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Introduction to \-calculus

e A notation for describing computations that focuses on
function definition and application.

e Allows convenient definition and manipulation of functicas
“first-class”values

Example: a function that adds 1 to its argument
(M. (x + 1))

e Invented by Church in the 1930’s to study computability
guestions, but now primarily of interest in programming
language community.

e |n itself, serves as a basic functional language.
Practical FLs s\-calculus + “syntactic sugar.”

e Can also serve (in restricted or specialized form) as tlieate
core/compiler IR for other languages, e.g.,

OO Language—- \-calculus + special constructs
(e Meta-notation for denotational semantics.)

e As usual, we will take an operational (syntactic) approach t
A-calculus semantics. (Finding mathematicaddelsfor the
calculus is fun, but we won’t go there.)
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Syntax

A-calculus is arexpressioncalculus, with the following
concrete syntax

<exp> := <constant> Built-in constants
| <vari abl e> Variable names
|  (<exp> <exp>) Function applications

| (A<vari abl e>. <exp>) Function abstractions

A <vari abl e> is ordinarily denoted by a lower-case letter,
eg.x,y,z,f.

We typically use upper-case letters (eM.N, P, Q) as
metavariables ranging over expressions (¢€.4x. M ).

Pure )\-calculus has no constants. It iIs common to extend the
A-calculus with some set of “bulilt-in” constants and funogo
(anapplied A-calculus):

0,1, 2,... Integer constants
+- %/ Integer operators
true, f al se Boolean constants
and, or, not Boolean operators

| f If-then-else operator
pair Pair constructor
fst, snd Pair selectors

cons, nil Listconstructors
hd, tl List selectors

nul | List empty predicate
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Examples:

(f a)

(+ 3 2)

AX. (+ x 1)

(M. (+ x 1)) 17

AY. Y

Ay.pair (snd y) (fst vy)

Mo Xx.pair (f (fst x)) (f (snd x))
MX.1f (null x) O (hd x)

We often cheat and use seveadbreviationsin our concrete
syntax:

e Function application associates to the left.

e The body of a\-abstraction extends as far to the right as
possible.

e Drop parentheses where not needed.

e A sequence of consecutive abstractions can be written with a
single\.

Example:

S=Xxyz.(x z)(y z)

could have been written with fewer parentheses as
AXYZ.X z(Yy Zz)

Its full form is

(M. (Ay. (Az. ((x 2)(y 2)))))
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Tree representation

For expression of any size, it is best to write down dlbstract
syntax tree of the expression to avoid confusion. (This will
prove more deeply useful later on.)

Examples:
(M. (+ x 1)) 17

@
RN
g 17
&

+ X

(M. CAy. (Az. ((x 2)(y 2)))))

AX
AY
A\Z
@
VRN
@ @
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More on Functions

A-abstractions are fundamentally the same thinfas
expressions in Caml dr-expressions in Haskell; e.g\x.+ x 1
corresponds to

(Caml) fun x -> x + 1
(Haskel)\ x -> x + 1

Thus we can view\-calculus expressions as a subset of ML or
Haskell expressions. (Of course, we haven’t said anythatg y
about how)\ expressions are supposed to behave
computationally.)

Notice that all\-calculus functions are written in prefix notation
and take exactlpneargument. What do we do about functions
that naturally require more than one, such as addition?

Recall that when we wrote+ 3 4) this was really an
abbreviation for( (+ 3) 4). Thatis,+ is a function that takes
a single integer argumertand returns aew function whose
effect is to add to itsargument!

This trick is calledcurrying after the logician Haskell Curry,
who made extensive use of it. Multi-argument functions in
Haskell are normally written in curried style.

Alternatively, we could define the built-# function to take a
singlepair of integers as argument. (But the builtpai r
constructor must still somehow takeo arguments.)
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Reductions

We evaluatea A-calculus expression by repeatedly selecting a
reducible (sub-)expression (redexand reducing it, according
to areduction rule.

Pure)\-calculus has thg-rule, which describes how tapply a
A-abstraction to an argument.

Informally: the result of applying a-abstraction to an argument
IS an instance of the body of the abstraction in which (free)
occurrences of the formal parameter in the body are replaced
with (copies of) the argument.

Each applied\-calculus also has-rules describing how to
reduce expressions involving the built-in functions andstants.

