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Type Schemes

To make the type inference algorithm precise, it is helpul t
extend the language of type expressions to inctyde
variables, denoted by{a, 3,7, .. .}.

The resulting grammar fdype schemesgs:

(b€ B)

Ti=bla|n—m

They are called schemes because each expression can bbktthou

of as a schematic representation of a whole family of (omyina
types, produced binstantiating the type variables with ordinary

types.

Examples

!
a— (3
a—(int—a)
bool

An ordinary type is just a type scheme with no type variables.
They are also calledround typesor monotypes

We modify our typing system so that typing rules, environtagn
A-binding annotations, assertions, etc., all refer to tygeemes
where they used to refer to ground types. All this requires is
suitable change in the interpretation of the metavariables
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Type Inference

Type inference is the problem of producing a well-typed term
from anuntyped term. Having a type inference mechanism for a
language can be very useful, since it saves the programorar fr
having to declare the types of all identifiers (though it does
prevent such declarations).

Type inference isot possible for every language and typing
system, but theris a type inference algorithm relating the
untyped and simply-typed-calculi.

Formally, we define a functioarase which takes a typed term,
removes all the type annotations from thindings, and returns
the resulting untyped term.

An untyped term M igypable if there exists a (simply-)typed
term M’, a typer and an environment E (with FV(M3 Dom(E))
such that

E+F M :7andM = eraséM’)

A (typable) untyped term may be the erasure of more than one
typed term. ExampleAx. X is the erasure of bothx: i nt . x
and\x: bool . x.
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Type Inference

Our type inference algorithm will produce a typehemefor a
given expression (in a given environment). Working withdyp
schemes allows us to concentrate ongtracture of the term

being typed (and the corresponding typing derivation) clvtié
the same regardless of the specific types in question.

Recall that the form of a type derivation for a given term iseget
isomorphic to the syntax tree for the term. To infer a typetliar
term, we start with a derivation tree of the correct form inath

e eachA-binding type scheme annotation is a fresh type variable
o the type scheme of each term is a fresh type variable.

Example )\y.y 3

CONST

{y:ao} F y:a; VAR {y: o} F 3: a4APP

{yrao} F (y 3):am
0 F (MY .y 3):a1ABS

To make this avalid derivation, certain relationships must hold
between the type variables mentioned in adjacent rules.ave c
express these in the form efuations between type schemes
These equations represeuinstraints on the possible (valid)
instantiations of the type variables.
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Example continued

CONST

VAR
: Foy: : - 3:
{y:ag} F yrog {y: o} U L hp

{yroo} F (y 3):a
0 F (MY .y 3):a1ABS

Each use of an axiom or rule produces one constraint equation
In this example, we get the following

ABS rule: o) = oy —
APP rule: o3 = oy —
VAR rule: o3 = o
CONST rule: ay = int

To produce a valid type derivation, we must solve all the
constraint equationsimultaneously.

Here’s one way to do this. We eliminatg anda, using the
(CONST) and (VAR) constraints, leaving

Q] = Qo — Q2
ap = int — o

Substituting the second equation into the first, we get:

ag = (int — ag) — as
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Constraints
P,
/

(CONST) Etc:7 (TypeO(c) =7) c T=1T
(VAR E-x:7 (E(x) = 7) )‘(T =7
’T”
X T
(ABS) E+{X:T}'—MT/ lT =

EF (MM T.M:7T"

@
EF (W) / \ T=7—>17"

Given a complete expression, we patch the patterns togeether
get constraint equations, e.g.:

(APP) El_MT El_NT/

AV g ap = oo —
2
@ . 3=04 — Q9
a
y— a4 = 1nt
T~

- . 03 =0
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Example continued again

Instantiating the original typing tree with this solutiome have
the following derivation:

VAR CONST

{y:int — as} F y:int — a» {y:int — as} F 3:int PP

{y:int - as} F (y 3):
0 F (Ay:int — as. y 3): (int — az) — @

ABS

Itis easy to see that evenystanceof
0 F (Ay:int — as.y 3): (int — an) —

i.e., every assertion resulting from instantiation of theaining
type variable ), will also be derivable. Moreover, since this
scheme was constrained as minimally as possésiery
derivable scheme must be an instance of it.

Such a type scheme is callpdncipal . The approach outlined
here always generates a principal type scheme, (if the g@rem
is typable).

The inference algorithm consists of two steps:

e The term’s structure is analyzed to derive a set of congtrain
equations. This can be described simply in terms of the gynta
tree.

e The equations are solved simultaneously. This is an instahc
theunification problem.
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Constraint Equations

We now have a collection of equations between type schemes

Ti1 = T12
T21 = T22
Tnl = Tn2

to be solved simultaneously.

This is a special case of the general problem callgiication.
A solution to a unification problem issubstitution from
variables to terms that makes all the equations true. Such a
substitution is called anifier.

