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Chomsky hierarchy
In 1957, Noam Chomsky published Syntactic 
Structures, an landmark book that defined the so-
called Chomsky hierarchy of languages
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original name language generated productions:

Type-3 Grammars Regular

Type-2 Grammars Contex-free

Type-1 Grammars Context-sensitive

Type-0 Grammars Recursively-enumerable no restriction

∩

∩

∩

A! !

!A" ! !#"

A, B: variables, a, b terminals, !," sequences of terminals and variables

A! ! and A! !B



Regular languages

• Closed under ∪∩∗·and ⎯

• Recognizable by finite-state automata

• Denoted by Regular Expressions

• Generated by Regular Grammars

3



Context-free Grammars

4



Context-free Grammars

• More general productions than regular 
grammars

S → w   where w is any string of terminals
     and non-terminals
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S → ε | aSb



Context-free languages more 
general than regular languages
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Context-free languages more 
general than regular languages

• {anbn | n ≥ 0} is not regular
‣ but it is context-free

• Why are they called “context-free”?
‣ Context-sensitive grammars allow more than one 

symbol on the lhs of productions
° xAy → x(S)y  can only be applied to the non-terminal A 

when it is in the context of x and y
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Context-free grammars are widely 
used for programming languages

• From the definition of Algol-60:
 procedure_identifier::= identifier.
 actual_parameter::= string_literal | expression | array_identifier | switch_identifier | procedure_identifier.
 letter_string::= letter | letter_string letter.
 parameter_delimiter::= "," | ")" letter_string ":" "(".
 actual_parameter_list::= actual_parameter | actual_parameter_list parameter_delimiter actual_parameter.
 actual_parameter_part::= empty | "(" actual_parameter_list} ")".
 function_designator::= procedure_identifier actual_parameter_part.

• We say: “most programming languages are 
context-free”
‣ This isnʼt strictly true

‣ … but we pretend that it is!
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Example

 adding_operator::= "+" | "−" .
multiplying_operator::= "×" | "/" | "÷" .
 primary::= unsigned_number | variable | function_designator | "(" arithmetic_expression ")".
 factor::= primary | factor | factor power primary.
 term::= factor | term multiplying_operator factor.
 simple_arithmetic_expression::= term | adding_operator term |

simple_arithmetic_expression adding_operator term.
 if_clause::= if Boolean_expression then.
 arithmetic_expression::= simple_arithmetic_expression |

if_clause simple_arithmetic_expression else arithmetic_expression.

if  a <  0  then  U+V  else   if  a *  b <  17  then  U/V  else   if  k <>  y  then  V/U  else  0
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Example derivation in a Grammar

• Grammar:  start symbol is A
A → aAa
A → B
B → bB
B → ε

• Sample Derivation:
A ⇒ aAa ⇒ aaAaa ⇒ aaaAaaa ⇒ aaaBaaa 
⇒ aaabBaaa ⇒ aaabbBaaa ⇒ aaabbaaa

• Language?
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Derivations in Tree Form



 Arithmetic expressions in a programming 
language

• Derive: a + a × a
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102 CHAPTER 2 / CONTEXT-FREE LANGUAGES 

(SENTENCE) =Ã (NOUN-PHRASE) (VERB-PHRASE) 
=Ã (CMPLX-NOUN) (VERB-PHRASE) 

(ARTICLE) (NOUN) (VERB-PHRASE) 
a (NOUN) (VERB-PHRASE) 

* a boy (VERB-PHRASE) 
+ a boy (cMPLX-VERB) 
a boy (VERB) 
+ a boy sees 

FORMAL DEFINITION OF A CONTEXT-FREE GRAMMAR 

Let's formalize our notion of a context-free grammar (CFG). 

DEFINITION 2.2 

A context-free grammar is a 4-tuple (V, S, R, S) ,  where 

1. V is a finite set called the variables, 
2. S is a finite set, disjoint from V, called the terminals, 
3. R is a finite set of rules, with each rule being a variable and a 

string of variables and terminals, and 
4. S E V is the start variable. 

If u, v, and w are strings of variables and terminals, and A + w is a rule of the 
grammar, we say that uAv yields uwv, written uAv Â¥=> uwv. Say that u derives v, 
written u => v, if u = v or if a sequence ul,  119, ..., uk exists for k > 0 and 

The  language of the grammar is {w E S* 1 S & w}. 
In grammar Gi. V = {A, B}, S = {O, 1, #}, S = A, and R is the collection 

of the three rules appearing on page 100. In grammar G2, 

and Â = {a, b, c, . . . ,  2, " "}. The  symbol â! is the blank symbol, placed invisibly 
after each word (a, boy, etc.), so the words won't run together. 

