
1 .  THE D E F I N I T I O N  OF FUNCTIONS 

. I t  h a s  been p o i n t e d  o u t  by S t r a c h e y  [ ? I  t h a t  many mathemati- 

c i a n s  t r e a t  f u n c t i o n s  a s  ' second c l a s s  o b j e c t s ' , ,  denying them t h e  

f u l l  g e n e r a l i t y  which i s  accorded t o  v a r i a b l e s .  T h i s  a t t i t u d e  i s  
found r i g h t  a t  t h e  beg inn ing  of a l g e b r a i c  t e a c h i n g .  For example, i n  

an  e x p r e s s i o n  l i k e  (x+y)^(x-y) it i s  unders tood  t h a t  x and y may 

v a r y  b u t ,  o f  c o u r s e ,  +, x and - may n o t .  L a t e r ,  i n  t h e  n o t a t i o n  

f ( x ) ,  t h e  s t u d e n t  t e n d s  t o  t h i n k  of  x  a s  t h e  v a r i a b l e ,  and f a s  a  

' c o n s t a n t t  f u n c t i o n .  S i m i l a r l y ,  i n  ALGOL we can w r i t e  

( i f  x  > 1 then a  e l s e  b )  + 6 

b u t  n o t  

( i f  x  > I. then s i n  e l s e  ~ o s ) ( x ) .  

Now when we come t o  c o n s i d e r  t h e  problem o f  d e f i n i n g  f u n c t i o n s  i n  

a l l  t h e i r  g e n e r a l i t y  i t  i s  n e c e s s a r y  t o  be r i d  o f  t h e s e  menta l  

r e s t r i c t i o n s .  We s h a l l  mark our  emancipat ion  by w r i t i n g  f x  i n s t e a d  

of f ( x ) ,  and u n d e r s t a n d  t h a t  f i s  some e lement  drawn from a  s e t  of 

f u n c t i o n s  and x from a  s e t  o f  operands ;  o r  b e t t e r  s t i l l ,  t h a t  t h e y  

a r e  drawn from t h e  same s e t  s i n c e  t h e r e  i s  t h e n  no r e s t r i c t i o n  on 

u s i n g  f u n c t i o n s  a s  arguments of f u n c t i o n s .  The m u l t i p l i c i t y  of  

o p e r a t o r s  ( a d d i t i o n ,  m u l t i p l i c a t i o n ,  e t c . )  i s  r e p l a c e d  by one ,  

appT-icut ion,  which i s  denoted  by t h e  j u x t a p o s i t i o n  of  symbols i n  f x .  
I f  a  = Sum, b = Difference and c  = P r o d u c t ,  t h e n  c ( u x y ) ( b x y )  d e n o t e s  

( x + y ) ~ ( a : - y ) ~  - b u t  it may e q u a l l y  w e l l  deno te  many o t h e r  e x p r e s s i o n s  

when u ,b  and e a r e  d i f f e r e n t  f u n c t i o n s .  

Having s a i d  t h i s  much, we must add a  few q u a l i f y i n g  comments. 

(1)  I t  i s  agreed  t h a t  a p p l i c a t i o n  a s s o c i a t e  from t h e  l e f t ;  t h u s  

ubc deno tes  ( u b ) c .  

(2 )  From t ime t o  t ime we s h a l l  r e v e r t  t o  t h e  c o n v e n t i o n a l  n o t a -  
t i o n s ,  i n  t h e  i n t e r e s t s  of  r e a d a b i l i t y ,  when no ambigui ty  i s l i k e l y .  

(3)  Using a  s i n g l e  domain f o r  f u n c t i o n s  and arguments  l e a d s  t o  
a  g r e a t  s i m p l i f i c a t i o n  o f  o u r  t h e o r y ,  b u t  it a l s o  g i v e s  r i s e  t o  t h e  

fundamental  problem r e f e r r e d  t o  i n  t h e  i n t r o d u c t i o n .  I t  might  seem 

b e t t e r  t o  p u t  up w i t h  t h e  added complexi ty  of m u l t i p l e  domains i n  



o r d e r  t o  a v o i d  t h e  problem. However, S c o t t  [ S ]  has  shown t h a t  t h e  

same problem i s  i n h e r e n t  i n  t h e  i d e a  of  s t o r e d  program, which i s  

c l e a r l y  n o t  a  t h i n g  we can d i s p e n s e  w i t h .  