Example: the set of equations

] = Qg — Qg
a3 = (g — Qo
a4 = int
a3 =
has the unifier
S={ g — (int — ay) — o,
oy = a3 — 1int — o,
ay +— int}
Moreover,S is amost general unifier, meaning that every

unifying substitutionS’ can be obtained frorf by a further
substitution.
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Unification
In general, the unification problem is as follows:

Given a set of equations between terms built from variabbes a
constructors of (fixed) arity 0, either:

e compute a most general unifier that solves the equations; or
e report that the equations have no solution.

(It can be proved that if the set of equations have any unifiey
have a most general unifier.)

Unification is a widely applicable technique; e.g., it is the
fundamental computational process in logic programmireré
are several efficient algorithms known for computing undgfier

For type inference, we specialize the problem as follows:
o the variables are type variables;

e there is one constructor) of arity 2;

e each base type is treated as a constructor of arity O.

If there is a most general unifier for the equations, it yields
principal schematic typing for the original-expression. If there
is no solution, the original expression is not typable.
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Example Again

Use the unification algorithm to solve the set of constraints
generated from\x. x 3. To make the role and arity of the
constructors clearer, we rewrite the infix constructor as the
prefix arity-2 constructo€'_., and the base typent as the
arity-0 constructot’; ...

o = CH(O[(), Oég)
a3 = C_>(Oé4, 042)
Qy = C(int

a3 =

We calculate the m.g.u. by callirig on each equation in turn,
passing the result substitution of each call as the initial
substitution for the next:

(@ 041, (040,052))

U(S1, az, O, 2))
SB U(S27 Qy, Olnt)
m.g.u. = 54 = u<53, g, Oé(])

(Notice that the result substitution grows steadily; trgoathm
never backtracks. An efficient implementation can theeefor
maintain a single substitution in a global variable ratihent
threading it through each call t@.)
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A Unification Algorithm

The essence of unification is the recursive traversal of enms$
to be equated (“unified”).

We denote a substitution k#y, and extend its domain from
variables to arbitrary terms in the obvious way. Substigican
becomposed we write S; o S; to mean the result of applying;
and thens;.

Functioni/ takes an existing substitution and two terms, and
returns an extension of the original substitution that esithe
terms (if possible):

M(S, t1, t2> =
case(S(ty), S(ty)) of
(v1, vg) (v — ) o S
(v1,t5) ©if v occurs int, then error “No Unifier”
else(v; — t)) o S
(t},vo) : if vy Occurs int| then error “No Unifier”
else(vy — t}) o S
(Cr(tiistiz, - - - s tim), Coltar, taz, - - - tay)) -
if 7 # O
orm = nthen error “No Unifier”
else Z/[( .. M( L{(S, ti1, t21), tio, t22) ey tim, t?m)

To find the m.g.u. of a set of equations

t11 = tor, t12 = tog, ..., b1, = toy

we CalCUlaté/{(. . U(Z/I((Z), ti1, tgl), ti9, tQQ) ...

) tlm th)
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Example continued

To pursue the calculation:

ay — C(ag, g

(v, v2)}
Q3 — CH(OQ, Oég)} (@) Sl
o

H
|

S
S

no
I

) = C’H Qp, (9
az — C_(ay, )}

Qy — Cint} 05y

ag — C_(ap, ag),

ag > C_(Clint, 2),

Gy — Cint}

Qo — Cﬂ(cin‘b 042)} oS3

aq = CH(CH<Cint7 a2)> (12),
3 = Cﬂ(cinty 042),

Oy = Cint}

Qo — O—>(Cint7 Oé2>}

)

R
| Il
- A

»n
I
A

This is the same m.g.u. we derived before by ad-hoc substitut

Note that the compositions performed in the calculatios;of
and.S, are trivial, whereas those ity andS, are less so.

It is crucial to remember that the substitution argumedf toust
be applied to both the term argumebgfore performing the
case dispatch. This is illustrated in the calculation ofrtbe
substitution component &f;.
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Polymorphism

Polymorphism means using the same code to operate on values
of different types at different points in the same prograne. ake
mainly interested in so-callggarametric polymorphism,

which refers to functions that are “oblivious” to the typdgheir
arguments. An example is the function

pair = M. (X, X)

which forms pairs of any type. Obviously, we need some
conventions for uniform data representation in order toabt
compile such functions.

We distinguish this fronad-hoc polymorphism a.k.a.
overloading, where the same source code function must have
different runtime behavior depending on its argument'&s/p

e.g.,
double = M. x + X
which has different behavior for: r eal andx: i nt.

We want a type system for polymorphism that is (efficiently)
decideable, sound, and has an (efficient decideable) mdere
algorithm.
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2nd-order Polymorphic A-calculus
One way to express polymorphic programs of this kind is to use

anexplicitly-typed calculus which allowsbstraction and
application of type variables as well as ordinary variables.