Often we specify a grammar by writing down only its rules. We can identify 
the variables as the symbols that appear on the left-hand side of the rules and 
the terminals as the remaining symbols. By convention, the start variable is the 
variable on the left-hand side of the first rule. 

EXAMPLES OF CONTEXT-FREE GRAMMARS 

EXAMPLE 2.3 .............................................................................................................................. 
Consider grammar G3 = ({S}, {a, b}, R, S) .  The  set of rules, R, is 

6' -  ̂a s b  186'1 &. 

This grammar generates strings such as abab, aaabbb, and aababb. You can 
see more easily what this language is if you think of a as a left parenthesis " (" 
and b as a right parenthesis ")". =ewed in this way, L(G3) is the language of all 
strings of properly nested parentheses. 

EXAMPLE 2.4 .............................................................................................................................. 

Consider grammar G4 = (V, S ,  R,  (EXPR)). 
V is {(EXPR), (TERM), (FACTOR)} and E is {a, +, x,  (, I}. The  rules are 

(EXPR) + (EXPR)+(TERM) 1 (TERM) 
(TERM) + (TERM) x (FACTOR) 1 (FACTOR) 

(FACTOR) + ( (EXPR) ) 1 a 

T h e  two strings a+axa and (a+a) xa can be generated with grammar G4. 
The  parse trees are shown in the following figure. 

FIGURE 2.5 

Parse trees for the strings a+axa and (a+a) xa 

A compiler translates code written in a programming language into another 
form, usually one more suitable for execution. To do so the compiler extracts 
the meaning of the code to be compiled in a process called parsing. One rep- 
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A compiler translates code written in a programming language into another 
form, usually one more suitable for execution. To do so the compiler extracts 
the meaning of the code to be compiled in a process called parsing. One rep- 

Notice how the grammar gives the meaning  a + (a×a)



Grammars in real computing

• CFGʼs are universally used to describe the 
syntax of programming languages
• Perfectly suited to describing recursive syntax of 

expressions and statements 

• Tools like compilers must parse programs; parsers 
can be generated automatically from CFGʼs

• Real languages usually have a few non-CF bits

• CFGʼs are also used in XML DTDʼs
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Formal definition of CFG
• A Context-free grammar is a 4-tuple     

(V, Σ, R, S) where
1. V is a finite set called the variables (non-

terminals)
2. Σ is a finite set (disjoint from V) called the 

terminals,
3. R is a finite set of rules, where each rule maps 

a variable to a string s ∈ (V ∪ Σ)*

4. S ∈ V is the start symbol

13



Definition of Derivation
• Let u, v and w be strings in (V ∪ Σ)*, and let 

A →w be a rule in R, 
• then uAv ⇒ uwv  (read: uAv yields uwv)

• We say that u ⇒ v (read: u derives v) if 
u = v or there is a sequence u1, u2, … uk, 
k ≥ 0, s.t. u ⇒ u1 ⇒ u2 ⇒ … ⇒ uk ⇒ v

• The language of the grammar is
 {w ∈ Σ* | S ⇒ w }

14
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Derivations ⇔ Parse Trees
• Each derivation can be viewed as a 

parse tree with variables at the internal 
nodes and terminals at the leaves
• Start symbol is at the root

• Each yield step uAv ⇒ uwv where w=w1w2...wn 

corresponds to a node labeled A with children 
w1,w2,...,wn.

• The final result in Σ* can be seen by reading 
the leaves left-to-right
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Simple CFG examples

• Find grammars for:
• L = {w ∈ {a,b}* | w begins and ends with the 

same symbol}

• L = {w ∈ {a,b}* | w contains an odd number of 
aʼs} 

• L [(ε + 1)(01)*(ε + 0)] 

• Draw example derivations 
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All regular languages have 
context free grammars 

• Proof:
• Regular language is accepted by an NFA.

• We can generate a regular grammar from the 
NFA (Lecture 6, Hein Alg. 11.11)

• Any regular grammar is also a CFG.  (Immediate 
from the definition of the grammars). 

