
1

Dynamic and Time Series 
Modeling 

for Process Control

Sachin C. Patwardhan
Dept. of Chemical Engineering

IIT Bombay 

1/18/2006 System Identification 2

Automation Lab
IIT Bombay

Why Mathematical Modeling?

• Process Synthesis and Design (offline)
• Operation scheduling and planning  
• Process Control 

- Soft sensing / Inferential measurement 
- Optimal control (batch operation)
- On-line optimization (continuous operation)
- On-line control (Single loop / multivariable)

• Online performance monitoring Fault diagnosis 
/ fault prognosis

Key Component of All Advanced Monitoring,
Control and Optimization Schemes
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Long Term Scheduling 
and Planning 

On-line Optimizing 
Control

Model Predictive Control

PID & Operating constraint Control
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Models for Plant-wide Control

Aggregate Production 
Rate Models

Steady State / Dynamic 
First Principles Models

Dynamic Multivariable Time 
Series Models

SISO Time Series Models, 
ANN/PLS/Kalman Filters 

(Soft Sensing) 

Layer 4

Layer 3

Layer 2

Layer 1
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Mathematical Models
Qualitative

Qualitative Differential Equation 
Qualitative signed and directed graphs 
Expert Systems 

Quantitative
Differential Algebraic systems 
Mixed Logical and Dynamical Systems 
Linear and Nonlinear time series models
Statistical correlation based (PCA/PLS) 

Mixed
Fuzzy Logic based models
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White Box Models 

First Principles / Phenomenological
/ Mechanistic

Based on 
energy and material balances
physical laws, constitutive relationships
Kinetic and thermodynamic models 
heat and mass transfer  models

Valid over wide operating range 
Provide insight in the internal working of systems
Development and validation process: 

difficult and time consuming 
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Example: Quadruple Tank System
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Example: Fed-Batch Fermenter
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Material Balances     (Distributed Parameter System)

Energy Balances
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Grey Box Models

Semi-Phenomenological

Part of model developed from the first principles 
and part developed from data 

Example: dynamic model for reactor model using 
energy and material balance and Reaction kinetics 
modeled using neural network 

Better choice than complete black box models  
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Heater Coil
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Flow Cold Water 

Flow CV-2
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Control 
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CV-1
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Input 
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4-20 mA
Input

Experimental Setup: Schematic Diagram

TT-2

Example: Stirred Tank Heater-Mixer
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Example: Stirred Tank Heater-Mixer
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Model Validation: Input Excitations 
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Model Validation: Level Variations
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Temperature Profiles 
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Dynamic Models for Control

Linear perturbation models: Regulatory 
operation around fixed operating point of mildly 
nonlinear processes operated continuously. 
Developed using

Local linearization of white/gray box models
Identification from input output data 

Why use approximate Linear Models?
Linear control theory for controller synthesis and closed 
loop analysis is very well Developed
For small perturbations near operating point,   processes 
exhibit linear dynamics

Nonlinear dynamic models: strongly nonlinear 
systems, operation over wide operating range, 
batch / semi-batch processes  



10

1/18/2006 System Identification 19

Automation Lab
IIT BombayLocal Linearization 

;D-D(t)d(t) ;U-U(t)u(t)
;Y-Y(t)y(t);X-X(t)x(t)

variables onPerturbati
x

 model onperturbati linear develop to
 ),,( around expansion series Taylor apply we

),,,( point operating state steady and
)(;),,(dX/dt

modelparameterlumpedaGiven

==

==

=++=

==

Cy;HdBuAxdx/dt

DUX
DUX

XGYDUXF

1/18/2006 System Identification 20

Automation Lab
IIT BombayLocal Linearization

[ ] [ ]
[ ] [ ]

),,( at computed
/;/

;/;/
where

DUX
XGCDFH

UFBXFA
∂∂=∂∂=

∂∂=∂∂=

Transfer Function Matrix:
Can be obtained by taking Laplace transform 
together with assumption 
(i.e. initial state of the process corresponds 
to operating steady state)

