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Mimimum-state DFA
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¥ For any language L, there is a unique 
mimimum-state DFA that recognizes L

! unique means Òunique up to an isomorphismÓ, 
that is, a renaming of the states.

¥ Any DFA can be transformed into a 
minimum-state DFA



Equivalent States

¥ Two states p and q in a DFA 
m={Q, A, q0, !, F} are equivalent if, 
for all w ∈ A*, 
! *(p, w) is a Þnal state exactly when
! *(q, w) is a Þnal state, i.e.,

∀ w ∈ A*, (! *(p, w) " F) ≡ (! *(q, w) " F)

¥ Is this an equivalence relation?
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How to Calculate State Equivalence

¥ Example:   

! 3 and 4 are not 
equivalent (why)?

! First guess:

¥ This works for strings w of length 0
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¥ Take states 1 and 2

¥ for all single-character 
inputs, do we end up in
equivalent states?

¥ !(1, a) = 2;  !(2, a) = 2
!(1, b) = 5;  !(2, b) = 3.   5 # 3 in E0 

¥ So the pair Ü1, 2Ý stays in the same equivalence 
class in the next guess, E1
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¥ What about states
3 and 4 ?

¥ for all single-character 
inputs, do we end up in
equivalent states?

¥ !(3, a) = 3;  !(4, a) = 4
!(3, b) = 4;  !(2, b) = 4.   3 ≢ 4 in E0 

¥ So the pair Ü3, 4Ý are not in the same equivalence 
class in the next guess, E1
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¥ What about states
1 and 5 ?

¥ for all single-character 
inputs, do we end up in
equivalent states?

¥ !(1, a) = 2;  !(5, a) = 6
!(1, b) = 5;  !(5, b) = 5.   2 ≢ 6 in E1 

¥ So the pair Ü1, 5Ý are not in the same equivalence 
class in the next guess, E2

765

1

2

5 6

3
a

b

b

b b

b

7

4

a, b

a, b

1, 2, 5 4, 7E1:



¥ Then we repeat to get the next guess E2

¥ The equivalence relation En represents 
states that act in the same way after 
reading input strings of length n

¥ Remember, a relation is nothing more 
than a set of pairs.

¥ So we build
E0 ⊇ E1 ⊇ E2 ⊇ É

¥ When do we stop?
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Constructing a Minimal DFA
Hein Construction 11.10

48 Regular Languages and Finite Automata 

 

E0 = {{0, 1}, {0, 2}, {1, 2}}. 

To construct  E1 from E0, we throw away {0, 1} because  

{T(0, a), T(1, a)} = {1, 3}, 

which is not in E0. We must also throw away {0, 2} because 

{T(0, a), T(2, a)} = {1, 3}, 

which is not in E0. This leaves us wi th the set  

E1 = {{1, 2}}. 

We canÕt throw away any pairs from E1. Therefore E2 = E1, which says that  the 
desired set  of equivalent  pairs i s E1 = {{1, 2}}. Notice that  {1, 2} i s a st ate in 
the minimum-state DFA shown in Figure 11.8. 
 Now weÕre ready to present the actual  algor ithm to t ransform a DFA into 
a minimum-state DFA. 

Algori thm to Construct a Minimum-State DFA  (11.10) 

Given: A DFA wi th set  of states S and t ransi t ion table T. Assume 
that  al l  states that  cannot be reached from the star t  state 
have already been thrown away.  

Output : A minimum-state DFA recognizing the same regular  lan-
guage as the input DFA. 

1. Construct  the equivalent  pairs of states by calculat ing the descending 
sequence of set s of pair s E0 !  E1 !  ... defined as follows: 

 E0 = {{s, t} |  s and t are dist inct  and either both states are final  or  
      both states are nonfinal}. 

 Ei+1 = {{s, t} |  {s, t} "  Ei  and for every a "  A either T(s, a) = T(t, a) or  
        or {T(s, a), T(t, a)} "  Ei  }. 

 The computat ion stops when Ek = Ek+1 for some index k. Ek i s the de-
sired set  of equivalent  pairs. 

2. Use the equivalence relat ion generated by the pairs in Ek to par t i t ion 
S into a set  of equivalence classes. These equivalence classes are the 
states of the new DFA.  

3. The start state is the equivalence class containing the star t  state of 
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  11.3   Constructing Efficient Finite Automata 49 

 

the input  DFA.  

4. A final  state is any equivalence class containing a final  state of the 
input DFA.  

5. The t ransi t ion table Tmin for  the minimum-state DFA is defined as 
follows, where [s] denotes the equivalence class containing s and a is 
any letter: Tmin([s], a) = [T(s, a)]. 