17



Example
• S→aQ1       S→bR1  

• Q1 →aQ1    Q1 →bQ2     

• Q2 →aQ1      Q2 →bQ2

• R1 →aR2    R1 →bR1

• R2 →aR2    R2 →bR1

• Q1 →ε        R1 →ε
• Resulting grammar may be quite 

different from one we designed by hand.
18



Some CFGʼs generate 
non-regular languages

• Find grammars for the following 
languages
• L = {anbman | a,b ≥ 0} 

• L = {w ∈ {a,b}* | w contains equal numbers of 
aʼs and bʼs}

• L = {wwR | w ∈ {a,b}*}

• Draw example derivations
19



Ambiguity
• A grammar in which the same string can 

be given more than one parse tree is 
ambiguous. 

• Example: another grammar for 
arithmetic expressions

‹EXPR› →  ‹EXPR› + ‹EXPR› | 
    ‹EXPR› × ‹EXPR› | 
    ( ‹EXPR› ) 
    | a

• Derive: a + a × a
20



• This grammar is ambiguous: there are 
two different parse trees for a + a × a

• Ambiguity is a bad thing if weʼre 
interested in the structure of the parse
• Ambiguity doesnʼt matter if weʼre interested 

only in defining a language.
21

FIGURE 2.6 

The two parse trees for the string a+axa in grammar G5 

This grammar doesn't capture the usual precedence relations and so may 

group the + before the x or vice versa. In contrast grammar Ga, generates 
exactly the same language, but every generated string has a unique parse tree. 
Hence G4 is unambiguous, whereas G5 is ambiguous. 

Grammar Gy {page 101) is another example of an ambiguous grammar. The 
sentence the  g i r l  touches the  boy with the  flower has two different 
derivations. In Exercise 2.8 you are asked to give the two parse trees and observe 

their correspondence with the two different ways to read that sentence. 

Now we formalize the notion of ambiguity. When we say that a grammar 
generates a string ambiguously, we mean that the string has two different parse 
trees, not two different derivations. Two derivations may differ merely in the 

order in which they replace variables yet not in their overall structure. To con- 
centrate on structure we define a type of derivation that replaces variables in a 
fixed order. A derivation of a string w in a grammar G is a leftmost denvutlon if 
at every step the leftmost remaining variable is the one replaced. The derivation 
preceding Definition 2.2 (page 102) is a leftmost derivation. 

A string w is derived amb@ously in context-free grammar G if 
it has two or more different leftmost derivations. Grammar G is 
ambiguous if it generates some string ambiguously. 

Sometimes when we have an ambiguous grammar we can find an unambigu- 

ous grammar that generates the same language. Some context-free languages, 
however, can be generated only by ambiguous grammars. Such languages are 
called inherently d i p u s .  Problem 2.29 asks you to prove that the language 

{aa^b-'ck i = j or J = k} is inherently ambiguous. 

CHOMSKY NORMAL FORM 

When working with context-free grammars, it is often convenient to have them 
in simplified form. One of the simplest and most useful forms is called the 

Chomsky normal form. Chomsky normal form is useful in giving algorithms 

for working with context-free grammars, as we do in Chapters 4 and 7, 

A context-free grammar is in Chwinsky normal form if every rule is 

of the form 

A + B C  

A + a  

where a is any terminal and A, B, and C are any variables-except 
that B and C may not be the start variable. In addition we permit 
the rule S -+ e, where S is the start variable. 

Any context-free language is generated by a context-free grammar in Chomsky 

normal form. 

PROOF IDEA We can convert any grammar G into Chomsky normal form. 
The conversion has several stages wherein roles that violate the conditions are 

replaced with equivalent ones that are satisfactory. First, we add a new start 

variable. Then, we eliminate all e rules of the form A -+ e. We also eliminate 
all unit rules of the form A Ã‘ B. In both cases we patch up the grammar to be 

sure that it still generates the same language. Finally, we convert the remaining 
rules into the proper form. 

PROOF First, we add a new start variable So and the rule So Ã‘ S,  where 

S was the original start variable. This change guarantees that the start variable 
doesn't occur on the right-hand side of a rule. 

Second, we take care of all e rules. We remove an e-rule A -+ e, where A 

is not the start variable. Then for each occurrence of an A on the right-hand 
side of a rule, we add a new rule with that occurrence deleted. In other words, 
if R 4 uAv is a rule in which u and v are strings of variables and terminals, we 

add rule R 4 uv. We do so for each uccllr~ence of an A, so the rule R 4 uAvAw 
causes us to add R 4 uvAw, R -+ uAvw, and R 4 uviu. If we have the rule 

R -+ A, we add R -+ e unless we had previously removed the rule R Ã‘ e. We 

repeat these steps until we eliminate all e rules not involving the start variable. 
Third, we handle all unit rules. We remove a unit rule A B. Then, 

whenever a rule B u appears, we add the rule A Ã‘ u unless this was a unit 

rule previously removed. As before, u is a string of variables and terminals. We 
repeat these steps until we eliminate all unit rules. 