v a r i a b l e s ,  

d e f i n e  t h e  

t h i n g  l i k e  

f 9 

S i m i l a r l y  

Suppose S i s  a  domain of t h e  t y p e  we have i n  mind: i f  a  E S 

t h e n  a  : S -+ S .  Using f u n c t i o n a l  a p p l i c a t i o n  we may w r i t e  down ex- 

p r e s s i o n s  i n v o l v i n g  c o n s t a n t s  from S o r  v a r i a b l e s  r ang ing  over  S ,  b u t  

t h e s e  e x p r e s s i o n s  a r e  n o t  i n  themselves  f u n c t i o n s .  This  can be 

s e e n  by an example: i f  we r e g a r d  x+l  a s  t h e  s u c c e s s o r  f u n c t i o n ,  we 

a r e  soon enmeshed i n  a m b i g u i t i e s .  I s  x+c a  f u n c t i o n  of  one o r  two 

and i f  t h e  l a t t e r ,  i n  which o r d e r  a r e  t h e y  a p p l i e d ?  To 

s u c c e s s o r  f u n c t i o n  unambiguously we need t o  w r i t e  some- 

w h e r e  fa; = x+l f o r  a l l  non-nega t ive  i n t e g r a l  a;. 

i n  o u r  domain S we may d e f i n e  t h e  f u n c t i o n  f  cor respond ing  

t o  t h e  e x p r e s s i o n  ....a;.... by w r i t i n g  

f ,  where w x  E S ,  f x  = . . . .a;. . . . 
T h i s  s e r v e s  t h e  purpose ,  b u t  i t  h a s  t h e  d i s a d v a n t a g e  t h a t  we cannot  

d e f i n e  a  f u n c t i o n  w i t h o u t  g i v i n g  i t  a  name. I t  t u r n s  o u t  t h a t  we 

o f t e n  want t o  use  a  f u n c t i o n  i n  an e x p r e s s i o n  w i t h o u t  needing t o  

name i t ,  s o  t h a t  t h i s  method of  d e f i n i t i o n  l e a d s  t o  u n n e c e s s a r i l y  

complex n o t a t i o n .  

Church [Z] avoided t h i s  d i f f i c u l t y  by i n t r o d u c i n g  a  second 

o p e r a t i o n  o f  ' a b s t r a c t i o n '  which i s  complementary t o  a p p l i c a t i o n  and 

which he r e p r e s e n t e d  by t h e  l ambda-no ta t ion .  Th i s  s p e c i f i e s  a  

f u n c t i o n  i n  t h e  f o l l o w i n g  manner: 

1.1 D e f i n i t i o n .  Let  M be a n  e x p r e s s i o n  which t a k e s  v a l u e s  i n  t h e  

domain D .  Then t h e  f u n c t i o n  f : D *  + D g i v e n  by 

x  <? D * ,  f x  = M 

i s  denoted  by Ax: D t .  M .  I f  t h e  domain D t  i s  unders tood from t h e  

c o n t e x t  t h i s  may be  s imply  w r i t t e n  Ax.M. The o p e r a t i o n  of  forming 

a  f u n c t i o n  from an e x p r e s s i o n  i n  t h i s  way i s  c a l l e d  a b s t r a c t i o n .  

I n  t h e  example used p r e v i o u s l y  we n o t i c e d  t h a t  t h e  s u c c e s s o r  

f u n c t i o n  cou ld  be  r e p r e s e n t e d  by f i n  y x E D , f x  = a; + I where D i s  1 

h e r e  t h e  s e t  of  non-nega t ive  i n t e g e r s .  Thus t h e  l ambda-no ta t ion  



a l l o w s  us t o  w r i t e  it a s  W . x  + 1 ,  o r  s imply  a s  \ x . x  + 1 i f  D i s  

unders tood .  Hence we have ( A x . x + l ) o  = 1 ,  ( X x . x + l ) l  = 2 e t c .  

The l a s t  o b s e r v a t i o n  c a n  c l e a r l y  be g e n e r a l i z e d .  L e t  N be 

an e x p r e s s i o n  t a k i n g  v a l u e s  i n  D f  (and e n c l o s e d  i n  p a r e n t h e s e s ,  

i f  n e c e s s a r y  f o r  what f o l l o w s ) .  Then (Ax.f'!)N i s  e q u i v a l e n t  by 1.1 

t o  f N  where y x  E D f  , f x  = M. Thus we may e v a l u a t e  ( \ x . f ) N  by sub- 

s t i t u t i n g  N f o r  eve ry  occur rence  of  x  i n  M .  

When t h e  l ambda-ca lcu lus  i s .  s e t  up a s  a  formal  mathemat ica l  

sys tem t h i s  i s  g i v e n  t h e  f o r c e  of  an axiom ( c a l l e d  t h e  6-Conversion 

Rule) .  S i n c e  our  p o i n t  o f  view i s  d i f f e r e n t ,  b e i n g  concerned w i t h  

t h e  problem o f  d e f i n i n g  f u n c t i o n s ,  we r e g a r d  i t  a s  a  consequence 

of 1.1.  However, we w i l l  a l s o  g i v e  t h e  u s u a l  f o r m u l a t i o n  l a t e r ,  

t o g e t h e r  w i t h  a  p r e c i s e  d e f i n i t i o n  o f  ' s u b s t i t u t i o n ' .  

So f a r  we have been u s i n g  n o t a t i o n  r a t h e r  l o o s e l y .  We must 

now d e f i n e  t h e  w e l l  formed formulae  (wff)  o f  t h e  l ambda-ca lcu lus  

r i g o r o u s l y .  

