
Sample solution for Pierce 8.3.4.

Theorem [Preservation]: If t : T and t → t′ then t′ : T.

Proof by induction on the derivation of t → t′.

Case E-IfTrue: t = if true then t2 else t3 t′ = t2

Applying the Inversion lemma (8.2.2) on t : T, we have t2 : T, i.e. t
′ : T, as required.

Case E-IfFalse: t = if false then t2 else t3 t′ = t3

Similar.

Case E-If: t = if t1 then t2 else t3 t′ = if t′1 then t2 else t3 t1 → t′1

By inversion on t : T, we have t1 : Bool, t2 : T, and t3 : T. By induction on the subderivation
for t1 → t′1, we have t′1 : Bool. So by T-If, we can conclude if t′1 then t2 else t3 : T,
as required.

Case E-Succ: t = succ t1 t′ = succ t′1 t1 → t′1

By inversion, we have T = Nat and t1 : Nat. By induction, t′1 : Nat. So by T-Succ,
succ t′1 : T, as required.

Case E-PredZero: t = pred 0 t′ = 0

By inversion, T = Nat, so by T-Zero we have t′ : T.

Case E-PredSucc: t = pred (succ nv1) t′ = nv1

By (repeated) inversion, T = Nat and nv1 : Nat, so t′ : T.

Case E-Pred: t = pred t1 t′ = pred t′1 t1 → t′1

By inversion, T = Nat and t1 : Nat. By induction, t′1 : Nat. So by T-Pred, pred t′1 : T as
required.

Case E-IsZeroZero: t = iszero 0 t′ = true

By inversion, T = Bool, so by T-True we have t′ : T.

Case E-IsZeroSucc: t = iszero (succ nv1) t′ = false

Similar.

Case E-IsZero: t = iszero t1 t′ = iszero t′1 t1 → t′1

By inversion, T = Bool and t1 : Nat. By induction t′1 : Nat. So by T-IsZero, iszero t′1 :
Bool as required. □
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Sample solution for Pierce 9.2.2.

1. Let Γ = f:Bool→Bool.

f:Bool→Bool ∈ Γ
Γ ⊢ f : Bool→Bool

T-Var
Γ ⊢ false : Bool

T-False
Γ ⊢ true : Bool

T-True
Γ ⊢ false : Bool

T-False

Γ ⊢ if false then true else false : Bool
T-If

Γ ⊢ f (if false then true else false) : Bool
T-App

2. Let Γ = f:Bool→Bool and Γ1 = Γ, x:Bool.

f:Bool→Bool ∈ Γ1

Γ1 ⊢ f : Bool→Bool
T-Var

x ∈ Γ1

Γ1 ⊢ x : Bool
T-Var

Γ1 ⊢ false : Bool
T-False

x ∈ Γ1

Γ1 ⊢ x : Bool
T-Var

Γ1 ⊢ if x then false else x : Bool
T-If

Γ1 ⊢ f (if x then false else x) : Bool
T-App

Γ ⊢ λx:Bool.f (if x then false else x) : Bool→Bool
T-Abs
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