Finally, we convert all remaining rules into the proper form. We replace each 
rule A -+ 2 ~ 1 ~ 2  . . uk, where k > 3 and each is a variable or terminal symbol, 



Leftmost Derivations
• In general, in any step of a derivation, there 

might be several variables that can be reduced 
by rules of the grammar.  

• In a leftmost derivation, we choose to always 
reduce the leftmost variable.
• Example: given grammar S → aSb | SS | ε

• A left-most derivation:  

S ⇒ aSb ⇒ aSSb ⇒ aaSbSb ⇒ aabSb ⇒ aabb

• A non-left-most derivation:  

S ⇒ aSb ⇒ aSSb ⇒ aSb ⇒ aaSbb ⇒ aabb
22



Ambiguity via 
left-most derivations

• Every parse tree corresponds to a 
unique left-most derivation

• So if a grammar has more than one left-
most derivation for some string, the 
grammar is ambiguous
• Note: merely having two derivations (not 

necessarily left-most) for one string is not 
enough to show ambiguity

23



Ambiguity

E ⇒ E ⨉ E ⇒ E + E ⨉ E 

⇒ a + E ⨉ E ⇒ a + a ⨉ E 

⇒  a + a ⨉ a

E ⇒ E + E ⇒ a + E ⇒        

a + E ⨉ E ⇒ a + a ⨉ E ⇒   

a + a ⨉ a

24

FIGURE 2.6 

The two parse trees for the string a+axa in grammar G5 

This grammar doesn't capture the usual precedence relations and so may 

group the + before the x or vice versa. In contrast grammar Ga, generates 
exactly the same language, but every generated string has a unique parse tree. 
Hence G4 is unambiguous, whereas G5 is ambiguous. 

Grammar Gy {page 101) is another example of an ambiguous grammar. The 
sentence the  g i r l  touches the  boy with the  flower has two different 
derivations. In Exercise 2.8 you are asked to give the two parse trees and observe 

their correspondence with the two different ways to read that sentence. 

Now we formalize the notion of ambiguity. When we say that a grammar 
generates a string ambiguously, we mean that the string has two different parse 
trees, not two different derivations. Two derivations may differ merely in the 

order in which they replace variables yet not in their overall structure. To con- 
centrate on structure we define a type of derivation that replaces variables in a 
fixed order. A derivation of a string w in a grammar G is a leftmost denvutlon if 
at every step the leftmost remaining variable is the one replaced. The derivation 
preceding Definition 2.2 (page 102) is a leftmost derivation. 

A string w is derived amb@ously in context-free grammar G if 
it has two or more different leftmost derivations. Grammar G is 
ambiguous if it generates some string ambiguously. 

Sometimes when we have an ambiguous grammar we can find an unambigu- 

ous grammar that generates the same language. Some context-free languages, 
however, can be generated only by ambiguous grammars. Such languages are 
called inherently d i p u s .  Problem 2.29 asks you to prove that the language 

{aa^b-'ck i = j or J = k} is inherently ambiguous. 

CHOMSKY NORMAL FORM 

When working with context-free grammars, it is often convenient to have them 
in simplified form. One of the simplest and most useful forms is called the 

Chomsky normal form. Chomsky normal form is useful in giving algorithms 

for working with context-free grammars, as we do in Chapters 4 and 7, 

A context-free grammar is in Chwinsky normal form if every rule is 

of the form 

A + B C  

A + a  

where a is any terminal and A, B, and C are any variables-except 
that B and C may not be the start variable. In addition we permit 
the rule S -+ e, where S is the start variable. 

Any context-free language is generated by a context-free grammar in Chomsky 

normal form. 

PROOF IDEA We can convert any grammar G into Chomsky normal form. 
The conversion has several stages wherein roles that violate the conditions are 

replaced with equivalent ones that are satisfactory. First, we add a new start 

variable. Then, we eliminate all e rules of the form A -+ e. We also eliminate 
all unit rules of the form A Ã‘ B. In both cases we patch up the grammar to be 

sure that it still generates the same language. Finally, we convert the remaining 
rules into the proper form. 

PROOF First, we add a new start variable So and the rule So Ã‘ S,  where 

S was the original start variable. This change guarantees that the start variable 
doesn't occur on the right-hand side of a rule. 