[ ] [ ] HAsICsGBAsICsG

sdsGsusGsy

du

dp
11 )(;)(

)()()()()(
−− −=−=

+=

00 =)(x



11

1/18/2006 System Identification 21

Automation Lab
IIT Bombay

),,,,,(

),,,,,(

02

01

cinAcA

cinAcA
A

TCFFTCf
dt
dT

TCFFTCf
dt

dC

=

=

[ ] [ ]

[ ]
[ ]cinm

A

T
c

T
A

TD
C

FFU
TYTCX

≡
≡

≡

≡≡

)( esDisturbancMeasured
)(D esDisturbancUnmeasured

][)(Inputs dManipulate
)(OutputMeasured)( States

u 0

Consider non-isothermal CSTR dynamics
feed flow rate

coolant flow rate

Feed conc.

Cooling water
Temp.

Perturbation Model for CSTR

1/18/2006 System Identification 22

Automation Lab
IIT BombayCSTR: Model Parameters and 

Steady state Operating Point
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Computer control relevant discrete models
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Computation of System Matrices
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CSTR: Continuous Perturbation Model
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Models for Computer Control 

Process
Analog To 
Digital 
Converter

Digital To Analog 
Converter

Manipulated 
Inputs From 
Control Computer

Measured  Outputs 
To  Control 
Computer

Control Computer 
/DCS

Computer controlled system / Distributed 
Digital Control system 
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Digital Control: Manipulated Inputs 

In computer controlled (digital) systems 
Manipulated inputs implemented through DAC
are piecewise constant 
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CSTR: Discrete Perturbation Model
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Black Box Models
Data Driven / Black Box Models

Static maps (correlations)/ dynamic models 
(difference equations) developed directly from
historical input-output data

Valid over limited operating range 

Provide no insight into internal working of systems 

Development process: much less time consuming 
and comparatively easy 
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Black Box Models 
Dynamic Models: Given observed data
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vectorparameterrepresents  dR∈θ
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Tools for Black Box Modeling

Linear Difference equation (time 
series) models 

Principle component analysis (PCA) / 
Projection Of latent structures (PLS) /
Statistical models based on linear correlation 
analysis of historical data

Artificial Neural Networks/Wavelet Networks
Excellent for capturing arbitrary nonlinear maps

Fuzzy Rule Based Models 
Quantification of qualitative process knowledge 
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Selection of model structure 
Planning of experiments for estimation of 
unknown model parameters  

Design of input perturbation sequences
Open loop / closed loop experimentation  

Estimation of model parameters from 
experimental data using optimization 
techniques 
Model validation  

Prediction capabilities 
Steady state behavior 
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Model Structure Selection 
Issues in Model Selection

• Process application (batch / continuous)
• Time scale of operation 
• Type of application 

(scheduling/optimization/MPC/Fault Diagnosis)
• Availability of physical knowledge /

historical data 
• Development time and efforts 

Model granularity decides how well we can 
make control / planning moves or diagnose 
/ analyze process behavior 
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Data Driven Models
Development of linear state space/transfer
models starting from first principles/gray box 
models is impractical proposition.  
Practical Approach
• Conduct experiments by perturbing process 

around operating point 
• Collect input-output data 
• Fit a differential equation or difference 

equation model  
Difficulties 
• Measurements are inaccurate 
• Process is influenced by unknown disturbances
• Models are approximate 



19

1/18/2006 System Identification 37

Automation Lab
IIT BombayDiscrete Model Development

0 2 4 6 8 10 12 14 16 18 20
2

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

Sampling Instant 

M
an

ip
ul

at
ed

 In
pu

t

Excite plant around the desired operating 
point by injecting input perturbations 