1.2  D e f i n i t i o n .  A wff i s  e i t h e r  

(1)  a  v a r i a b l e ;  

( 2 )  t h e  a p p l i c a t i o n  M N  o f  two wff fl and N 

(wi th  a p p l i c a t i o n  a s s o c i a t i n g  from t h e  l e f t ) ;  

(3)  t h e  a b s t r a c t i o n  \~:O.M ( o r  Xx.M) of  a  wff M ,  where 

x  i s  a  v a r i a b l e ;  o r  

( 4 )  ( A f ) ,  where M i s  a wf f .  

The p o i n t  (.) used i n  a b s t r a c t i o n  i s  a  t y p e  of  b r a c k e t .  When 

\ x . ~  occurs  i n  a  l a r g e r  e x p r e s s i o n ,  M i s  t a k e n  a s  ex tend ing  e i t h e r  

t o  t h e  f i r s t  unmatched c l o s i n g  p a r e n t h e s i s  o r  t o  t h e  end o f  t h e  

e x p r e s s i o n ,  whichever  i s  f i r s t .  T h i s  means t h a t  i n  a  c a s e  l i k e  

( A x .  \y .N lab we may i n s e r t  p a r e n t h e s e s  t o  g i v e  ( A x .  ( X y .  N )  l a b ,  and 

t h e n ,  u s i n g  a s s o c i a t i o n ,  ( (Ax. ( A  y . A ? )  )a)2?. Thus i n  t h e  e v a l u a t i o n  

a  i s  f i r s t  s u b s t i t u t e d  f o r  x  i n  \ y . N ;  b  i s  t h e n  s u b s t i t u t e d  f o r  y 

i n  t h e  r e s u l t .  

There a r e  two axioms e x p r e s s i n g  impor tan t  p r o p e r t i e s  o f  

a p p l i c a t i o n  and a b s t r a c t i o n .  

1 .3 .  Axiom o f  E x t e n s i o n a l i t y .  I f ,  f o r  some f , g  E D,  f x  = gx f o r  

a l l  x  e D, t h e n  f = g .  



1 . 4 .  Axiom o f  Comprehension. I f  M i s  a  wff i n  x  ( i n c l u d i n g  t h e  c a s e  

o f  a  wff which i s  independen t  o f  x ) ,  t h e n  t h e r e  i s  a  f u n c t i o n  f <= D 

such  t h a t  v x e D ,  f x  = M. 

The Axiom o f  Comprehension g u a r a n t e e s  t h a t  t h e  a b s t r a c t i o n  can  

always be  formed;  f o r  eve ry  wff M,\x.M <= D .  The Axiom o f  E x t e n s i o n a l i t y  

t h e n  e n s u r e s  t h a t  t h e  r e s u l t  of an a b s t r a c t i o n  i s  un ique .  

Befo re  we can d e f i n e  s u b s t i t u t i o n  and g i v e  t h e  c o n v e r s i o n  

r u l e s  i t  i s  n e c e s s a r y  t o  d e f i n e  t h e  te rms ' o c c u r s  f r e e '  and ' o c c u r s  

bound ' .  T h i s  i s  done b y  showing how t o  d e c i d e  whether  x  o c c u r s  f r e e  

(bound) i n  ( a )  a  v a r i a b l e ,  (b) an a p p l i c a t i o n ,  ( c )  an a b s t r a c t i o n .  

To d e c i d e  whe the r  x  o c c u r s  f r e e  (bound) i n  an a r b i t r a r y  e x p r e s s i o n  

we mlake t h e  d e c i s i o n  f i r s t l y  f o r  t h e  v a r i a b l e s  i t  c o n t a i n s  and t h e n  

f o r  s u c c e s s i v e l y  l a r g e r  s u b - e x p r e s s i o n s  up t o  t h e  e x p r e s s i o n  i t s e l f .  

1 .  5. D e f i n i t i o n .  

(1) ( a )  x  o c c u r s  f r e e  i n  x  (bu t  n o t  i n  y # x ) ;  

(b)  x  o c c u r s  f r e e  i n  X! i f f  x  o c c u r s  f r e e  i n  e i t h e r  X o r  Y 

(o r  b o t h ) ;  

( c )  x  o c c u r s  f r e e  i n  \y .X i f f  x  # y and x  o c c u r s  f r e e  i n  X .  

( 2 )  ( a )  No v a r i a b l e  o c c u r s  bound i n  an e x p r e s s i o n  c o n s i s t i n g  o f  

a  s i n g l e  v a r i a b l e ;  

(b) x  o c c u r s  bound i n  XY i f f  i t  o c c u r s  bound i n  X o r  Y 

( o r  b o t h )  , 

( c )  x  o c c u r s  bound i n  \ y . X  iff  x  = y o r  x  o c c u r s  bound i n  X .  