Second, we take care of all e rules. We remove an e-rule A -+ e, where A 

is not the start variable. Then for each occurrence of an A on the right-hand 
side of a rule, we add a new rule with that occurrence deleted. In other words, 
if R 4 uAv is a rule in which u and v are strings of variables and terminals, we 

add rule R 4 uv. We do so for each uccllr~ence of an A, so the rule R 4 uAvAw 
causes us to add R 4 uvAw, R -+ uAvw, and R 4 uviu. If we have the rule 

R -+ A, we add R -+ e unless we had previously removed the rule R Ã‘ e. We 

repeat these steps until we eliminate all e rules not involving the start variable. 
Third, we handle all unit rules. We remove a unit rule A B. Then, 

whenever a rule B u appears, we add the rule A Ã‘ u unless this was a unit 

rule previously removed. As before, u is a string of variables and terminals. We 
repeat these steps until we eliminate all unit rules. 

Finally, we convert all remaining rules into the proper form. We replace each 
rule A -+ 2 ~ 1 ~ 2  . . uk, where k > 3 and each is a variable or terminal symbol, 



Context-free languages

• Closed under ∪, ∗ and ·, and under
∩ with a regular language
‣ How do we prove these properties?

• Not closed under intersection, 
complement or difference

• Recognizable by pushdown automata
‣ A pushdown automaton is a generalization of a 

finite-state automaton

25



Pushdown Automata
• Why canʼt a FSA 

recognize anbn?

‣ “storage” is finite

• How can we fix the 
problem?

‣ add unbounded storage

• Whatʼs the simplest kind 
of unbounded storage

‣ a pushdown stack

26
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input
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History

• PDAs independently invented by 
Oettinger [1961] and Schutzenberger 
[1963]

• Equivalence between PDAs and CFG 
known to Chomsky in 1961; first published 
by Evey [1963]. 

27



Executing a PDA
• The behavior of a PDA at any point depends on 

⟨state,stack,unread input⟩

• PDA begins in start state with stated symbol on the 
stack

• On each step it optionally reads an input character, 
pops a stack symbol, and non-deterministically 
chooses a new state and optionally pushes one or 
more stack symbols

• PDA accepts if it is in a final state and there is no 
more input.

28



Example PDA
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1 12 CHAPTER 2 / CONTEXT-FREE LANGUAGES 

A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 
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A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 

Stack

Begin in initial state
with empty stack
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A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 

Stack
$
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A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 

Stack
$
0
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A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 

Stack
$
0
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A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 
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A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 

Stack
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A pushdown automaton A4 = (Q, S ,  r, S ,  qo, F )  computes as follows. It ac- 
cepts input w if w can be written as w = wm2 - + wm, where each w, E Sg and 
sequences of states ro, 7-1,. . . , rm E Q and strings SO, 3 1 , .  . . , srn E I'* exist that 
satisfy the following three conditions. The strings si represent the sequence of 
stack contents that M has on the accepting branch of the computation. 

1. TQ = qo and SQ = e. This condition signifies that M starts out properly, in 
the start state and with an empty stack. 

2. For 2 = 0,. . . , m - 1, we have (r,-+i, 6) E S ( r % :  w i + ~ ,  a) ,  where si = at 

and S ~ + I  = bt for some a, b E re and t E r*. This condition states that M 
moves properly according to the state, stack, and next input symbol. 

3. rm E F. This condition states that an accept state occurs at the input end. 

EXAMPLES OF PUSHDOWN AUTOMATA 

The following is the formal description of the PDA (page 110) that recognizes 
the language {O"in n > 01. Let Mi be (Q, S ,  r, 6, q-i , F ) ,  where 

Q = {qi,qz,q3,qi}, 

S = {0,11, 

r = {o, $1, 

f = {91!^4}, and 

6 is given by the following table, wherein blank entries signify @. 

We can also use a state diagram to describe a PDA, as shown in the Fig- 
ures 2.15, 2.17, and 2.19. Such diagrams are similar to the state diagrams used 
to describe finite automata, modified to show how the PDA uses its stack when 
going from state to state. We write "a,b -+ cY7 to signify that when the machine 
is reading an a from the input it may replace the symbol b on the top of the stack 
with a c. Any of a, b, and c may be e. If a is e, the machine may make this 
transition without reading any symbol from the input. If h is e, the machine may 
make this transition without reading and popping any symbol from the stack. If 
c is e, the machine does not write any symbol on the stack when going along this 
transition. 