Note that these rules can be applatd/wherein a expression,
not just at the root.

Examples:

* 23 —5 6

(MX.+ x 1) 4 -3 +41 —;5
(MXX.+ X X) 5 =3 +55 —; 10
(MX.3) 5 —3 3
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(MX.(AY.- y X)) 45 —3(Ay.-y 4 5

—3 - 5 4

—>5 1

@
@/ \5 /@\
2\ 5

/\4

QX N é@ — @ —s 1

y g /\ 6 @/ \4 0
ﬁﬁxx AN

(M.f 3)(MXx.+ x 1) —5 (M. +x 1) 3
—>5+31
—>54
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Bound and Free Variables

In an abstractiolx. M we say the\ binds the variablex in the
body M meaning thax is just a placeholder for a value that will
be filled in when the abstraction is applied.

An occurrenceof a variable in an expressiontmund if there is
an enclosing\ abstraction that binds it; otherwise itfige.

Note that these definitions are relative to a particular oecice
and a particular expression.

Example
M.+ ((Ay.+y z) 7) X
AX

\
@/@\
RN
P

X
y I

Herex andy occur bound in the overall expression, @ubccurs
free.
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Example
+ X ((MX.+ x 1) 4)
@
RN
/

VaSvay

Here the first occurrence a&fis free but the second is bound.

If Mis an expression we write:

FV (M) set of free variables iV
BV (M) set of bound variables il

An expressiorMsuch thatF’V (M) = () is said to beclosed
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B-reduction, more carefully

If the same name appears in severddindings, we want to use
iIdea of nested scopes from block-structured languages.

l.e., when doings-reduction, we should only substitute fioee
occurrences of the formal parameter variable.

Example

(M. (Xx.- (- x 1)) 3 x) 9
—3 (A X.- (- x1)) 39
—3 - (- 31) 9
—5 -/

@
W N PN
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The following iswrong!

(M. (MX.- (- x 1)) 3 x) 9
A5 (MX.- (- 91)) 39
—3 - (- 91) 9

*

—s -1

@
VRN /@\

AX 9

11



PSU 510 Semantics&Types Winter'08 Lambda Calcul@s Andrew Tolmach 1993-2008 12

Variable Capture

Our revised definition ofi-reduction still isn’t adequate; here’s
another name-clash problem.

A\

f

>
& >~

©_

/N

f X

Naive substitution leads to
AX

/ @\
X X
but this is obviously wrong: the right-hanxd originally free in

the expression, has been “captured” by ikxe

We must conclude that@reduction of( Ax. M Nis only valid
if 'V (N) do not clash with any formal parameterdvh

We will see several ways to cope with this problem.
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a-Conversion andg-Conversion

We can avoid name-clash problemsunyiformly changing the
names of bound variables where necessary.

Intuitively, changing names is justifiable because theyoalg
formal parameters.

Formally, we call such name changegonversion
Example
(MX.X + 1) <, (Ay.y + 1)

Of course, the new name must not appear free in the body of the
abstraction.

(M. X +y) o (AY.y +Y)

In general, we’d like to define two expressions as
iInterconvertible if they “mean the same thing” (intuitively).

To do this, we must define two other forms of conversion
relation.

(-conversionis the symmetric closure gf-reduction (the
Inverse operation ig-abstraction).

Example

+ 41 <5 (MX.+x 1) 4
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Substitution

We can avoid all name-clash problems and give simple
definitions of bothv- and3-conversion via a careful definition of
capture-avoiding substitution.

We write[ M x] Nfor the substitution oMfor x in N. (Other
similar notations are also in common use, €.¢.,— M Nor

N[ M x] )

M X] c = C

[ M X] X =M

M Xx] vy =y (y # x)

[Mx] (Y 2Z) = ([Mx] Y)([MX] 2)

(M Xx] AX.Y = XX.Y

([ MXx] Ay.Z = )dy.[MXx]Z (y € FV(M))

(M Xx] Ay.Z = W [Mx]([wWy]Z (weg FV(Z)
UFV (M))

Then we can define

AX. Z —o NY.[Y/IX]Z (y & FV(2Z))
(MX.M N <5 [NX]M



PSU 510 Semantics&Types Winter'08 Lambda Calcul@s Andrew Tolmach 1993-2008 15

de Bruijn Notation

Another way to solve name clash problems is to do away with
names altogether!