Take,  f o r  example,  t h e  e x p r e s s i o n  ( \ x .ax )x .  a  and x  b o t h  o c c u r  

f r e e  i n  a x .  I n  ( \x .ax)  a  i s  s t i l l  f r e e ,  b u t  x  o c c u r s  bound and n o t  

f r e e .  I n  ( \ x . a x ) x ,  x  o c c u r s  b o t h  f r e e  and bound. 

I t  was s a i d  above t h a t  (\x.M)N i s  e v a l u a t e d  by s u b s t i t u t i n g  

N f o r  x  i n  M .  However t h i s  i s  o n l y  t r u e  i f  a  r a t h e r  e l a b o r a t e  

d e f i n i t i o n  o f  ' s u b s t i t u t i o n '  i s  u s e d ,  s i n c e  o t h e r w i s e  i n c o r r e c t  

e v a l u a t i o n  o c c u r s .  For example,  we have a l r e a d y  s e e n  t h a t  t h e  f i r s t  

s t e p  i n  e v a l u a t i n g  s a y  (\x.\y.yx)yz i s  t o  ' s u b s t i t u t e '  y f o r  x  i n  

( X y . y x ) .  But a  s imple  l i t e r a l  s u b s t i t u t i o n  w i l l  g i v e  ( X y . y y )  whereas 

t h e  c o r r e c t  r e s u l t  i s  something  l i k e  ( \u .uy)  - t h e  bound o c c u r r e n c e  of  

y i n  ( A y . y x )  must  n o t  b e  confused  w i t h  t h e  f r e e  o c c u r r e n c e  i n  yz 

s o  we f i r s t  r e w r i t e  ( A y . y x )  a s  ( \u .ux)  b e f o r e  pe r fo rming  t h e  l i t e r a l  

s u b s t i t u t i o n .  



The d e f i n i t i o n  of a  s u b s t i t u t i o n  ope ra to r  which ach ieves  t he  des i r ed  

r e s u l t  i s  given by Curry and Feys [ 3 ] ;  t he  r eade r  w i l l  f i n d  a  d e t a i l e d  

j u s t i f i c a t i o n  i n  chapte r  3 oC t h e i r  book. 
* 

I .  6 .  S u b s t i t u t i o n  Rules  Let x be a  v a r i a b l e  and X and M wff.  Then 

LM/xlx i s  t h e  wff XI def ined  a s  fo l lows:  -9 : ~ i L A l ~ 6  lvi&r Â ¥ Ã ˆ - \ ,  

Case 1. x i s  a  v a r i a b l e .  

(a)  I f  x = x then X I  = M 

Case 2 .  X = Y Z ,  Then X *  = Y'Z'. 

Case 3. X = Xy.Y. 

(a)  I f  y = x then  X r  = X. 

(b) I f  y # x then  X *  = \a.C~/xl([a/yl~) 

where a i s  def ined  a s  fo l lows:  

( i )  i f  x does n o t  occur  f r e e  i n  Y 

o r  i f  y does n o t  occur f r e e  i n  M 

then  a = y ;  

( i i )  i f  x does pccur  f r e e  i n  Y and -y  does occur f r e e  i n  M 

then a i s  t h e  f i r s t  v a r i a b l e  i n  a  l i s t  of v a r i a b l e s  

such t h a t  a # x and a does n o t  occur f r e e  i n  e i t h e r  

M o r  Y .  

The crux of 1 .6  i s  i n  case 3 (b) ( i i ) .  We can s e e  how t h i s  

works by cons ider ing  again  t h e  eva lua t ion  of (A~.(\~.y&))yz. The 

r e s u l t  of s u b s t i t u t i n g  y f o r  x i n  (^.y.yx) i s  denoted L y / ~ l ( \ y . ~ x )  so  
t h a t  we have,  f o r  t h e  purposes of 1.6-, M=y, x=x, X=\y.yx, y = y  and 

Y = yx. Case 3 (b) ho lds ,  and s i n c e  both  x occurs  f r e e  i n  Y and y occurs 

f r e e  i n  M a l t e r n a t i v e  ( i i )  ho lds .  Thus 

which i s  e s s e n t i a l l y  t h e  r e s u l t  p r ev ious ly  given.  

I n  t h e  usua l  formulat ions  of t h e  ^ . - ca l cu lus  t h e r e  a r e  

s e v e r a l  ' convers ion r u l e s '  which have t h e  f o r c e  of axioms. We have 

a l r eady  n o t i c e d  t h e  @ - r u l e ,  which we regard  a s  de r iv ing  from 1.1. 

Also, we have made i m p l i c i t  use of a - conve r s ion ,  which provides  

t h a t  bound v a r i a b l e s  may be changed s y s t e m a t i c a l l y  when no confusion 



r e s u l - t s ,  s o  t h a t  f o r  example we may w r i t e  (Au.ux) o r  (Aa.ax)  f o r  

( \ y . y x )  b e f o r e  s u b s t i t u t i n g  y  f o r  x .  A t h i r d  convers ion  r u l e  i s  

r e l e v a n t  h e r e  a l s o ,  q -convers ion .  This  i s  j u s t i f i e d  by t h e  f a c t  

t h a t  b o t h  Ax. (Mx) and M g i v e  M y  when a p p l i e d  t o  y. 