Process

0 5 10 15 20
1.8

2

2.2

2.4

2.6

2.8

3

3.2

Sampling Instant

M
ea

su
re

d 
O

ut
pu

t

Input excitation for 
model identification 

Unmeasured 
Disturbances Measured output 

response  

Measurement 
Noise  

1/18/2006 System Identification 38

Automation Lab
IIT BombayCSTR: Input Excitation 

0 5 10 15 20
13

14

15

16

17

Sampling Instant

C
oo

le
nt

Fl
ow

Manipulated Input Excitation

0 5 10 15 20
0.85

0.9

0.95

1

1.05

1.1

Sampling Instant

R
ea

ct
an

t I
nf

lo
w

PRBS: Pseudo Random Binary Signal 



20

1/18/2006 System Identification 39

Automation Lab
IIT Bombay

CSTR: Identification Experiments 
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Two Non-Interacting Tanks Setup

Tank2

Tank1

Non Interacting Tank Level Control setup

SumpPump1 Pump2

CV1 CV2

LT

SISO System 
Output: Level in tank 2
Manipulated Input : 

Valve Position CV-2
Disturbance: 

Valve Position CV-1 
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Perturbation Data for Identification
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Current output y(k) is viewed as weighted sum of all 
past inputs moves. 

Impulse response coefficients determine weighting 
of each past move 

G(q) is open loop BIBO stable if 
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Data collected through experiments 
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Variances of parameter estimates can be 
reduced by increasing data length (N)  

Disadvantages:
Large number of parameters for MIMO case
Large data set required to get good parameter 

estimates, which implies long time for experimentation. 
Alternate Model Form  

[ ]n)-1/(N  )var(
ParametersModelFIRinErrors Variance

αig

Advantages: Method can be easily extended 
to multiple input case 

Difficulty:
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x(k) : true value  Y(k) : measured value
v(k) : measurement noise / disturbance

Difficulty: Only {y(k)} sequence is known. Sequence 
{x(k)} is unknown

Consequence: Linear least square method can’t be 
used for parameter estimation 
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Simplification : Choose x(0) = x(1) = 0 

Nonlinear Optimization Problem

Identified Model Parameters 

y(k) = [B(q)/A(q)]u(k) + v(k)

B(q) = 4.567e-006 q^-2 + 0.01269 q^-3                    

A(q) = 1 - 1.653 q^-1 + 0.6841 q^-2 
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Unmeasured Disturbance Modeling 

The measured output y(k) contains     
contributions due to

Measurement errors (noise) 
Unmeasured disturbances  

In additions modeling (equation) errors arise while 
developing approximate linear perturbation models 
Thus, in order to extract true model parameters    
from the data, we need to carry out modeling of 

unmeasured disturbances (or noise) 

Noise is modeled as a stochastic process 
(sequence of random variables, which are 

correlated in time)
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Note: Information about unmeasured 
disturbances in the past is contained in the 
output measurement record.  Thus, an obvious 
choice of model structure is 

)()()()( kvkuqGky +=

Deterministic 
component 

Residue: unmeasured 
disturbances + 
measurement noise 

[ ] )(p)-y(k.....,1),-y(km),-u(k1),...,-u(k)( kefky +=
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A discrete linear model, which captures 
the effect of past unmeasured disturbances,
can be proposed as   

 time dead / delay Time : d
)()(...)1(

)(...)1()(

1

1

kenkyakya
mdkubdkubky

n

m

+−−−−−
−−++−−=

How many past outputs do we include in 
the model?  We can choose n such that

error e(k) becomes uncorrelated with y(k) and
contains no information about past disturbances
Error e(k) is like a random variable 
uncorrelated with e(k-1), e(k-2),…

How do we mathematically state above requirement?
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White Noise
Let us define auto-correlation in a random
process {e(k): k= 1, 2, …} as  
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Such sequence is called discrete time white noise
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Advantages: 
Sequences {y(k)} and (u(k)} are known 
Linear in parameter model – optimum can be 
computed analytically 
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Choose model order n such that sequence {e(k)} becomes white noise 
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Identified ARX Model Parameters 

A(q)y(k) = B(q)u(k) + e(t)                