In the tree for a closed expression, every variable occaeren
names a variable bound at sondinding on the path between
the occurrence node and the root.

We can uniquely identify a variable by counting the number of
A-bindings that intervene between its mention and its dedinin
binding.

Example

AX.AY. + X (*x y y) A+ 1 (x 00
AX A
AY A

/\ /\

/\/\ /\/\
6 e

* y * 0
It is now fairly straightforward to defing-reduction in terms of
this representation.

(Since there are no names, we don’t neecbnversion!)
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n-Reduction andn-Conversion
Consider these two expressions:
AX.+ 1 X

(+ 1)

They “mean the same thing” in the sense that they behave the
same way when applied to any argument (i.e., theylatlit).
This is the concept dunctional extensionality.

To formalize this, we add am-reduction rule:
(MX.F x) —, F
providedx &€ F'V (F).

n-reduction tends to simplify an expression, but its inverse
n-expansion can also be useful. Their combination is called
n-conversion written <, .

Then-rules cannot be deduced from theaules.

We will generally appeal to the-rules—somewhat
Informally—to transform expressions, but we won't give
evalution rules corresponding to them.
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Reduction Order

To evaluate a\-expression, we keep performing reductions as
long as a redex exists. An expression containing no redexes |
said to be imormal form.

But an expression may contain more than one redex, so
evaluation may proceed by different routes.

E.g..(Xx.(Ay.+ x y) 3) 2 canbereduced intwo ways:

@
W A PN
y 3
@
)\y/ \\ 3 /é\y —3 @/ \3—>55
N /N

y 2 + 2

@
AX X/ \2
@
N VAN
A A,

X

e

3 —
+
@
N
2
3 —
+

y 2

+ X

Fortunately, both reduction orders lead to the same rasthis
example. Will this always happen?
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Non-terminating reductions
Not every expression has a normal form at all.

Consider( D D), whereD= Ax. x X.
@
RN
AX AX
NG LN
X X X X

The evaluation of this expression never terminates because

In other words, evaluation enters an infinite loop. Such a
computation is said tdiverge.

For some expressions, one reduction sequence may terminate
while another does not.

Example:( A x. 3) (D D)

If we perform the application af A x. 3) to(D D) first, we
Immediately geB and stop. But if we keep trying to evaluate the
argumen{ D D) first, we keep getting D D) again.

So choice of reduction order can affect whether weagst
answer!
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Church-Rosser Theorem

It turns out that all reduction sequences that termimaliegive
the same result, at least for the purealculus. Thus, if an
expression has any normal form, that normal form is unique.

This happy result is a consequence of the
Church-Rosser Theorem If E; «—* E, then3 E, such thag;
—* EandE, —* E.

(Any system (not necessatrily related to threalculus) for which
this theorem is true is said to be “Church-Rosser.”)

Corollary Suppose now thd&, —* E; andE, —* E; and that
bothE; andE; are in normal form. Then, sindg «—* E;, C-R
saysd Esuch thaE; —* Eandk, —* E. Butsincek; andE;
are already both in normal form, this can only mean that E =
E.

(If we are using names, the normal form is unigue “up to
a-conversion™.)

The Church-Rosser theorem foicalculus is surprisingly
difficult to prove.

(It isn’t necessarily true for the extensions of thealculus that
we will use, but this is not a big problem in practice, as we’ll
see.)
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Specifying Reduction Order

No reduction seguence can give us a wrong answer, but some
sequences might fail to terminate even when a normal form
exists.

To define reduction orders, we need to characteepdex
positionsin an expression.

An outermostredex of an expression is one that is not containec
within any other redex (i.e., within either the argumentha t
function body).

An innermost redex of an expression is one that contains no
other redex.

Theleftmost outermostredex is the outermost redex whose
(for a 5-redex) or function constant (foréaredex) is furthest to
the left (in the string or tree representatiobg&ftmost
Innermost is defined similarly.

Two important reductiostrategiesare:

e applicative order, which says to always reduce the leftmost
Innermost redex first;

e normal order, which says to always reduce the leftmost
outermost redex first.
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Normalization Theorem

Thenormal order reduction strategy always leads to a normal
form, if one exists.

Applicative order, which corresponds to the idea of evahgph
function’s argumentbefore invoking the function, doesot have
this property.