FIGURE 2.15 
State diagram for the PDA Ati that recognizes {on 1" n > 01 

The formal definition of a PDA contains no explicit mechanism to allow the 
PDA to test for an empty stack. This PDA is able to get the same effect by initially 
placing a special symbol $ on the stack. Then if it ever sees the $ again, it knows 
that the stack effectively is empty. Subsequently, when we refer to testing for an 
empty stack in an informal description of a PDA, we implement the procedure in 
the same way. 

Similarly, PDAs cannot test explicitly for having reached the end of the input 
string. This PDA is able to achieve that effect because the accept state takes effect 
onlywhen the machine is at the end of the input. Thus from now on, we assume 
that PDAs can test for the end of the input, and we know that we can implement 
it in the same manner. 

This example illustrates a pushdown automaton that recognizes the language 

Informally the PDA for this language works by first reading and pushing 
the a's. When the a's are done the machine has all of them on the stack so 
that it can match them with either the b's or the c's. This maneuver is a bit tricky 
because the machine doesn't know in advance whether to match the a's with the 
b's or the c's. Nondeterniinism comes in handy here. 

Using its nondeterminism, the PDA can guess whether to match the a's with 
the b's or with the c's, as shown in the following figure. Think of the machine 
as having two branches of its nondeteminism, one for each possible guess. If 
either of them match, that branch accepts and the entire machine accepts. In 
fact we could show, though we do not do so, that nondeterminism is essential for 
recognizing this language with a PDA. 

Stack
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PDAʼs can keep count!
• This PDA can recognize {0n1n | n ≥ 0} by
‣ First, pushing a symbol on the stack for each 0

‣ Then, popping a symbol off the stack for each 1

‣ Accepting iff the stack is empty when the end of input 
is reached (and not before) 

• The size of the stack is unbounded.
‣ That is, no matter how big the stack grows, it is 

always possible to push another symbol on it.

‣ So PDAʼs can use the stack to count arbitrarily high
37



Pushdown Automata (PDA)
• A pushdown automaton     is defined as a 

7-tuple:                                     , where:
‣ Q  is a set of states,             is the start state

‣ Σ is the input alphabet,

‣    is the stack alphabet,            is the initial stack symbol

‣                                                   is the transition function

‣             is a set of final states, and

‣                      , the set X augmented with

38

M

Q

!

q0 ! Q

F ! Q

!X! = X ! {!}

Z0 ! !

M = (Q,!,", !, q0, Z0, F )

! : (Q! !! ! "!)" P{Q! "!}



Executing a PDA

• The configuration (or PDA + Hopcroftʼs 
instantaneous description, ID) of a PDA 
consists of

1. The PDA,
2. The current state of the PDA,
3. the remaining input, and
4. The contents of its stack.
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• We defined 
‣ The transitions                are applicable iff 

°     is the current state,

°             , or the next character on the input tape is    , and

°             , or the top of the stack is

‣ If you select a transition             , then 
° The new state is       

° if              ,      is popped off of the stack, and

° the (possibly empty) sequence of symbols     is pushed 
onto the stack

Transitions

40

!(q, a, ")
q

a

q!

!

!

(q!, !)

!

! != "

! = "

a = !

! : (Q!A! ! !!)" P{Q! !!}



PDAs are non-deterministic

For two reasons:

• The transition function δ answers a set

• We have the choice of taking an ε-
transition, or reading an input symbol

41



Trivial Example
Hein Example 12.4

42
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Start

pop

!, X

0 f
push(X)

!, Y

s

nop

!, Y

     

!

   

 As the example shows, algorithm (12.5) doesn’t always give the simplest 

results. For example, a simpler PDA to accept {"} by final state can be writ-

ten as follows: 

Start
 

Context-Free Grammars and Pushdown Automata 

Now we’re in the proper position to state the main result that connects con-

text-free languages to pushdown automata.  

Theorem       (12.6) 

The context-free languages are exactly the languages  

accepted by PDAs. 

 The proof of (12.6) consists of two algorithms. One algorithm transforms 

a context-free grammar into a PDA, and the other algorithm transforms a 

PDA into a context-free grammar. In each case the grammar generates the 

same language that the PDA accepts. Let’s look at the algorithms. 

Transforming a Context-Free Grammar into a PDA 

We’ll give here an algorithm to transform any context-free grammar into a 

PDA such that the PDA recognizes the same language as the grammar. For 

convenience we’ll allow the operation field of a PDA instruction to hold a list 

of stack instructions. For example, the 5-tuple 

(i, a, C, #pop, push(X), push(Y)$, j) 

is executed by performing the three operations 

pop, push(X), push(Y). 