A(q) = 1 - 0.8135 q-1 - 0.1949 q-2 - 0.07831 q-3 + 0.1107 q-4

+ 0.03542 q-5 + 0.01755 q-6

B(q) = 0.00104 q-2 + 0.013 q-3 + 0.01176 q-4 + 0.004681 q-5

+ 0.002472 q-6 + 0.002197 q-7

Error statistics 

{e(k)} is practically a zero mean white noise sequence 

4-2

-3

102.5496ˆ:VarianceEstimated

104.8813E{e(k)}:MeanEstimated

×=

×=

λ



37

1/18/2006 System Identification 73

Automation Lab
IIT Bombay

ARX: Estimated Parameter Variances 

Value Value 

-0.8135 0.0674 0.001 0.0009

-0.1949 0.0868 0.013 0.0011

-0.0783 0.0863 0.0118 0.0014

0.1107 0.0863 0.0047 0.0015

0.0354 0.0871 0.0025 0.0015

0.0175 0.0484 0.0022 0.0013

1a

2a

3a

4a

6a

5a

1b

2b

3b

4b

5b

6b

σ̂ σ̂
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Auto Regressive with Exogenous input (ARX)
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where e(k) is white noise sequence 
Disadvantage

Large model order required to get white residuals

Noise 
Model 



38

1/18/2006 System Identification 75

Automation Lab
IIT BombayNoise Models

)(....)1()(v(k)
Process (MA) Average Moving

)1()()()(

)(.......1
)(

1
division long by then,

 circle, unit inside are A(q) of poles if ely,Alternativ
)()(...)1()(

 Model (AR) Regressive Auto
  variance with process noise white mean Zero :)(

)(
)(

1)(

1

0

12
2

1
11

1

2

1

nkehkehke

kehkeqHkv

qHqhqh
qA

kenkvakvakv

ke

ke
qA

kv

n

i
i

n

−+−+=

−==

=+++=

+−−−−−=

=

∑
∞

=

−−−
−

−

λ

1/18/2006 System Identification 76

Automation Lab
IIT BombayARMA Model 

)(.......1
)(
)(

division long by then, circle, unit inside are A(q) of poles If
   variance with process noise white mean Zero :)(

)(
)(
)()(   or

)(...)1()()(...)1()(
 model ARMA general more a
formulatetocombinedbecanmodels MA and AR

12
2

1
11

1

2

1

1
11

−−−
−

−

−

−

=+++=

=

−++−++−−−−−=

qHqhqh
qA
qC

ke

ke
qA
qCkv

mkeckeckemkvakvakv mn

λ

Advantage: Parsimonious in parameters 
(significantly less number of model parameters required 

than AR or MA models for capturing noise characteristics)
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ARMAX: Auto Regressive Moving Average with 
exogenous input (ARMAX)
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Box-Jenkins (BJ) model: most general representation 
of time series models
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{e(k)} is white noise sequence in both the cases 
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Parameter Identification  Problem 
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Given input output data collected from plant  

Choose a suitable model structure for the 
time series model and estimate the parameters
of the model (coefficients of A(q), B(q), C(q) 

polynomials) such that some objective function of 
the residual sequence e(k)

is minimized.
The resulting residual sequence {e(k)} should be a 

white noise sequence
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Difficulties: 
Sequences {y(k)} and {u(k)} are known but {e(k)} is unknown
Non-Linear in parameter model – optimum can’t be 
computed analytically 

Solution Strategy 
Problem solved numerically using nonlinear 
optimization procedures   

1/18/2006 System Identification 82

Automation Lab
IIT BombayInevitability of Noise Model 

∞<

−==

∞<

−==

∑

∑

∑

∑

∞

=

∞

=

−

∞

=

∞

=

0

1-

0

1

0

0

~ i.e. stable is (q)H

)(~)()()(

 i.e. stable is H(q)

)()()()(

i
i

i
i

i
i

i
i

h

ikehkvqHke

h

ikehkeqHkv

Crucial Property of Noise Model : 
Noise model and its inverse are stable and 
all its poles and zeros are inside unit circle  

Key problem in identification is to find 
such H(q) and a white noise sequence {e(k)}

1hi.e.polynomialmonic''alwaysis H(q) :Note 0 =
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Example: A Moving Average Process 
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Inversion of Noise Model plays a crucial role 
in the procedure for model identification 
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Identified Model Parameters 

