does not randomize the choice of p
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Lomuto Partition:

Just forget about it!
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How to pick the pivot?
!The choice is crucial 

" must be picked quickly 
" should shrink the sub-array substantially 

— ideally, [l..s] and [s..h] should be ≅ ½ [l..h] 
# if we can guarantee this, then T(n) = T(n/2) + O(n) 
# but that would require that the pivot be the median! 

" Instead, pick the pivot randomly
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Efficiency analysis for random pivot
! If we are unlucky, and repeatedly choose the smallest 

element for the pivot,  the array would shrink by just one 
element (the worst case) 

! So we would be performing  
 
operations — but this is unlikely. 

! It’s also unlikely that we would stumble on the median each 
time (the best case). 

! A "reasonably good" pivot is one between the 25th and 75th 
percentile.  That’s half of the available candidates.  So we 
will get one, on average, after two random selections. 

! After two partitions, we will shrink the problem to ¾ of its 
size, so 
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Efficiency analysis for random pivot
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Hoare Partition
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!Classic algorithm of computing 
!Developed in 1959, published  

in 1961. 
!Not only linear, but peculiarly efficient! 
!Tony Hoare won the Turing Award for 

Quicksort, which is based on this algorithm 
... and some other things!



Partition: CACM (Vol 4) July 1961
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  Howeve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  Cen t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p rope r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  va lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 
n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  n o t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  d o  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  w h i c h  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
w ay  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p r oc e du r e  uses  an  in tege r  p r ocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p roce du r e  exchange ,  wh i ch  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F ;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N d o  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

c ha nge :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  a ve ra ge  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r a ge  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  a c tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va l u e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  e n t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is nea r  
1.0 or ix is n ea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 do  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  down ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  Howeve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  Cen t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p rope r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  va lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 
n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  n o t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  d o  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  w h i c h  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
w ay  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p r oc e du r e  uses  an  in tege r  p r ocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p roce du r e  exchange ,  wh i ch  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F ;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N d o  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

c ha nge :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  a ve ra ge  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r a ge  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  a c tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va l u e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  e n t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is nea r  
1.0 or ix is n ea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 do  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  down ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  Howeve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  Cen t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p rope r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  va lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 
n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  n o t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  d o  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  w h i c h  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
w ay  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p r oc e du r e  uses  an  in tege r  p r ocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p roce du r e  exchange ,  wh i ch  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F ;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N d o  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

c ha nge :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  a ve ra ge  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r a ge  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  a c tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va l u e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  e n t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 

n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is nea r  
1.0 or ix is n ea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 do  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  down ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  Howeve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  Cen t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p rope r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  va lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  n o t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  d o  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  w h i c h  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
w ay  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p r oc e du r e  uses  an  in tege r  p r ocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p roce du r e  exchange ,  wh i ch  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F ;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N d o  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

c ha nge :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  a ve ra ge  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r a ge  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  a c tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va l u e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  e n t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is nea r  
1.0 or ix is n ea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 do  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  down ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  Howeve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  Cen t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p rope r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  va lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  n o t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is nea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  d o  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  w h i c h  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
w ay  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p r oc e du r e  uses  an  in tege r  p r ocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p roce du r e  exchange ,  wh i ch  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F ;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N d o  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

c ha nge :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  a ve ra ge  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r a ge  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  a c tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va l u e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  e n t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is nea r  
1.0 or ix is n ea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  H ow eve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 do  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t he  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va lue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu re  uses  an  in tege r  p rocedu re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p rocedu re  exchange ,  wh ich  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  down ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N ;  
c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave rage  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va lu e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  en t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 

Important features:

1. random pivot 3. works in place
2. double-ended search 4. two outputs



Hoare Partition

18

method partition(A, lo, hi) { 
    def pivotIndex = randomBetween(lo)and(hi) 
    def pivot = A[pivotIndex] 
    var i := lo−1 
    var j := hi+1 
    while { 
        do { i := i + 1 } 
            while { (i <= hi).andAlso {A[i] <= pivot} } 
        do { j := j − 1 } 
            while { (j >= lo).andAlso {A[j] >= pivot} } 
        i < j 
    } do { exchange(A, i, j) } 
    if (i < pivotIndex) then { exchange(A, i, pivotIndex) ;  i := i + 1 } 
       elseif (j > pivotIndex) then { exchange(A, pivotIndex, j) ; j := j − 1 } 
    list.with(i, j) 
}
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and increment i

f

if j > f, exchange elements at j and f  
and decrement j



Hoare’s Partition

✦ Classic algorithm! 
✦ beautiful and peculiarly efficient 
✦ It can (and has been) improved upon 
✦ To understand it better: 

➡ code it up 
➡ watch animations

21



12 Coins
!This problem is originally stated as: 

" You have a balance scale and 12 coins, 1 of which is 
counterfeit. The counterfeit weigh less or more than 
the other coins. Can you determine the counterfeit in 3 
weightings, and tell if it is heavier or lighter? 

!A harder and more general problem is: 
" For some given n > 1, there are (3n − 3)/2 coins, 1 of 

which is counterfeit. The counterfeit weigh less or 
more than the other coins. Can you state a priori n 
weighting experiments with a balance, with which you 
determine the counterfeit coin, and tell if it is heavier 
or lighter?

22



Problem: Gray Code

23

Use the decrease-by-one technique (Algorithm BRGC) to 
generate the binary reflected Gray code for n = 4.



Problem: Gray Code

23

Use the decrease-by-one technique (Algorithm BRGC) to 
generate the binary reflected Gray code for n = 4.

//Output: All bit strings of length n as contents of global array B[0..n−1]

for i ← 0 to n− 1 do

B[i] = 0

repeat

print(B)

k ← n− 1

while k ≥ 0 and B[k] = 1

k ← k − 1

if k ≥ 0

B[k] ← 1

for i ← k + 1 to n− 1 do

B[i] ← 0

until k = −1

9. a. As mentioned in the hint to this problem, binary Gray codes have

a useful geometric interpretation based on mapping their bit strings to

vertices of the n-dimensional cube. Such a mapping is shown below for

n = 1, 2, and 3.

0 1 00 01

10 11

000 001

100 101

010 011

110 111

n  = 1 n  = 2 n  = 3
The list of bit strings in the binary reflexive Gray code for n = 3 given in

the section is obtained by traversing the vertices of the three-dimensional

cube by starting at 000 and following the arrows shown:

000 001 011 010 110 111 101 100.

We can obtain the binary reflexive Gray code for n = 4 as follows. Make

two copies of the list of bit strings for n = 3; add 0 in front of each bit

string in the first copy and 1 in front of each bit sting in the second copy

and then append the second list to the first in reversed order to obtain:

0000 0001 0011 0010 0110 0111 0101 0100 1100 1101 1111 1110 1010 1011 1001 1000

(Note that the last bit string differs from the first one by a single bit, too.)

b. The mechanism employed in part (a) can be used for constructing

29



Problem: Gray Code Algorithm
!  Trace the following algorithm for 

generating the Binary Gray Code of order 4. 

Start with code = 0000 
output code 

for i = 1 to 15 do: 
b ← position* of least significant 1 in binary rep of i 
code ← code XOR (bit b) 
output code 

*least significant bit is 1

24



Nim
!1 pile of n chips 
!Players take turns removing 1≤k≤m chips 
!The player removing the last chip wins
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Multiplication à la russe
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You try it!
!multiply 37 × 67
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