
CS350 ABET Objective 4

Use the mathematical techniques required to prove 
the time complexity of a program/algorithm.

Textbook Section 2.3, 2.4 (2.6) ~10%.

Apply Big Oh framework to analyzing the efficiency 
of non-recursive and recursive algorithms.

Use summations and recurrence relations to 
produce close forms of the running time of a 
program/algorithm.

Contrast mathematical techniques with empirical 
analysis.
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Example 1

Analysis steps:

1. Choose input size.

2. Choose basic operation.

3. Dependency size-basic op

4. Function input to count basic op

Verify Θ(n)
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Example 2

Input: array size

Basic op: number of comparisons

Dependency: worst case

Function: Cworst (n)=∑i=0

n−2

∑ j=i+1

n−1
1

Verify Θ(n2)
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Example 3

Input: matrix order

Basic op: number of multiplications

Dependency: none

Function: M (n)=∑i=0

n−1

∑ j=0

n−1

∑k=0

n−1
1

Verify Θ(n3)
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Example 4

Input: integer n

Basic op: while test

Dependency: none

Function: T (n)=⌊ log2 n⌋+1

Verify Θ(log2n)
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Recursive Algorithms

Are analyzed in a very similar way, but 
counting the number of times that the basic 
operation is executed involves a recurrence 
relation.

Example: Tower of Hanoi puzzle
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Example 5

hanoi(0, _, _, _) = do nothing

hanoi(n, from, to, spare) =

hanoi(n-1, from, spare, to)

move(n, from, to) 

hanoi(n-1, spare, to, from)

Input: number of disks

Basic op: move a disk

Dependency: none

Recurrence:
M (n)=2 M (n−1)+1
M (0)=0

for n>0

Verify M (n)=2n
−1
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Verification

M (0)=0
M (1)=2⋅0+1
M (2)=2⋅1+1
M (3)=2⋅3+1
M (4)=2⋅7+1
…

M (n)=2⋅(2n−1
−1)+1

0=21−1
−1

1=22−1
−1

2=23−1
−1

3=22−1
−1

The last line is a guess (inductive inference) 
provable by induction.  Simplification gives:

M (n)=2n
−1
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Example 6

Count multiplications as a function of n.

M (0)=0
M (1)=M (0)+1=1
M (2)=M (1)+1=2
M (3)=M (2)+1=3
…
M (n)=M (n−1)+1=n
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Empirical Analysis

Analysis steps:

1. State experiment purpose.

2. Set measure (count vs time).

3. Generate input.

4. Code program.

5. Record execution data.

6. Analyze data.
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Example 7.1

Empirical analysis of Hanoi puzzle.

Steps:

1. State experiment purpose: verify that the 
program of Example 5, for an instance 
with n disks, makes exactly 2n

−1 moves.

2. Set measure: obviously “count moves”.

3. Generate input: each instance with n from 
1 to 10.

4. Code program: see program below.

5. Record execution data: for each instance 
n, print both counted number of moves 
and 2n

−1 .

6. Analyze data: compare two values for 
equality.
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Example 7.2

Ruby code of the instrumented Hanoi puzzle:

def count_moves(disks, from, to, spare)
  if disks>0 then
    return count_moves(disks-1, from, spare, to) +
           1 + count_moves(disks-1, spare, to, from)
  else
    return 0
  end
end

def instance(n)
  return count_moves(n,"A","B","C")
end

(1..10).each { |x|
  printf("Hanoi %2d is %4d (%d)\n", 

x, instance(x), 2**x-1)
}
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Example 7.3

Output of instrumented Hanoi program:

Hanoi  1 is    1 (1)
Hanoi  2 is    3 (3)
Hanoi  3 is    7 (7)
Hanoi  4 is   15 (15)
Hanoi  5 is   31 (31)
Hanoi  6 is   63 (63)
Hanoi  7 is  127 (127)
Hanoi  8 is  255 (255)
Hanoi  9 is  511 (511)
Hanoi 10 is 1023 (1023)

Since the last two columns are equal, the 
experimental analysis confirms the theory.
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