1. 7. Conversion Rules.  

( a )  I f  y i s  n o t  f r e e  i n  X Ax.X cnva A ~ C ~ / X I X ;  

(3)  (Ax.M)fl C n V B  [fl/x]M; 

(0)  i f  x  i s  n o t  f r e e  i n  M ,  A ~ . ( M X K ~ V  M. 

I n  t h e s e  r u l e s  cnv i n d i c a t e s  t h a t  e i t h e r  s i d e  may be r e p l a c e d  by 

t h e  o t h e r .  

I n  u s i n g  t h e  A-ca lcu lus  we a r e  p a r t i c u l a r l y  i n t e r e s t e d  i n  

e v a l u a t i n g  A-express ions ,  which means i n  p r a c t i c e  t h a t  we wish  t o  

e l i m i n a t e  a b s t r a c t i o n s  a s  f a r  a s  p o s s i b l e .  Both 6- and n - c o n v e r s i o n  

a l low us t o  do t h i s  by r e p l a c i n g  an e x p r e s s i o n  i n  t h e  form o c c u r r i n g  

on t h e  l e f t  o f  t h e  cnv symbol by t h e  c o r r e s p o n d i n g  e x p r e s s i o n  on t h e  

r i g h t ,  a s  we s h a l l  s e e  i n  t h e  examples 1 .8 .  When a  c o n v e r s i o n  i s  

a p p l i e d  i n  t h i s  way i t  i s  c a l l e d  a  r e d u c t i o n  and t h e  e x p r e s s i o n  which 

was c o n v e r t e d  i s  c a l l e d  a  r e d e x .  Thus f o r  any wff M and I f  

(Ax.M)N i s  a  @ - r e d e x ,  and 

\x. ( M x )  i s  an n - redex  (a? n o t  f r e e  i n  A?). 

The n o t a t i o n  used  f o r  r e d u c t i o n  i s  

( 3 - r e d u c t i o n )  (Ax.Vlfl r e d  C a ' / a ? l M  

n - r e d u c t i o n )  Ax. ( ~ t e ) r e d  M.  n 
An e x p r e s s i o n  c o n t a i n i n g  no redexes  i s  s a i d  t o  be i n  normal form. 

1.8. Examples 

r e d  b  

N o t i c e  t h a t  whenever e i s  independent  of x  Ax.e i s  t h e  

c o n s t a n t  f u n c t i o n  which has  t h e  v a l u e  e  f o r  a l l  v a l u e s  o f  i t s  

argument.  Thus Ax.Ay.y i s  t h e  c o n s t a n t  f u n c t i o n  whose v a l u e  i s  

\ u . y  = I, t h e  i d e n t i t y  f u n c t i o n .  

( 2 )  (\f . \x.f(fx) )ab  r e d o  ( A x . a ( u x ) ) b  

r ed  a ( a b )  o 



( 3 )  A n e x p r e s s i o n  which i l l u s t r a t e s  r i - reduct ion:  

\ x . \ y , a x y  red Ax.a.a; 
ri 

redri a  

( 4 )  Next c o n s i d e r  (Xx .xx) ( \x .xx) .  (Xx.xx) has  t h e  form Ax.(Ma), 

b u t  i s  n o t  n - r e d u c i b l e  because  x  o c c u r s  f r e e  i n  M .  An a t t e m p t  a t  

@ - r e d u c t i o n  y i e l d s  

(Ax.xx)( \x .xx)  red (Xx.xx)(Ax.xx) 
13 

s o  t h a t  t h e  e x p r e s s i o n  h a s  no normal form. 

( 5 )  (\x.\y,y)((\x,xx)(Xx.xx))b 

r e d  (Ay.y)b 
red b. 

I e 
In  a l l  t h e s e  examples we have used normal- o r d e r  r e d u c t i o n  

which p roceeds  by always reduc ing  t h e  l e f t m o s t  redex.  I f  i n  c a s e  ( 5 )  

we had a t t e m p t e d  i n s t e a d  t o  r educe  (Xxixx)(Xx.xx) t h e  r e d u c t i o n  

would n o t  have t e r m i n a t e d .  T h i s  r a i s e s  an  i m p o r t a n t  q u e s t i o n  con- 

c e r n i n g  t h e  o r d e r  o f  r e d u c t i o n :  s i n c e  one r e d u c t i o n  sequence  may 

t e r m i n a t e  and a n o t h e r  n o t ,  i s  i t  p o s s i b l e  f o r  two sequences  t o  

t e r m i n a t e  d i f f e r e n t l y ?  Could we, f o r  example, r educe  t h e  same 

e x p r e s s i o n  t o  p by one sequence and t o  q by a n o t h e r ?  The convers ion  

r u l e s  a r e  an  e s s e n t i a l  p a r t  of  t h e  e v a l u a t i o n  'mechanismt o f  t h e  

A-ca lcu lus ,  and ambigui ty  would b e  s e r i o u s .  The answer i s  g i v e n  by 

t h e  f o l l o w i n g  theorem. A p roof  may be found i n  Curry and  Feys [ 3 ]  

c h a p t e r  4 ,  b u t  l e s s  arduous p r o o f s  a r e  a l s o  known. ' 

1.9.  Theorem fChureh -Rosser )  

I .  I f  X cnv I, t h e n  t h e r e  i s  a  wff z such t h a t  X red Z and 

Y red  z. 