Example revisited( Ax. 3) (D D)

/ @\
AX @
| 7\
8 &
y Yz V4
Here the\x redex is the (only) outermost one and theredex is
the (only) innermost one. Normal-order reduction says ttheo

AX reduction first, sq D D) is never evaluated. Applicative
order reduction says to evalugt® D) repeatedly.

Intuitively, normal order evaluation wins over applicatiorder
here because the functidx. 3 doesn’t use its argument, so
there’s no point in trying to evaluate it (fruitlessly).

A function that uses its argument is said todbect in that
argument; e.gAx. 3 is not strict inx, but Ax. x Is.
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Weak Head Normal Form

In real programming languages, we don’t expect the body of a
function to be evaluated (even in part) before the functias h
been called, i.e., before the formal parameters have been
Instantiated. (If it happens, we tend to think of it as an
optimization, like hoisting an invariant computation ofiao
loop.)

But either of our strategies, as defined so far, may do such
reductions. An applicative order example:

(M. + (+ 2 3) x) 8

The leftmost innermost redex s+ 2 3), so this will be
o-reduced tdb before the top-level reduction occurs.

To avoid this behavior, most functional languages
Implementations “don’t evaluate undend Technically, we stop
evaluating when we reacakeak head normal form (WHNF).

The strategy of applying normal-order reduction but stogit
WHNF’s is known agall-by-name Applicative-order reduction
stopping at WHNF's iall-by-value.

Reducing only to WHNF provides another solution to the name
clash problem. If we start with @osedexpression and never
reduce under a-binding, it's easy to see that any argument we
substitute along the way must itself be closed. So there is no
need to worry about free variables being captured by the
substitution (therare none!), which makes the definition of
substitution much simpler.
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Eager or Lazy?

Thecall-by-value strategy is used most imperative languages.
(In functional languages this is usually calledger evaluation)

Although the call-by-name strategy appears better (theypce
something useful more often) they are significantly lessieffit
to implement. Intuitively, this is because if the argumem |
complicated expression, these strategies must transendritire
expression including the values of its free variables, wagsr
call-by-value needs only to transmit the value of the exqoes
which may be much simpler.

There’s another obvious problem with simple call-by-narhan
arguments needed, it may be needed at several points in the
body, and hence get reduced several times. Practical
Implementations avoid this problem Biaring the result of
evaluating the argument at all points where it is used. This
combination of call-by-name with sharing is calleall-by-need
or (loosely)lazy evaluation (To model sharing, we need to
change our tree representation\eéxpressions to graph.)

The best-known lazy functional languagdHaskell; eager
functional languages include the (pure subset$sofemeand
ML .
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Operational Semantics

Pierce textbook will (almost always) use call-by-valueeTh
corresponding evaluation rules (for the purealculus) are
these:

t = x| vt | tt
voil= Awd
t1—>t/1
g, (B AP
/
b=h (5 APPY)

1 t2 — U1 t/Q

E — APPABS
()\I‘.tlg) V9 — [Ug/l’]tlg ( )
Note the use of meta-variabledo control evaluation order.
Evaluation of the operator must precede evaluation of the
operand, which must reach a value before substitution can be
performed.
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Recursion

Suppose we wish to define a recursive function, such as the
factorial function:

FAC = (An.if (= n0) 1 (x n (FAC (- n 1))))

This definition is faulty: it relies on a ability toamea
A-expressionKAC) and refer to that name from within the
expression itself.

The problem is thak-abstractions aranonymous (We've
named\-expressions before, but only as an abbreviation
mechanism which could be easily “unfolded.”) The only names
A-abstraction can refer to are those of its arguments (or the
arguments to enclosing abstractions).

So the trick is to rewrite the recursive function so that kies
itself as an extra argument! We do this Byabstraction:

FAC «< An.(...FAC..)

becomes

FAC «~ (M.An.(...f..)) FAC

We can rewrite this as:

FAC «—~ H FACwhereH = Xf.(An.(...f..))

Note thatHis a perfectly ordinanj-abstraction that doasot
Involve recursion.
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Fixed Points
The factorial functior=AC is a solution to the equation
FAC «—~ H FAC

l.e., itis a functionFAC such that the result of applyindto FAC
IS convertible withFAC. We say thaFAC s afixed point of the
functionH.