A(q) = 1 - 1.651 q^-1 + 0.68 q^-2                         

B(q) = 0.001748 q^-2 + 0.01154 q^-3                       

C(q) = 1 - 0.8367 q^-1 + 0.2501 q^-2 

Residual {e(k)} Statistics

004-2.6813eˆ:Variance Estimated

003-4.3601eE{e(k)}:Mean Estimated
2 =

=

λ

[ ] [ ]
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Optimization formulation 
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Comparison of Models: Nyquist Plots 
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Typically, the resulting parameter estimation
problem is solved numerically using 

(a) Nonlinear optimization 
(b) Gauss Newton Method  
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Model order determined by minimizing 
Akaike Information Criterion (AIC) 

 parameters model of Number :
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AIC = {Prediction Term} + { Model Order term}
Prediction Term: estimate of how ell the model fits data

Model Order Term: measure of model complexity 
required to obtain the fit 

AIC strikes a balance between low residual variance and 
excessive number of model parameters, with smaller values 

indicating more desirable models  
Basic Idea:

Penalize model complexity (measured by n) and obtain a 
model, which is reasonable w.r.t. variance errors and model 

complexity 

1/18/2006 System Identification 98

Automation Lab
IIT BombayARMAX: State Realization

[ ]

[ ] [ ]

[ ])1|()()()1|()|1(
 Observer State a as tionInterpreta

)(
)()(;

)(
)()(

0....01

...

...;
...
...;

0....00
1....00
...............
0....10
0....01

)()()(
)()()()1(

11

22

11

2

1

2

1

2

1

−−+Γ+−Φ=+

+Φ−==ΓΦ−==

=
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−
−

=

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=Γ

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

=Φ

+=
+Γ+Φ=+

∞

∞
−−

∞

−

−

∞

kkCxkyLkukkxkkx

ILqIC
qA
qCqHqIC

qA
qBqG

C
ac

ac
ac

L

b

b
b

a
a

a
a

kekCxky
keLkukxkx

nnnn

n



50

1/18/2006 System Identification 99

Automation Lab
IIT BombayConnection with 

Steady State Kalman Estimator 

Steady state form of Kalman prediction estimator  
(for large time)  is given as
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Thus, development of time series model can be viewed as 
identification of steady state Kalman estimator without 

requiring explicit knowledge of noise covariance matrices (R1,R2 )

Steady state Kalman gain      is parameterized through H(q) 
and estimated directly from data. 

∞L
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ARX Model:
Method for ARX parameter identification can be 
extended to deal directly with multivariate data

OE / ARMAX / BJ Models: 
Typically, an n x m MIMO system is modeled as          
n MISO (Multi Input Single Output) systems

MISO models are combined to form a one MIMO 
model 

Input excitation: Inputs can be perturbed 
sequentially or simultaneously 

ni
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on 4 Tank Setup

Input 1 Input 2

Output 1
Output 2
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Identification and Validation
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MISO 2’nd Order Model

y1(t) = [B1(q)/A1(q)]u1(t) + [B2(q)/A2(q)]u2(t) + e1(t)

B1(q) = 0.1393 q-1 + 0.04704 q-2

B2(q) = 0.002375 q-1 + 0.01105 q-2

A1(q) = 1 - 0.2454 q-1 - 0.6571 q-2

A2(q) = 1 - 1.887 q-1 + 0.8903 q-2

Estimated using Prediction Error Method                 

Loss function 0.114719     Sampling interval: 3 
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Residual Autocorrelation: ARX
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ARMAX (4’th Order)

A(q)y1(t) = B1(q)u1(t) + B2(q)u2(t) + C(q)e1(t)       