I I .  I f  .A red B then  t h e r e  is  a  normal o r d e r  r e d u c t i o n  from 

A t o  B. 

The un iqueness  o f  t h e  normal form up t o  

~ n v e r s i o n  f o l l o w s  from 1.9, f o r  suppose 

a  wff p had t w o  d i s t i n c t  normal forms,  

X J and Y which were n o t  a - c o n v e r t i b l e .  Then 

X cnv Y (by t h e  r o u t e  x -^ w -+ Y ,  i f  b y . n o  

. o t h e r ) ,  . s o  t h a t  t h e r e  i s  a  z t o  which b o t h  
X and J r e d u c e ,  c o n t r a r y  t o  t h e  assumption t h a t  



x and Y a r e  i n  normal form and n o t  a - c o n v e r t i b l e .  P a r t  I I  g u a r a n t e e s  

t h a t  normal o r d e r  r e d u c t i o n  w i l l a l w a y s  r e a c h  t h e  normal form, i f  one 

e x i s t s .  

The Church-Rosser Theorem i n d i c a t e s  t h e  f e a s i b i l i t y  of  u s i n g  

t h e  c o n v e r s i o n  r u l e s  t o  d e f i n e  an  e v a l u a t i o n .  mechanism f o r  A-express ions .  

Befo re  going i n t o  t h e  t h e o r y  f u r t h e r  i t  i s  wor th  w h i l e  s.pending a  

l i t t l e  t ime  e x p l o r i n g  t h e  e x p r e s s i v e  power o f  t h e  A-ca lcu lus  by l o o k i n g  

a t  some p r a c t i c a l  examples.  

1.10. ExampZes 

(1)  The t r u t h  v a l u e s  may be r e p r e s e n t e d  a s  f o l l o w s :  

t r u e  by Ax.Ay.x and 

f a l s e  by Ax.\y .y 

Each r e p r e s e n t a t i o n  i s  a  f u n c t i o n ;  t r u e  s e l e c t s  t h e  f i r s t  and f a l s e  t h e  

second o f  t h e  two arguments  which f o l l o w s .  To s e e  how t h i s  works,  

suppose  a  p r e d i c a t e  G r  is  d e f i n e d  by 

Then 

t h i s  computes t h e  f u n c t i o n  dbs  normal ly  e x p r e s s e d  by i f  x  > 0 t hen  
x  e l s e  -x .  I n  g e n e r a l ,  i f  b  i s  a  Boolean e x p r e s s i o n  and b F  t h e  

c o r r e s p o n d i n g  e x p r e s s i o n  t a k i n g  v a l u e s  i n  {Ax.Ay.x, \x.'\y.y}, t h e n  

b r ( e ) ( e )  co r responds  t o  i f  b then  e l  e l s e  e .  For example t h e  

l o g i c a l  f u n c t i o n  And which may be w r i t t e n  

X U .  Av. i f - u  then  v e l s e  f a l s e  

i s  r e p r e s e n t e d  by 

Au.Xv.u v ( \ x . \ y . y ) .  

( 2 )  The use  of t h e  A - n o t a t i o n  e n a b l e s  u s  t o  a p p l y  a  f u n c t i o n  o f  

s e v e r a l  v a r i a b l e s  t o  i t s  v a r i a b l e s  one a t  a  t ime.  Take f o r  

example Sum: R x R -+ R d e f i n e d  by Sum<a.,b> = a  + b  ( o r  i n  t h e  more 

u s u a l  n o t a t i o n ,  Sum(a,b)  = a  + b ) .  Then 

Ax. Sum<a ,x> 

I i s  a  f u n c t i o n  which adds a  t o .  i t s  ( s ' i n g l e )  argument .  I t  i s  a  con-  



v e n t i o n  t h a t  we r e p r e s e n t  t h i s  f u n c t i o n  by Sum a, o r  Surn(a} i f  t h e  

- n o t a t i o n  f(x) i s  b e i n g  used .  (This  c o n v e n t i o n  i s  c a l l e d  Sehonfi,nkeZts 

Device, and Sum(a) i s  a  ' c u r r i e d  f u n c t i o n f  i n  honour o f  H. B. Curry.] 
Ã Thus we have ,  i n  t h e  two n o t a t i o n s ,  

sum a b = Sum<a,b> = a + b and 

Sum(a)(b) = Sum(a;b) = a + b. 

(3) The combinators  o f  Curry and Feys. 