 

EXAM PL E 3 A M ini mum-St at e DFA Const r uct i on 
 
 WeÕll  compute the minimum-state DFA for the following DFA.  

 

 The set  of states is S = {0, 1, 2, 3, 4}. For  St ep 1 weÕll  st ar t  by calculat ing E0 
as the set  of pairs {s, t}, where s and t are both final or both nonfinal : 

E0 = {{0, 1}, {0, 2}, {0, 3}, {1, 2}, {1, 3}, {2, 3}}. 

 To calculate E1 we throw away {0, 3} because {T(0, b), T(3, b)} = {1, 4}, which 
is not in E0. We also throw away {1, 3} and {2, 3}. That leaves us with  

E1 = {{0, 1}, {0, 2}, {1, 2}}. 

 To calculate E2 we throw away {0, 2} because {T(0, a), T(2, a)} = {2, 3}, which 
is not in E1. That leaves us with 

E2 = {{1, 2}}. 

 To calculate E3 we donÕt throw anything away from E2. So we stop wi th 

E3 = E2 = {{1, 2}}. 
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Importance of Loops

¥ How can you write a small (10kB) 
program that runs for a long time (100 s) 
on a fast (1 GHz) computer?

¥ How can you write a small (10 state) 
FSM that accepts a long (1000 B) string?
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Importance of loops

Consider this DFA. The input 
string 01011  is accepted 
after an execution that goes 
through the state sequence 
s $  p $  q $  p $  q $  r. 
This path contains a loop 
(corresponding to the 
substring 01) that starts and 
ends at p. There are two 
simple ways of modifying this 
path without changing its 
beginning and ending states: 

s p

q

r

1

1

1

1
0

0

0



14

 

(1) delete the loop from the 
path; 

(2) instead of going around 
the loop once, do it 
several times. 

As a consequence, we see 
that all strings of the form 
0(10) i11 (where i % 0) are 
accepted.
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Long paths must contain a loop

¥ Suppose a DFA has n states.

! It accepts a string of length " n

! In so doing, it visits at least n+1  states

! Therefore it must visit some state twice. 

¥ Thus, every path of length n or longer 
must contain a loop.



Loops make ÒpumpsÓ

¥ Suppose L is a regular language, and w=xuy  is  a 
string in L, where u is non-empty. 

¥ We say that u is a pump in w if all strings xu iy (i " 
0) belong to L. 

! So, xy , xuy , xuuy , xuuuy , É are all in L

16
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The Pumping Lemma

¥ Let L be a regular language. Then there exists a 
number n such that for all strings w in L of length at 
least n, there exists a preÞx of w whose length is 
less than n that contains a ÒpumpÓ. 

Formally : If w ∈ L and ⎮w⎮"  n then w = xyz such
    that: 

1. y # $

2. ⎮xy⎮ % n     (xy is the preÞx)

3. xyiz ∈ L&&&&&&&(i " 0)

¥ n is called the pumping constant of L
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Proof Idea

Thm: ∃n, w ∈ L, |w| "  n, w = xyz such that: (1) y # $   (2)  |xy|% n  (3) xyiz ∈ L

¥ Let M be a DFA that recognizes L

¥ Choose n to be the number of states in M

¥ Choose any w ∈ L such that ⎮w⎮ " n

! What if there is none?

¥ What happens when M accepts w?



¥ What happens when M accepts w?

! it starts in the start state q0

! it moves through a series of ⎮w⎮ other states, 

! ending in a Þnal state, say q16

¥ Since ⎮w⎮ " n, this path must contain a 
loop
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¥ Label the pieces of w as in the diagram

¥ Then xyyz, xz, xyyyz etc are all in L

! |y| " 0 or else there is no loop

! |xy| % n, or else we could have found a loop 
sooner

20
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Proof
¥ Choose m to be the number of states in a DFA accepting L. 

Let |w| " m. Consider the path from the start state s to the (accepting) 
state qF = '*(s,w).  Following the Þrst m arcs, we visit 
m+1 states, so some state ql must be visited at least twice.  

¥ Let(s call the Þrst two visits to ql the ith and jth states on the path.

¥ Let x be the string read in traversing states q0 to qi,

let y be the string read in traversing states qi to qj, and
let z be the string read in traversing states qj to qF,

¥ Clearly, w = xyz:

1. Since every loop has at least one arc, we know |y| > 0, thus y # $ 

2. |xy|% n because we chose i and j so that no state is visited twice in q0Éq iÉ
qj-1

3. xyiz ∈ L it will be accepted by the same DFA passing through the state 
sequence q0Éq iÉq j-1 qiÉq j-1 qiÉq F

21
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Proving non-regularity
To prove that a given language L is not regular, we use the 
Pumping Lemma as follows. 