We can implement these actions in a “normal” PDA by placing enough new 

• δ(s, ε, Y) = {(0, XY)}

• δ(0, ε, X) = {(0, ε)}
• δ(0, ε, Y) = {(f, Y)}

 

push(X) !

!
!



Accepting a String

• There are two ways in which a PDA can 
accept a string:
1. final state is in the set F (implies F non-empty)
2. if F is empty (there are no final states), then the 

PDA accepts when the stack is empty

• The previous example accepts by …
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Acceptance by Final State
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A run of PDA M = (Q,A,!, !, q0, "0, F ) is a sequence

such that:

(q0, !0)
a0! (q1, s1)

a1! · · · an!1! (qn, sn)

for all i ! [0 .. n" 1]. (qi+1, !i+1) ! "(qi, ai, !i) and

with q0, . . . , qn ! Q, s1, . . . , sn ! !!, and a0, . . . , an"1 ! A

si = !iti and si+1 = !i+1ti for some ti ! !!, and

w = a0a1a2 . . . an!1 is the input.

The run accepts     if qn ! F.w

The language of                  is given byM,L(M)
L(M) = {w ! A!| w is accepted by some run of M}



Acceptance by Empty Stack

• There is an alternative definition of 
acceptance:
‣ If the set of final states is empty,  then

‣ the PDA accepts an input string if it can read all of 
the characters of the string and end up in a state 
in which the stack is empty.
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Acceptance by Empty Stack
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such that:

(q0, !0)
a0! (q1, s1)

a1! · · · an!1! (qn, sn)

for all i ! [0 .. n" 1]. (qi+1, !i+1) ! "(qi, ai, !i) and

with q0, . . . , qn ! Q, s1, . . . , sn ! !!, and a0, . . . , an"1 ! A

si = !iti and si+1 = !i+1ti for some ti ! !!, and

w = a0a1a2 . . . an!1 is the input.

The run accepts     if w

The language of                  is given byM,L(M)
L(M) = {w ! A!| w is accepted by some run of M}

A run of PDA M = (Q,A,!, !, q0, "0, !) is a sequence

sn = !.



It doesnʼt matter!

• PDAs that accept by empty stack and 
PDAs that accept by final state have 
equivalent power

• What does this mean?
‣ That given either one, we can build the other

‣ Consequently, the class of languages that they 
accept are the same
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Example
(Hein 12.2)

        means that (in state 0), with input a and 
with X on the top of the stack, we can transition 
into state 0, and put an additional X onto the 
stack.

48

push(X)

!



Example
(Hein 12.2)

        means that (in state 0), with input a and 
with X on the top of the stack, we can transition 
into state 0, and put an additional X onto the 
stack.

48

Empty stack 
acceptance

push(X)

!
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M = ({0,1}, {a, b}, 
       {X}, δ, 0, X, ∅)

Example
(Hein 12.2)

push(X)

!



‣ δ(0, a, X) = {(0, XX)}

‣ δ(0, ε, X) = {(1, ε)}
‣ δ(1, b, X) = {(1, ε)}
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M = ({0,1}, {a, b}, 
       {X}, δ, 0, X, ∅)

Example
(Hein 12.2)

push(X)
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Transformation to a Final State PDA
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Transformation to a Final State PDA
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SStart
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Transformation to a Final State PDA
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SStart

_____
push(Y)
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Transformation to a Final State PDA
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Transformation to a Final State PDA
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Transformation to a Final State PDA
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FSStart
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Transformation to a Final State PDA
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FS
   ε, Y    
  push(X)Start

_____
push(Y)
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Transformation to a Final State PDA

50

FS
   ε, Y    
  push(X)Start  ε, Y  

  nop

 ε, Y  
  nop_____

push(Y)

!



Transformation to a Final State PDA

‣ N = ({0,1, S, F}, {a, b}, {X,Y}, δ´, S, Y, {F})

50

FS
   ε, Y    
  push(X)Start  ε, Y  

  nop

 ε, Y  
  nop_____

push(Y)

!



Transformation to a Final State PDA

‣ N = ({0,1, S, F}, {a, b}, {X,Y}, δ´, S, Y, {F})
‣ δ´ = δ + δ´(S, ε, Y) = {(0, XY)} + 
     δ´(0, ε, Y) = {(F, ε)} + δ´(1, ε, Y) = {(F, ε)} 

50

FS
   ε, Y    
  push(X)Start  ε, Y  

  nop

 ε, Y  
  nop_____

push(Y)

!