I r k e d  by t h e  u n t i d i n e s s  o f  t h e  p r o c e s s  o f  s u b s t i t u t i n g  f o r  bound 

v a r i a b l e s  i n  A-express ions  and. e l s e w h e r e ,  Curry exper imented  w i t h  

t h e  e x p e d i e n t  o f  e l i m i n a t i n g  v a r i a b l e s  a l t o g e t h e r .  The main com- 

b i n a t o r s  i n  t h e  sys tem of  Curry and Feys [ 3 ]  may be  d e f i n e d  i n  t h e  

I = Ax.x 

K = \x.\y.x 

s = Ax*Ay.\z.xs(yz) 

B = Ax.Ay.Xs.x(yz) 
N o t i c e  t h a t  

c n v n  Ay. 1x.x 

c n v  Ax. Ay. y 

s o  t h a t  K and K I  cor respond  r e s p e c t i v e l y  t o  t r u e  and f a l s e  i n  t h e  

r e p r e s e n t a t i o n  which was used  e a r l i e r .  

( 4 )  P a i r i n g  f u n c t i o n s  I n  2.38 we s h a l l  d e f i n e  t h r e e  f u n c t i o n s ,  

F ,  MQ and M I ,  a s s o c i a t e d  w i t h  o r d e r e d p a i r s  by 

P(xo)(xl) = < x o , x l > , ~ ( < ^ , x l Ã  = x o and ~ < x o , x l > )  = x. 1 ' 

Suppose we r e p r e s e n t  t h e  p a i r  < x o , x ~  by 1u.u x 0 x 1, T h i s  i s  

a  f u n c t i o n  which y i e l d s  xo and x r e s p e c t i v e l y  when a p p l i e d  t o  t h e  

r e p r e s e n t a t i o n s  o f  t r u e  and f a l s e  used  i n  1 . 1 0 ( 1 ) .  For example, 

(AU.U x O x l l ~  red  B K x O x ~  

r ed  x B 0 

Thus Uo and H a r e  r e p r e s e n t e d  by Az.zK and Az.z(K1) r e s p e c t i v e l y .  

P i t s e l f  i s  r e p r e s e n t e d  by Aa.Ab.(,\u,uab), 



( 5 )  R e p r e s e n t a t i o n  of t h e  non-nega t ive  in tegers- .  Suppose we 

r e p r e s e n t  0 by 

and t h e  s u c c e s s o r  f u n c t i o n  by 

Sue = Xk. \ f , \x . f (k fx ) .  

Then 

and s o  on. (We have a l r e a d y  met 2 i n  1 . 8  ( 2 )  .) I n  g e n e r a l ,  i f  n  i s  

an i n t e g e r ,  t h e  r e p r e s e n t a t i o n  g  has  t h e  p r o p e r t y  t h a t  gfx = f"x - 
i n  o t h e r  words, K causes  i t s  f i r s t  argument t o  be a p p l i e d  n  t imes  

t o  i t s  second.  

I From what h a s  j u s t  been s a i d ,  i t  f o l l o w s  t h a t  

and hence we may r e p r e s e n t  t h e  a d d i t i o n  f u n c t i o n  by 

Sum = \m.\n.Xf.\x.mf(nfx).  

P roduc t s  and powers may e a s i l y  be d e f i n e d  u s i n g  s i m i l a r  methods. 

To d e f i n e  t h e  e q u a l i t y  p r e d i c a t e  t a k e s  a  l i t t l e  l o n g e r .  

We f i r s t  d e f i n e  

F  = \x.  \u .u(Sue( .&)  ) (xK) .  
- - - -  

T h i s  h a s  t h e  p r o p e r t y  t h a t  F<rn,n> = < m + l , m > ,  where o r d e r e d  p a i r s  a r e  
k r e p r e s e n t e d  a s  i n  ( 4 ) .  Thus k ~ < w >  = F  <0,0> 

= < k , ~ r ' e d k >  . . . . (a) 

-pp--pp--p--p-p-p------ 

- 



where - 
Pred k = k - 1  i f  k .> o 

- 
0 i f k = o .  

* 
Using ( a ) ,  we may now d e f i n e  Pred i t s e l f  by 

The r e a d e r  should  v e r i f y  t h a t  t h e  p r e d i c a t e  I s z e r o ,  which maps 0 
i n t o  K and every  o t h e r  numeral i n t o  KI, i s  g iven  by 

Next we n o t i c e  t h a t  

- 
= o o the rw i se ,  

so  t h a t  I s z e r o ( ;  Pred g) has  t h e  va lue  K i f f  n - < m .  Hence t h e  

e q u a l i t y  p r e d i c a t e  i s  g iven  by 

Equal = Am. An . Iszero(m Pred n )  A I s z e r o ( n  Pred m )  

where A i s  t h e  i n f i x  n o t a t i o n  f o r  t h e  l o g i c a l  f u n c t i o n  And de f ined  

- a t  t h e  end of  example (1 ) .  