¥ Assume L is regular (we are arguing by contradiction). 
Let n be the pumping constant of L.

¥ Making no other assumptions about n, we need to 
produce a string w " L of length % n that does not 
contain a pump in its n-preÞx. This w is going to depend 
on n; we need a way to get a w for any value of n. 

¥ There are many substrings in the n-preÞx of our w: we 
must demonstrate that none of them is a pump. 
Typically, we do this by writing w=xuy, where we 
assume that u &'   and |xu| (  n.   Then we must show 
that for some concrete i (" 0), xu iy ∉ L.
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It(s a game!

¥ Notice the game-like structure of the proof. 
Somebody (our opponent) gives us n. Then we 
give w of length % n. Then our opponent gives us 
a non-empty substring u of the n-preÞx of w (and 
with it the factorization w =xuy of w). Finally, we 
choose i such that xuiy)  L.

¥ Our Þrst move requires skill and ingenuity: we 
must Þnd w so that we can successfully respond 
to whatever our opponent plays next.
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Example 1

We show that L = {0k1k ⎮ k=0,1,2, É} is not regular. 

¥ Assume L is regular, and that the Pumping Constant of 
L is n.  Take w=0n1n.  Then there must be a pump in 
the n-preÞx of w, which is 0n. 

¥ Let u be such a pump, contained in 0n, so 0n = xu for 
some x, and xuu1n must also be in L. But since |u| > 0, 
and |xu| = n then |xuu| = m > n. So 0m1n (m>n) is in L, 
which is a contradiction.

¥ Thus, our assumption that 0K1K is regular must be 
false.



Example 2

Show that 
    L = {w " {0,1}* ⎮ w contains an equal number of 0s and 1s} 
is not regular.

¥ Assume L is regular, and that the Pumping Constant 
of L is n.  Take w=&&&&&&&&.  Then there must be a 
pump in the n-preÞx of w, which is && . 
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Example 3

Show that L = { uu | u" {a,b}* } is not regular. 

¥ Let n be the pumping constant. Then we choose 
w=anbanb which clearly has length greater than n.

¥ The initial string an must contain the pump, u. So 
w = xuybanb, and xuyb = anb. But pumping u 0 
times it must be the case that xybanb is in L too. But 
since u is not ' , we see that xyb &anb, since it must 
have fewer a(s. Which leads to a contradiction. Thus 
our original assumption that L was regular must be 
false.

¥ Question. If in response to the given n we play 
w=anan, the opponent has a chance to win. How?
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Example 4
The language  
        L = { w " {a,b,c}* ⎮the length of w is a perfect square}

is not regular.

¥ In response to n, we play any string w of length n2 (which 
clearly has length greater than n). The opponent picks a 
pump u such that w = xuy; 
let k=⎮u⎮. We have 
        |xuiy| = |xuy| + (i-1)|u| = n2 + (i-1)k. 

¥ If we can Þnd i such that n2+(i-1)k is not a perfect square, 
then we are led to a contradiction. A good choice is 
i=kn2+1. In that case 

      n2+(i-1)k =
      n2+(kn2+1 Ð1)k =
      n2+k2n2 = 



Properties of Regular Languages
Hein Chart 11.14

1. The union of two regular languages is regular

2. The language product of two regular languages is regular

3. The catenation-closure (*) of a regular language is regular

4. The complement of a regular language is regular

5. The intersection of two regular languages is regular

Which of these properties do we
have to prove?
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Proof of Closure under Complement

1. Start with an FSM that accepts L (over L(s alphabet A) 

2. Modify it to accept L over the (possibly larger) alphabet of 
the complement

¥ Add extra transitions for all the symbols that lead to an 
error state.

3. Modify the machine to accept when it used to reject, and to 
reject when it use to accept.

¥ That is, change all the Þnal states into non-Þnal states, and 
all the non-Þnal states into Þnal states.

4. The new machine accepts the complement of L.
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Proof of Closure under Intersection
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L ! M = L " M



Example 5

Show that L = { w ∈ {a, b} ⎮w has an equal 
number of a(s and b(s} is not regular

¥ Let M = a*b*, a regular language

¥ Then L ∩ M = { anbn ⎮ n " 0}

¥ If L is regular, then L ∩ M is regular.  But it(s 
not, hence a contradiction.
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FSA that do output

¥ So far, all of our FSA have had just one bit of 
output: accept or reject

¥ Mealy machines associate an output symbol 
with each transition

¥ Moore machines associate an output symbol 
with each state

¥ They have equivalent power
32
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