It is easy to find fixed points for some functions. For exampée t
functionA\x. * X X has bot) and1l as fixed points. In general,
a function may have 0, 1, some, or infinitely many fixed points.

It's not so easy to see what a fixed point-b$hould look like,

but for a moment let’s jusissumethe existence of a functiovi
that takesany function as argument and returns a fixed point of
that function as result. That is, for any functibn

F(YF) <« YF
Then, in particular, we havd (Y H) < Y H,so
FAC = Y H

IS a solution to our equation for for the factorial functidrat
doesn’t involve recursion!
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Example

With our definitions

FAC = Y H

H= M.An.if (=nO0) 1 (* n (f (- n 1)))
we can how compute, e.g., factorial(1):

FAC 1

Y H1

- H(YH 1

= (M. if (=n0) 1 (xn(f (-n1))))
(Y H 1

S5 (An.if (=n0) 1 (*xn(YH(-n1)))) 1

S5 if (=10) 1 (x 1 (YH(-11))

—5 +» 1 (Y HO)

—~ * 1 (H(Y H O0)

= %« 1 ((M.Aif (=n0) 1 (+n (f (-n1))))
(Y H 0)

s x 1 ((Aif (=n0) 1 (xn(YH(-n1))))
0)

—g* 1 (1f (=00) 1 (*n(YH(-01))))

—s5 * 11
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Defining Y

We have seen that recursion can be expressed wholly in tdrms
afixed-point combinator Y. But how do we defin&?

We could build it into our applied-calculus as a special
function with a suitablé-rule. In fact, this is more or less what
IS usually done in real programming languages.

Amazingly, it is also possible to definéas an ordinary
expression in the purk-calculus! Here is one definition:

Y = Ah.(MX.h (x xX))(AXx.h (x X))

Let’s check it out:

Y H
= (A h (X h (x x))(Xx.h (x x))) H
=5 (M. H (X X))(MX.H (X X))
—z3 H((MX. H((x x))(MX. H(x x)))
—z H (A h (M. h (x x))(MX.h (x x))) H

= H(YH

Note the similarity between this definition ¥fand the looping
expressior{ D D) . In fact, this version ol doesn’t work with
call-by-value evaluation because it goes into an infiniggplo

Fortunately, there are many ways to wrghere’s one thatloes
work with call-by-value:

Y = Ah. (XX h(Ay.x x y))(AXX.h (Ay.x X y))

Note that these two versions ¥faren-equivalent.
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Pure Fun

In principle, we can do without built-in constants andules
altogether byencodinguseful types and operators directly in the
pure \-calculus. In general, this means usikigbstractions to
represent values.

For example, to modddooleanswe need a way of representing

t r ue andf al se, functions corresponding #nd, or , etc., and
an equivalent of f that selects one of two expressions based on
the value of the boolean. Here’s how:

true = AX. \y. X

false = AX. A\y.Yy

if = M. X Ay.f X vy
and = AX. \y.X Yy false
Example

if True 0 1
= (M. X, Ay.f x y) true 0 1
—3 (AX. Ay.true x y) 0 1
—5 true 0 1
= (MX.JAy.x) 01
—3 (Ay.0) 1
—>50
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Church Numerals

0 = M. AX. X
1 = M. MX. f X
2 = M. X. f(f X)

n times
n = M. M. f(£f...(f X)...)
suicc = AN M. . f(n f Xx)
iszero = An. n( A\X. false) true ...
Example

succ 2
= (An. M. Xx.f(n f x)) 2
—g M. (2 f X)
= M.XMX.f((M.X.f(f x)) f X)
—g M. P F(F X)) X)
—z Mo F(F(F X))
= 3



PSU 510 Semantics&Types Winter'08 Lambda Calcul@s Andrew Tolmach 1993-2008 31

Data Constructors

pair = AX. Ay . AMf.f X vy
fst = Ap. p( AX. Ay. X)
snd = Ap. p(AX. AYy.Y)
Example

pair 1 2 = (M. Ay Af.f xy) 1 2 =5 Af.f 1 2

SO

fst (pair 1 2)
= (Ap.p(AX.AYy. X)) (M. f 1 2)
—g (Af.f 1 2) (AX. Ay. X)
—3 (AX.Ay.x) 1 2
=5
Note that pairs and booleans are encoded in essentiallathe s
way!