( 6 )  Recurs ive  d e f , i n i t i o n  o f  f u n c t i o n s .  Consider  t h e  d e f i n i t i o n  

of  t h e  f a c t o r i a l  f u n c t i o n ,  

Fact  = An. i f  n = 0 then 1 e l s e  n x F a e t ( n - 1 )  

o r  i n  t h e  n o t a t i o n  of  example (5)  , 
Fact  = An. I s zero  n  1 (Prod  n ( F a c t ( ~ r e d  n ) ) )  

The d e f i n i t i o n s  of  (5)  inc luded  f u n c t i o n s  d e f i n e d  e l sewhere ;  f o r  

example Fred invo lved  F and F involved S u e .  I t  would have been a  

s imple  m a t t e r  t o  e l i m i n a t e  t h e s e  f u n c t i o n s  by s u b s t i t u t i o n ,  a l though  

t h e  r e s u l t i n g  e x p r e s s i o n s  might be unwieldy. I n  t h e  d e f i n i t i o n  o f  

Fact we can s u b s t i t u t e  s u c c e s s f u l l y  f o r  t h e  occur rence  of  Fact on 

t h e  r i g h t  only  i f  we a r e  e v a l u a t i n g  an e x p r e s s i o n  l i k e  Fact 2 .  I n  such 

a  c a se  t h e  s u b s t i t u t i o n  p r o c e s s  t e rmina t e s  (and t h i s  i s  our  j u s t i -  

f i c a t i o n  f o r  r ega rd ing  t h e  formula a s  a  d e f i n i t i o n  of   act); i f  we 

t r y  t o  e l i m i n a t e  Fact from t h e  r i gh t -hand  s i d e  i n  t h e  g e n e r a l  c a se  

o f  Fact  n we f a i l .  Thus t h e  d e f i n i t i o n ,  i n  t h e  form g iven ,  i s  no t  

w i t h i n  t h e  scope o f  t h e  A-calculus .  



Then F a c t  = g F a c t ,  so  t h a t  F a c t  i s  a  f i x e d  p o i n t  of g. Now we can 

d e f i n e  a  f u n c t i o n ,  y ~ ,  which maps a  f u n c t i o n  i n t o  one of i t s  f i x e d  

p o i n t s .  Let  

I f  we p u t  f = YAg we g e t ,  by 6 -convers ion ,  

s o  t h a t  Y, does indeed map g i n t o  one of  i t s  f i x e d  p o i n t s ,  and t h e  

use of  yA e n a b l e s  u s  t o  reduce  r e c u r s i v e  d e f i n i t i o n s  t o  n o n L r e c u r s i v e  

form. I n  t h e  example we have been c o n s i d e r i n g ,  we g e t  

Example 1 .10(6)  l e a v e s  some l o o s e  ends .  Thus i f  g has  more - 

t h a n  one f i x e d  p o i n t ,  i t  i s  n o t  c l e a r  t h a t  Y,g computes t h e  p a r t i -  

c u l a r  f i x e d  p o i n t  we in tended  t o  d e f i n e  by t h e  r e c u r s i o n  f = gf; we 

s h a l l  r e t u r n  t o  t h i s  q u e s t i o n  l a t e r .  But a  more fundamental problem 

i s  h i g h l i g h t e d  by t h e  f a c t  t h a t  yA i nvo lve s  t h e  s e l f - a p p l i c a t i o n  of 

y  i n  yy. For suppose we d e f i n e  u by 

u = \y. i f  y y  = a then b e l s e  a 

where a and b a r e  d i s t i n c t  e lements  o f  S. Then an a t t empt  t o  e v a l u a t e  

uu by 0 -  convers. ion g i v e s  

uu = i f  uu = a then b e l s e  a 

which i s  a  c o n t r a d i c t i o n .  Yet if we assume t h e  e x i s t e n c e  o f  S wi th  

t h e  p r o p e r t y  t h a t  a E S imp l i e s  a : S -+ S ,  t h en  t h e r e  seems t o  be  

no good r ea son  f o r  p r o h i b i t i n g  t h e  fo rmat ion  of u .  

The same problem can be viewed from t h e  s t a n d p o i n t  o f  t h e  

c a r d i n a l i t y  of  S. I f  S i s  any domain c o n t a i n i n g  more t han  one 
s e lement ,  t hen  t h e  f u n c t i o n  space  S compris ing a n  f u n c t i o n s  

f : S + S h a s  a  h ighe r  c a r d i n a l i t y  t han  S ;  t h u s  i t  i s n o t  p o s s i b l e  



s for our space S to be identified with the whole function space S . 
T.he statement of the problem in terms of cardinality suggests 

a strategy for its solution. The great majority of functions in 
Ã 

the space s are not merely non-computable, they are completely 

irrelevant for any but the most abstract considerations. Thus we 

must fix our attention on a subspace of sS having the same cardinality 
as S, but containing only 'interesting' functions. Needless to say, 

this is a great oversimplification of a line of development which 

will occupy us from now on. 
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