Transformation to an EmptyStack PDA
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Start

pop

!, X

0 f
push(X)

!, Y

s

nop

!, Y
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 As the example shows, algorithm (12.5) doesn’t always give the simplest 

results. For example, a simpler PDA to accept {"} by final state can be writ-

ten as follows: 

Start
 

Context-Free Grammars and Pushdown Automata 

Now we’re in the proper position to state the main result that connects con-

text-free languages to pushdown automata.  

Theorem       (12.6) 

The context-free languages are exactly the languages  

accepted by PDAs. 

 The proof of (12.6) consists of two algorithms. One algorithm transforms 

a context-free grammar into a PDA, and the other algorithm transforms a 

PDA into a context-free grammar. In each case the grammar generates the 

same language that the PDA accepts. Let’s look at the algorithms. 

Transforming a Context-Free Grammar into a PDA 

We’ll give here an algorithm to transform any context-free grammar into a 

PDA such that the PDA recognizes the same language as the grammar. For 

convenience we’ll allow the operation field of a PDA instruction to hold a list 

of stack instructions. For example, the 5-tuple 

(i, a, C, #pop, push(X), push(Y)$, j) 

is executed by performing the three operations 

pop, push(X), push(Y). 

We can implement these actions in a “normal” PDA by placing enough new 

          
push(Y)

!
!
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 The proof of (12.6) consists of two algorithms. One algorithm transforms 

a context-free grammar into a PDA, and the other algorithm transforms a 

PDA into a context-free grammar. In each case the grammar generates the 

same language that the PDA accepts. Let’s look at the algorithms. 

Transforming a Context-Free Grammar into a PDA 

We’ll give here an algorithm to transform any context-free grammar into a 

PDA such that the PDA recognizes the same language as the grammar. For 

convenience we’ll allow the operation field of a PDA instruction to hold a list 

of stack instructions. For example, the 5-tuple 
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 The proof of (12.6) consists of two algorithms. One algorithm transforms 

a context-free grammar into a PDA, and the other algorithm transforms a 

PDA into a context-free grammar. In each case the grammar generates the 

same language that the PDA accepts. Let’s look at the algorithms. 

Transforming a Context-Free Grammar into a PDA 
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results. For example, a simpler PDA to accept {"} by final state can be writ-
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Context-Free Grammars and Pushdown Automata 

Now we’re in the proper position to state the main result that connects con-

text-free languages to pushdown automata.  

Theorem       (12.6) 

The context-free languages are exactly the languages  

accepted by PDAs. 

 The proof of (12.6) consists of two algorithms. One algorithm transforms 

a context-free grammar into a PDA, and the other algorithm transforms a 

PDA into a context-free grammar. In each case the grammar generates the 

same language that the PDA accepts. Let’s look at the algorithms. 

Transforming a Context-Free Grammar into a PDA 

We’ll give here an algorithm to transform any context-free grammar into a 

PDA such that the PDA recognizes the same language as the grammar. For 

convenience we’ll allow the operation field of a PDA instruction to hold a list 

of stack instructions. For example, the 5-tuple 

(i, a, C, #pop, push(X), push(Y)$, j) 

is executed by performing the three operations 
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• Can you always convert an initially empty PDA to 
one with an initial symbol on the stack? 

• Can you always convert a PDA with an initial 
symbol to one whose stack is initially empty?



Stack Operations
• Hopcroft et al. says:
‣ on each transition, to look at the top of the stack you must pop it, but

‣ you can push on as many stack symbols as you like, including the 
one that you just popped.

• Other authors say
‣ you can push zero or one symbols onto the stack

• Hein says:
‣ on each transition, you can push, pop or nop the stack, but you 

canʼt do more than one thing

• Does it matter?
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More Examples
L1= {anbn: n≥0}
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_____
push($)

  a,ε  
push(#)

 b,# 
 pop

 ε,$ 
 nop

 ε, ε 
  nop



Palindromes of even length
L2= {wwR⎮ w ∈ {a, b}*}
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_____
push($)

  a,ε  
push(a)

 ε,$ 
 nop

 ε, ε 
  nop

  b,ε  
push(b)

b,b
pop

a,a
pop

• This machine is non-deterministic.  (Why?)
• Can you design a deterministic PDA for L2?



Balanced Parenthesis
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_____
push($)

 ε,$ 
 nop

  (,ε  
push(#)

 ),#
pop

L3= {w ∈ {(, )}* : w is a balanced string of parenthesis}



Equal numbers of a s and b   s
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_____
push($)

 ε,$ 
 nop

  b,ε  
push(b)

 b,a 
 pop

  a,ε  
push(a)

 a,b 
 pop