A(q) = 1 - 0.6236 q-1 - 0.8596 q-2 - 0.0758 q-3 + 0.568 q-4

B1(q) = 0.08324 q-1 + 0.02757 q-2 + 0.02681 q-3 - 0.1214 q-4

B2(q) = 0.004045 q-1 + 0.03261 q-2 - 0.01841 q-3 + 0.0201 q-4

C(q) = 1 - 0.4695 q-1 - 0.8017 q-2 - 0.1065 q-3 + 0.4855 q-4

Loss function 0.0243707
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y(t) = [B(q)/F(q)]u(t) + [C(q)/D(q)]e(t)

B1(q) = 0.08196 q-1 + 0.1035 q-2 + 0.1323 q-3

B2(q) = 0.01197 q-1 + 0.001306 q-2 + 0.01304 q-3

C(q) = 1 - 1.976 q-1 + 1.126 q-2 - 0.1453 q-3

D(q) = 1 - 2.096 q-1 + 1.209 q-2 - 0.1128 q-3

F1(q) = 1 + 0.3058 q-1 - 0.5066 q-2 - 0.6204 q-3

F2(q) = 1 - 0.897 q-1 - 0.9828 q-2 + 0.8861 q-3

Loss function 0.0239039
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x(k+1) =   x(k) +   x(k) +   e(k)
Y(k) = C x(k) + e(k) 
= [0.6236    1      0      0

0.8596     0     1      0
0.0758     0     0     1
-0.5680    0     0     0 ] 

= [ 0.0832    0.0040                 = [  0.1541
0.0276    0.0326                            0.0579
0.0268   -0.0184                           -0.0307

-0.1214    0.0201 ]                          -0.0826 ] ;
C = [  1     0     0     0 ]

ARMAX:State Realization 

Φ

Γ ∞L

Φ Γ ∞L
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Thus, A(N) keeps growing in size as new data arrives. 
Instead of inverting                                at every instat,
Can we rearrange calculations at (N+1) so that solution at 
Instant N can be used to compute solution at instant (N+1)?
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Extended Recursive Formulations (ELS)
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Time domain formulations of parameter estimation 
problem 

Useful for carrying out parameter estimation
Does not provide any insight into internal working of 
optimization problem

Frequency domain (power spectrum) analysis 
Based on Fourier transform of auto-correlation and cross 
correlation function of signals 
Powerful tool for analysis (analogous to use of       
Laplace transforms in linear control theory) 
Provides insight into various aspects of optimization 
formulation 
Can be used for perturbation signal design and estimation 
error analysis 
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Signal Spectrum and Cross Spectrum
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If the residue signal v(k) is weakly stationary, i.e.  
cov[v(k),v(s)] is function of only (k-s) for any pair (k,s), 
then spectral factorization theorem states that such a 

random sequence can be thought of being generated by a 
stable linear transfer function driven by white noise
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Example: Autocorrelation Function
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Spectrum of a Stochastic Process
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)e(
)e()(eĜVar
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Real systems are of very high order and 
model is always chosen of lower order
Thus, bias errors are always present 

in any identification exercise 
Classic Example in Process Control
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Bias distribution of                           in frequency domain is 
weighted by Signal To Noise Ratio 
Input spectrum can be chosen intelligently to reduce 
variance errors in certain frequency regions of interest
For Output Error model (i.e. H(q)=1),  
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Grey box models
Better choice for representing system dynamics. 
Provide insight into internal working of the system
Development process time consuming and difficult 

Black Box Models 
Relatively easy to develop
Provide no insight into internal working of systems 
Limited extrapolation abilities. 

Black Box Model Development 
Noise modeling is necessary to be able to extract the 
deterministic component of the model properly 
Prediction error method used for parameter estimation
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Black Box Model Development
FIR and ARX models are relatively easy to develop but 
require large data set for reducing variance errors
OE, ARMAX or BJ models provide parsimonious 
description of model dynamics but require application 
nonlinear optimization for parameter estimation
Variance errors are directly proportional to number of 
model parameters and inversely proportional to data 
length 
Frequency domain analysis provides insight into working 
of PEM. Variance errors can be reduced by appropriately 
selecting  Signal to Noise Ratio
Bias errors in certain frequency region of interest can be 
reduced by appropriately choosing the spectrum of  
perturbation input sequences 
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