Examples

(M:Va.a— (axa). (f [int] 3, f [bool] true))
(AaXX: a. (X, X))

(Aa:int. Ab:bool . Xf:Va.a—a. (f [int] a,f [bool] b))
1 true (Aa.XX: a.X)

In general, expressions are:

c Built-in constants
v Variable names

(M M,)  Function applications
(Av : 0.M) Function abstractions
(
(

M

Aa.M)  Type abstractions

|
|
|
|
|  (Mlo]) Type applications

where polymorphic type schemes are:

o=blal|oy— oy |Va.o
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Limitations of schemes
We already are part-way there through our use of type schemes
When we derive a schematic type foai r , e.g.,

0 = Ax. (x,x)

a— (axa)

this implies that the application gfai r to an expression any
type will type-check, witha being unified tor.

Unfortunately, we have no way to express the idea plaatr
may be used witldifferent types in different parts of the same
expression, because this would require unifyingith two
conflicting types.

For example, the following will not type-check:
(M. (f 3, f true))(Ix.(x,x))
sincea would need to unify with botlhnt andbool .

What we need is a way fuantify type variables over
sub-expressions, so they canibstantiated to different types at
different points in the expression.
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ML Polymorphism

It is perfectly possible to give (sound) typing rules for the
2nd-order polymoprhic calculus. We'll investigate thidlie next
chapter. But meanwhile we want a type inference mechanism, s
that the user doesn't have to write down these complex types.

Unfortunately, this calculus has no principal types, anmhbility
of untyped terms is actually undecidable.

So nearly all FL's use a more restrictive style of polymosgphi
(calledML-polymorphism , | et -style polymorphism,
Hindley-Milner polymorphism , etc.) for which therés an
inference algorithm.

The key idea is that we can do inference successfully if we hav
a visibledefinition for every polymorphic function.
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Syntax

We use the followingintyped syntax for expressions:

c Built-in constants
v Variable names

|

| (M M) Function applications
| (\u.M) Function abstractions
| (let v = M; in M) | et abstractions

Note thatl et is now a basic expression form in its own right.
et x = a in b still has the sameperational semantics as

( Ax. b) a, but the two expressions will kdifferent for typing
purposes. Specifically,et is used to define expressions that are
to be usegolymorphically.

We would rewrite our first earlier example as:

in (f 3,

let f = M. (X,X) f true)

The use of et is essential; wean't write the body here as an
ordinary A\-abstraction

M.(f 3, f true)

as this will still not type check.

We cannot express the second example at all, however; s st
of polymorphism is strictly less powerful.
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ML Polymorphism Type System

We can give rules similar to the ones we introduced earlier fo
the simply-typed\-calculus.

In these rules, we use ordinary type schemes just as before
Ti=blaln—on|nXxnl... (be B)
and alsgolymorphic type schemef the following form

o:=1|Va.o

Note that in these polymorphic schemes any quantifiers away
comefirst. For example,

Voa.(a — (a X a))
is a legitimate polymorphic scheme;
(Vo.o) = (Vo)

is not.
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Top-level Expressions
Note that expressions entered at the “top-level” in CAML are

treated like et -bound expressions; that is, for typing purposes
the sequence

let a =
let b

€XP1; ;
expa; ;

is equivalent to
let a =exp; inlet b =expyin...;;

In particular, library functions are treated as if they were
| et -bound in the scope of ordinary programs.
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Instantiation

To get an (ordinary) type scheme from a polymorphic scheme
o =VaqVas ... Va,. 7 we instantiate each of the quantified type
variables with a type. The resulting scheme will be of therfor
7' = S(7), whereS is substitution with domaifay, ..., a,}. In
this case we write

o>1T1
Examples

Va.VpB.a — v — 3> int — v — bool

with S = {«a — int, 8 — bool}
VaVi.a — vy — > int — v — (0 = 9)

with S = {a + int, 5 — (6 — J)}

Yoa.ao — f — a # int — bool — int
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Typing Rules
In these rules, environmenis map (expression) variables to

polymorphic type schemes, antiype also returns a
polymorphic scheme.

EFci7 (Ve,7 s.t. Typeof(c) > 1) CONST

EFxr (if Ex) > VAR

E+{xin}+-M: mn
EF (MXmn. M) : rl—w-QABS

E+-M: -1 EFN:
EF (MN): mn

1 ApP

ErM: 7 E+ {2:Clos(r,E)} W N: 7
ErFlet x=MinN: 7

LET

HereClos(T, E') denotes the “closure” of the typeformed by
abstracting over all the free type variableg-ithat arenot free in
E.

Formally
Clos(t, E) = VayVay ... Va,T
where{ay, as,...,a,} = FV(1) — FV(E).
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The Closure Rule

In the previous example, the Clos rule generaliakdhe type
variables in the type derived for thest -defining expression.
But in general, the rule acts to avoid abstracting over type
variables that are really acting as type constants in theectr
environment.

Consider this example:
M. let f = Xdy.x in ((f 3) + 1, not(f 3))

Obviously, this should not be typable, sincexhoan be a
legitimate argument to both andnot . But without the
restrictions on closures, for we could derive its type as

a — (int X bool).

The problem would arise because we would type the pair
expression in the environment:

{x:a,f:VaVp.0 — a}

But thea in the type scheme for and thex in the type scheme
for f must be thesamea, so the polymorphic scheme for
should really be quantifiednly over 3.
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Example Derivation
We show a typing derivation for our previous example
let f = M. (x,x) in (f 3, f true)

To handle this example, we need to add a typing rule to deal wit
thepai r type constructor.

E - M n E+ M: T
EF (M, M) @ mxn AR

The derivation is then as follows:

- 2 CONST
Bz F{ : int — (int x int) Bz r3: im Bz F { : bool — (bool x bool) Bz F true : bool

VAR
By x B x

o bool)
Ei k(6% (axa) PAIR

VAR
PAIR

0 % (X)L _a—(axa)
Dot = () i (1 3 f true) - ((int x iat) x (bool x bool))

where:

Ei={x:a}
Ey={f :Va.a — (ax a)}
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Type Inference

Notice that type abstracticalwaysoccurs as part of the LET
rule and type application occurs as part of the VAR rule. Bsea
of this, polymorphic schemes appear only in the environment
they are never attached directly to expressions. Sometimes
similar system is given with type abstraction and applarasplit
out as separate rules; the systems are equivalent.

The advantage of our approach is that, as in the simply-typed
case, there is at most one rule applicable to any expression,
which can be chosen based completely on its syntactical.form
As before, this gives an immediatge inferencealgorithm for
this system: use the syntactical structure to generateearsatic
derivation and a set of constraints, and use unificationli@so
the constraints.

In practice, the derivation and solution of the constraisits
normally combined into a one-pass algorithm over the stinect
For historical reasons, the inference algorithm for MUesty
polymorphism is called\lgorithm W ; see text.

The key point about this algorithm is that a polymorphic
schematic type of bet -bound variable is always deduced
before the variable’s uses are inspected,; this is what makes
inference feasible.
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Efficiency of Algorithm W

Interestingly, this is an example of an algorithm that iscefit
in practice but very inefficient (deterministic exponehtiae
complete) in theory. For example, the following nasty exlEmp

let pair = AX.\y. Az.zxy
inlet x; = \y.pair yy
inlet x5 = Ay. xi(xi(y))
in ...
inlet Xp = )‘y-Xn—l(Xn,—l(y))
in x,(Az.z)

produces a principal type of length” (as a string). Fon = 5
this produces 173 printed pages of output after severakhour
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Side-effects

We have to be very careful in extending these typing rules to
programs with side-effects. For example, we might naively a
the following polymorphic type schemes for ML-style refeces
to TypeOf:

{ ref :Va.a — aref,
=:Va.a ref — a — unit,
I'Va.a ref — a}

wherer ef is a new type constructor.

Unfortunately, under these rules the following expresson
typable, though it surely shouldn’t be!

let r = ref(Mx.x) in
(r := XXx.x+1; (!r) true)

Intuitively, the problem is that we infer the type — «) ref
for r 's defining expression, and thabstract over« to form a
polymorphic scheme far. This abstraction is bogus, sinae
really refers to the particular type of the value currentychby
the reference.

Similar problems arise with other imperative featureshsag
exceptions. Various solutions to these problems have been
proposed and implemented. The cleanest is to put a restrioti

the form ofl et definitions, namely the defining expression must
be a\-abstraction, a constant, or a simple variable. In all these
cases, thebv evaluationof the expression is essentially a no-op,

which turns out to avoid the typing problems.
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Recursion

As before, we can't define the Y combinator directly in an
ML-polymorphism type system, so we need to add explicit
support for recursion. Here’s a possible definition for a BEC
rule:

E+{fin—-ma:nttM: n E+ {f:Clos(r—n,E)} - N: 1
E Fletrecf =X.Min N : 1

Example

letrec map = M. Ax.if null Xx
then nil
el se cons(f (hd x),map f (tail x))
in map negate [1,2,3]; nmap not [true, false]

will typecheck correctly as expected, witlap being given a
polymorphic type scheme

VaVi.(a— ) —a list - list.

Note that this typing rule doesn't allow us to define a resrsi
function that invokes itself in a polymorphic way:

letrec f = An. Xx.if n =20
t hen x
else f (n-1) (x,Xx)

Unfortunately, if we extend the typing system to permit
expressions of this kind to be typable, type inference besom
undecidable!



